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ON THE KY FAN INEQUALITY AND RELATED INEQUALITIES II.

EDWARD NEUMAN AND JOZSEF SANDOR

Ky Fan type inequalities for means of two or more variables are obtained. Refinements
and improvements of known inequalities are derived. Applications to symmetric el-
liptic integrals of the first and second kind are also included.

1. INTRODUCTION AND NOTATION

This paper deals with the Ky Fan type inequalities for means of two and more
variables and is a continuation of our earlier work [15].

Let X = (z,,...,z,) be an n-tuple of positive numbers. In what follows the symbols
Ay, Gg, and H, will stand for the unweighted arithmetic, geometric, and harmonic means
of X, respectively, that is,

1 n n 1/n n
An=_zxi7 'Gn=(Hzi) ) an_n_——
= iz S (1/z))

i=1

We shall always assume that z; € 1/2 for i = 1,2,...,n. Also, let X' = 1 - X
= (1-12,...,1 — z,). Throughout the sequel the unweighted arithmetic, geometric,
and harmonic means of X' will be denoted by A}, G, and H}, respectively.

The classical Ky Fan inequality reads as follows

Gn A,
. _— =

(see, for example, [3]). A companion inequality to (1.1) has been obtained by Wang and
Wang in [24], and it states that

Hn Gn
1.2 nhg=n
(12) g, <G,
These two inequalities have stimulated the interest of several researchers, which resulted
in many new results, refinements and improvements. The interested reader is referred to

i1,2,5,6,7,09, 11, 15, 16, 17, 20, 21, 22|.
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88 E. Neuman and J. Sindor [2)

In the following by w = (wy,...,w,), w; 20 (1 € i< n), w; +---+w, = 1 denotes
the n-tuple of weights. The weighted arithmetic, geometric, and harmonic means of
X € R% with the weights w, denoted by A(X,w), G(X,w) and H(X,w), are defined in
the usual way:

A(X,w):iw,-z,—, G(X,w) = Hz
i=1
1

(1.3) H(X,w) = ————
Z wz(l/x.)

Other weighted means used in this paper include the logarithmic mean L(X,w) and the
identric mean I(X, w). Both means admit integral representations which are given below.
Let

Enoi={(u1,.. ., tn1) %201 <i<n—1), ui4- - +up 1}

denote the Euclidean simplex, and for (u,,...,un_) € E,_1, put
Up =1 —(up + -+ up_y).

Throughout the paper n 2 2 and p is an arbitrary probability measure on E,_;. The
natural weights w; (1 € ¢ € n) of the measure p are defined by

(1.4) | w;i = / u; du(u),

where dp(u) = p(u)du,---du,_; and v = (uy,...,u,) (see, for example, [4]). The
weighted logarithmic mean of X is defined as

(1) » L(X,w) = [ /E n_l@-xrldp(u)]_i,

where u - X = u;2; + -+ - + upZy is the dot product of u and X (see, for example, [18]).
The weighted identric mean is given by

(1.6) I(X,w) = exp [/ In(u- z) d,u(u)]
(see [18]).

An important probability measure on E,_, is the Dirichlet measure p,(u), where
b€ R%. It is defined by

(1.7) pp() = _Bt_b) T,
=1
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where B(-) stands for the multivariate beta function (see {4]). It is known that the natural
weights w; of p, are given by

(1.8) w; =b,'/C

(1 € i< n) where c=by +--- + by (see [4]).
The weighted geometric mean also admits an integral representation

-1/c
19) cow = | [ xydmw)]
En;
This follows from [4, (6.6-6)]. It is known that the weighted means mentioned above
satisfy the inequalities
H(X,w) < G(X,w) (X,w) < I(X,w)

L <
(1.10)
A(Xa ‘LU) < MP(Xa ’lU)

<
<
(p = 1) where

n 1/p
(zwizf) . p£0
i=1
G(X,w), p=0

(1.11) Mp(X,w) =

is the weighted power mean of order p of X € R}. Some of the means which appear
in (1.10) satisfy the Ky Fan type inequalities. For instance, Sindor and Trif [22] have
proven that
G(X,w) < I(X,w) < A(X,w)
G'(X,w) - I'X,w) = A(X,w)’
(See also {21] for a special case of (1.12)).

