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MOD ODD MODULAR COINVARIANTS,
HOMOLOGY OPERATIONS, AND LIMIT SPACES

NONDAS E. KECHAGIAS

ABSTRACT ~ We compute the homology of lim,, ., (G, ¢ X), where (G,) 1s a sys-
tem of subgroups of Z,» containing a p-Sylow subgroup (Z,» ,) and satisfying certain
properties We show that H,(Ilm,,—oo(Gy, 2 X), Z/pZ) 1s built naturally over homology
operations related to (G,,) We describe this family of operations using modular coin-
variants

0. Introduction. In this work given a connected pointed space X of finite type and
a family of compatible permutation groups, S = {G,/E, -+ E; < G, < Ly, n =
1,2,...}, we construct a new space denoted G, ! X and compute its mod-p homology
groups. Here X,» is the symmetric group of all permutations of all elements of V", an
n dimensional vector space over Z /pZ for p a prime number; and E, 2 - - - L E a fixed
p-Sylow subgroup of X,». There is an algebra of homology operations, denoted RN (see
[8]), associated to each such family S and the main result of this work is that H.(Gy,
X,Z/pZ) is an algebra generated by the free module with basis a fixed homogeneous
basis of H,(X, Z /pZ) over RN. This algebra RN called the extended Dyer-Lashof algebra
1s closely related to the rings of invariants of various parabolic subgroups of GL,(Z/pZ),
[8].

It was long ago when the relation between operations in topology and the Dickson
algebra (the ring of invariants of a polynomial algebra on n generators over Z/pZ of
GL.(Z / pZ)) was realized. Then a natural question to ask 1s what about other rings
of invariants. This question is answered 1n this work for any fixed odd prime number;
namely: certain subalgebras of (E(xl, e Xn) @ Plyr, .., y,,])G can be realized as duals
of coalgebras of homology operations applied to certain topological spaces associated
to G so called G,-spaces. Here E(xy,...,x,) is an exterior algebra on n generators and
P[y1,...,ya] is a polynomial algebra on n generators over Z /pZ. They are both graded
with degrees: |x,| = 1 and |y,| = 2 fori = 1,...,n. G is one of the following groups:
U, < B, < P,(N) < GL,, (the group of upper triangular matrices with one along the
main diagonal, the Borel subgroup, the parabolic subgroup associated to a sequence of
positive integers, and the general linear group, respectively). We should note here that
for p = 2 the whole ring of invariants can be realized and the theory appears to be more
elegant, (see [1], [2], [7], [11]), while for odd primes a lot of technical problems arise.
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The main theorem in this work is the computation of the homology of G., ! X over
Z/pZ, where G, is the direct limit of a sequence of permutation subgroups satisfying
certain relations, and "!" stands for the wreath product between topological spaces ex-
tending the definition of the usual wreath product of permutation groups. Namely:

THEOREM 4.7.  Let X be a pointed connected space of finite type, and either G, =
Ty U W Zym associated to N = (ny,ny, .. .) an increasing sequence of positive integers
or G, = Zpn. Then Hi(Goo 1 X, Z / PZ) is a free non associative (associative, if G, = Zpn
for all n) commutative algebra over L /pZ generated by the free RN-module B(H*(X))
modulo the relation: Q°x = x, if 2s = |x]|, x € B(H.(X)).

Moreover H.(G 2 X,Z/pZ) is a coalgebra, where the coproduct is given by:

vo'x= 35 QKX @Qx", withyx =3 X @x".

K+J=1x"x"
Here B(H*(X)) is a fixed homogeneous basis of H.(X) over Z | pZ.

This is a revised form of the topology chapter of my Ph.D. thesis [8]. The first chapter
which deals with the algebraic structure of RN will appear in a separate work [9] be-
cause of its length and technicality. We note that this is a generalization of the work of
May [4], Milgram [12], and later by Huynh [7]. There are two methods of approaching
the problem: one using the topology of the space and the second using modular invariant
theory. There are advantages to both; for example, the first method is natural and direct;
on the other hand, the second is less abstract and overcomes the Adem phenomenon. Our
method is a mixture of the above two.

The p = 2 case is more direct and less technical. For the families G, = X, and
G, = Zp 1+ -+ L Z; the theorem above was first proved in [7] and [1] respectively using
modular invariant theory, and the families G, = X# ¢ - - -1 Zpn associated with parabolic
subgroups, >"n; = n, have been considered by Campbell, McCleary, and myself in [2].
The author wishes to thank Eddy Campbell and John McCleary for suggesting the correct
map associated with the direct system {G, X | n = 1,2,...}.

Our work is divided in to four sections. In Section 1 we recall basic elements from the
literature and (G, )-spaces are explicitly discussed as a generalization of wreath products
between permutation groups as well as their properties. We also recall elements of the
cohomology of symmetric subgroups and modular invariant theory in Section 2. Sec-
tion 3 is devoted to the definition of homology operations and in Section 4 the theorem
above is proved.

