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A Free Logarithmic Sobolev Inequality on
the Circle

Fumio Hiai, Dénes Petz, and Yoshimichi Ueda

Abstract. Free analogues of the logarithmic Sobolev inequality compare the relative free Fisher infor-
mation with the relative free entropy. In the present paper such an inequality is obtained for measures
on the circle. The method is based on a random matrix approximation procedure, and a large devia-
tion result concerning the eigenvalue distribution of special unitary matrices is applied and discussed.

1 Introduction

Logarithmic Sobolev inequalities have played a role in the study of norm estimates
for the diffusion semigroup since the first systematic study done by L. Gross [6] in
1975 who recognized the relation to hypercontractive estimates. Afterwards many
authors have discussed the logarithmic Sobolev inequality (LSI) in various contexts,
in particular, in close connection with the notions of hypercontractivity and spectral
gap. An LSI can be understood to compare the relative Fisher information with the
relative entropy. Its simplest form is

(L1) [ rariogfwra < [ rora
R R

for any smooth function f on R and dvy(t) = (27r)_le_t2/2dt, the normalized Gaus-
sian measure.

The generalization due to D. Bakry and M. Emery [1] holds on a complete Rie-
mannian manifold under the condition

Ric(M) + Hess(V) > pl,,

with a strictly positive constant p > 0. Here, Ric(M) is the Ricci curvature and
Hess (W) is the Hessian of the smooth function ¥ inducing the reference Gibbs mea-
sure (replacing the Gaussian in (1.1)).

On the other hand, entropy, Fisher information and Gaussian measure have found
their analogues in free probability and the central measure there is the semicircu-
lar law of compact support (see [10, 16, 17]). The first free LSI was discovered by
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Voiculescu [18] and in a specialized form it is given as

1

2 2
(12 =[] 1osbx = ylgwisty) dsdy < -l - §
RZ

when g is a probability density on R belonging to L*(R). A remark on the relation
of inequalities (1.1) and (1.2) might be in order. The second one is not a formal
extension of the first one, but the left-hand sides are entropy quantities and the right-
hand sides are Fisher informations. Recall that the logarithmic integral is the main
component of the rate function in a certain large deviation theorem while the third
power of the L?-norm functions is a kind of Fisher information.

Extending Voiculescu’s result, Ph. Biane obtained in [3] another free probabilistic
analogue of the LSI. He allowed a parameter function Q (in the role of ¥), and the
result is

(1.3) Sap) < i%w for j1 € M(R),

where the relative free entropy iQ(u) and the relative free Fisher information ®q(u)
were introduced earlier by Biane and Speicher [4] for p € M(R), the probability
measures on R. To prove the inequality, Biane applied the classical LSI on the Eu-
clidean space to the related self-adjoint random matrix ensembles and used the weak
convergence of their mean eigenvalue distribution. For the details we refer to the
original paper [3] and also to [11].

Our main aim here is to show a variant of Biane’s free LSI for measures on the
unit circle T. In §2 of this paper we introduce the relative free entropy £ (x) and the
relative free Fisher information Fq(y) for o € M(T). In §4 we prove

Solp) <

= 2,OFQ(;L) for pu € M(T)

if Qis a C'-function on T such that Q(e*) — %tz is convex on R with a constant p >
—1/2. To prove this, we apply Bakry and Emery’s classical LSI on the special unitary
group SU(#n), a Riemannian manifold, to the related #n x n special unitary random
matrices and pass to the scaling limit as # goes to co. Here, we need the convergence
of the empirical eigenvalue distribution of the random matrix not only in the mean
but also in the almost sure sense that is a consequence of the corresponding large
deviation principle. The proof of this large deviation for “special” unitary random
matrices is sketched in §3 because it is a bit more complicated than that for unitary
random matrices shown in [9].