Let the letters G, L, and A stand for the unweighted geometric, logarithmic, and
arithmetic means, respectively, of two positive numbers z and y. Recall that

(1.12)

-y
T, TF#Y
L= L(z,y) = { In(z/y)
z, T=y.
In [16] the authors have proven that
G L _A
(1.13) el < T < Y

(z,y € 1/2). In addition to these inequalities, resuits involving differences of the recip-
rocals of means have been obtained. The following result

(1.14) H'(X,w) H(X,w)\v()i,w) L(Xl,w)

smwmo_uxw)
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t

is established in [15]. The middle term in (1.14) provides a refinement of an earlier.result
of Séandor [20]. Alzer (2] has shown that

1 1 1 1

X)) HXw S 0Xwe) GXw)

(1.15)

The same author (see [1]) also proved that
1 1 1 1 1 1

(119 BN G S m A

The goal of this paper is to obtain Ky Fan type inequalities for the means mentioned
in this section and also for other means discussed in Section 5. In Section 2, we give some
lemmas which will be used throughout the sequel. Therein we introduce the so-called Ky
Fan rules which, among other things, allow us to obtain inequalities for the differences
of reciprocals of means. For instance, an application of Lemma 2.1, part (i) to (1.1)
and (1.2) gives immediately Alzer’s result (1.16). New Ky Fan type inequalities for the
multivariate means are obtained in Section 3. Two refinements of the inequality (1.1)
are presented in Section 4. The next section is devoted to the study of the Ky Fan type
inequalities for certain means derived from A,,, G, and H,,. Section 6 deals with the Ky
Fan type inequalities for the unweighted means of two variables.

2. LEMMAS

The lemmas presented in this section will be used in the remaining parts of this
paper. We shall refer to the inequalities (2.1)-(2.3) of Lemma 2.1 as the Ky Fan rules.
Our first result reads as follows.

LEMMA 2.1. Leta,b, o' and ¥ be positive numbers.

(i) Ifag<bandafd <b/b' <lorifb<aandl<afa <b/¥, then

1 1 1 1
(2.1) 7 257 b
(it) Ifd <V andafa’ < bJb, then
(2:2) aa’ < b .
(iii) Ifa/a’ < b/V, then
a a+b b
) —< £z
(2:3) a ad+b "V
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and
a Vvab b
. =< £ =
(2.4) 7 5 ¥

PROOF: For the proof of (2.1) consider the case when @ < b and a/a’ < b/b <1. It
follows that 1/b € 1/a and also that 1 —b/b' < 1—a/a’. Multiplying corresponding sides
of the last two inequalities gives the desired result. The remaining case can be established
in the same way. For the proof of (2.2) we use the assumptions to obtain o'/} < V' /d’
and ¥ /a' € b/a. Combining the last two inequalities we obtain o'/} < b/a. Hence (2.2)
follows. We shall prove now the inequalities (2.3). We have ab' < a'b. Adding ac' to
both sides we obtain a(a’'+b') < a’(a+b). Hence the first inequality in (2.3) follows. The
second one is obtained from ad’ < a'b after adding to both sides bd'. The first inequality
in (2.4) is derived from a/a’ < b/b. Multiplying both sides by a/a’ and next extracting
square roots of the resulting expressions gives the assertion. The second inequality in
(2.4) is obtained from a/a’ < b/b’ by multiplying both sides by b/ and followed by the
root extraction. d

LEMMA 2.2. Let f:{0,1] = R be a convex (concave) function. Then the func-
tion g : [0,1/2] — R, given by g(z) = f(z)+ f(1 —z) is a decreasing (increasing) function
on its domain.

PROOF: Assume that the numbers x and y are such that 0 < z < y € 1/2. Then
z<y<1l—-y<1-—z, that is, both numbers y and 1 — y can be written as a convex
combination of £ and 1 — z, that is, y = ar + f(1—-z) and 1 —y = Bz + a(l ~ 1)
(o, 8 20, a+ 8 =1). Making use of the definition of the function g together with the
assumption of convexity of f we obtain

9() = fly) + f(1 ~y) S of(z) + Bf(1 - z) + Bf(z) + af(1 - z)
= f(z) + f(1 — z) = g().
This completes the proof. 0

LEMMA 2.3. Let0O <z <y<1l/2andletr =1l—-zandy =1-y. If
p = clin(z/y) and ¢ = cIn(z'/y'), where ¢ > 0, then the following inequalities

sinh ¢ < sinh p

2.5 s
23) q D
(2.6) cosh g < coshp,
and

tanh tanh
(2.7) Atp 2

p q

are valid.
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PROOF: We shall show first that the numbers p and g satisfy the inequalities
(2.8) -p>¢>0.

