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Abstract

In this paper we consider pseudo differential operators on local Hardy spaces h? (0 < p < 1) on
Chébli-Triméche hypergroups of exponential growth.
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Since the introduction of the Hormander classes L7'; of pseudo differential operators,
considerable effort has been made to establish the continuity of these on both Lebesgue
spaces L? (p > 1) and local Hardy spaces h? (0 < p < 1) for the Euclidean space R”
(see [H, CV, F, G, PS]). Recall that a pseudo differential operator on R" is defined by

n

Tf (x) = p(x, D)f (x) i= [ e p(x, ) Fof (£) dE

where Fj is the Fourier transform on R” and p(x, &) is called a symbol. A symbol
p(x, &) is said to belong to the class S}, (0 < 1,4 < 1, m € R) if for all multi-indices
a and S there exists a constant C, g > 0 such that

a* 9
TT mp(x,é)l < Cap(1 4 [Emme2IAL,

The operator p(-, D) is said to belong to the class L7, if p(x,§) € Sys- In [H]
Hormander proved among other things that the operators in L?’_ s0<é<n<lare
bounded on L2. Calderén and Vaillancourt in [CV] extended this result to the case
0 < 8 = n < 1. Fefferman [F] gave a different extension of Hérmander’s result and
showed that the operators in L;‘g O=<d<n=1u=n|l/p—-1/2[(1 - n)) map
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21 Pseudo differential operators on local Hardy spaces 203

L? into itself boundedly for 1 < p < co. The continuity results concerning these
operators in the local Hardy space h? were discussed in [PS] and [G]. The L' — L!,
L? — L? and h' — L'-boundedness of certain pseudo-differential operators were also
investigated in [K] in the setting of noncompact symmetric spaces.

In this paper we study hP-boundedness for pseudo differential operators in the
classes L7'; on Chébli-Triméche hypergroups with exponential growth. In Section 1
we collect some basic facts of harmonic analysis on these hypergroups. We then
(Section 2) introduce pseudo differential operators on Chébli-Trimeche hypergroups
and prove L2-boundedness for operators in certain classes L7 ;. Finally, in Section 3 we
establish the continuity result for operators on the local Hardy spaces h? (0 < p < 1)
using the atomic and molecular decomposition of hP. It turns out that the extra
restriction of holomorphy on the symbols p (x, &) with respect to £ is necessary for
the operators to be bounded on h? when the volumes of balls grow exponentially.

Because of the exponential volume growth and the generalized convolution on
the hypergroup, the standard methods do not apply. Many basic facts relying on
the structure of a Euclidean space are largely unavailable; the Fourier transform
on hypergroups is far less well understood than on Euclidean spaces. We employ
techniques for noncompact symmetric spaces to overcome the difficulties caused by the
exponential growth, and use properties of the Fourier transform and estimates for the
characters to handle the problems arising from the generalized translation. Our method
is a combination of techniques for Euclidean spaces and for noncompact symmetric
spaces, and indeed the approach used here can be easily applied to noncompact
symmetric spaces.

1. Harmonic analysis on Chébli-Triméche hypergroups

Chébli-Trimeche hypergroups (see Definition 1.1 below) form a class of ‘one-
dimensional’ hypergroups on R, arising from Sturm-Liouville boundary value prob-
lems where the solutions coincide with the characters of the hypergroup in question.
The convolution structure of the hypergroup is related to the following second order
differential operator:

d> Ak d

(1.1 L=L,,:= “a AG) dx
where the function A is continuous on R, , twice continuously differentiable on
R% =10, oo[ and satisfies the following conditions:

(1.2) A(0)=0and A(x) > Oforx > 0;

(1.3) A is increasing and unbounded;

(14) A'(x)/A(x) = Qa + 1)/x + B(x) on a neighbourhood of 0 where ¢ > —1/2
and B is an odd C*-function on R;
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(1.5) A'(x)/A(x) is a decreasing C*°-function on R* and hence p :=1/21lim,_, ;o
A’(x)/A(x) > 0 exists.

Such a function A is called a Chébli-Triméche function (see [BH, Section 3.5]).

DEFINITION 1.1. A hypergroup (R, *) is called a Chébli-Trimeche hypergroup if
there exists a Chébli-Trimeche function A such that for any real-valued function f on
R that is the restriction of an even nonnegative C*-function on R the generalized
translation u(x, y) = T.f (y) (see (1.9) below) is the solution of the following Cauchy
problem:

(LA.x - LA,y)u(x’ }’) = O’
ux,0)=f(x), ux,0=0, x > 0.

We denote by (R,, *(A)) the Chébli-Trimeche hypergroup associated with A.

REMARK. In particular, if the function A is of the form A(x) := x?**' with
a > —1/2 then (R,,*(A)) is a Bessel-Kingman hypergroup, and if A(x) :=
sinh®* x cosh?*!'x with @ > B > —1/2 and a # —1/2 then (R,, %(A)) is a
Jacobi hypergroup.

The hypergroup (R, *(A)) is noncompact and commutative with neutral element
0 and the identity mapping as the involution. Haar measure on (R, *x(A)) is given by
w = AAg, where Ag, is the usual Lebesgue measure on R,. For an w-measurable
subset E we denote by |E| its Haar measure and yg its characteristic function. For
xo € R, and r > 0 we denote by B(xo, r) the open interval ] max{0, xo — r}, xo + r[ .
The growth of the hypergroup is determined by the number p in (1.5). For the
hypergroup to be of exponential growth it is necessary and sufficient that p > 0 (see
[BH, Proposition 3.5.55]), for then (1.5) implies that A(x) > A(1)e?*“~D forx > 1.
Otherwise we say that the hypergroup is of subexponential growth (which includes
polynomial growth). In the sequel we only consider hypergroups of exponential
growth.

The multiplicative functions on (R, *(A)) coincide with the solutions ¢; (A € C)
of the differential equation

(1.6) Loix) = A+ pH)eax), @0 =1, ¢0)=0

and the dual space R} can be identified with the parameter set R, U i[O, p].