In this way, we clarify the advantage of random matrix approximation procedure
in studying free probabilistic analogues of certain classical theories involving relative
entropy and/or Fisher information. Voiculescu’s heuristics in [16] suggests that the
classical entropy of random matrices, if suitably arranged, asymptotically converges
to the free entropy of the limit distribution as the matrix size goes to infinity. Toward
its rigorous realizations, this paper as well as our previous one [12] may be regarded
as one more attempt subsequent to [2,7] (see also §5.1 for more details).
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2 Preliminaries

Let us begin by fixing some standard notations. Denote by M(X) the set of Borel
probability measures on a certain Polish space X. For u, v € M(X) let S(u, v) denote
the relative entropy of 1 with respect to v. For an n X n complex matrix A, Tr,(A)
stands for the usual (non-normalized) trace of A and ||A||gs for the Hilbert-Schmidt
norm of A. The unitary group and the special unitary group of order n are denoted
by U(n) and SU(n), respectively.

Among extensive literature, Bakry and Emery gave a simple “local” criterion, the
so-called Bakry and Emery criterion (or the I';-criterion), for a given measure to
satisfy a logarithmic Sobolev inequality (LSI for short). Their LSI is one of the key
ingredients of the proof of our main theorem.

Let M be an m-dimensional smooth complete Riemannian manifold with the vol-
ume measure dx, and let Ric(M) denote the Ricci curvature tensor of M. For a real-
valued C?-function ¥ on M, the Hessian of ¥ is denoted by Hess(¥). The precise
statement that Bakry and Emery established is as follows.

Theorem 2.1 (Bakry and Emery [1]) Let U € C*(M), and set dv(x) := %e“y(")dx
with a normalization constant Z. Assume that the Bakry and Emery criterion

Ric(M) + Hess(V) > pl,,

holds with a constant p > 0. Then, for every p € M(M) absolutely continuous with
respect to v, the inequality

(2.1) S(p,v) < %/MHngZ—'Zszu

holds whenever the density du/dv is smooth on M.

Recall that the left-hand side of (2.1) is the relative entropy, while the integral in
the right-hand side can be recognized as the (classical) relative Fisher information of
1 relative to v.

For each 1 € M(T), the free entropy ¥ () of p is defined in the same manner as
in the real line case:

S() = / / log ¢ — 1| dy(¢) dyu(n)
TZ

(81,119, §10.7]). For its justification to be a right quantity, see [19, Proposition 10.8]
in relation to the free Fisher information as well as [8, Proposition 1.4], [9] from the
microstate approach or large deviation principle. As in the real line case, the relative
free entropy EQ(/J) of i € M(T) relative to a real-valued continuous function Q is
defined based on the large deviation principle, which will be explained in the next
section.

Assume that 1 € M(T) has the density p = du/d( with respect to the Haar
probability measure d{ = df/2m, ( = € with § € [—n,7) and further that p
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belongs to the L?-space L*(T) := L3(T, d(). The Hilbert transform of p

' i(0—1)
(2.2) (Hp)(e”) := lim pler ) dt
N0 Je<r| < tan( %) 21

is important. The principal value limit in (2.2) exists for a.e. (as long as p € L'(T)),
and it is known that p € L1(T) implies Hp € LI(T) as well for each 1 < g < o0.
See [13, Chapter V] for detailed accounts on the Hilbert transform on T. Following
Voiculescu [19, §8.9] we call the quantity

Flu) = /T (Hp)(O)2du(C) = /T (HP)(O)Yp(C) de

the free Fisher information of ;1. When 1 has no such density as above, F(1) is defined
to be +00. By [19, Corollary 8.8 and Definition 8.9] the free Fisher information can
be written as

F(u) = %(—H/Tp(cfdc).