We have 0 < £ < y € ¥ < =’ < 1. This in turn implies that the logarithmic means of
(z,y) and (2, y') satisfy the inequality L(z,y) < L(z',y'). Thus

y—z -y y—z

n(y/2) ~ n@ly) ~ m@7y)
Since y — z > 0, In(y/z) > In(z'/y’). Multiplying both sides by ¢ > 0 we obtain (2.8).
To complete the proof of inequalities (2.5)-(2.7) we utilise the fact that the functions
sinht/t, cosht and tanht/t are even functions on R and also that the first two are
strictly increasing on R, while the third one is strictly decreasing on the stated domain.
Thus we have

sinh(—p) _ sinhp S sinh g
-p p q
cosh(—p) = coshp > cosh g and

)

tanh(~p) _ tanhp < tanh ¢
-p p g

The proof is complete. : 0
We shall also need the following.

LEMMA 2.4. Let f be a continuous function on the interval (a,b] and assume
that all derivatives f®(m) (£ =1,2,...) exist at m = (a + b)/2. Then

(2.9) ———/ f@@)dt = % (a) + f(b)] - f‘;l(2k2—-}:1)l(b ; a)2kf(2lc)(m).

PROOF: Integrating Taylor’s expansion for the function f about the point t = m

= (t — m)*
(2.10) £0) = fom) + - =T j0
k=1
we obtain
1 b = (2k)
(2.11) —b_a/af(t)dt= +k§:1(2k+1)'( 5 ) F@)(m).
Next we substitute ¢ = @ and t = b into (2.10) and add up the resulting expressions to
obtain
1 = 1 rb—a\*
s = —(—= (2K)
(2.12) @+ 70 = 10w + ) 5 (57) 1™ m)
Eliminating f(m) between (2.11) and (2.12) gives the desired result (2.9). 0
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3. INEQUALITIES INVOLVING MEANS OF SEVERAL VARIABLES

In this section we give several Ky Fan type inequalities for means of several variables.
For the sake of notation we shall write A for the weighted arithmetic mean A(X,w), L
for the weighted logarithmic mean L(X,w), et cetera. Recall that X = (z,,...,z,) € R}
where z; € 1/2,1 < i< n.

Our first result reads as follows.

THEOREM 3.1. Let f:{0,1] = R be a convex function. Then

fH)+f1-H) 2 f(G)+ f(1-G) 2 [(L)+ f(1- L)
>

(3.1) f)+ FA=1) 2 f(A) + f(4).

Inequalities (3.1) are reversed if f is a concave function on [0,1). If F: (0,1} > R, is a
log-convex function, then

F(H)F(1 - H) > F(G)F(1-G) » F(L)F(1 - L)
>

(3.2) F(I)F(1-I) > F(A)F(4).

Inequalities (3.2) are reversed if F is a log-concave function and they become equalities
if F(z) = (1 — z)/z.

PRrOOF: For the proof of the inequalities (3.1) we apply Lemma 2.2 to the five first
members of (1.10) together with an obvious identity A+ A’ = 1. Inequalities (3.2) follow
from (3.1) by letting f(z) = In F'(z). The last statement of the theorem is obvious. [}

COROLLARY 3.2. The following inequalities

11 T 1 1 1 1. 1 _1 1
: = Zat—=27t 523t 2 5+t
(33) AT R v Ay A A wa ey Y
1 1 1 1 1 1 1 1
. I I S S 2.
(3.4) cte?T 1?1t 1=12a*t @
1 1.1 1. .1 1 1711 1
. SRR AL S I S T N I
(3:5) atwmZeticeg?rticit1=icata
are valid.

PRrooOF: Inequalities (3.3) follow immediately from (3.1) by letting f(z) = 1/z.
SinceG+G' < A+ A =1,G <1-Gand1/G+1/(1-G) <1/G+1/G". This in
conjunction with (3.3) gives the chain of inequalities (3.4). Using the same argument as
above, we have H' < 1 — H. Hence 1/H + 1/H' > 1/H + 1/(1 — H). Combining this
with (3.3) yields (3.5). 0

A multiplicative version (with refinements) of the Ky Fan inequality is contained in
the following.
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COROLLARY 3.3. We have

(3.6) . H(1-H)<GA-G)SL(1-L)y<I1-1)< AA,
3.7) GG' S L(1-L)KI(1-1) < AA,
and

MHYI(1-H)2T(Grad-G@) >2r(L)r(1-1)
(3.8) > T(NI(1-1) > T(A)r(A),

where I stands for Fuler’s gamma function.

PROOF: Inequalities (3.6) follow from (3.1) by letting f(¢) = Int. Taking into
account that G’ € 1 — G we obtain (3.7) from (3.6). It is well-known that the gamma
function I'(z) is log-convex for z > 0 (see, for example, [4]). Letting F =TI in (3.2) gives
the inequalities (3.8).

In {19}, Sandor has proven that the function f(z) = [I'(z)] Y= is convex for z > 0.
This in conjunction with (3.1) gives more Ky Fan type inequalities. We omit further
details.

