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The work presented here revisits the Velikhov-ionisation instability, an instability first
discovered in the early 1960s (Velikhov, E. P. 1962 1st International Conference on
MHD Electrical Power Generation, Newcastle upon Tyne, England, p. 135). This mode
strongly deteriorates the performance of magnetohydrodynamic (MHD) energy conver-
tors in which the seed gas must be at a substantially higher temperature than the high
density primary gas, the latter gas carrying almost all the energy. Specifically, a finite
temperature difference is necessary for the MHD generator to successfully act as a top-
ping cycle for nuclear (fission and fusion) power plants. The ionisation instability has
thus been viewed for many years as a show stopper for MHD nuclear topping cycles.
Even so, some experimental observations, never fully exploited, show that nearly full
ionisation of the seed gas can stabilise this dangerous instability. One goal of the research
presented here is to provide a first-principles theoretical explanation for these experimen-
tal observations. The stabilisation can theoretically produce high temperature ratios, of
the order of 10, by carefully choosing the density of the unionised seed gas. A second
goal of the research is to investigate whether or not the recent development of high-field,
high-temperature REBCO (rare-earth barium copper oxide) superconductors can lead to
substantially improved power plant efficiency. Here, it is shown that the answer is subtle —
no clear conclusions can be drawn, a consequence of the fact that the new stability crite-
rion is a local one. What is needed to assess overall plant efficiency is a global analysis.
Additional work has recently been completed on a newly developed global model which
answers this question and will be reported on in a future paper.
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1. Introduction

The research presented here re-examines the Velikhov-ionisation instability, an
instability first discovered theoretically and experimentally in the early 1960s
(Velikhov 1962; Velikhov & Dykhne 1963; Velikhov, Dykhne & Shipuk 1965). This
instability played a major role in the experimentally observed poor performance
of magnetohydrodynamic MHD energy convertors, intended for use as topping
cycles for nuclear (fusion and fission) power plants. The present research revisits
this instability and suggests a possible cure. Since MHD energy conversion research
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has been dormant for nearly 30 years in the USA, the discussion begins with a brief
historical review to introduce readers, both young and old, to the basic concepts.
This should help put the present work in context, after which, the new contributions
are described in more detail.

1.1. Review of MHD energy conversion

The idea of using MHD energy conversion in the overall design of electric power
plants has been known for many years (see for instance Karlovitz 1940; Sporn &
Kantrowitz 1959; Rosa 1987; Messerle 1994). One important application of MHD
energy conversion is as a topping cycle for both fossil (coal and natural gas) and
nuclear (fission and fusion) power sources. In simple terms, the main goal is to
increase the total plant efficiency from approximately 35-40% to 55-60 %, which
would represent an enormous gain in fuel efficiency and economics.

Fossil fuel MHD generators are usually designed as open cycle systems. Here, the
output furnace gas, denoted as the primary gas, consists of multiple species (e.g.
CO, CO,, NO, etc. for coal) plus a small added amount of a low ionisation poten-
tial seed gas (e.g. K). These are combined to make an electrically conducting gas,
i.e. a weakly ionised plasma. The complex molecular primary gas flows directly from
the power source through the MHD generator (the topping cycle), and then into a
standard electricity producing steam generator (the bottoming cycle). It is ultimately
vented to the atmosphere with only the small amount of seed gas recirculated. The
direct flow from power source to atmospheric venting is the reason for the name
‘open cycle’. In an open cycle system, the primary gas and seed electron tempera-
tures are approximately equal and relatively high, of the order of 2000-2500 K (see
for instance Rosa (1987)).

However, nuclear fuel powered MHD generators, because of science and engi-
neering constraints, typically must operate at lower temperatures, approximately
1000-1300 K maximum (NEA 2022; Sorbom et al 2015). To overcome the
low temperatures, they are designed as closed cycle systems, an idea suggested
by Kerrebrock (1964), Kerrebrock & Hoffman (1964) and Sheindlin, Batenin &
Asinovsky (1964). For a closed cycle system, the power source gas coolant, typically
He, is passed through a heat exchanger in which the secondary gas is monatomic,
typically Ar. Argon has the desirable property of a relatively long energy equi-
libration time between the seed electrons and the primary gas. This allows the
preferentially Ohmically heated seed electrons to reach a higher temperature (e.g.
3000-5000 K) than the primary gas, and then maintain this higher temperature flow-
ing along the MHD generator because of the long energy equilibration time and
continual Ohmic heating. The higher electron temperature produces a good quality
electrically conducting gas even though the primary gas is much cooler. Both the
primary gas (e.g. Ar) and seed gas (e.g. K) are recirculated for economic reasons;
hence, the name ‘closed cycle’.