1. Wreath product and G,-spaces. Let G be a subgroup of the symmetric group
2, on n elements and H a finite group. The wreath product or the semidirect product
between G and H" is the group denoted by G H = GXH. Here the multiplication is
given by: (g;hy, ... ) R, ... h) = (gg’;hlh;,l(l), ... ,hnh;,,(")) and H" = [1] H;,
with H; = H. If H is a subgroup of Z,,,, then G ! H is a subgroup of X, ., as follows:

(@ hse s ha)(s 2 1, 1) = (809)3 g (1), By (1))
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Here the nm elements, where X, ,, acts, are divided into n blocks of m elements each and
s denotes the number of the block while #, the #,-th element of the m elements where %,
acts. In this case we have the following inclusions: G X H C GH C Z, . In particular
there is an inclusion according to the discussion above: i(Z, 0 X, Zpxm): ZnlZm — Zpxm-

This can be extended to any number of subgroups of symmetric groups and we write:

G]ZGQZ"'ZGmCZn,x XN

Here G, C Z,,. Since there is an isomorphism from (G| 1 G2) 1 G3 to G| 1 (G2 1 G3) we
can omit the brackets in the wreath product.

Let V" be the n-dimensional vector space spanned by (ey,...,e,) over Z / pZ and X
the symmetric group permuting the elements of V". Let E, be a cyclic group of order
p generated by the translation defined by the i-th basis vector in V", for 1 < i < n,
and A = E" = [[] E, the subgroup of X,,» consisting of all translations of V". We define
Xpp = E -+ -LE;. Then X, is a p-Sylow subgroup of Z,.. The inclusion of X, into
X, is given via the composition:

Zpn = Eng1 VEpn — Zpa

For the following ideas and notation [12] is a good reference.

We denote by BG the classifying space of G and by EG the total space of G. We can
replace H by a topological space X or a chain complex C.X in the definition of the wreath
product. We study pointed connected spaces of finite type or cell complexes with finite
skeleton in each dimension.

DEFINITION 1.1. G1X = EG X X".

Here G < %,, and acts on X by permuting the factors. On the chain level G permutes
the factors with the sign convention using the Alexander-Whitney chain equivalence. If
G acts trivially on X, then let Go X = BG X X = EG X X and the inclusion EG o X —
EG x¢ X™ is induced by the diagonal on X.

H.(G !X, Z / pZ) is often called G-equivariant homology. See [13].

Let (G,) be a sequence of permutation groups such that Gy C G; C ---, where
G, C Z,» and G, 1 G, C Gy, ) for some integer I(m, n) depending on m and n.

DEFINITION 1.2. A pointed space (Y, x) is said to be a (G,)-space, if there exist maps

0,:G, Y—Y, n>1

satisfying:
i) 6, is homotopy equivalent to G, Y25 Gy " ¥ for m > n.
i) Ifj:Y— G, Yis given by j(y) = (1;y,*,...,%), then 6, oj ~ id.
NOTE. The 6, are called the structure maps.
A map between (G, )-spaces is required to respect the maps 6, for n > 0, up to homo-
topy.
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1.3.  For any pointed space (X, x), we define:
Goo 1 X := lim G0 X = |J(EGp XG, X))/~
n—00

m>0
Here x € EG,, X, X"" and y € EG, X, X" are equivalent iffy = j,_ 1,0+ 0 jmms1(X)
for n > m, where j, ni1: Gn 01X — Gpy VX is given by:

n+1

H(Gp, G XX X7
—

EG, x X7 EGpy X XP
quotientl quotient l
G X = Gt 1X

Explicitly, junsi(€, X1, ... Xpr) = (i(Gny Gua1)(€)3 X1, .., Xpns %y, %),
G 1 X is a (Gy)-space, where the 8, are induced from the following direct limit map:

(lim G, 2Gp) 21X — 1im Gy 1 X.
m—o0

m—oQ

The following (G,) sequences are studied in this work:

a) G, =Zpnp.

b) G, associated to parabolic subgroups. Namely, let N = (ny, ny, . ..) be an increas-
ing sequence of positive integers, then either let Gy = 1; G| = X; G; = X, if
i<vi=mnporletG; = prk A - A pm if vy < i < vy, where vy = Z’l‘ n;.
We denote this group Xy, .

¢) Gp=2Zp,n2>0.

For (G,) as above, we shall define homology operations from H.(Y) to H.(Y) for Y a
(Gp)-space.

Since the first case G, = Z,n, = E,{- - - E is important in calculating the homology
of G, 1 X, we note the following:

The (juu+1)« are coalgebra monomorphisms: (jyp41)«(2) = 1 ® 2@ 1 ®--- ® 1, for
ZE€EH(E, - LE1X).

This observation implies that H.(G, ¢ X) injects into H,(G,+1 ! X) and hence it is not
difficult to calculate lim,, o, H.(G,1X). It would be easy to calculate H,(G 1 X) provided
we can associate H,(Goo 0 X) with lim, o, H«(G, 2 X). Fortunately this is true because of
the following:

Let j,: G, 1 X — Gy ! X and (j,)« the map induced in homology. These maps induce
a map between lim,_,., H.(G, 1 X) and H.(Go, ! X) and the last map is an isomorphism:

lim H,(G, 1 X) = H,(G» ! X).
n—oQ .
REMARK. For details see [15].