Before we shall state the next result let us introduce more notation. Also, we shall
use the concept of an integral average of a function. For Y = (y1,...,y,) € R?, let
C = [min(Y), max(Y)] with min(Y’) < max(Y’). Further, let f : C — R be a continuous

"function and let 2 be a probability measure on the Euclidean simplex E,_,. We define

F(pY)= ; f(u-Y)dp(u).
n—1
Application of the mean-value theorem for integrals gives F(p;Y) = f(€-Y), where
£= (&, €n-1,1 — & — - — Ear) with (&1,...,&n-1) € Enoy. Thus F(y;Y) can be
regarded as the average value of the function f. When p = p;, the average F(u,,Y)
= F(b;Y) is studied in detail in Carlson's monograph (4] and is called the Dirichlet
average of the function f.

Also, recall that a function f is said to be n-convex on C if f|z,...,2,] = 0 for all
choices of n+1 points 2, ..., 2, in C. Here f[2y,.. ., z,] stands for the n-th order divided
difference of f.

The following refinement of Levinson's inequality (see [11]) appears in {14, Theo-
rem 3.4]. Let f:(0,1] = R be a 3-convex function. Then

(3.9) f(A) = f(A) S F(i; X') — F(p; X) < zw,- [f(=) ~ f(=)]-

Inequalities (3.9) are reversed if f is a 3-concave function on (0,1).

https://doi.org/10.1017/50004972700034894 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700034894

9] The Ky Fan inequality 95

The integral average of the power function f(t) = t* (t > 0, p € R) will be denoted
by R,(u;-) and when 2 = p, the Dirichlet measure on E,,_;, we shall simply write R,(b;-)
instead of Rp(us;-). The latter average is also called the R-hypergeometric function. Its
importance in the theory of special functions is well documented in Carlson’s monograph
[4]. fa>0and if & :=b + -+ b, — @ > 0, then the R-hypergeometric function R_,
admits another integral representation (see [4, (6.8-6)})

1 * a'—1 - —b
. — t Rt
)= gy [ [l

We shall use inequalities (3.9) to obtain bounds for the symmetric elliptic integrals
of the first and the second kind. They are denoted by Rp and Rg, respectively, and
defined as follows

Reoa) =3 [ [+ o)t ner ] a

and

T Y z
+ +
t+zx t+y 1+z

I{G(x,zj,z):%/ooo [(t+:c)(t+y)(t+z)]_l/2( )tdt

(see [4]). We assume that z,y, z are positive numbers and at most one of them is 0.
We have the following.

PROPOSITION 3.4. Letu be an arbitrary probability measure on E,_, and let
X eR? withz; <1/2for1 <i<n. If0<p<lorifp>2, then
(3.10) (A)P — AP < Rp(u; X') — Rp(; X) < (Mp)P — M},

p

Inequalities in (3.10) are reversed if either p < 0 or if 1 < p < 2 and they become
equalitiesifp=0orp=1orp=2.

PRrOOF: Let f(t) =t (t > 0, p € R). It is easy to see that f is 3-convex if 0 < p < 1
or if p > 2 and f is 3-concave if either p < 0 or 1 < p < 2. The inequalities (3.10) follow
from (3.9). If p = 0, then all three members in (3.10) are equal to zero and they are all
equal to A' ~ A ifeitherp=1lorp=2. 0

COROLLARY 3.5. The symmetric elliptic integrals Rr and Rg satisfy the Ky
Fan type inequalities '

(3.11) (A2 — A7V 5 Re(X') — Re(X) > (ML, p)7"? = MZ12
and
(3.12) (A)/2 — A2 < Rg(X") = Ra(X) < (M} )2 — M|12,

where X = (z1,%,73) with0 < z; £1/2,1 <4< 3.
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PROOF: We use Proposition 3.4 with p = ), where b = (1/2,1/2,1/2) and p = —1/2
and p = 1/2, respectively, because Rp(-) = R_1/2(b; ) and Rg(-) = Ryj2(b;-) (see [4]). O

For more bounds for the symmetric elliptic integrals the interested reader is referred
to [13].

We close this section with two Ky Fan type inequalities for the differences of recip-
rocals of certain multivariate means.

The following inequality L
I

ST
is established in [7]. This result was known to the authors of this paper prior to the
publication of [7]. Application of Lemma 2.1, part (i) to the last inequality and the
second inequality in (1.12) gives
1 1 1 1 1 1
) K=K ——=.
(3.13) r IST 1S@ 2

A refinement of the first inequality in (1.16) is provided by

1 1 1 1 1 1
. — =<~ € = - =,

(3.14) mOH, <7, LG G,
where L(Y)

Jp === n

Ga¥)

withY = (y1,...,¥%n), ¥i = Z1° ... " Tic1Zig1 * ... - Zn (1 € i < n). In [15] the authors
have proven that H, < J, < G, and also that

H, G,
(3.15) L AP

H, ~J, =Gy’

Application of Lemma 2.1, part (i) to (3.15) gives immediately the inequalities (3.14).