In spite of these potentially attractive applications, an examination of the world’s
existing industrial scale power plants shows that MHD energy conversion plays
essentially no role. The question then is “What went wrong?” For fossil fuel appli-
cations, MHD was in competition with combined cycle gas. MHD worked but
not well enough in terms of performance and cost. Combined cycle gas won the
competition - hence, no need for MHD, nor for that matter, coal.

Nuclear fission was not very popular in the 1970s-1990s. Even so, when closed
cycle MHD experiments were built, they exhibited strong performance deterioration
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due to the Velikhov-ionisation instability. For many years, this instability was viewed
as a show stopper for closed cycle nuclear applications. New sophisticated stabili-
sation methods, using radio frequency (RF) fields, were developed, but in terms of
industrial applications, they were probably too late (Murakami, Okuno & Yamasaki
2005).

Consequently, with no obvious remaining attractive applications, the large world-
wide MHD energy conversion programme was strongly curtailed in the 1990s. At
present, perhaps the largest remaining closed cycle, MHD energy conversion pro-
gramme for power applications exists in Japan. This is a highly regarded, modest
in size (relative to fusion) programme located at the Okuno Laboratory, Tokyo
Institute of Technology.

1.2. Revisiting MHD energy conversion — societal reason

With this as background, one can now ask why it makes sense to revisit the
Velikhov-ionisation instability. There are three reasons, one societal, the other two,
technical. The societal reason is as follows. At present, as compared with the 1990s,
there is a much greater concern about climate change, particularly the production
of CO,. Combined cycle gas, which produces approximately one half the CO,/Watt
as a coal plant, still generates enormous quantities of CO,. If the world is going to
phase out natural gas in favour of power sources that produce no CO,, then nuclear
fission, while still not highly popular but becoming more acceptable, and nuclear
fusion, highly popular but not here yet, represent sources of baseload electricity
satisfying this goal. Because of the high capital cost of either fission or fusion power
plants, the efficiency gains resulting from an effective MHD topping cycle would be
a big win.

1.3. Revisiting MHD energy conversion — stabilising the ionisation instability

Even though the societal demand for nuclear power may have increased, how can
the very serious problem of the ionisation instability that plagued early experiments
be overcome? The focus is on two ideas. The first is based on some experimental
observations, never fully exploited by the power industry, which show that nearly full
ionisation of the seed gas can stabilise this dangerous instability (Petit, Caressa &
Valensi 1968; Petit & Valensi 1969; Hatori & Shioda 1974; Petit & Geffray 2008). It
thus makes sense to try and derive a first-principles theory that explains why nearly
full ionisation of the seed gas stabilises the mode. Of specific interest is learning how
to practically produce this stabilisation in the MHD operational regime of interest.

1.4. Revisiting MHD energy conversion — access to high magnetic fields

Second, there has been a recent major technical advance that promises per-
formance improvement. This is the development of industrial scale high-field,
high-temperature REBCO (rare-earth barium copper oxide) superconducting mag-
nets (Vieira et al. 2024). These magnets should produce magnetic fields of the order
of 15-20 T as compared with early experiments which typically operated at 3-4 T.
Intuitively, one might expect access to higher magnetic fields to improve the
performance of applications based on MHD.

However, a more careful examination of the ionisation instability shows that the
actual situation is much subtler when it comes to high field. To begin, note that
the instability occurs when the temperature difference between the primary gas and
seed electrons becomes too large. An analysis of the MHD equations shows that
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the stability boundary for a Hall MHD convertor, which is the primary interest as
discussed later, recasts the temperature difference into to a maximum limit on the
Hall parameter, defined as 8 = Q./vy = (eBy/m,)/vy x By. Here, 2, is the elec-
tron cyclotron frequency and v, is the electron-primary gas momentum exchange
collision frequency. The stability boundary sets a limit on the maximum allowable
magnetic field: 8 < B.,.;;. Consequently, having access to higher fields above this limit
would not appear to be of much use. It is of basic interest to learn which effect dom-
inates — improved performance due to higher fields versus the high-field limit due to
the instability?

1.5. Main contributions of the present work

The issues just discussed are analysed in the present paper. One main contribu-
tion is a derivation of a first-principles theory (i.e. revisiting the Velikhov-ionisation
instability) that explicitly shows the connection between the maximum S limit and
the degree of ionisation (6.23). Note that a few theories have been developed that
show that full ionisation is stabilising (Petit & Valensi 1969; Mitchner & Kruger
1973; Nakamura & Riedmuller 1974; Kien 2016). However, these theories do not
fully exploit the ionisation stability criterion to show how high field could help or
hurt the design of a Hall generator. A second main contribution uses the stability
relation to show, in practical terms, that there is a critical maximum seed density for
marginal stability, including the effects of higher magnetic fields.