1.4. Now we discuss some properties of (G,)-spaces:
a) Let X and Y be (G,)-spaces, then X X Y is a (G,)-space as follows:

Ga U (X X Y) = EG, xg, (X x YY" 3 EG, x EG, xg, X""
x ¥ L EG, xg, X' x EG, xg, Y"" """ x x v.
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Here d is the diagonal u the evident shuffle map, and T the interchange map. We define
0,:=(0, x8,)0To(dXu).
b) The diagonal d: X — X X X is a map of (G,)-spaces.
c) There is a product in X:
wXxX—X,

induced from the following composition:

quotient

X x X % EGy x X7 5" BGy xg, X7 1 X.

Here i x i is the obvious inclusion into the first two factors.

REMARK. p does not make X into an H-space. For example, if G, = X+, then G,
{*} = BZ,~ and the fundamental group of BX,~ is not abelian. Hence BZ,~ can not be
an H-space.

d) Since Hy(Gy 1 X) = H.(EG, x¢, X') = H, ( C.(EG,) ®q, (H*(X))pn), we can
compute the external Cartan product in H.(X) ® H.(Y) using the following composition:

C(EG,) @6, (H.(X) ® HU(D)Y") ™3 C.(EG,) ® CAEG,) @6, (H.(0)
@ (H.D))" - C.EG,) ®q, (H.(0)"
® CU(EG,) ®c, (H.(1))" """ H,00 @ H.(Y).

Here 1 is the coproduct in EG,,.
e) (Gp)-spaces are Cartan objects as defined by May in [13]. First we prove the asser-
tionfor G, = E,!-- - E;.Letusdenote £, = Z / pZ by 7. Since there is a m-equivariant

chain map C: W — Em, we can replace Er by the standard Z /pZ-free resolution of .
Let us consider the following diagram:

C.(Erxxxxp) S cEne oy ecay T CEDe CED @ 0P @ Cop
T
Co(Em) & C.(X X XY CL(Em @ Cu(XP @ Cu(Em) ® Co(XP
o [
c.Emec.(xxx)” (cEmecixr)’
¥ B
we (Coxx) (W® (c«X))”)
1®C,tl l(&z
W (W® (cm)")p - W (W® (c*(X))p)p

Let f: Ex — En X (E7)’ be given by f(d) = (d, *, ..., %) and g: Emr — En X (Em) by
g(d) = (x,d,d, *,...,x). The action of m on Em X (E7)" for the map f is induced by the
inclusion: i): m — 7w 7 given by ij(0) = (0, 1,...,1) = ot 1 and for the map g case by
ip: ™ — mm given by ir(0) = (1,0,...,0). Then we see that f and g are m-equivariant
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maps: f(od) = (o L 1)f(d) and g(od) = i(0)g(d). Since Em X (Em)’ is contractible and
mm acts freely (hence 7 also acts freely), f is m-equivariant homotopic to g. This shows
that the diagram above is m-equivariant and commutative and hence it is commutative in
7- equivariant homology. Now it is obvious that X is a Cartan object.

The following formulas follow as in May [13] page 164:

Yo, @ (x @y = ()P DRMS e W @ ey
vBe, @ (x@yY = (=P VNS e, @ ey + (—1)lle, 1 @ Beyy’.

The previous formula can be extended to any number of factors.
For G| = X, consider the following commutative diagram:

¥

H.(Ey) — H.(E)® H(E))

I !

P

H.(Z,) — H.(Z)) @ H(Zp),

from which we deduce the analogous formula for X,

Ylivep-1) @ (x @ yY = (=P MY i ey )W @ inleyp1)y
YBix(ep-1) ® @@ yY = (—=DP ST (Be - 1)A” @ inlep-1)y”

+ (=DM @ i(Beyp-1)y -

2. Subgroups of the symmetric group and modular invariant theory. For the
rest of this section we recall some results concerning applications of modular invariant
theory in the mod-p cohomology of p-groups and discuss the extended Dyer-Lashof al-
gebra RN associated with N = (n, ny,...) an increasing sequence of positive integers.
This is a review from [9] where proofs will appear, although, proofs can be found in [8].