4. Two REFINEMENTS OF THE KY FAN INEQUALITY

The goal of this section is to establish two refinements of the Ky Fan inequality (1.1).
Let C be an interval in R. Recall that a function f : C — R is said to be Jensen’s
convex (or J-convex) on C if Jensen’s inequality

f(%z":yz) < %gf(yi)

i=1

is satisfied for all 3; (1 < i< n)in C.
We need the following.
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PROPOSITION 4.1. Letz;€C,1<i<n+landletf:C — R beaJ-convex
function. If T, = (Tas1 + (n ~ 1)Aps1)/n, then

2f(An+1) S f(An) + f(fn)
fl@) + -+ f(@ne1) + (0 = 1) f (A1)

n .

(4.1)

N

Also, if 27, = (Any1 + (n — 1)Zq41)/n, then

nf(An1) < (n— 1)f(An) + f(27)
(TL - 1) [f(zl) + f(xn+1)] + f(An+l) )

n

(4.2) <

ProoFr: For the proof of the inequalities (4.1}, let us notice that A,.; = (A,+%,)/2.
Using Jensen’s inequality three times we obtain

PAnn) = F(225E) < f(An) : £(Za)
< l[f(xx) + oo+ f(Tn) + [(@at1) +(n— l)f(An+1)]'
2 n -

Hence the assertion follows. In the proof of (4.2) we shall utilise the following identity
Ang1 = [(n -1DA, + x;] /n. Again, we appeal to Jensen’s inequality to obtain

_ * - An :
f(An+1)=f((n 1);1,1-%-:1:,,)< (n l)f(n)+f(x )
DR (MY (CORIRLS (AN (€ EXLE VL8
n n n 1
The desired result now follows. 0

The main result of this section is contained in the following.

THEOREM 4.2. Let X € R™™! withz; < 1/2 for 1 € i < n+ 1 and let the
numbers T, and z;, have the same meaning as in Proposition 4.1. Then

(4.3) (ilfil_)2 AnTa (G;,ﬂ)ul/n(A;,H)l_un’
Ansr An Ty G/ . Apet
where T, = 1 — z,. Also,
(4.4) i:l_—}’_l < (ﬁl)l-l/n(z:)l/ﬂ < (_:Lﬂ)l-l/nz(ﬁl_:'i)l/nz'
Anr A, T* Gt A

where T8 =1 — z. _
REMARK. It is easy to see, using the Ky Fan inequality (1.1) that the third members
in (4.3) and (4.4) are bounded above by (G, ,,/Gn+1)? and by G, ,/Gn,1, respectively.
Thus the inequalities (4.3) and (4.4) provide refinements of (1.1).

PROOF: We shall use Proposition 4.1 with C = (0,1/2] and f(z) = In(1 - z)/z.
Easy computations show that (4.3) follows from (4.1) while (4.4) is a consequence of
(4.2). We omit further details. 0
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COROLLARY 4.3. The following inequalities

(4.5) ﬁ_': < (gi:i)l+1/n(ﬁ’:::)l-l/n
and

R\ 1~Yn G, -1/n? s A’ n?
A )
are valid.

PRroOF: It follows from the definitions of the numbers T, and z that both are
positive and not bigger than 1/2. This in turn implies that Z, > 7, and z > x7. The

inequalities (4.5) and (4.6) now follow from (4.3) and (4.4), respectively. 0

Before we state the last result of this section, let us introduce more notation. We
define

1 1 1 1
a"—A_,.——/E.andh"_;I:_F,’,'
COROLLARY 4.4. We have
~ n+1 n—1
(47) 2an+1 < an + Ty < n hn+1 + n Gn41,

where T, = 1/, — 1/%,,.
PROOF: Inequalities (4.7) follow easily from (4.1) when C = (0,1/2] and
flxy=1/z-1/(1 — z).
In [20] the author has proven that any1 < hn41 (see also (1.16)). This in conjunction
with (4.7) gives
Any1 € (an + En)/2 < hn+1~

5. THE Ky FAN INEQUALITIES FOR A CERTAIN FAMILY OF MEANS

Let X € R}. In [6] the authors have studied some unweighted means of X. They
are denoted by A}, G} and H} and defined by A} = A,(X +1), Gf = G,(X +1) and
H} = H,(X +1), where X +1 = (z;+1,...,z,+1). In the abovementioned paper, the
authors have proven that
H, _ Gn < A,

(51) ‘I‘{?\G_:_\E'

Recently, Govedarica and Jovanovi¢ [9] have shown that

1 1 _ 1 1 _1 1
e~ S ST
(5:2) Hf H, Gi G, A 4,

n

It is worth mentioning that the inequalities (5.2) follow immediately from (5.1) and
Lemma 2.1, part (i), because A,/A} < 1.
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Assume now that z; > 1, 1 € 2 < n and let us define the unweighted means
A = Ap(X - 1), G, =Gp(X -1, H, =H,(X-1),

where X — 1= (z; — 1,...,z, ~ 1). The main result of this section reads as follows.