For 0 < p < oo the Lebesgue space L?(R,, Adx) is defined as usual, and we
denote by ||f l|,.4 the L?-norm of f € L?(R,, Adx). For f € L'(R,, Adx) the
Fourier transform of f is given by

f\()») 1=/ f )@ (x)A(x) dx.
R,
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THEOREM 1.1 (Levitan-Plancherel; see [BH, Theorem 2.2.13]).  There exists a
unique non-negative measure 7w on R? with support [0, 0o[ such that the Fourier
transform induces an isometric isomorphism from L*(R ., Adx) onto LZ(RQ, ), and
forany f € L'N L*(R,, Adx)

If () PA(x) dx = ] |F [ (an).
R, R,
The inverse is given by
f@ = | fex)m@r).
R}

To determine the Plancherel measure © we must place a further (growth) restriction
on A. We assume that A has the form A(x) = x**!'C(x) where C(x) is an even
C*-function on R satisfying

(1.7) there exists a constant € > 0 such that for all x € [xg, 00[, x¢ > 0
C'(x) 200 + 1
= 2p —
C(x)
with D being a C*-function bounded together with its derivatives (see [T2]).

We also assume that « > 0 and for each k € N, (A’(x)/A(x))® is bounded for
large x € R,.

+ e *D(x)

THEOREM 1.2 (see [BX1, Proposition 3.17]). The Plancherel measure m is abso-
lutely continuous with respect to Lebesgue measure and has density |c(1)|~? where
the function c satisfies the following:

(1) c(=2) =c(A);
(ii) The function |c(X)|™? is continuous on R, and there exist positive constants
C\, C,, K such that for any A € C

GlIAP < leM)™? = GIAP, 1Al < K;
GIAP* < e < GIAP*, A > K.

The following result can be found in [BX1, Lemma 2.5 and Lemma 3.28].

LEMMA 1.1. We have

Ax) ~x®= (x - 0
and

A(x) ~ e (x > +00).
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Let €, be the unit point mass at x € R,,. For any x, y € R, the probability measure
€, * €, IS w-absolutely continuous with

(1.8) supp(€; * €,) C [|x —y|, x + y].

We denote by 7, f the generalized translation of a function f by x € R, defined by
(1.9) Lf(y) = A f @& * €,)(d2).

The convolution of two functions f and g is defined by

(1.10) 780 = [ TF0)20)A0)dy.

We now introduce Schwartz functions and distributions on the hypergroup (see
[BX3]). For0 < p < 2 the generalized Schwartz space .%, (R, *(A)) consists of the
restrictions to R, of all functions in ., (R) where

& (R) := {g € C*(R) : gisevenand uf,(g) < 00, k, 1 € No)
and

1k (8) == sup (1 + x) oo (x) 7 1g® (x)|.

xeR,y

For0 < p <2set
F,:i={ze C:|Im(z)| < op}

witho = 2/p — 1 and p > O as in (1.5). Let ¥ (#,) denote the extended Schwartz
space defined by all functions 4 that are even and holomorphic in the interior of .%,,,
and such that & together with all its derivatives extend continuously to #, and satisfy
sup, ¢, 1K (A)| < oo for any k, I € N. Also, we denote by %, (R the space of the
restrictions to R, of the functions in .%,,(R) where

Zp(R) = {g € C*(R) : g is even and v, (g) < o0}
with

Vi1 (8) == sup(1 + 1)/ |g® (0)].
teRy
Note that % = () is the usual Schwartz space on R, and will be denoted by
< (R,). In the sequel we use F to denote the Fourier transform on the hypergroup, Fy
the classical Fourier transform and & the Abel transform (see [T1] for the definition
of this last transform).
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THEOREM 1.3 (see [BX3])). Let o = 2/p — 1 with 0 < p < 2. Then the Fourier
transform F on (R, *(A)) is an isomorphism from #,(R,, ¥(A)) to S (%F;), the
classical Fourier Fy an isomorphism from 7,,(R, ) to #(%;), and the Abel transform
& an isomorphism from #,(R,, %(A)) to Z,(R,) satisfying Ff = Fo(f).

A p-distribution on R, is a continuous linear functional on .%,(R,, *(A)); the
totality of p-distributions on R, is denoted by ., (R, , *(A)). We define the Fourier
transform of f € 5’;([R+, *(A)) by

f(@):=f(F'¢), ¢eFAZL).

By Theorem 1.3, f is well defined as a distribution in .#'(%,) and F is continuous
on #,(R,, *x(A)). The convolution of f € & (R4, x(A)) and ¢ € Fp (R4, x(A)) is
a p-distribution defined by

fxo(W):=f(o*¥), ¥ e SRy, x(A)).

We now give some useful estimates for characters and their derivatives.

LEMMA 1.2 (see [BX3, Lemma 3.4]). Let A =& + in € C. Then
@) o) < e po(x);

(i) e < go(x) < C(1 +x)e™™;
(iii) for any k € Ny we have

k

m%(x) < x*e™ gy (x).

LEMMA 1.3 (see [BX4)). Let A =& + in € Cand k € Ny. Then

Ca(l + [A]kel™ Abx <1, x <L
loP ()| < { CaxA@x)~12e Ax <1, x > 1;
CAAE) V2 (M) + |ADkem [Alx > 1.

We also have the following alternative estimate:
07 ()] < CAA@ M) 2 eI + IADFE™,  Ax <1, x > 1.
Finally, we shall use C to denote a positive constant which value may vary from line

to line. Dependence of such constants upon parameters of interest will be indicated
through the use of subscripts.

https://doi.org/10.1017/51446788700001956 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001956

208 Walter R. Bloom and Zengfu Xu [7]

2. Continuity of pseudo differential operators in L>(R,, Adx)

In this section we introduce Hormander’s class L7, of pseudo differential opera-
tors on Chébli-Trimeéche hypergroups and investigate their continuity properties with
respect to the L? norm.

DEFINITION 2.1. A pseudo differential operator p(x, D) on (R, *(A)) is defined
by

Tf (x) = p(x, D)f (x) !=/ FOpex, Ve, (x)m(dy), x eR,
0

where p(x, 1) is an even function with respect to both x and A on R x C and is called
a symbol. A symbol p(x, ) is said to belong to the class Sy's O<ndé<l,meR)
if for all nonnegative integers k,  there exists a constant Cy; > O such that

ot o

=P, A)

Ak ax! < Cu(l + |Am—mte,

The operator p(x, D) is said to belong to the class LY if p(x,2) € S)s.