There is a well known injection i*: H*(G) — H*(A)"¢“ induced from the inclusion
itA— G,where X, , <G <X, A=1[I_, E,and Ws(A) is the Weyl subgroup of A in
G (see Quillen’s Theorem in [6]). The image of this map has been studied by Huynh in
[6]. We recall his result:

THEOREM 2.1 (HUYNH [6]). @) Imi*(A,G) = Imi*(A, En ) NV H*(A)We)
b) Imi*(A, Zp",p) = EmaWi, ..., Wa) @ P[0 Vi, ... 1 Vi

p_3
3

Here W, = Mt,zflL,;p V.= H(u.. a ,)Q(Z/pZ)lfl(alyl +-cta 1y +y),and L, =

m v,
N n 0,...,0,1
Y1 o Yn
M= . , and 1, = :
" ‘2 1,0,...,0
b ¥

For details see [8].
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We note here that Imi*(A, %, ,) is isomorphic to a subalgebra of H*A)Y =

(E(xl e X)) QPy1,. .. ,y,,]) U where U, is the group consisting of the upper triangular
matrices with one along the main diagonal and ¢ stands for the transpose of a matrix.
We extend the result above to the following subgroups of GL,,:

WZ,,",,(A) =U, < W):,,z zz,,(A) =B, < W):pn,z E (A)
= P"(N) < WZ,,n (A) = GLn~

Here B, is the Borel subgroup of GL, and P,(N) the subgroup consisting of matrices

with 1 blocks along the main diagonal with sizes n, X n,, fori = 1,...,/and n = ¥ n,.
Here each block is an element of GL, , anything is allowed above the main diagonal, and
zero below.

Let F be the free graded associative algebra on {e',i > 0} and {B¢',i > 0} over
Z/pZ with |¢'| = 2i and |3¢'| = 2i — 1. F becomes a coalgebra equiped with coproduct
Y: F— F & F given by

v =) e @ e and ye' =3 e @+ e @ el

Elements of F are of the form ¢/ = Bre' - Be' where I = ((6],i1),...,(6n,[,,)>
with ¢, = 0 or 1 and i, a non negative integer for j = 1,...,n. Let I(/) denote the
length of ¢! and the excess of ¢/ be denoted by exc(e/) = |e"'| — €; — |¢|(p — 1) where
I'= ((52, 0),...,(en, i,,)). We define U = F/Ie, where I, is the two sided ideal generated
by elements of negative excess. U is a Hopf algebra and if we let U[n] denote the set of
all elements of U with length n, then U[r] is a coalgebra. We note here that the dual
Steenrod algebra acts on U via Nishida relations, (see [8]).

We extend the previous construction by restricting the degrees and imposing Adem re-
lations. Let U’ be the subalgebra of U generated by {e”~"",i > 0} and {8, i > 0}.
We denote these elements by Q' and 3Q" and recall that |Q'| = 2i(p — 1) and |3Q'| =
2i(p—1)— 1. Let B be the quotient algebra of U’ by the two sided ideal generated by ele-
ments of negative excess, where exc(Q') = 2i) —¢; —|Q"|, with = ((e L, (e, i,,))
and I = ((€2,02), ..., (€ns in))-

Adem relations are as follows:

QP =" ((p a ]){i R 1)QM'Q', if r > ps.
; pi—r
. )i —
050" = -1y <(” Do S)>ﬁQ’*‘"Q’
; pi—r

—Di—s5)—1 . .
— Z(_l)rﬂ <(p pl Tlr ‘S)l >Qr+.315Q1’ if r > ps.

Let N = (n),n»,...) an increasing sequence of positive integers or N = {) and let Iy
be the two sided ideal of B generated by allowing Adem relations everywhere except
at positions described by N. We denote RN the quotient B/ Iy and this quotient algebra
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is called the extended Dyer-Lashof algebra. If N = (), then RN = R the Dyer-Lashof
algebra. We remark that B and R are special cases of RN. Finally, RN is a Hopf algebra
and RN[n] is again a coalgebra. Since RN[#n] and U[n] are of finite type, they are isomor-
phic with their duals as vectcr spaces and these duals become algebras. Next we describe
these duals in terms of modular invariants.

PROPOSITION 2.2 [8].  a) Let T be the subalgebra of(E(xl e s X)) QPLyr, .. ,y,,])U"
generated by the following elements: {V,,W,, fori = 1,...,n}. Then

Pu(N)
TO(EG1,.... %) @ Plyn,...yal) " = TN,

Here TP"™ is the subalgebra of H,(A)"™ dual to the extended Dyer-Lashof coalgebra
of length n denoted by RN[n], (see [8]).

b) Let T' be the subalgebra of (E(xl yeeesXn) @ Plyy,. .. ,y,,])UL generated by the fol-
lowing elements: {n,V,,n,W, | i=1,...,n}. Then

'lP"(N) n
T' OV (EGs %) @ Pyt yal) 0

= TP 45 algebras over the Steenrod algebra.

We note here that the case G, = Z,» has been studied by May in [4].
Since we are interested in homology operations, passing to the dual side we get the
following coalgebra monomorphisms:

COROLLARY 2.3.  Let i(A, G,) denote the inclusion between the named subgroups,
then (Im i*(A, G,,))* injects into H\(G,; Z / pZ), where the second asterisk denotes the
dual. Hence: (Im i*(A, G,,))* — H,(Gp; Z/pZ), implies monomorphisms:

a) Uln) — H(Zpp; Z/pZ), and
b) RN[n] — H.(Zn,;Z/pZ).

