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1. Introduction. It is a well-known fact in the theory
of Appell's hypergeometric function of two variables J!:"4 ,

defined by
© o (a (B8)
in m+n m n
1 F (oBsv,¥'sxy)= 2 Z = ,
W Flaly vty e e ")
m n
where [x[1/2+ [y[1/2< 1, that it can be expressed in terms

of products of ordinary hypergeometric functions when
y+y' =a+p+1. Bailey [1, page 306] proved this result which
runs as follows:

F4[a, By, atB-y+1;x(1-y), y(1-x)]
=, F (@ Bivix) F (o B; aiB-yHi5y),

(2)

this formula being valid inside simply-connected regions
surrounding x = o, y = o for which

1/2 < 1.

1/2
[x(1-y)[ 7" + [y(1-x) |
As a matter of fact this result was obtained by Barnes in his
unpublished work about a quarter century earlier than the
publication of Bailey's formula [3, page 236]. Bailey [4, page 239]
has also given some cases of reducibility of Appell's hyper-

geometric functions of two variables F2 and F3 in terms of
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generalized hypergeometric function 4F3.

The object of the present note is to obtain four different
cases of reducibility of Appell's function F4 in terms of

ordinary generalized hypergeometric functions 3F2 . The
results have been given in the form of four theorems.
THEOREM 1. If Ix|1/2<% , then
i
Ao |, Ve >
(3) F4(>\,p;v, vix, x) = F, 1 ; 4x ).
ZV'i ] E(P’")\)

The following infinite integrals will be required in the
proof.

¥ R(A+p+v)>-- and R[a.+(b;i:<:)2 ]> 0 then [8, page 174]

N fr

[ A1 exp[-L(atbi4ci)t] W, (at) I (2bet)dt
o 2 A, p v

(be)” r(% Fa-ptv) r(% Xt )

(4) =
+
MY rf (v
2 2
1 1 b c
-+ - s 5 H » Y- a3~ 3 .
XF4(2 A-ptv 2+)L+p.+v vti, v+1 2 3z )

E R(a) >0, R(b)>0, RO +p) > [RG)|- 3, then

fco x)\_'1 exp[- (a,+2b2 )x] W " (ax) J[V(Zb2 x)dx

o X,
2 1
b Vr(3+>\+p+v) F(%*H\-[.L-i-v)
(5) =
+v 2
a)\ T (v+1)
1 1 1 2
X F 2+v, 2+)\+p.+v, 2+l—p+v ;- 4b .
32 a

2v+i, v+1
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(5) follows from [6, page 410].

Proof. In order to prove Theorem 1, we put ¢ =b in

(4) and obtain

o A-1 1 2 2
fo t exp[- 5 (a+2b )t]WLH(at)IV(Zb t)dt

2 1 1
b T(5 #x-p+v) T(5+N +p+v)
) = Aty 2
a L (v+1)
2 2
1 1 b b
- 4+ - i . +4: -« — - —
xXF (2 A-ptv, > At +v; v+l, vH1; S a)

which is equal to (5). The result (3) now follows on equating
the right hand sides of (5) and (6) and making suitable changes in

the parameters.

THEOREM 2. If R(Z)\-v)>-% and |[x|<| then

2
1 X
, ]

)’ (14)°

1
sy AT T v, B
F4[)\ X_Z'VP'

1
-2\ -— 2 1
TN Z () T (WL (phv- 21 - )T (2N -v+5 )

-v+ 1 3
&7 () repsv-2n- rENTE-1)

1. ptv-2x-1, é-v

v-
(7) ><3F2< 2 2 .
1ip-2n, 2p+v-22- 3
2 2

(1422 T(v-22 -%) T ()

AV ey rze- 1) rev- - 1)

2)\, 2()\‘\?""1): P-'%
X 3F2 < ;-x).

3
2A-v+ 2 2p -1
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THEOREM 3. If R(p+v)> -1 and |x{<1 then

N-p)T(utvtl)

b2 o ptvtl pt+v+2 et 1 X
W -V (1+X)|"L vt F4[ 2’ 2 ,v+1,}.+1.(1+ )< T+ x
1
1"('2') C(p+tv+l) D(p-vt+1)
(8) = >
+1 3
2°F C(p+=)
2
i
pt=, ptvtl, p-vt+1
X F 2 DR
3 I
32 2p+1, |.L+E

where the symbol = indicates that to the expression
-V

following it, a similar expression obtained by interchanging v
and -v is to be added.