To obtain an L? estimate we relate p (x, D) to a pseudo differential operator on R.
For x > 0 we put

’ 2 1] ’
1) 6x) = 1 (A (x)) + % (A (x)> _ o

4\ A(x) A(x)

Recall that for each A € C, A # 0 the differential equation
Lu= M+ p)u

has two linearly independent solutions ®; and ®_, over ]0, oo satisfying (see [BX1,
Section 3)})

2.2) 0(x) = )P, (x) + c(—M)DP_;(x), x>0
and
(2.3) O (x)=A) Ve ™A+ h(x,A), x>0, Im@H)<0

where

(2.4) hGe, ) =Y hy(x, A)
j=0
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and
By (6, &) = Ry (6, A) — By (x, );
(2.5) ho(x,A) =0;
1 ee .
hi(x, 1) = 21_1/ (1-E2"GOA +h;(t,2))dt,  j €N,

We have the following estimates for h(x, A) and its derivatives.

LEMMA 2.1. For any nonnegative integers k, |,

a* 9
——h(x,7)

Nk ax! < Cuu(l+ D+ e, x>1,4>0

where € is as in (1.7).

PROOF. In view of (1.7) and (2.1) we observe that

(2.6) [GP(x)| < Cape™, x>1,k=0,1,2,....
By (2.5) we have
~ 1 ®© .
ho(x, M) = — / (1 =& Gy dr;
(27) N 2!).1 L . N
hivi (e, 2) = > (1 — &2 G()h(t, M) dt,  j €Ny
t X

Let ®(x) = fx°° G(t) dt (x > 1). Then integrating by parts gives
ho(x, A) =/ EMd(dt, x>1, A>0

and

d ~ 00 A
a—ho(x, )\,) = —-(D(x) — f (D(t) deZlA(x—t)
X X

[o o]
= / MNP () dt, x>1, A>0.

X
Hence by induction we obtain for any nonnegative integer /
!

9 ~ ®
@ho(x,l) =/ 2090 (1) dt.
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Thus for any nonnegative integer k

3 8 ~ N G-
mg—ho(x ,A) = (i) / (x — ¥ 00V (1) dt.
By (2.6) this gives for0 < A < landx > 1
o* 9 ~
33 9 ,ho(x M| £ Chue™

For A > 1 we integrate by parts k + 1 times to obtain

ak al ~ (_1)k+l o
ok ot oM = e )
(_I)HI > 9! kg 2iM(x—1)
+ S . at"“[(x_t)(p (]e dt.
Therefore,

k i

ot a0 Y

(2.8) 5

< Cau(l+0)*e™, x>1,A>0.

For E, (x, A), using (2.7) we have

3 ~ o ~
5—h1(x, A) =— / 2D G(Dho(r, A) dt.
x X

Now integrating by parts we have by induction
ax! 9¢i-1
Hence forx > 1and A >0

-1

a7 9
W a i (x, 2) ——Z( ) / [2i(x — n)F-1eMe ')akqd—IT(G(t)ho(t »)dr.

8 o0 l
—h(x,A) = / e » 3 (G(t)ho(t adt, x>1,1A>0.

9]

If A > 1 then we integrate by parts k — g + 1 times foreach g =0, 1, ... , k. Thus

by (2.6) and (2.8) we obtain
3 8’

I axl < Cau(1+10)*le 2 x>1, A>0.

hy(x, 2)

By (2.7) and induction we have j =0, 1, ...

k

a* 9
(2.9) lak" P ,h (x, l)‘ < Cau(l+2)7H e 0 x5 1, 4> 0.

The lemma now follows immediately from (2.4) and (2.9).
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For an even C®-function f on R and a positive integer k let L°f = f and
L*f = L(L¥'f) where L is defined by (1.1).

LEMMA 2.2. (i) L*f extends to an even C®-function on R.
(ii) There exist a > 0 and s, € Ny satisfying that for each x € [0, a] and
J=0,1,..., s there exist & = & (x, k) € [0, x] such that

2k s 2k
IL*f ()| < Cax (ZZ IFOE+ If‘“(x)l) :
=1

i=1 j=0 i

(iii) There exists a > O such that

2k—1
C Y MNP ), 0<x<a
IL'fel<{ R
Ca Y _IF O, x> a.
i=0

PROOF. Appealing to (1.1) and (1.4) there exists a > 0 such that

20 + 1
x

Lf (x) =—f"(x) - ( + B(x)>f’(x), O<x <a.

Hence by induction we obtain

2k-3

IL*f 0] < Cax )_x7ILAH*? @), O<x<a
i=0

and

k
(LHP@x) = —f $D(x) = Y (f)((—l)" ilx™ + BO ) f ().
i=0
Consequently,

2k—1

IL*F () < Case Y x7If®*P()], 0<x<a.
i=0

The proof of the remainder of the lemma can be found in [BX3, Lemma 4.18]. O
We now give L2-estimates for a class L7 of pseudo differential operators.
THEOREM 2.1. Suppose thatm < 0,0 < n < 1 and p(x,)) € Sy Then the

pseudo differential operator p (x, D) is bounded on L*(R ., %(A)).
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PROOF. Let ¢ be an even C*-function on R such that y(x) = 1if |[x| < 1 and
Yx) =0if x| = 2. Putpi(x,2) = p(x, A)¥(x) and po(x, A) = p(x, A)(1 — ¢ (x)).
Thus p;(x,A) € S:,'fa (i =1, 2) and, using Definition 2.1,

p(x, D)f (x) = / FOOp1(x, Mgy (x) T(dA) + f Fpa(x, Mg (x) T (dA)
1] (1]
= p1(x, D)f (x) + pa(x, D)f (x)

for f € LX(R,, %(A)).
We first prove that p,(x, D) is L?-bounded. For each A > 0 let R, be the Fourier
transform of p,(-, A) on R. Then by (1.1) and (1.6)

(&*+ P Ri(Q) =/ pi1(x, M L*@, (x)A(x) dx
0
=j Lkpl(x,A)(p;(x)A(x)dx.

0

Hence using Lemma 1.2, Lemma 2.2 and Definition 2.1 we obtain for any nonnegative
integer k

(2.10) IRV@)] < Casx 1+ 2" +2)7.

In view of Theorem 1.1 we observe
pi(x, D)f (x) = /0 ) ( fo T (A)RA(C)pr(x)fr(dA)> 0 (0) T (d2).
Therefore by Theorem 1.1, Theorem 1.2(ii) and (2.10) with k > « + 1
191, DYf lha < Ca /0 IR T Wl 7 ()

< Gl [ 40 M ar
0
< Calf T

It remains to show that p,(x, D) is bounded on L?(R,, *(A)). Using Theorem 1.2,
(2.2) and (2.3) we have

p2(x, D)f (x) = Cof FOpax, O (x)e(R) ™" dA

= CoA(x)””zf F ) palx, (A + h(x, M)e™ da

(2.11) = GA(x)""py(x, D)g(x)
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where py(x,A) = pa(x, A)(1 + h(x, X)) and Fog(h) = f’\()y)c(k)‘l is the classical
Fourier transform of g on R. Now p>(x, D) is a pseudo differential operator on R. In
view of Lemma 2.1 we see that p,(x, A) is a symbol in Sy on R such that

0% o'

—5;52(3\7, A)

ik < Gu(L+ A" ™.