REMARK. If wedefine X, = Ey1---0E,and G, = Zpn -+ -0 Zpn, where n = ny +
- +ny, then Wy, (A) = U! and Wg, (A) = P,(N)". Actually, the way the wreath products
are defined indicates what subspaces of V" are left invariant under all permutations of
these subgroups of X, (see [5]).

3. Homology operations related to parabolic subgroups. In this section we use
modular coinvariants to define families of homology operations following mainly Huynh.
The idea is based on a theorem by Steenrod, (see also May [13]).

THEOREM 3.1 [STEENROD]. H,.(G1X) = H.(G) ® PcH(X) ® H.(G;M).

Here G < Z,,, X is a pointed topological space or a chain complex over Z/pZ with
finite n-skeleton for each n, Pg the Steenrod map in homology associated to G, M the
submodule of (H*(X))m generated by {®/'x,,x,, € B} such that x,, # x, for some s and
t, where B = {x,,i € I} is a homogeneous basis for H.(X) over Z/pZ.
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Recall: Pgx, = 1 ®¢ x}" and extend Pg linearly to a homomorphism of Z / pZ-vector
spaces:

PG:H*(X) - H*(GZX)

Using the direct sum decomposition in Steenrod’s theorem above and Corollary 2.3,
we define the following map (d,,). which is the induced map from the composition of the
inclusion i and Steenrod map P in homology:

(dn)«: Uln] @ H(X) — H*(Zp",p) ® P}:p,. pH*(X)’ or
(dn)s: RN[n] @ Hi(X) — H(Gp) @ Pg,H(X),

for the appropriate subgroup G,. Moreover, Imd,, is a subcoalgebra of H,(G,  X).
The following theorem relates (d, )+ ( Ulnl®H, (X)) with a direct summand of H, (X pl

X).
THEOREM 3.2. Let d,: E" o X — X,n, U X be induced by the inclusion and the
diagonal, then

Im(dn)* =HA(E) Q@ PIH(Ey 1) Q- Q Py 1HJ(E)) @ P,H.(X).

The proof is similar to the one given by Huynh [7] for p = 2 and it is omitted.
On the other hand Im(d,)* = (Uln])* ® (d,)*P,H*(X) in cohomology and hence
dually:

H*(Ep",p ZX) = H*(En) & PIH*(Enfl) Q& Pnle*(El) & PnH*()O S ker(dn)*

Further: Uln] @ PoH.(X) = H(Ep) @ PIHA(Ey—1) @ - - - @ Pp_1HA(E}) @ Py H(X).
We recall that H,(Z,n, 0 X) = H(Zpr p) @ P H(X) © Hi (X p; M), where M has been
defined in Steenrod’s theorem and inductively:

H*(Zp",p) = H*(En) & PIH*(Enfl) Q--® PnAlH*(El) ® coker l(E"’ z:p”,[7)>o<-

It is obvious now that any element of U[r] or RN[#] can define an operation by e/x =
dy(e! ® x) or O'x = d,(Q' ® x) for x € H.(X). See [8] for the notation.

Since we would like our operation to raise degree by |¢!| or | Q| we adjust the defini-
tion before as follows. We start again with the case X .

Let ¢/ € Uln], then I = ", (m,I,, + k.J, ) uniquely, and hence (¢')* = y-N. U V™
is an element of (E(x;, ..., x,) ® Py, ...,y.DV". (See [8] for details).

I, stands for the sequence ((0, p2;1|x]), .o (0, p%l |x|)) and I — Iy =
(Brit = B XD, - (Bus iy — 25 |x])), where I= (B, it -, (Bay i)

DEFINITION 3.3. Define ¢ by

elx = (dp) (e 1 @ x).
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PROPOSITION 3.4.  a) The €' are natural monomorphisms of degreell|, if I > 1,

(see [8]).
b)IfI=3" E;—‘|x|1,,,,, then €' (x) = P,x, for x € H.(X). Moreover,

1=1

—1
Oy =0, ifm < (p 5 )M
—1
Oy = Pix, ifm = <p_2—)‘x|

c)ele! = e where I, J, and (I — 1,5, J) are sequences of length n, m, and n+m,
respectively.

d) el (e’ eX) = (ele’)eX.

PROOF.  For ¢) we use Theorem 3.2 above and the isomorphism: H,(Zpn, ¢ Zpn ) =
H(Zpmnp). For d) we use ¢).

Since each e/ acts as an operator after being identified with the corresponding homol-
ogy class of H,(Z,,), we note:

i) We have seen that the set of the ¢/ admits a coproduct: ¥(e) := ¥ j,x—; ¢’ @ eX.
It is obvious that if we let e[n] be the set of all non trivial operations of length n, then
e[n] = Uln] as coalgebras.

ii) The dual of the Steenrod algebra acts on this set via Nishida relations, (see [4]).

The above discussion implies that the algebraic structure of this set 1s the one studied
in [8]. Hence:

THEOREM 3.5.  The family of operations e' defined above is a Hopf algebra and it is
isomorphic to the Hopf algebra U studied in [8]. The subset of U containing all elements
with length n is a coalgebra and its dual is isomorphic to T as Steenrod algebras.