THEOREM 4, If R(X+v)>0 and |x|<1, then

T(-v) T(X+v)
Aty

=
v, -V 2" (1+x)

2
Nty Atv+l 1 x
XF4[ 2 2 ovrhoetl 2’(1+x) ]

(14x)

(9) 1 1 1
. l“(2+x+v) r(2+x-v) r(z)
B - 1

2 1r(—+>\)
2
Live, I i
x F 2 Ve gTATVs TRy
372
1420, T4
ko5
218

https://doi.org/10.4153/CMB-1966-029-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1966-029-8

The following results will be found useful in the proofs.

I R(A+p+v)>0, R(A+p)>0 and R(a)> [R(B)]+ |Imy],

then
© 2\ +2u -
Lreerter-t g (ae)1(Bt)
v v
1 2 2
X1F2(9+2,2p+1, Nt -y t )dt
2(\ tp-1
oy < 20T (0p)Y piiew) T tu )
2 2 2
(e“+8% +2v ™ p(ut1)
2 2 4 7
Atp+v Atptvit . 4o B 4y
XF4[ s i vthe 2 22 .2 2. 22
(o B 42y ) (o B +2y )4

I R(up+v)>-1, R(a+B)> |Imy| +|Ims | then

f°°tK (at) K (Bt) J (yt) J (5t)dt
o v v B B

(11) = (xé)u o (a@)vl"(-v)f‘(p+v+i)
2T (p +1) v -v (QZ+BZ+YZ+62)p+v+1

2.2 2.2
+y+ +y+
><F4[M v+i N vz;v+1,p.+'1; 4o 3 4y & 2]

’ 2 222 2 2 2
2 2 (@ + +) (o +B +y +6)

I R(\+p+tv)>0 and R(a+8)> |Imy|, then
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- 1 22
foo tZ)\ t2p -1 K (at) K (Bt) F_(p+T:;2p+1, xtp;-y t )dt
o v v 1 2 2

v
2)\+2p.-31_,(x+p) 5 (B) TV Otpty)

(12) = 2
g 2 2 _ 2 otut
VTV (QCet ey TR
2.2 4
XF, [H?V’HH;VH"’“’““; 24a Bz 2 2 ?L 2 2}
( +p +2v ) (@ +p +2y )

(10), (11) and (12) have been proved by the author in an
earlier paper [7, pages 131-132].

If R(p+v)>-1, then[5 page 335]
2
fco XK (ax) JZ {bx) dx
o v n

2
b r(ptv+1) T(p-v+1) r(p+%)

2(u+1 3
LG )r(2p+1)1‘(p+5)
1
p+‘£, ptv+i, p-v+1 bZ
X F - —
3 ? 2
32 2put+1, p.+E a
¥ R(\N+p+tv)>0, then
w 2x+2p-1 2 1 22
r =. -
fo t Kv(at)i 2(p+2,2p.+1,)\+|¢, b t ) dt
r‘(-i-) T(x +p) 1“(-1- +Fatptv) 1“(1 A +p-v)
(14) = 2 2 2
22+2 1
4a " T(5 #tp)
1*f‘)\+|.1.+v, "1"+)\+p.-v, }‘+p, b2
X 3F2 2 2 2 Y

a

1+2p, —;—+)\+p~
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I R{(x+p+v)>0, R(XA+p)>0, then

23 +2u -
f""tX K-tk (at) I (at)
(o] v v

22
X F (p.+ ;2u+1, A +p;-bt ) dt

2’

b1 2 Lo i) D (A ) T(1- ) T A 4w -1/2)
4a r(%) I."(p+-;—) r(% -X+p)

(15)

—v,i-)\ . b
‘x3F2(
\

Njw Nl»

3
-h-N, E-)\+p

r(xﬂ;)r(%- A=) T() +p +v)

+
i 2 +2
AT(1+v-x-p) T(3) T(1+24) a MEep
1

Atp+yy Ntp-v, pt+ 7 2
X F 2 . _b_
32 )\+p.+'%, 2pt1 a.2
/

(14) and (15) follow from an integral [6, page 422].

Proof of Theorem 2. Putting B=a=a and vy =b in
(10) and then equating its right hand side with that of (15) and
making suitable changes in the parameters we obtain (7).

Proof of Theorem 3. On writing a=8=a, y =6 =b
in (11) and using (13) we arrive at the result (8).

Proof of Theorem 4. It can be easily proved in a
similar manner from (12) and (14).
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