Hence (see [F]) the operator p,(x, D) is L?>-bounded on R. Therefore by (2.11),
Theorem 1.1 and Theorem 1.2 we have

Ip2(x. DYf (1)I12, = Co f IBa(x, D)g(®)I dx
0

< C, f " F (D)e) 2 da

o0

= Callf I3 4-

This completes the proof of the theorem. O

3. Pseudo differential operators on local Hardy spaces

In this section we establish the continuity result for the class L7; of pseudo differ-
ential operators on local Hardy spaces. We begin with the definition of the local Hardy
space hP and its atomic and molecular decomposition characterization (see [BX4]).

For f € #/(R,, *(A)) the local heat maximal function is defined by

H f (x) == sup |f *h,(x)]

0<r<1

where h, is the heat kernel (see [AT, Théoréme I1.2]).

DEFINITION 3.1. Let 0 < p < oo. The local Hardy space h® = hP(R,, %(A)) is

defined by
h? := (f € F/(Ry, *%(A)) : Hf f € L (R4, Adx)).
Moreover, we introduce the quasi-norm ||f ||w := || Hy f ||,,.4 defining the topology
on hP.

We recall that for 1 < p < oo, hP coincides with L? (R, Adx). The elementary
building blocks of hP are the (local) (p, g, s)-atoms. Assume throughout that the
exponents p and g are admissible in the sense that 0 < p < 1,1 < g < oo and
p < q,and put s = (2 + 2) (1/p — 1)] where [B] denotes the largest integer not
exceeding B.
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DEFINITION 3.2. A (local) (p, g, s)-atom is a function a € L7(R,, Adx) such that
for some xo € R, and r > 0, supp(a) C B(xy, r) and

"a”q,A < m(B(xO, r))l/q‘l/P

together with the following (local) moment condition: if  can be chosen not exceeding
1 then

f a(@x)x*A(x)dx =0

0

for all integers & satisfying 0 < k < s.

The following result characterizes hP in terms of atoms.

THEOREM 3.1 (see [BX4]). Let0 < p < 1. Then f € hP if and only if f can be
represented as a linear combination of (p, q, s)-atoms forany 1 < q <00, q > p,
that is

f= Z)wai

where the a; are (local) (p, q, s)-atoms and ), |M |’ < 00. Moreover, there exist
positive constants C| and C, depending only on p and A such that

1/p
G {Zw] <|Iflw < G {Zw}

We now introduce the (local) molecules corresponding to the atoms defined above.

l/p

DEFINITION 3.3. For admissible components p, g and s and € > max{s/(2a +
2),1/p—1l}seta=1—1/p+eandb=1—1/g+¢. A(local) (p, q, s, €)-molecule
centred at xo € R, is a function M € L7(R,, Adx) with M (x)|B(x,, |x — xo])|® €
Li(R,, Adx) satisfying the conditions

@ ML IM B, Ix = xoDIPlly 3" == A (M) < 00;

(i) Let o be the positive number defined by | B(xo, 0)|V9"!7 = |[M ||, 4. Ifo < 1
then for any R witho < R <1,

'/ Mx)(x — x0)'A(x) dx
1/ B(xg,R)

B
< Cui(7) RIBGo. RN

forl=0,1....,s where 8 = min{a,s +2—1/p}.

The following result gives the molecular characterization of hP.
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THEOREM 3.2 (see [BX4]). Let f € (R, *(A)). Then f € h® if and only if it
has a molecular decomposition

f= Z M;
where the M; are (local) (p, q. s, €)-molecules such that

E:A“Myu<w.

Moreover, if the above decomposition holds then
If llwe ~ Y A(M)?.

For each x € R, write p,(A) = p(x, i) and let K, denote the inverse Fourier
transform of p, in the distributional sense. For each nonnegative integer i define
K° = K,, K! = 0'K,/dx" and denote by p! the Fourier transform of K!. Then
pi(X) = 3'p(x, 1)/dx". Choose an even C*®-function ¥ on R such that ¥ (x) = 1 for
Ix] < 1/2 and ¥ (x) = O for |x| > 1, and fix once and for all a kernel decomposition
K! = (K})®+ (K)™ where (K})° = Ky and (K))® = K!(1 — ).

Before giving some estimates for these kernels we define a variant of the class S}';.

DEFINITION 3.4. For nonnegative integers i, N and 0 < p < 2 we say that a symbol
p(x, A) belongs to the class .5’,7’;(1', N,p)(0<ndéd=<1,meR)ifp(x, 1) € S;and
foreach x € R,, p, extends to an even analytic function inside .#, and the derivatives
pY) extend continuously to the whole of £,, and p (x, A) satisfies
J 1

——p(x, A
aw axi? Y

< C,l(l + IAI)m—r’j+5i

forj =0,1,..., N, where C; > 0is independent of x.

The following estimates for the kernels K can be proved similarly to [An, Propo-
sition 5] and [BX4, Lemma 3.9].

LEMMA 3.1. Supposethatp > (1-1n)Q2a+2)(1/p—-1/2)(0<n<1,0<p <1)
andp(x,A) € .5”,76“(1', N,p)withN > Qa+2)/p —a — 1+ 3/(12n). Then for each
x€R,and0 <R <1, (K))* e L'(R,, Adx) and

II(K;)°°II1,A < Cain,

R
/ YD’ WMIAW) dy < CainR
0
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and

1
/ Y KD OIAG) dy < CainR™
R

Let ¢ be an even nonnegative C*®-function supported in {x € R : 1/2 < [x| < 2}
and satisfying Z?":_w¢(2"'x) =1forx #0. Putg; (x) = ¢p(27x)forj =1,2,...
and ¢p(x) =1 — Zf';l ¢ (27 x). For p(x, }) € Z4"(i, N, p) we fix once and for all
a dyadic decomposition pi(A) = Y2 pt ,(2) where p} (X)) = pi(A)¢x(2). Thus
the corresponding decomposition for the kernel K 1is KI(y) = Y poo K ((y) where
K ) =pi, Q). Let [;(w) = 372, I} ,(u) where Fo(l; ,) = pi -

Throughout the remainder of the paper we shall always assume that foreachx € R,
p! is rapidly decreasing (that is, p! € (%), the usual Schwartz space) although
none of our estimates will depend upon the actual rate of decrease. It suffices to
flatten p! or, equivalently, to regularize K in the standard way. Thus by Theorem 1.3,
K! € #(R,, x(A)).