THEOREM 5.1. The following inequalities

A, G, H,
{—<€ —<K —
53) << gE <
and
1 1 1 1 1 1
D P
(54) A A,,\G; G,  H; H,
hold true.

PRrOOF: The first inequality in (5.3) is an immediate consequence of the trival iden-
tity A, = A; — 1. In order to prove the second inequality in (5.3) we use the following
inequality ([10, Theorem 64], [12, 3.2.34, p. 208])

n n
[Ha+w =1+
=1 =1

with y; = z; — 1 (1 < 7% < n) to obtain G, > 1 + G;;. This in conjunction with G, < 4,
and A; = A, — 1 gives

G A A
n s n > n I
G; 7 Ga-17 A, -1 A;
The last inequality in (5.3) is a special case of the following one
GolX) _ _HulX)
Gu(X —a) ~ Hnp(X —a)’
where now X is an n-tuple of positive numbers such that min(X) > a > 0. Inequality

(5.5) is reversed if a < 0. In order to establish (5.5) we define a function f(z) = [] z}/ n

(5.5)

=1
(z: > 0 for 1 < ¢ < n). It is known that f(r) is a concave function on R%}. Thus its
gradient V f satisfies the inequality

(VAX)-VY))-(X-Y)<0
(X,Y € R%). Since Vf(X) = (l/n)ﬁx}/"((l/zl),...,(l/z,,)), the last inequality can
i=1

be written as " Ga(X)  Gn(Y)
(T

I Yk

)(Ik - ) <0.
k=1

Letting Y = X — a (e > 0) we obtain the desired result. : 1]

We close this section with a remark that the first inequality in (5.1) follows from
(5.5) by letting @ = —1.
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6. INEQUALITIES INVOLVING MEANS OF TWO VARIABLES

This section deals with the Ky Fan inequalities for certain unweighted means of two
variables z > 0 and y > 0. To this end we shall always assume that z # y. For the sake
of notation we shall often omit symbols of the variables of a mean. Thus A will stand for
the unweighted arithmetic mean of z and y, et cetera.

Recall that the identric I mean of order one of two variables is defined as

_ zlnz — ylny
(6.1) I= I(:z:,y) =exp(—1+—z_y—).

The extended logarithmic mean E; of order ¢t € R is defined as follows

t_ gt q1/(t-1)
[E_i] t£0,1
tz - y)
(6.2) Et = Et(x, y) = L(:z,‘, y)’ t - 0
I(z,y), t=1.

The latter mean is a special case of the two-parameter family of means S,4 (p,q € R)
introduced by Stolarsky in [23]

q P — yP\ 1/ (p—9)
(;zq_yq) pa(p—q) #0
i/p
Spq = Spelz,y) = LG, yr)]l ’ P#0, q= 0.
[1(z, 97", p=gq#0
G(z,v), p=¢=0.

It is easy to see that
(63) Eg = Sg’l.

Another two-parameter family of means, denoted by G, 4, has been introduced by Gini
in [8]. They are denoted by G, , and defined as follows

zP + yP\ Ulp—9)
(x,, ¥ yq) , P#4q
Cra = Gra(®¥) = | [J(@,9)]"",  p=qg#0
G(:z:,y), p=¢=0,
where
_ zlnz+ylny
(6.4) J(z,y) = exp( s )

Other means used in this section are denoted by s and ox (k = 1,2,...) and they are
defined as follows

(6.5) sk = si(z,y) = Gl/"Ell/'kl/k
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and
(6.6) ok = ox(z,y) = GV*M M

Easy computations show that

k
1 s g
(6.7) su(z,0) = 7 (@ + 2Py,

1=1
where o; = (2i ~ 1)/2k and §; =1~ o, 1 < i < k. Also,
1 .
(68) g = 8 = G, 09 = 89 = (GM1/2)1/2 = 5(.’131/41/3/4 + .’E3/4y1/4).
We shall also use the Heronian mean which will be denoted by He and is defined as

T+ (zy)'2 +y

(6.9) He= He(z,y) = 3

It is easy to verify that He = 5377,/ .
The following result will be used in the sequel.