Our results are then used to determine the overall impact of magnetic field on
performance by the introduction of two simple intuitive figures of merit. The first
is Sq/Sr, where Sq is the local Ohmic heating power density and S; is the power
density delivered to the load. One wants this ratio to be small — a certain fraction
of the input power is converted to electricity and for an efficient MHD convertor,
it is desirable that most of this power be delivered to the load as opposed to heating
the electrons. The results show that at near full ionisation, there is still a maximum
B limit, but this limit becomes progressively larger when the seed density is carefully
chosen, thereby allowing operation with larger, still stable, magnetic fields. This, in
turn, is shown to decrease the ratio Sq/S;. In other words, high field becomes a
potentially winning strategy, lowering Sq/S; from values well above unity to less
than 20 %.

The second figure of merit is the electrical conductivity o, defined by o =
n.e?/m,vy with n, the electron seed number density. Intuitively, one wants a large
conductivity. Higher conductivity implies a higher quality plasma, allowing larger
currents to flow, which in turn should produce more efficient energy conversion.
The results show that when the stability criterion is taken into account, lower field
produces a higher conductivity.

The apparently opposing intuitive conclusions regarding the effects of higher mag-
netic fields cannot be resolved by the analysis presented here. The reason is that
the analysis is a local analysis, which determines a stability criterion that must
be satisfied at every point along the MHD channel. However, a true measure of
‘improved’ performance can only be determined by a global analysis which takes
into account the generator geometry plus engineering constraints. This would pre-
dict what fraction of the input power (actually total enthalpy flux) is converted
into load power, with high values obviously representing the most desirable out-
comes. Such a global analysis has been completed recently and will be presented in
a future paper. For the present, one shall have to be content with a demonstration
and explanation of conflicting conclusions on the impact of high magnetic field on
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FIGURE 1. Schematic diagram of a Hall MHD generator.

MHD convertor performance. Even so, if the stability of two-fluid MHD plasmas
with temperature ratios of the order of 10 for various magnetic fields can be veri-
fied experimentally, this would represent a major first step for the reconsideration of
MHD energy conversion as a topping cycle in nuclear power plants, both fission and
fusion.

1.6. Details of the analysis

The main contributions of the work have been defined in general terms. To
proceed, it now makes sense to present a brief overview of the theoretical details
resulting in these contributions. The theoretical strategy is as follows.

(i) For mathematical simplicity, the analysis focuses on a linear Hall MHD gen-
erator. The linear Hall configuration is attractive because it can be modified
into a cylindrical disk geometry, with huge savings in reducing the number of
required electrodes, from many hundreds to two. A simple schematic draw-
ing of a Hall generator is illustrated in figure 1. It is a rectangular channel
with a slowly expanding cross-section along its length. There are many pairs
of electrodes on each side panel which, for a Hall generator, are all shorted
out on top and bottom. The output Hall voltage, driving the load, is generated
between the first and last pair of shorted electrodes.

(i1) The main goal of the analysis is to calculate, from first principles, the marginal
stability criterion for the Velikhov-ionization instability, valid in the regime of
nearly full ionisation of the seed gas.

(i) We assume the modes have short wavelengths and thus vary rapidly over
the characteristic length scale of the generator. This assumption allows the
introduction a standard multiple length scale expansion, which basically divides
the plasma into a series of corresponding narrow axial slices. For each slice, the
equilibrium properties are essentially homogenous in space. The implication is
that each slice can be treated separately and independently; that is, the analysis
is transformed into a local stability analysis. Suppression of the ionisation
instability requires that the stability criterion be satisfied in each and every
slice.

(iv) The slice location with the most severe constraint depends, in general, on the
shape of the channel. One strategy, discussed later in the analysis, is to design
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the channel shape so that the marginal stability criterion is satisfied locally
along the entire length of the generator. Under this strategy, the ionisation
instability actually determines the input boundary conditions on the generator.

(v) All properties of the primary gas remain unchanged during the perturbation.
The quantities that vary are the electron density, electron temperature, cur-
rent density and electric field. It is shown that the mathematical validity of
the unperturbed primary gas assumption follows from the short wavelength
assumption.

2. Physical picture of the ionisation instability

The derivation of the marginal stability criterion for the ionisation instability
requires a considerable amount of analysis. It is, therefore, useful to first provide
a qualitative physical explanation of the instability, describing the key phenomena
that drive and stabilise the mode.