NOTE. The action mentioned above has been discussed in [8].
We extend the definition above to operations related to

G,,:Z,,ZH-ZZ, EP"*‘IZ"'ZZP"I, OrZ,,n.

The definition is induced by the following commutative diagrams:

. (S pGn) .
H*(G,) — H (Zp",p)
FENG) N\ S E )
H*(E")
Consequently, the diagram below commutes:
* (1 psGa)
H*(Gy) Rl H*(Ep)

Imi*(E"; G,) = RN[n]* s Imi*(E"; Zpp) = Ulnl®

And hence dually: G
H.(G) RS H.(X "-P)

|

Uln] — RN[n]
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It is easy to see the relation among Steenrod maps between different subgroups.

HX) 25 HE%) 25 HEEX)

\ l L (ERE i)

H*(Zkr LX)

The diagram above and the following one are important in our definition.

H.(Gp 1 (X)

P,ore! 1 (Zpn p,Gn)
—

H.(X) 5 H.(Ep,1X)

Uhnl® P,H.(X) —  RN[n]® Pg,H.(X)

P, is a homology operation itself and we can replace it by any other element of U[n].
Moreover, composing it with the appropriate inclusion we can define:

DEFINITION 3.6. Let I = ((e1,i1),...,(ensin)) and I' = ((el,(p — Dit),...,
(e,,, - l)in)). For each element Q' € RN[#n] we define the operation

QI: H,(X) — me(Gn LX);
O'x 1= (— 1™ 1(q)'is (S p; Gl x.

Here v(q) = (—1)?9~D% (m)?, with m = 251,
Combining the definition above with the last proposition we describe the fundamental
properties of this new family of operations.

PROPOSITION 3.7.  a) The Q' are natural homomorphismswhich commute with maps
between spaces.

b) Q'x = 0, if 2i < |x|. O'x = ¥, if2i = |x|. Moreover, if exc(I) = |x]|, then Q'x =
(Q'xy, where I = ((e1 = 0,i1),..., (en i) and I' = ((€2,02), ..., (€, in).-

c) The product of Q' and @ is defined as follows: Let I(I) = n and I(J) = m, then
0'¢Y = 0"l where (I — 1y, J) is of length n + m and 1, has been defined before in
Proposition 2.3.

d) (') Q" = 0'(Q'0Y).

e) Let Q[n] be the set of all operations of length n. Then Q[n] becomes a coalgebra
equipped with coproduct : Q[n] — Q[n] ® Ql[n] given by: YO = T O @ OF.
Ql[n] = RN[n] as coalgebras.

PROOF.  a) and b) follow from the definition of the Qs and d) is a consequence of

c).

For ¢) we use the following commutative diagram and proposition 2.4.

H(X) = H.CpmplX) = HiCpplZmplX) =  Hi(ZpnplX)
Ly Iy Ly
o o
H(X) — H.(GX) — H(G1(Gn1X) = H(Gi1G1X)
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As in definition above we associate I’, (J') to I, (resp. J).

0'Q’ = ix(Zpnp, Gn)ell 0 ix(Zpnp, GM)ej,
= ii(Zprmp Gu 1 Gl €

= i*(zp"m.l?’ Gn l Gm)e(l o)
= QU )

Here we just used the coproduct between extended Dickson algebras, (see [4] or [8]).

REMARK. This is exactly the way the Dyer-Lashof algebra is defined, if we concen-
trate on G, = X, (see May [4] or [9]).

If X is replaced by a (G,)-space Y, then we do have operations from H,(Y) to H.(Y)
as follows:

H.() L H(G 1) " H(D)

By abuse of notation Q' denotes 6, o Q.
We have proved the following theorem which is similar to Theorem 1.1 in May [4].

THEOREM 3.8.  Let Y be a connected (G,)-space of finite type and let (G,) be a
sequence of permutation subgroups associated to an increasing sequence of positive in-
tegers N = (ny,...,ny,...). Then there exist homomorphisms:

Q" H.(Y) — H.(Y), fors >0,

which satisfy the following properties:

1) The (¥ are natural with respect to maps of (G,)-spaces.

2) @ raises degree by 2s(p — 1).

3) Ox =0, if2s < |x].

4) O°x =x", if2s = |«].

5) O(x®y) = Tiy=s O'x @y, if x®y € H (Y| X Y2). There is a similar formula
for the internal product: Q°(xy) = ¥iy—s Q'xQy, withx and 'y € H.(Y).

6) d)(be) = Zzﬂ:s,x’,x" le/ & QIX"r lfdl(X) = EX' ® x", and x € H(Y).

7) Adem relations hold everywhere except at positions w, = 3= ng_.1 from the left
for any element of lengthn) + - - - + n,.

— )i —$) =1\ .
QrQs — Z(_l)rﬂ <(p ;fl_ rS) )QH—.&!QI’ ifr > pS.
. — (i —: .
050" = Y- <(” e ”)ﬁQ’“"Q‘
1 pt—r

—D(i—s)— 1
— Sy ((p P )Q’*”BQ', ifr > ps.