When Q is a real-valued C'-function on R, the relative free Fisher information
D,(p) of 1 € M(R) was introduced by Biane and Speicher [4, §6] to be

2
(2.3) Do) = 4 / (WP~ 1Q'w)  dut)
R

if 1 has the density p = du/dx belonging to L*(R), otherwise +ooc.
On the other hand, when Q is a real-valued C!-function on T, for each . € M(T)
we define the relative free Fisher information Fq(p) to be

@ Fon = [ (PO - Q) @) - [ @Oaut0)”

if 1 has the density p = du/d(¢ belonging to L*(T), otherwise +0o. Here, Q" means
the derivative of Q(¢') in 0, i.e., Q'(¢?) = d%Q(eia). The slight difference between
the two formulas (2.3) and (2.4) is worth notice.

3 Large Deviations for Special Unitary Random Matrices

Let Q be a real-valued continuous function on T. The weighted energy integral

S+ / QO du(¢)  for i € M(T)
T

admits a unique minimizer pg € M(T) or the equilibrium measure associated with

Q (see [15, 1.1.3]). Set B(Q) := X(q) — [ Q(C) duq(¢). It is known [9] that the
function

_S() + / QO du(¢) + B(Q)  for 1 € M(T)
T
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is the rate function of the large deviation for the empirical eigenvalue distribution of
an n X n unitary random matrix

1
ZJ(Q)

dA\Y(QU) = exp(—nTr,(Q(U))) dU,

where dU is the Haar probability measure on U(n), Q(U) is defined via functional
calculus and ZY(Q) is a normalization constant. Furthermore,

B(Q):nli{&%bg/.../Tnexp(—niZj;Q(Ci)) H |Ci—Cj2§dCi

1<i<j<n

where d(; = db; /2 for (; = % However, the above unitary random matrix A\Y(Q)
is not suitable for our purpose as in [12], and thus we need to modify the above large
deviation in the setup of SU(n).

The joint eigenvalue distribution on T"~! of the Haar probability measure on
SU(n) is known to have the explicit form

n—1
(3.1) % H |<i_<j|2HdCi with ¢, = (¢ -~ Guor) ™1,
1<i<j<n i=1
or
1 0 _ if; 2y .
nl(27m)n—1 1<g<n’€ P — el il:[ldei with 6, = —(6, +--- +60,_,) (mod 27).

(See [12, §1.5] for a brief explanation of this standard fact.)
Let Q be a real-valued continuous function on T. For each n € N define \,(Q) €
M(SU(n)), the n x n special unitary random matrix associated with Q, by

(3.2) AV (Q)(U) = —n'Tr,(Q(V))) dU,

1
Z0Q

where dU is the Haar probability measure on SU(n) and Z5Y(Q) is a normalization
constant. By the formula (3.1) the joint eigenvalue distribution on T"~! of A3V(Q) is
given as

n n—1
BQG - G = g —ep( 0D 0@) T 16— 6P [T 46,
i=1 i=1

= €.
ZﬁU(Q) 1<i<j<n

with Cn = (Cl to Cnfl)_l-

The next theorem is the large deviation principle for the empirical eigenvalue dis-
tribution of ASV(Q), whose proof based on the explicit form of the density of A3V(Q)
just above will be sketched below.
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Theorem 3.1  The finite limit B(Q) := lim, o, 1/n? logZSU(Q) exists. When
(Ciy vy Cun) is distributed on T"" according to A\SV(Q), the empirical distribution
(8¢, + -+ +0¢,_, +0c,) with Gy = (¢ -+ Cur) ™" satisfies the large deviation prin-
ciple in the scale 1/n* with the rate function

(33)  Solw) = —T(u)+ / QO du(Q) + BQ) for i € M(T).
T

Furthermore, there exists a unique minimizer g € M(T) of the rate function so that
Yolpq) = 0.

We call the rate function (3.3) the relative free entropy of 1 with respect to Q, which
is denoted by X () as in the real line case in [4].

Sketch of the proof In the following let us keep the relation ¢, = (¢; -+ (1)~}
The proof below is essentially same as that in [9], though some modifications are
needed. Set

F(Cm) = —log ¢ — 1] + 3(QQ) + Qo).