PropPOosSITION 6.1. Let A= (t/2)In(x/y),t € R. Then
~ sinhA _ LE!!

and
—_ M\t
(6.11) cosh A = (-—G—) .
In particular, ift =1/k (k =1,2,...), then
sinhA L
(6.12) =
and
M
(6.13) cosh A = —&
Ok

ProOOF: Formulas (6.10) and (6.11) are valid when t = 0. Let t # 0. We have

sinhd et —e* (z/y)¥? ~ (y/z)"? _ (zy)'/? [(35/?1)”2 - (y/z)"?]
A 23 tIn(z/y) B tIn(z/y)(zy)"2

zt — gt T—y -y LE™

 th(z/y) ) Inlz/y) e - y)(@y) G

Similarly,

cosh A = (e +e™) = 2 [(2/4)"? + (y/2)'"]

_ @)@y + /)] (@ g2 (24’
= 2zy) Ty S\T)
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For the proof of (6.12) we let t = 1/k in (6.2) to obtain
k

1/k-1 _
El/k = .
3 k=i) kg (i=1)/k

i=1

Making use of (6.7) we obtain

1/k-1
El/k _1
Gl/k - Sk )

This in conjunction with (6.10) gives the assertion (6.12). Formula (6.13) follows from
(6.11) by letting t = 1/k (k € N). We have

(xl/k + yl/k)/2 _ (Il/k + yl/k)(ml/k + yl/k)k—l/zk

cosh A = @)V (zy)U2k(gl/k 4 yi/k)R-1/2k-1
[(='/* + ’.‘ll/k)/z]’c My My
- (zy)V/2* [(z1/* +y1-/k)/2]k'l - Gl/lell—kl/k T oo
where in the last step we have used formula (6.6). The proof is complete. 0

To this end we shall always assume that 0 < z,y < 1/2. We are in a position to
prove the following.

THEOREM 6.2. Letk =1,2,.... Then the following inequalities

B VAG VAL G
H ~VHG VAL G s’
Sk L M1/2 He M2/3 I A < M2 J

(6.15) E<E<M{/2<W<Mg/3<l'<A' m<77,

(6.14)

and
G Ok Ml/k
. — £ =<
(6.16) G <o M,

are valid with equality in (6.16) when k = 1.

PRrROOF: The first inequality in (6.14) follows from the Wang-Wang inequality (1.2)
and Lemma 2.1, part (iii) while the second inequality in (6.14) follows from G/G’ < L/L'
(see [7, 16]). Multiplying both sides by H/H' and next extracting the square roots, we
obtain the desired result. For the proof of the third inequality in (6.14) we apply the Ky
Fan inequality for the Gini and Stolarsky means

G S,
(6.17) o <3
) Py

(p + g < 0) (see [16]). Letting p = —1, ¢ = 0 and next utilising definitions of the Gini
means and Stolarsky means we obtain G_;o = H and S_;o = G?/L. Substituting into
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(6.17) gives the assertion. The last inequality in (6.14) can be established as follows. We
use G/G' < Myj2/M, (see, for example, [5, 16]). The first inequality in (2.9) together
with s, = (GM2)"/? implies

G (GM1/2)1/2_2

— < "
¢ - \o'M,

sh’
Here we have used the identity M;;; = E,;5. We shall establish now the chain
of the inequalities (6.15). The first one follows by application of Lemma 2.3, with
p = (1/2k)In{z/y) and ¢ = (1/2k)In(z'/y’) to (6.12). For the proof of the second
inequality in (6.15) we combine (6.12) with (6.13) to obtain

tanh A _ Loy
A Myjgsi

Using (2.7) with p and ¢ as defined earlier, we obtain

Loy  Mkse
L'o, — M5k

k=1,2,...).

Letting above k = 2 and taking into account that oy = s, (see (6.8)), we obtain the
desired result. The third inequality in (6.15) can be proven as follows. Assume without
a loss of generality that z < y and next define t* = y/z and t? = (1 —y)/(1 —z). Clearly
t>t'. Also, let

M (%1
He(t?2,1)
3
A tati ty = = S — h
n easy computation shows that f(¢) 4(1 + t2+t+1) apd also that

3 1-¢2
M) = S,
f® 4 (82 +t+1)2
in turn implies that

Thus the function f(t) is strictly decreasing when t* > 1. This

Myjz(82,1)  Mypa(t?,1)
He(t2,1) He(t'2,1) °

Replacing t* and t2 by their defining expressions, next multiplying the numerators on

both sides by z and the denominators by 1 — z and utilising homogeneity and symmetry
of both means in their variables, we obtain the desired result. For the proof of the fourth
inequality in (6.15) we still assume that z < y and we let 3 = y/z and t® = (1-y)/(1-xz).
Again we have t > t'. Also, let