For p(x, 1) € Z4"(i, N, p) choose an even C*-function »° such that

P A2 x| < 1/4

07 l‘xl Z 1/2'
For any positive integer j andx, r > Oputl] ,, := (1-&)); ,, K} ,; := &~'(l} ,;) and
Pry = Folll ;) where @; (x) := 0®(27/r~'x). Observe that I , — ] ,; is supported

x,kj
in {u : |u| < 2/ r}. Using properties of the Abel transform in [T1] we have

(3.1) K; () =K.,y ifx>27"r

The following lemma is proved similarly to [BX4, Lemma 3.21].

LEMMA 3.2. Suppose that p(x, 1) € F" (i, N,p) with0 < p < 1, ¢ > 0 and
N>QRu+2)/p—-a—1+3/2n). Givenj € Ngandr > O suchthat 2 r < 1 we
have for any nonnegative numbers Ly and L, with L, < N

o0 12 i py—L19k/2 j +k .
' Cain(@r)y=m2%, 2+ < 1,

[f |p; kj(A)(1+A)Lllsz,} < A, .N( . ) L X '
0 ' Cya iy (2 )y La2kli=latl/2) otherwise.

Letabea(local) (p, 00, s)-atom supported in B(xg, r) withxo € Ry and0 < r < 1.
For any positive integer j < jo + 2 put ¢;,(x) = ¢Q27r '(x — xq)), Mi(x) =
> Ta(x)¢; (x) and M;(x) = Ta(x)¢;,(x) = 2) where ¢ is defined as
before and j, is the unique integer such that 1 < 2/°r < 2.
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THEOREM 3.3. Suppose that p(x,1) € (i, N,p) with0 < p <1, @ > 0,
N>Qu+2)/p—a—-1+3/2p)andi =0,1,...,s+ 1. Then for each integer
1 <j <jo+2 M;isa(ocal) (p,2,s, €)-molecule and

Jot+2

Y MM < Cyp

Jj=1

PROOF. For each x € R, fix a dyadic decomposition p} = ) > p!, and the
corresponding decomposition K! = > 2 K} as before. By Definition 2.1, (3.1),
(1.8) and (1.9) and using the moment condition of an atom we observe for j =
2,3,...,jo+2

M;(x) =¢j,r(x)/ a(Y) T K. (y)A(y) dy
0

=60 [ a0 TEKA0AG)

k=0 YO0

=003 [ a0 TKu 0IA0)dy
k=0

1 o]
= f (1 —uy! {/ a()(y —x0)°Gj s (V)AY) dy} du
0 0

where

.- ) D (TKe ) (k0 + u(y = x0)) = (LKe ) (x0), 5> 0;

Gj,x.u.s(y) == ko=oo
$i.r(x) Y T Ky 5 (y) — TuKy 45 (x0), s=0.

=0

Put & u.x, = X0 + u(y — x¢). In view of Theorem 1.1 and Theorem 1.2 we have

lGj.x.u,s(y)I

<. ()Y f |Pss W02 (@7 &y o) — 07 (x0))| lc(A) |72 dA
k=0 YO0

=40 ¥ f 1P DO G G ) — 9 o)) 1) dA
4]

uly—xo|2¢<1

+ ) fo |Pxis W)@ Gy ue) — 927 X)) le ()72 dA

uly—xol|2¢>1

= Jl + Jz.
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Assume that xy < 2r. Then by the mean-value theorem, Theorem 1.2 and Lemma 1.3
and Lemma 3.2 (with Ly =s+a +2and L, = N)

Ji < Cauly = xolgy (x) Y / |Peis W@r )1+ 1) e 2 dA
0

uly—xof2t<1

1
= Culy =ikt T [ Ipay W+ 0 e r
0

uly—xo|2¢<1

+ Cauly = xoly, () Y / [Pesy (I 001+ A)#[ ()] dA
1

uly—xol2t <1

+ Cauly = %ol (x) Y / [Py (A + 2] |2 dA

uly—xol2t<1
2

o0 1/
< Cauly —xol¢y,(x) Y. A(x)™ [f lpsx (1 +l)‘+°’+2|2d)~)}
0

uly—xol2t<1

< Cuuly — x0|¢j‘,(x)A(x)—1/2(2j ,.)—s——a—-S/z.

Similarly, we obtain

B2 Ct6) X[ o @ + 47| i da
0

uly—xo|2t>1

< Caluly — xo)" 7072, (1)A(x)™2(2 r)~".

For xy > 2r we argue similarly:

G2 < |Gy LA @D <20,
Cauly — xol¢; ,(x)A(x)" (2 r)=72, otherwise
and
Caluly — xoDV=*72732¢; (x)A(x)~'2(Z r)~V, xo < 212,
(33) k< . .
Cauly = xo)V =g ,(x)AX) (2 )7V, otherwise.
Hence by Definition 3.2 and Lemma 1.1 we have forj =2,3,... ,jo+2
(3.4) IMjll2.a < CalB(xo, 2 r)|'/2VP27Yi
where
2 2 2 2 A
min{s+2a+3— @t , N — *+ ], xg < 2+,
Yy = 14 p
min{s +2—1/p, N — 1/p}, otherwise.

https://doi.org/10.1017/51446788700001956 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001956

[18] Pseudo differential operators on local Hardy spaces 219

By Definition 3.2 and Theorem 2.1 we observe

(3.5) ”Ml "2,A < C, ”(1”2',4 < CA|B(X0, r)|1/2—l/p'

We now prove that the M; satisfy Definition 3.3(i) (with g = 2). Using (3.4), (3.5)
and Lemma 1.1 we obtainforj =1,2,...,jo+2

|M; )1 Bxo, Ix — xoDI|, " < CapllM; 15571 B(xo, 2/ r) [P
(3.6) < Cy pzy(a/b—l)j | B(xo, 2 r)la/b(l/p—l/Z)_
Therefore by (3.4)—(3.6)
(3'7) ‘%(Mj) S CA,pznyjs .] = 1929"- 9j0+2-

It remains to show that the M; satisfy Definition 3.3(ii). We first observe that
Theorem 2.1 and Definition 3.2 give

(3.8) |B(x0, )| < Ca,q| B(xo, o).