As in [9] it suffices to prove the following inequalities:
6]
limsup - 0g Z2(Q) < — _inf / / F(C,m) dp(O)du(n).

n—o0

(ii) For every u € M(T),

1
inf{ lim sup — L log /\SU(Q){ (0 + e+ O+ € GH

n—oo

- / / F(Cn) dp(Qdut) — liminf - 10g Z5(Q),
T2 n— oo

where G runs over all neighborhoods of .
(iii) For every u € M(T),

limint 1 log Z3%(Q) > — [ FC.m dutCouto.
o0 T2

(iv) For every u € M(T),

1 (1
inf{lim inf - log X} @] (O e 0 40 € G}

- / / F(Cn) dp(C) dp() —limsup - Tog Z3V(Q),
TZ

n—oo

where G is as in (ii).
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The proofs of the first two are the same as in [9]. To prove (iii) and (iv), we may
assume (see [9]) that 1 has a continuous density f > 0 so that 1 = f(e¥) d9 /27 and
d < f(¢) <5 'onTforsomed > 0. For each n € N choose

0="0{" <a" <" < al” < b

n— 1) a
§(" = max{ Q(e?) : a
dl(y = min{ |els

c<a < bW =2n
such that
- / oy do = L / e do -
hence
(3.4) m < bg-”) - a?") < %, %5 < a b(” %
forall 1 < j < n. Define
Ayi={(™,. " :a <o, <b 1< j<n—1},
O, := {(91,...

P<o <1< j<n—1},

<O<HM} for1<i<n-—1
_elf| ()<

I /\

bgn)’ aln

5)§t§b§")} for1<i,j<n-—1
For every neighborhood G of y, if 1 is sufficiently large, then we have

Ay C{(G,e

1
1) €T =(6,
n
so that with ,, = — (6,

- +4,) € G}
+ "+9n71)

BUQ 50+ +8,) € G} 2 QA

IS S CaST oo
Z%U(szw)"l/ /@nexp( n;Q(e )
% H ’eie,-_ele, 2

| do, ---db,,
1<i<j<n
1

n—1
(n)\ —n 1)
= Z9(Q@ny! exp(_”;& Jo I

1<i<j<n—1
<[ T -

—i(01+--+0,_1 ’ del d(gn—la
H 1 1
where M := max{Q(({) : ¢ € T}. Notice

{01 + "+9n—1 : (01,

n—1 n—1
B e0,) = [dn Y w).
i=1 i=1
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and for n large enough,

1 1 n—1 3T
(1) () —
(3.5) E b;"” — ;:1 a;” > — w0 > 5

i=1

From (3.4) and (3.5) we can choose an interval [o, 3] C [ET 11 a(") Z:ll bg”)]
such that 3 — a = 7§ /n* and

" w0 (g 7O

for some 1 < k < n. Then there exist subintervals [, 5;] C [af"), bg")] 1 <i <
n — 1, such that

n—1
ﬁi—ai=n2(n Zaz— o, ;@25

and hence

/ / H‘eﬁ —i(01 440, 1)’ del -d9n,1

"11

B By 11 2
> / / H ‘619 —i(Oy+- 40,1 | do,---do,_,
a;

Qpn—1  j—1

2 (i—f)zw(%)ﬁ-

Therefore, for sufficiently large 1, we get

< 1
AiU(Q){ (0 et € G}

(26%)n—1 n—1 . N2
> g 0 (2e”) TI @)”

1<i<j<n—1

Since

2 2
lim % Z logdl ! / i f(€) f(e")log | — e | dsdt

2
e ciSi<n (2 )

_ / /T og|¢ — 1l dp(C)du(n)
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as well as
1 n—1 1 2
. - (n) _ is is _
i, 3o = 5 | e [ a0,
we have
. 1 < 1
0> limsup — log X} (@ 16 +--+4;) € G}
>~ [ B du(©dutn) ~ tim nf 5 10 Z3(@)
T n— 00
and

o] xsU 1
lhnilor‘gf;log)\n (Q){ ;(5@ +o+0,) € G}

>~ [ FCdu)dutn ~ timsup - 10gZ(Q).
TZ

n—oo

These imply (iii) and (iv). |

4 Free LSI for Measures on T

In this section, we will prove a free analogue of LSI for measures on T. The idea here
is essentially same as Biane’s work [3] (and also [12]). Namely, our free analogue
arises as the scaling limit in the scale 1/n* of the classical one (2.1) on the special
unitary group SU(n).