Here (3 is the mod-p Bockstein.
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8) The Nishida relations hold: Let P!, be the dual to Steenrod cohomology operation

P’. Then
PO = 1) <(" “hemns 1)Q““P;.
1 r—pi
—Ds—r—1
PLAQ = Y~y <(” 6= )BQ p
1 r—pit
r+i p-—Ds—n-1 —r+t

+3D ( i )Q P.g.

All coefficients are to be reduced mod-p.

To classify the set of homology operations properties 6), 7), and 8) must be used. But
those are exactly the properties we used to determine the algebraic structure of RN in

[8].

4. The homology of G, X. We shall compute the homology of lim,_.oo(Zp, 1 X),
for X a pointed connected space of finite type, and deduce the homology of lim,_.(Gn 2
X), for subgroups G, as defined before.

THEOREM 4.1.  Let X be a pointed connected space of finite type, and G, = Zpn p,.
Then H(Z,~, ! X,Z/pZ) is a free non-associative, p-commutative (see fact 5 below)
algebraover Z [ pZ generated by the free U-module B(H*(}O) modulo the relation: ¢‘x =
X, ifs = (p— DIx| /2, x € B(H.(X)).

Moreover, H.(Z,~, 1 X,Z/pZ) is a coalgebra where the coproduct is given by

velx = > &X' @ e x", withyx = Sx@x".

K+J=Ix' x"
Here B(H*(X)) is a fixed homogeneous basis of H.(X) over Z | pZ.

PROOF. The proof depends on the following claims:
1) The homology of G, ¢ X can be decomposed as in Steenrod’s theorem.

H(Gn 1 X) = H.(Gy) ® PH.(X) © Hi(Gn, M).

Ja By«

2) The image of the composite: H.(X) i H.(XY = H (11 X) " — H.(E,1X) is the
Z /pZ-module generated by x, ® 1 ® - - - ® 1, where x, € B(H*(X)). This composition is
the structure map jp in homology and it is a coalgebra monomorphism.

3) Inductively we have the following:

H*(Z n.p ZX) = EBZ:OH*(En) & P]H*(En—l) K- PkH*(EnfksMn—k)

Here M, ; is the module over Z/pZ on products between homology classes from
H.(E,_;_; 1 X) and all factors are equal, and for i = n the last tensor product factor
is P,H.(X).
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4)Fori=nin3), H(E,) Q PI1H.(E,— 1) ® - - @ P,_1H.(E)) is exactly the homology
operations of length n.

5) H.(E;, M,,—;) is actually the coinvariants of M,,_;, H.(E;, M,—}) = Z | pZ & (M, _))E,.
This observation reveals a relation between the p-th product of elements of M,,_;. This is
what we call p-commutativity:

XN QXY QX =00x3Q QX =XHQX Q- QX 1.

If p = 2, this is exactly commutativity, or if E; is replaced by X, since all permutations
are allowed. The non-associativity comes from the same idea: Since p is odd, p > 3, (the
same is true for p = 2). We see that (x;x;)x3 can not be equivalent to x (x2x3) under the
group action, since for example: 1 @x; Q0 QX3 =103 QX = 1 Qx3 @x; @ X2,
where 1 @ x; @ x; ® x3 € Hy(E1,M) = Z/pZ @ Mg, . But associativity is obtained when
G, = X, forall n.

6) The multiplication between homology classes expressed by tensor products coin-
cides with the one induced by the product on a (G,)-space Y:

e H(Y X Y) — H.(Y), for Y a (G,)-space.
pa(x1,X2) = X100 = (0 @2 @1 @ -+ @ D=z pz-

Here x;, x, are first injected into H,(G, ! X) and then their images are considered in

H.(Goo 1 X).
e UGy )
l(ianm@(/a")* l(/ﬂm)*
N o1),
Ho(Goo 1 X) @ Hi(Goo 2 X) 5 HUAE1G02X) 5% H(GxX)

It is obvious that the diagram above commutes and (8 © x). = . Here (x,)« is a
monomorphism modulo p-commutativity, and (jg,)* is the monomorphism induced by
the inclusion. The diagram above can be generalized for G, any other group from the
family we are interested in.

7) There is a relation on this direct limit system induced by the definition of the oper-

ations, namely:
PV 2y =

We see that the p-th powers of homology classes appear as images of suitable operations.

We proceed by induction on n, the number of wreath factors on G, X. The last remark
to make is that at each stage the only new elements appearing in the direct sum splitting
are due to new operations of length n, namely the generators given in the statement of
theorem. The rest of the homology consists of products of elements appearing at least
one step before.

Before we discuss the homology of (G,)-spaces related to parabolic subgroups, we
recall some key statements from the literature.
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THEOREM 4.2 NAKAOKA [14].  Hy(Spr, Z/pZ) = Sy UL (Q(p)). where U (Q(p))
is the module over Z | pZ generated by monomials Q™" - - - Q™! where Q" is an admis-
sible element of the Dyer-Lashof coalgebra R(t] such that ¢ = Y. my|I,| and r = ¥ mp'.