If R < 2r then we apply the Cauchy-Schwarz inequality, (3.8) and Lemma 1.1 to
obtain

/ M, (5)(x — x0) A(x) dx| < CoR!lI Tallza| B(xo, R)"2
B(xo.R)

| B(xo, R)t)””“”

= C,R"|B(x,, R)|'~V?
aR'|B(xo, R)| |B(xo, 0)|

o\#
< Ca,R'|B(xo, R)|'71/P (E) _

If R > 2r then write

/ M, (x)(x — x0)'A(x) dx = f M; () ¥e(x)(x — xo)' Ax) dx
B{xo.R)

B(xo.R)
+/ M; () (1 = Yr(x)(x — x0)'A(x) dx
B(xo.R)
=1+ 1

where Yz (x) = Y ((x — x0)/R). Let Eg := {x € R, : R/2 < |[x — xo| < R}. Then
by (3.7) and Lemma 1.1

2 < ¢, f M, ()l ix — xol' A Cx) dx
Eg

< Cap R ER|"?|B(xo, R)|™®IIM; (x)|B(xo, |x — x01)1%ll2.4
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< Cap M (M) ®9 R B(xo, R)|V272 || M; |5/~
< C4,277 R|B(xo, R)|"*"*|B(x0, 0)|°

. B
< Cap 27 R'IBGo, R ()

To estimate / ,(el; we use the Taylor expansion of K, (y) with respect tox at x = x,
to obtain

Iy = / ;. (X) Qru(x) ( / na(y>K,(y)A(y)dy)A(x)dx
B(x¢.R) 0
5 1 ~ o0 .
SO Y T ( | maoik,40) dy) A dx
i—0 !* JB(xo.R) 0

b5 (%) Ok tss1(x)

+
G+ D! Jpuon

1 00
< ( / (1wt / LaG)K:" (y)A(y)dydu)A(x)dx
0 0

Exm.xo

=L+ 5L

where gy = Yr(X)(x = X0)'s Se.usy = Xo + u(x — xo) and @, (x) = T4y u.,(x) if
Jj = 1land ¢, ,(x) = ¢, .(x) otherwise. Applying Lemma 3.1, [BX4, Lemma 3.11],
(3.8)and Lemma 1.1 and arguing in the same way as in the proof of [BX4, Lemma 3.12]
we obtain

o\A
[1,;] < CA,pRllB(xo, R)ll—l/p (E) .

It suffices to obtain the same estimates for I, ;. If j > 1 then by (3.1) we use
the cancellation property and the Taylor expansion of T, K g“o,q (y) about y = xo to

obtain
1 0 -
. = . , x . x
M s+ 1! ;_/Bmm $;.r(X) Qr.t4s41(x)

1 oo
< ([[a-0 [T K 00A) dy du) A ds
0 0

1
- (s + 1)! B(xo.R)

x f a(y)(y—xo)féj.x.u,u,s(y)A(y)dydvdu)A(x)dx
0

1 1
1.0 (0) Qrtrers () ( / (1 — ! / (1 — vy~
0 0
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where
0
.. Y (BKEL )G — (BRE )OC0) . 5> 0;
Gj.x.u,v,x(y) = ko=00
Z TK;kj(y) ij(xO)) s:().
k=0
A similar argument to the proof of (3.4) gives for j > 1
s+2a+3—Qa+2)/p
Cap R*“H|B(xo, B (%) . xR
(3.9 |;] < F\Ss+t2-1/p
Cap R B0, R (2) x0 > R

where R > 2r.
We now consider the case when j = 1. Assume x, < 2r and write

1 ko

s+D! ; _/;(XO " ®j.r (%) Qr14s11(x)

1 00
x (f (1 —u)‘_l/ aW LK, k(y)A(y)dydu)A(x)dx
0 0
1 oo

L, =

+ (s + 1! l;:o/l;(m % ;.- (x) Qroigss1(x)

( / = [T a T (040G dyn) A s

=1+ 12,

where ky is the unique integer such that 1 < 2%r < 2. Using Theorem 1.1, Lemma 1.1
and Definition 3.2 a straightforward calculation gives

|I(”l < C 1+s+2a+3—(2a+2)/p.

For 12(21) we observe

(2)| <Cup (Z/ ¢J r(X) Qr 1rss1(x)

-k+1

X (/ (1 —u)! / a(y)T, Kgfulx LAY dydu) A(x)dx
0

¢j,r(x) OR.i+s+1(x)

2-k+1
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1 2
x(f (l—u)s"l/
0 0

o 2-k

&;.r(X) QR 14541 (X)

—k

a LK (MIAY) dydu) A(x)dx

( f (1= uy™! / aTKE k(y)A(y)dydu)A(x)dx
2 k41
+ Z aj.r(x) Qr.14s+1(x)
k=ky V27

1 3r
x ( f (1 —uy! / a TR (NA®) dydu) A(x) dx)
0 2- o
= Cap(N+ L+ I+ ).
Applying Theorem 1.1, Lemma 1.1 and Definition 3.2 we obtain

J: < CA,p rl+s+2a+3—(2a+2)/p’ i = 1’ 2, 3.

Write

241

ok
Je=)3" 5.0(0) Qr.ts1 (X)
k=ko j=ko V27

2-i+t

1
X / a1 - u)s"'/ a(y)T, Kerl k(y)A(y)dydu) A(x)dx
0 2

2-i +2

oo k
+ Z / ¢1 P () QR igs+1(x)
k=ko j=ko Y 277!

2-i+t

X (f (1-uw' lf aly)T, K"rl k(y)A(y) dydu) Ax)dx
2-j

00 k 3r

+ZZ _ $j-’(x)QR,I+s+1(X)

k=ky j=ky Y2711

1 2-i+l
X ( (1- u)x-‘/ a(y) T, K k(y)A(y)dydu) A(x)dx
0 2

. gxuz
=1
= J: ) + J: ) + Ji( ).