Let us begin with some lemmas.

Lemma 4.1 Let Q be a harmonic function on a neighborhood of the unit disk {( €
C: |¢] < 1}. Foreachn € N and each U € SU(n) define Q(U) via the functional
calculus and set U(U) := Tr,,(Q(U)). Then the following hold:

(i)  The function ¥(U) on SU(n) is C°.

(i) VIU) =i(Q'(U) = 5 Tra(Q"(U)),) .

(iii) IfQ(e") — §t2 is convex on R for some constant p > 0, then Hess(V) > pl,»_;.

Proof Assertions (i) and (iii) were shown in [12, Lemma 1.3]; thus we will prove
only (ii). Set f(t) := Q(e") fort € R, andlet Yy := iX; with X; = X5, 1<k< n*—1,
be a basis of the Lie algebra su(n) = {T € M,(C) : T+ T* = 0,Tr,(T) = 0} (¥
R”z_l). For any Uy = e € SU(n) with iAy € su(n) and for x = (x1,...,%2_,) €
R” 1, we write

n’—1 n’—1

\Il(exp(iAo + Zkak)) = Trn(f(Ao + ;kak)).

k=1
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Thanks to [12, Lemma 1.2], we have

n?—1

VU(Ug) = Tra(f'(A0)Yi)Yi
k=1

n?—1

= 57t ((£1040) = S T (oD ) Vi)
k=1

n—1

= ST () — - T AL V) Vi

—1 Tn

i(/(40) — - Teo(f (Ao,
= i(Q'(Uy) — = Try(QU)E),
implying (ii). u

Lemma 4.2 Assume that ;i € M(T) has a continuous density p = du/d¢ and that
Qu(¢) :==2 [, log|¢ — nl|du(n) is C' on T. Then the following hold:

(i) Q,(¢) = (Hp)() forae. ¢ €T.
(i) [r((Hp)O)p(Q) d¢ = 0.

Proof (i) Let f be an arbitrary C'-function on T. Then we have

2T
d i0 i0 do
@Q[L(e )f(e )E
2
_ i0 i i0 ﬁ
==/ Qu(e )def(e )27T

do x dt
(2m)?

4 4
= — lim 2log| e’ — '] — f(e?) p(e")
eN\0 |0—t|>¢ g| | d6‘f p

27
o B oy 9 gy dO ity 4t
= 113% i </|0t>£log(2(1 cos(f t))) dﬁf(e )Zw)p(e )27T7

where the second equality is due to the fact that log‘ é? — eit d% f(e?) is bounded
above. Integrating by parts we get

d . do
/|€t>5 log(2(1 — cos(6 —1))) %f(e ) >

_ _lOg (2(1 —cose)) (f(ei(t+6)) _ f(ei(t—a))) _ / f(eie) do

2 9—rj>- tan (1) 27

https://doi.org/10.4153/CMB-2006-039-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2006-039-7

A Free Logarithmic Sobolev Inequality on the Circle 399

and hence

2

d . g, do
EQu(ele)f(elﬁ) 2—

. [ log(2(1 —cose)) [*, s it
:il\mo{%/o (F) = f(e=) ple)
2T i0
f@%) dgy . dt
+/o </9 > tan (551) ZW)p(e )27T}

2T
e p(e") dt o
= 0 (/9 (= tan (51) 27T> Jte )

2m
= [ tpesey
s

0

In the above, the second equality comes from ‘ f(e+e)) — f(ei(t_e))‘ = O(¢g) uni-
formly for t € [0,27), and since we have in particular p € L2 (T), the last one
comes from the L?-convergence of the involved principal value integral to Hp (see [5,
12.8.2(2)]). Hence, the desired assertion follows since f is arbitrary.