He(t3,1
Mys(23,1)
Logarithmic differentiation gives

gt) _ 32— 1)@ -1)

=—c 0.
g(t) 283 +32+1)(12+1) <
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Thus the positive function g(t) is decreasing for t > 1. We follow the lines introduced in
the proof of the previous inequality to obtain the assertion. The fifth inequality in (6.15)
is established in a similar manner. With ¢ and ¢’ as in the proof of the last inequality

and with MA(31) ,
_ 2/3(1%,1)72/8
Ko = | 1(8,1) ]
we have K(t) o2
Ko - @
where

@+ -1
t(t2+1)
Letting » = ¢3 in Karamata’s inequality [12, 3.616, p. 272}

s(t) = 3Int

Inu _ 1+u!/3
u—1" u+uld

we obtain s(t) € 0 for ¢ > 1. Thus the function k(t) is strictly decreasing. The fifth
inequality in (6.15) now follows by using the same argument as in the proof of the last
two previous inequalities. The sixth and seventh inequalities in (6.15) are known (see
(1.12) and [5], respectively). To prove the last inequality in (6.15) we proceed as follows.
Again assume that z < y and put t = y/x and t' = (1 — y)/(1 — ). Also, let

_ M2(tv 1)
where the Gini mean J is defined in (6.4). We have
24112 1
ft) = ( 2 ) t/(¢+1)
Hence ,
f'e) _ h(t)

ft)  (t+1)2(2+1)°
where h(t) = t2— 1 — (2 + 1)Int. In order to prove that the function f(t) is strictly
decreasing for ¢t > 1 we use
t—1 t+1 241

=L(t1 —_— < —
Int (1)< 2 <t+1’

(6.18)

where the second inequality follows from the following one (¢ +1)? < 2(t2+1). It follows
from (6.18) that h(t) < O for ¢ > 1. This in turn implies that f(t) is strictly decreasing
on the stated domain. We shall prove now the inequalities (6.16). It follows from (6.6)

that % _ (%)1-1/1:
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On the other hand, letting ¢t = 1/k in (6.11) we obtain

M
G
Combining the last two formulas we obtain

= (cosh A)*.

-UG—k = (cosh A)*~1,
Next we use inequality (2.5) of Lemma 2.3 to obtain the desired result. The second
inequality in (6.16) is also proven with the aid of Lemma 2.3 and formula (6.13). We
omit further details. The proof is complete. 0
More Ky Fan type inequalities can be obtained immediately from (6.14)-(6.16) by
using the Ky Fan Rules (i)~(iii) of Lemma 2.1. We omit further details.
Our next result reads as follows.

THEOREM 6.3. The following inequalities

M, /2G3 1/2 L He M, /2 1/2 s M /2 3/2
1 _—
o) (SR L () ey
hold true.
PROOF: We use (6.10) with t = 3/2 and also utilise E;Z = He/Mll//z2 (see (6.2)) to

obtain sishA _ LHe

X (M1/2G3)1/2 )
where now A = (3/4) In(z/y). Application of the inequality (2.5) with p = (3/4) In(z/y)
and ¢ = (3/4) In(z'/y'), completes the proof of the first inequality in (6.19). In order to
establish the second one we combine (6.10) with (6.11) to obtain

tanh) L E!™!
A M

where now A = (t/2) In(z/y). Making use of Lemma 2.3 we obtain
LE!! < L'(E)*!

M; (My)*
Hence _I;(_E_,)i-l < (%)t
L'\E; M)
Letting t = 3/2 and using E;Z =H e/Mll //f we obtain the assertion. 0

Neuman and Sandor [15] have proven that

1 1 1 1

T T H L
The following result provides an improvement of the last inequality. We have
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THEOREM 6.4. The following inequality

g1 1 1 1
(6:20) A(7-7) <471
is valid.
Proor: We shall use the following series expansion
1 1 2 2k [z —y\%*
(6:21) AG-2) = TaniGry)

For its proof we employ (2.9) with a = z, b =y, and f(t) = 1/¢. Utilising the formula
1 1 T dt

L z-yJ, t
1 1 1< 2k x—‘y 2k
f—__Z§2k+l(x+y) )

Hence the formula (6.21) follows. For the proof of (6.20) we let

we obtain

T — I__ ']
u= y and v=u,
T4y -y

where 2’ = 1~z and ¥ = 1 — y. One can easily verify that Jv| € |u|. Making use of
(6.21) we obtain

1 1 = 2% = 2% 1 1
A’(F—E)=Z2k+1v2k<22k+1u2k=A(ﬁ_f)'

The proof is complete. 0
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