To estimate J, (’)(1 = 1,2, 3) we introduce smooth cut-off functions as in [An,
Section 2]. Let w be an even C™-function on R such that w(u) = 1 for ju| < 1/4
and w(u) = O for |u| = 1/2, and set w; () = w(2 u) for each j € Ny. Then
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w; () = 1 for |u| <2772, w;(w) = 0 for lu| > 277! and |d'w; (w)/du’| < C;2Y,
i=0,1,2,.... Foreachx € R, denote by I! the inverse classical Fourier transform
of p; as before. For a dyadic decomposition of p! let li(u) = Y ;2 I! ,(u) be the
corresponding decomposition where Fol; ,(A) = pi ,(27*A). Put [} . = (1 — w))l} ,

andletK; . = &/~'(l] ;) and p; ,; = Fo(l; ;;). Thenli ,—1; .. is an even C*-function

supported in [—27/~!, 277~1], and hence using properties of the Abel transform (see
[T1, Theorem 6.4]) we see that K , — K} ,; = &/~'(I; , — I} ;) is also supported in
[—277-1, 27/71]. Consequently

K;k(y) = K;,kj (y), y > 2-i-1
Arguing as in [An, Lemma 15] we have for B, < §,
k 1/2
; . 2
(Z (270101 = @l el ) ) < KPP
j=0

where Hz'g is the usual Sobolev space on R. Thus applying Definition 3.2, Theorem 1.1,
Theorem 1.2, Lemma 1.1, Lemma 1.2 and Lemma 1.3 and properties of the classical
Fourier transform we obtain

o] k
|J,f”| < C, rits+i-Qa+d/p ZZ[

k=ko j=ko V2

27!
-k

1 p27iH
x ( [ [ e, (y)|A(y)dydu) AG)d
0 2~

oo k 27/t
< G, rHHs+1-@atd/p -+ Z f
k=ky j=ko Y 27

1 o 1/2
x(f { / |71K§,t?,o,k,-(y)|2A<y)dy} du)A(x)dx
1] 0

oo k 2-i-1
<C, FlHsH1-Qa+2)/po—(@+D)j ZZ /
k=ko j=ko V2

—k

1 o0 1/2
X(/ { f lpé,*."io.k,-(k)ﬁ)dxl du)A(x)‘/zdx
0 0

- 2
< CA,p"I+S+2a+3 (2a+-)/P.

Similarly, we have

|J4(l)| < CA,p rl+.\'+2&+3—(2¢!+2)/p, i = 2, 3’ 4,
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Therefore, we have for xo < 2rand R > 2r

r ):+2a+3—(2a+2)/p

L2l < Cap R™1Bxo, R (&

Arguing similarly we obtain for xo > 2r and R > 2r

c, R’+‘+‘|B(x0 R)|1_1/1’ _,-_ s+2a+3-Qa+2)/p %o < R:
P ) y g )
(3.10) |I,] < r\s+2-1/p
CA,pRHHllB(Xo, R)|'-VP (E) , Xxp > R.
In view of (3.8)—(3.10) we have
B
L] < CapR'IBCxo, R (2
J P R
and the theorem is proved. O

We have the following estimates for the derivatives of the heat kernel #,.

LEMMA 3.3. For any nonnegative integer k and 0 < t < 1 we have

- ey — a2
CA,kt k/2—a le pt, O<x SC()\/;;
2\ [k+2a+1]
® —k=2a-2 [ X ~p2t —x/(41) .
K% (x)| < § Casx - e e , oVt <x <ci;

a2 2
enreX/(‘tt),

X\ [k+a+1/2142
) X > C

CA’kx—-]/ZA(x)~l/2 (?
where ¢y and ¢, are positive constants.

PROOF. The lemma can be proved similarly to [BX2, Proposition 2.15] using
Theorem 1.1, Theorem 1.2, Theorem 1.3, Lemma 1.1, Lemma 1.2and Lemma 1.3. O

For 0 <t < 1 define
5 = f ()P N (AG) dy.
1]

LEMMA 34. Ifp(x,)) € 5’,,6“(1', N,pywithN > Qa+2)/p —a —1+3/(2n),
i =0and0 < p <1 then p, extends to an even analytic function inside ¥, and the
derivatives p* extend continuously to the whole of &, and satisfy

PP < Gl +1IAD7F, A e &,

fork=0,1,... ,N.
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PROOF. The fact that p(x, 1) € &,“(i, N, p) with i = 0 implies that p, extends
to an even analytic function inside %, and the derivatives 5;° extend continuously to
the whole of .#,. Write

: k Ll

PP @) = Z (i)'/; h, (y)a)‘,p(y A)akk -0, (A®Y) dy
kL (k 4 9! P

- Z (;)/0 M 35P 0 Vo5 e(IAG) dy

k k 1 ai 3k—i
+Z(,~)/ BO) P 0 ) e (DAD) dy

i=0 Vi
5 (k *® 0! or—i
h, , A A d
+;(z)/: W 35P 0> D3m0 0IAR) dy.

Using Lemma 1.2, Lemma 3.3 and Lemma 1.1 we obtain for A € &, and k =0,
1,...,N

Ca ks Al <1;
PP < | A Il =< L
Coldl™t, 1< <y

Forx € &, and |A| > /17" let | = k/2 if k is even and | = (k + 1)/2 otherwise.
Then by (1.1), (1.6), Lemma 1.2, Lemma 1.3 and Lemma 3.3 we have

X [k ki
I “un—Z(i)fo ,(y)al,p(y, Vs MAR) dy

i=0

k  k—i . o0 ai
-y ( )( )f B 2=p (7, 3)
i=0 j=0 0

k—i

]
x L, ((( +p )")‘”aM ,%(y)) A(y)dy

k k=i k
=2 ( )( )((AZ +p1) ™Y
i=0 j=0

ai ak—i
x f ' (h R A)) B (IAG)dy.
0

We now apply Lemma 1.1, Lemma 1.2, Lemma 1.3, Lemma 2.2 and Lemma 3.3 to
obtainfor A € &, |A| > v/t 'andk=0,1,... ,N

k—i

. R ) 3
L, (h,(y)ak,p(y,k) v

— 0 (MAY) dyl
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Ji
< CA,k/
0

1

+ Cax
Y

o0
+ CA.k/
1

< Cax(W) 21 37

ai ak—
(h S p(y,k)) oA T (A dy

3! r
(h (M7 A) ) s (9) | A(Y) dy

3)\'1 )\k i

o' gk
<h M—rQ, A)) e (M| AQ)dy

Hence for A € &,, |A| > /t 'andk=0,1,... ,N
5P x)| < Calr|™
and this completes the proof of the lemma. [

Let K . denote the inverse Fourier transform of p, in the distributional sense.