(ii) is seen by taking the limit as ¢ "\, 0 of

[U s
0 \Jj—gze tan (5) 2
2 0
_ p(e ) ﬁ it ﬁ
B /o (/9 t>e tan(fz") Zn)p(e )2 ’

thanks to the L?-convergence of the principal value integral as mentioned above. M

The next theorem is the main result of the paper. One should note that the full
power of the large deviation (especially, the almost sure convergence of the empirical
eigenvalue distribution) is needed in the proof, while the weak convergence in the
mean is enough in the proof of Biane’s free LSI for measures on R in [3].

Theorem 4.3  Let Q be a real-valued C'-function on T such that Q(e'") — §t2 is convex
on R with a constant p > —1/2. Then the inequality

(4.1) So(p) < Fo(p)

“1+2p
holds for every 1 € M(T).

In the special case where Q = 0 and p = 0, the above (4.1) becomes

—3(p) < F(p)
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and the equilibrium measure pq is the uniform distribution d¢.
In particular, the theorem implies that Fo(p) > 0, ie.,

/T (PO ~ Q(©) () > ( /T Q) ()’

for every u € M(T) under the above assumption of Q. Also, suppose that the equi-
librium measure £ has a continuous density and its support is T; then we have
Q) = 2fT log|¢ — n|dpq(n) for all ¢ € T due to [15, Theorem 1.3.1] so that
Lemma 4.2 gives Fo(pq) = 0.

Before passing to the proof, we should recall the following facts: the Ricci cur-
vature tensor of U(n) is known to be degenerate, while that of SU(n) to be positive
constant (see [14], a nice reference for the topic) and a straightforward computa-
tion shows that the Ricci curvature tensor of SU(n) with respect to the Riemannian
structure associated with Tr,, is

(4.2) Ric(SU(n)) = g L

This is the reason why we have presented Theorem 3.1 with use of SU(n) instead of
U(n).

Proof of Theorem 4.3 First, let us assume:

(a) Qisharmonic on a neighborhood of the unit disk;

(b) 1 has a continuous density p = dyu/d(, and Q,(C) := 2 [ log|¢ — n]du(n) is
harmonic on a neighborhood of the unit disk.

For each n € N define n x n special unitary random matrices A3 (Q) and A3Y(Q,,)

asin (3.2), i.e.,

DL (QU) = zsv;(@ exp(—n Tra(Q(U))) dU,
dx\f,U(QM)(U) — % exp(—n Trn(Qu(U)))dU.
n M

Let ASY(Q) and A\3Y(Q,) be their joint eigenvalue distributions on T"~! (see §3).
Also, let AZU(Q) and AZU(QM) be their mean eigenvalue distributions defined by

AY(Q) :// L0 ) QG G )
Tn—l

with ¢, = ({1 -+~ ¢,1)~" and similarly for ASV(Q,,). According to Theorem 3.1, the
empirical eigenvalue distribution of ASY(Q,,) satisfies the large deviation principle in
the scale 1/n* whose rate functions is iQu (u). Moreover, note [15, Theorem 1.3.1]
that the equilibrium measure associated with Q, (or the minimizer of ¥q,) is the
given p. This large deviation principle guarantees the following facts (i) and (ii),
which will be the key ingredients in our arguments below.
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i) ASY(Qu) — p weakly as n — o0;

(ii) the empirical distribution 1 (¢, + - - - + d,) weakly converges to 11 almost surely
as n — oo when ((y,...,(,—1) is distributed according to quU(Qu) and ¢, =
(GG ™h

Set ¥,(U) := nTr,(Q(U)) for U € SU(n). Thanks to (a) above, Lemma 4.1(iii)

together with (4.2) verifies the Bakry and Emery criterion

Ric(SU(n)) + Hess(¥,,) > (g + np) Lo .