We can rewrite the isomorphism above as follows:

H/Cp Z/pT)= Y UI(0p) = 3 lU:’(Q(p)) @ R[n].
r<pt

rSpn7
4.3. Next we consider the following decompositions:

H*(Zp",p LX) = H*(Zp",p) ® P,H(X) ® H*(Zp",p; M)
= @Z:OH*(E”) ® PIH*(Enml) ® e ® PkH*(Enfk, Mn—k)
l
HoEpl 150X = Ho(Ep1 15, @ PHL(X) © Ha(Zp 2 -1 553 M)
= @Z:()H*(Zp) ® PIH*(Zp) ®-® PkH*(Zp, Mnfk)

l
H.(Ey1X) = Hd(Zn,) © PH.(X) ® Ho(Ey,; M)
= RN[n] @ P,H.(X) ® (55%) © PuH.(X) @ H.(Zn,; M)
!
H(Zp 1 X) = Hi(Zpn) @ PhH(X) © Hi(Zprs M) =
= Rln] ® P,H.(X) ® Yrepr 1 U (Q(p)) ® P,H.(X)
@H*(Zp";M)

4.4. Moreover, if we restrict each of these maps to
H*(En) ®P1H*(En~l) D Pn—lH*(El),

we have the following epimorphisms:

Uln] ® P,H.(X)
B[n] ® lanH* X)
RN[n] ®lP,,H*(X)
R[n] ® Il"nH* 0.9)

These are the coalgebras that classify the appropriate operations of length 7.

4.5. LetG, = X, - 1Z,. To prove the analogous theorem for this system of groups
we consider the following commutative diagram:

H.(X) — H.EX) — HJEEX) — - — H*(Zpoo,plx)
! ! |
HX) — HEX) — HEEX) — - —  H(GolX)

The epimorphism between H,(Z,x, ! X) and Hy(Go, 1 X) is induced by the epimor-
phisms between H.(E, - - -0 E11X) and H,(Z,2- - 0Z,0X). We have seen that H,(Zpe ,1X)
is an associative p-commutative algebra over the extended Dyer-Lashof algebra and a
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coalgebra over the opposite Steenrod algebra. Since the p, product in homology is in-
duced by the tensor product between homology classes of these spaces and since the
epimorphisms above preserve this product, the last epimorphism is an algebra epimor-
phism. Finally, since the coalgebra monomorphisms are induced from the appropriate
inclusions, the following theorem has been proved.

THEOREM 4.6.  Let X be a pointed connected space of finite type, and G, = X, 1 X,
-+ 1Z,. Then H (G !X, Z | pZ) is a free non associative, commutative algebra over Z | pZ
generated by the free B-module B(H*(X)) modulo the relation: Q°x = xP, if 2s = |x|,
x € B(H* (X))‘ Moreover H.(Gx1X,Z | pZ) is a coalgebra, where the coproduct is given
by:

YO'x= Y QXX ®@Qx", withyx =Y ¥ @x".

K+J=Ix' x"
Here B(H*(X)) is a fixed homogeneous basis of H.(X) over Z / pZ.

It is obvious now that the diagram above can be extended to calculate
H,.(Gx X;Z/pZ), for G, = Zym -+ 0 X, withn = ny + -+ + n; as defined be-
fore. We only need to observe that the sequence of the positive integers N = (ny,...)
indicates where to expect Adem relations. Thus if N = (), Adem relations are carried up
to the homology of the limit space, i.e. the Dyer-Lashof algebra R.

THEOREM 4.7.  Let X be a pointed connected space of finite type, and either G, =
Zpmd - WZpm associated to an increasing sequence N = (ny,na, . ..) of positive integers or
Gy = Zyn. Then H{(Goo 1 X, Z | pZ) is a free non associative, (associative, if G, = X for
all n), commutative algebra over Z | pZ generated by the free RN-module H.(X) modulo
the relation: O°x = X7, if2s = |x|, x € B(H*(X)). Moreover H(G ' X,Z/pZ) is a
coalgebra, where the coproduct is given by:

pO'x= 3 N @Qx", withyx =3 X @x".

K+J=1x"x"

Here B(H*(X)) is a fixed homogeneous basis of H.(X) over Z | pZ.

Let us make a few remarks before we close this work. First, H,(G, ! X, Z/pZ) s a
Steenrod opposite algebra via Nishida relations, admits a coproduct structure, and is an
algebra over the appropriate extended Dyer-Lashof algebra (RN or R). The difference
between H.(Goo 0 X,Z/pZ) and H.(Zp~ 2 X,Z/pZ) (for N # () and N = ) is that the
second is associative. Second, it is known that there exists an injection in homology
between X,~ ¢ X and OX. That is H,(Z,~ ¢ X) lives inside the homology of the appropriate
infinite loop space and R is an invariant in the category of QX. We are not able to observe
a similarity for (G,) a sequence of parabolas. That is “is there a category of spaces which
contains G, ! X and the extended Dyer-Lashof algebra as an invariant?” (See also [1].)
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