LEMMA 3.5. Suppose that p(x, ) € Z " (i, N, p) withi =0, N > Qa +2)/p—
a—14+3/2n)and0 <p <1. ThenforO <t <landix —y| =2

IT,(K)(3)| < Caplx — yI ™V A(x)T12A(y) "1 2eo0
whereo =2/p — 1.

PROOE. The lemma is proved in the same way as in [BX4, Lemma 3.15] using
Lemma 3.4. a

Let w be a C*®-function on R such that w(u) = 0 for u < 1/2 and Lo(u) =1 for
u > 1. For any integer j > 1 define an even C*°-function w; by

o) =0Qu+j - )w@(-ut+j-1)).
For each x € R, let p,(}) = p(x, A) and let K, denote the inverse Fourier transform
of p, as before. Denote by [, the Abel transform of K. Putl, ; = (1 — w;)L, p,; =
Fo(l. ;) and K, ; = &~'(l, ;). Since I, — I, ; is supported in [—j + 5/4,j — 5/4],

by properties of the Abel transform in [T1, Théoréme 6.4] we see that K — K is also
supported in [—j + 5/4, j — 5/4] and hence

- 5
(3.11) K.(w)=K,;(w), ifu>j— T

The proof of the following result is similar to that of [BX4, Lemma 3.19].
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LEMMA 3.6. Suppose that p(x,A) € (i, N,p) withi = 0,0 < p < 1 and
N>Qae+2)/p—a—14+3/(2n). Thenforany L with0 <L < N —1/2

o0 1/2
{f lpx;j (M1 +A)L|2dk} < CapjNe ¥, j=2,3,....
0

Finally we give h” -estimates of the pseudo differential operators of class L7';.

THEOREM 3.4. Suppose that for i = 0,1,... ,N, p(x,A) € .Z,B“(i, N, p) with
N>Qu+2)/p—-—a—-14+3/2n)and 0 < p < 1. Then the pseudo differential
operator T given in Definition 2.1 is bounded on hP.

PROOF. We refer to the proof of [BX4, Theorem 3.22]. By Theorem 3.1 we are
reduced to showing that for any (local) (p, oo, s)-atom a

(3.12) I Tllwe < Cap

where the constant Cy ,, is independent of a. Suppose that a is supported in B(x,, r)
with xo € R, and r > 0. Observe

(3.13) Ta * h,(x) = a * K,(x)

and

(3.14) Ta(x) = f a( LK (y)A(y)dy.
0

If r > 1 then we write
xo+r+2
\H (Tl = f B (Ta) ()P ACx) dx
0

+/°° |Hy (Ta)(x)|P A(x) dx

o+r+2

= Il + 12.

Note that both Hy and T are L?-bounded and any (p, 00, s)-atom mustbe a (p, g, s)-
atom for all ¢ > p, 1 < g < oco. Applying Hélder’s inequality and Lemma 1.1
then

Il < CA,p "Hd}»(Ta)”I27'Ae2p(xo+r+2)(l—p/2)

< CA,p ||a||'2"Aez”(x°+’+2)“_p/2) < CA,p-
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Fory € B(xg, r)and x > xo+r+2 wehave x —y > 2. Hence by (3.13), Lemma 3.5
and Lemma 1.1 we have forx > xo+r+2and0 < ¢t <1

[Ta*h,(x)| < CapAx) P (x —x0—r)™".

Consequently

L < CA.p/ (x —xo— 1) dx < Cap
xp+r+2
and (3.12) follows for r > 1.

We now assume r < 1. As before let ¥ be an even C*-function such that
Y(x) = 1if [x] < 1/2and Y (x) = Oif |x| > 1, and ¢ an even nonnegative C*-
function supported in {x € R : 1/2 < |x| < 2} and satisfying Z;‘;_w(t)(Z‘fx) =1if
x # 0. Write

Ta(x):= Y Ta(x); )V (x)+ Ta@)(1 — ¥(x))

j==o0

= (Ta),(x) + (Ta)(x)

where ¢; ,(x) = ¢ (27 r~'(x — xo)) and T(x) = ¥((x — x0)/4). By Theorem 3.3 we
see immediately that (Ta), is a (p, 2, s, €)-molecule and

(3.15) N (Ta))) < Cyp.

We now prove that (7'a), has an atomic decomposition. Foreach j =2,3,... let
Qi ={xeRi:j <|x —x0 <j+ 1}. Note that (Ta),(x) = 0if |[x — x| < 2.
Hence

(Ta)y(x) = D _(Tay(x)xq, ) =Y b;(x).
j=2 j=2

Using (3.14), (3.11), (1.8) and (1.9) together with the cancellation property of an atom
we observe for x € Q;

Ta(x) = f aW LK., ()AG) dy
0
oo 1
=/ a(y)(y—xo)s'/ 1 = w)' ™ F o u(y) duA(y) dy
0

0
1 o0
= (1 - u)s_l / a(y)(y - xO)st,x,u.:(y)A ()’) dy dll
0 0
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ifs > 0, and

Ta(x)=f a(y)Fj cus(Y)A(y)dy
0
if s = 0, where

(LK )P0 + Uy — x0)) — (T K )O(xp), 5> 0;

F'xu.s = ~ ~
sors ) {nKx,j (y) - T.K, j (x0), s =0.

Thus applying Theorem 1.1, Theorem 1.2, Lemma 1.1, Lemma 1.2, Lemma 1.3 and
Lemma 3.5 and arguing similarly as in the proof of Theorem 3.3 (see the estimate of
G; ....s(y) on page 16) we obtain

CajNe " uly — xolA(x)712, X0 <2;
|FjxusW) < N —oni i i
Caj Ve uly — xolA(x0) " ?A(x)712, Xo>2
and hence by Definition 3.2
b, ()] < Capj Ve rY B(xo, )" x g, (x)A(x) 7172, X0 <25
T T Capd Ve P Bxg, DI X, (A G) T PAGR) TR, xp < 2.

Thus by Lemma 1.1
"b] ll2.4 < CA,pj _NlB(xO’j + 1)|1/2—l/p.

Observe that supp(b;) C B(xo,j + 1). Therefore, a; := C;"p iy b; is a (local)
(p,2,s)-atom foreachj = 2,3,... and

(3.16) I(Ta):llwe < Cap.

The estimate (3.12) now follows from (3.15), (3.16) and Theorem 3.2, and this com-

pletes the proof of the theorem. O
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