Thus, by Theorem 2.1 due to Bakry and Emery we get

SU SU 1 )\SU(QN) SU
43 SOQ@ANQ) = o [ [ies o[ avian.
Notice
(4.4) B
X" (Qu) Z’Q
e V)= Fag (M TQUUD QDY) U e U,

where ZﬁU(Q) and ZSU(QH) are the normalization constants of the joint eigenvalue
distributions (see §3). Hence, we have

L5(89(Q), AU (Q)

1 )\SU(QM) suU
= - log d)\SU(Q) (U)dx,”(Qu(WU)

1 ~ ~
= ZlogZSU(Q) - ; 10gZ;§U(Qu)

- / L (QuU)) AV (Q(U) + / L,y U Q)W)
Sum) 1 n

SU(n)
1. - 1 =
= ZlogZ;:’U(Q) 2 10gZ:U(Qu)
- / Qu(0) dAV(Q(C) + / QO AV (Q(0),
T T

and therefore, thanks to (b) and (i) above,
(4.5)

lim %S(AiU(Q,L),AiWQ)) =B(Q) — B(Q,) — / Qu(Q) du(Q) + / Q(Q) du(¢)
n—oo T T
= So(p),

where the last equality comes from the fact that y is the minimizer with iQu (n) =0,
ie.,

/ Qu(O) du(C) + BQ,) = ().
T
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Therefore, the scaling limit in the scale 1/n? of the left-hand side of (4.3) becomes

the relative free entropy iQ( ). We will seek the scaling limit in the scale 1/n? of the
right-hand side of (4.3). By (4.4) and Lemma 4.1(ii), we have

a3 (Qu)
Viog gy V) =~V (Tra(QuL)) = Tru(QUUY))
= —i{n(Q,(U) - Q'()) — (Tr,(Q,(U) — Q'(U))) I,}
so that
d\Y(Q,) 2
HVlog AAY(Q) (U)HHS

— 2 Tr, ((QLU) — Q') ) = n(Tr,(QLU) — Q'(W))) .

Thus, we get

dX"(Qy)
dxr(Q

)|, @)

1 1
SR E— Vi
n? 2( g + np) /SU(n) %

= L l / A 2 SU

_ 1+zp{ /SU(n)nTrn((Q;L(U) QW)’) Q)W)
2

_/SU(H) %(Trn(QL(U)—Q’(U))) d)\flU(Qu)(U)},

The above-mentioned fact (i) implies that

/ L Trn( (Q,(U) - Q') 2) dAY(Q)(U)
SU(n) 1
- / (QUQ) — Q) dAU(QC) — /T (QLQ) — QO dulQ)
T

as n — 00, while the above fact (ii) implies that, with ¢, := (¢; - (1) ™

2
/ ()%(Tr,,(QL(U)—Q/(U))) dNY(QU)
SU(n

- /T ( 3 (Q@) - Q') CQIG o)

n <
1=1

= ([ (@0 - Q) du©)" asn—oe.
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Thanks to the assumption (b), Lemma 4.2 implies that
2 2
([ (@0 - @)an©) = ( [wmrcnpedc - [ e iu)

- ([@©auo)”

so that we get
(4.6)

aAV(Q) 17 s -
Viog o o ()] AN =

1
1+2p

I 1 1 / Fo(u)
im —-——— ).
n—oo 2 2( 5 +np) Jsum ¢
By (4.3), (4.5) and (4.6) we have shown the desired inequality (4.1) under the as-
sumptions (a) and (b).

Next, let us deal with a general Q as stated in the theorem. Let € M(T) with a
density p = du/d¢ € L*(T). For each 0 < r < 1, we consider the Poisson integrals
Q, and p, of Q and p, respectively; that is,

2
Q) i 2i / P,(0 — Q") dr,
™ Jo

1 2T

pr@”):=— [ P.0—1t)p(e")dt

2w Jy

with the Poisson kernel P,(f) := (1 — r?)/(1 — 2rcos @ + r?). Define u, € M(T) by
dp,(¢) == p,(¢) d¢. In the same way as in [12, Theorem 2.7], it is easy to see that

(4.7) Yo, (i) <

F Uy
1+2p o (k)
by what we have already ShOWIl, and also that

15}} Yo, (pr) = Xo(p).

Notice that ||p, — p|l;z — 0 and hence |Hp, — Hp||;s — Oasr / 1. Since Q is
a C!-function, Q! becomes the Poisson integral of Q’ so that ||Q/ — Q’|lc — 0 as
r /" 1 as well. These imply that

lim Fo () = tim{ [ (10O = Q1©))" di©) = ( [ Q1010 '}
— [ (@p)©) - Q) dut¢) = ([ Q1)) = Folw).
T T

Hence, the desired inequality (4.1) follows by taking the limit of (4.7). ]
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5 Supplementary Remarks

5.1 Scaling Limit Formulas for Relative Free Entropy and Relative Free Fisher Infor-
mation

It seems worthwhile to state in a separate proposition some scaling limit formulas
given in the proof of the main theorem. In fact, the formula for relative free entropy
was essentially obtained in [7]. In the special unitary case, the proof of (4.5) gives
Proposition 5.1(1), while that of (4.6) gives Proposition 5.1(2), because the derivative
formula in Lemma 4.1(ii) is still valid for any U € SU(n) when Q is a real-valued C'-
function on T. The unitary cases are similar.

Proposition 5.1

(1) Let Q be a real-valued continuous function on T, and pn € M(T). If Q,(() :=
2 [ log|¢ — n| du(n) is finite and continuous on T, then

~ 1 1
So(u) = lim —S(AY(Q), A (Q) = lim —S(X/(Q), A} (Q) -

(2) In addition, if (v has a continuous density dp/d¢ and both Q and Q, are C!-
functions on T, then

EETI | X’ (Qu) 2 oS

ro = Jim 2 [ [Vios Gim @], @)
o 1 dx;] (Qu) 2 v
- lim L /U s o W), QW

Similar limit formulas are given also in the real line case. The details are left to the
reader (see [12, (2.7)] for instance).

5.2 The Optimality Question of Free LSI’s

We examine, by computing particular examples of measures, whether or not Biane’s
free LSI for measures on R as well as our free LSI for measures on T are optimal. First,
consider the real line case. Let Q(x) := px?/2 on R with p > 0. The equilibrium
measure associated with Q is known to be the (0, 1/p)-semicircular measure 7o/, /5,
where we write 7, , for the semicircular measure with mean 0 and variance 12 /4:

2
dryo,r(x) := — r2 — XZX[_N] (x)dx.
r

For each v > 0 we have

-~ p 1 1 1
202/ va) = o 510804 ) logp — 3
(o — p)?
P02/ va) = Y
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Therefore, we get

lim iQ(’Yo,z/\/a) ~ lim p+aloga —a(logp +1) _ L
a=0 Do(Y2/a) @0 2(a—p)? 2p’

which shows the following:

Proposition 5.2 The bound 1/2p in Biane’s free LSI for measures on R ([3] or (1.3))
is best possible.

Next, consider the unit circle case. For each 2 < A < o0, the equilibrium measure
associated with Q(¢) := —2Re (/A on T is known to be

2 do . de
vy = (1 + 3 cos@) I (w1th Voo 1= Z) ,

and its free entropy to be X(v,) = —1/\? (see [10, 5.3.10]). When 4 < A < oo,
since Q (eit) + %tZ = %(% — cos t) is convex on R, the free LSI (4.1) holds with

1/(1+2p) = A/(A —4). For example, for 2 < o < 0o we compute

- (1) ma-a(2-1)’

but the optimality of the bound 1/(1 + 2p) in (4.1) is currently unknown to us. This
situation is the same as in the free transportation cost inequality for measures on T
(see [12, §3.2]).
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