We begin by assuming that a closed cycle MHD generator is operating in a nor-
mal quiescent mode, when the seed electrons experience a small positive localised
perturbation in temperature. Since the energy equilibration time with the primary
gas is assumed to be long, then corresponding collisions will have a negligible
effect restoring the electrons to their original temperature as they flow along the
generator.

If the seed plasma is weakly ionised, then by definition, the electron density
n. is small compared with the original seed density n,:n., << n,. Thus, in accor-
dance with Saha’s ionisation equation, which determines n,, the positive electron
temperature perturbation will cause a corresponding increase in electron density.
This density increase leads to a decrease in the electrical resistivity. Specifically, if
electron—primary gas momentum collisions v,, are dominant, then the total momen-
tum exchange collision frequency vy ~v,, and the electrical resistivity scales as

b 1/2
. MVy  MVep MM pVre T,/

en, e*n, en, n, @D

Here, n, is the primary gas number density, o, is the electron—primary gas col-
lision cross-section and vy, = (2kT,/m,)!/? is the electron thermal velocity. Because
of the strong exponential 7, behaviour in the Saha equation, the resulting n.(T,)
density increase dominates and the resistivity decreases.

Now, the decreased resistivity allows more current to flow in the plasma, which
in turn increases the Ohmic heating. The increase in Ohmic heating tends to further
heat the electrons. This is equivalent to positive feedback and is the source of the
ionisation instability.

How does nearly full ionisation help stabilise the mode? If the plasma is nearly fully
ionised, then n, ~ n,. Thus, Saha’s equation implies that a small positive increase in
electron temperature will bring the electrons even closer to full ionisation n, — n;.
However, this cannot produce a significant increase in electron density, since the
plasma already starts off almost fully ionised: n, ~ n, = constant. The net result
is that in this situation, the electrical resistivity actually increases under a positive
temperature perturbation,

1/2 1/2
n— myVy ~ m,Ve, o T, ~ T,

1/2
: : o« T, (2.2)
en, en, n, n,
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The increase in resistivity decreases the plasma current and corresponding Ohmic
heating. The plasma becomes cooler which tends to restore the plasma to its original
temperature. This negative feedback produces the stabilisation at near full ionisation.

Marginal stability occurs when the enhanced ionisation is exactly balanced by the
increased cooling. Because of the exponential temperature dependence in Saha’s
equation, the marginal stability transition point is a strong function of temperature
that always occurs at a point near full ionisation. In terms of the overall generator
design, the theoretical analysis that follows shows that for a given applied magnetic
field, stabilisation of the ionisation instability plays a major role in setting the value
of the seed density. In more detail, the combination of the marginal stability cri-
terion plus the practical requirement of an industrial relevant load power density
S, =—E-J~100 MW m~3 represent two design constraints. Their simultaneous
solution leads to specific values for the electron temperature and seed density. The
electron density, which is nearly equal to the seed density, is determined by the ion-
isation production rate, as obtained from the Saha equation. These constraints and
solutions are quantified in the following analysis.

3. The starting model

The starting model describing both equilibrium and stability of the MHD plasma is
a set of coupled three-dimensional (3-D) nonlinear equations for two separate fluids,
one the primary gas neutrals (e.g. argon) and the second, the seed gas electrons (e.g.
potassium). The goal is to determine the conditions for marginal stability; that is,
the mode deteriorates performance to such a large degree that it is more important
to learn how to avoid it in the first place, as opposed to calculating an accurate
growth rate (which can be easily estimated) or following the catastrophic nonlinear
dynamics of the unstable evolution. Equilibrium operation and marginal stability
both require setting d/d¢t = 0. The starting equations for a monatomic primary gas
are then given by the following.

3.1. Primary MHD fluid

V- (n,w,)=0 Mass,

mpn,v, Vv,=J x By—Vp, Momentum,

3 3

EV < (ppvp) + ppV ey, = JVENe (kT, — kT}) Energy. (3.1)

3.2. Electron fluid

n? 2em kT, )
exp (—E;/kT,) Mass — Saha equation,

ng —n, h?
,] X B() ,
E+v,xBy=nJ + Momentum — Ohm's law,
en,
3 2
S VEMe (kT, — kT,) =nJ Energy — Electron energy balance.

(3.2)
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3.3. Maxwell
V.-J=0 Ampere’s law,
VxE=0 Faraday’s law,
n; =n, Poisson’s equation — charge neutrality. (3.3)

Note that the primary and electron fluid variables are denoted by the subscript
‘p’ and ‘e’, respectively. The quantity E; is the ionisation potential of the seed gas,
n, is the density of the initial unionised seed gas and B, is the applied vacuum
magnetic field. The resistivity n and temperature equilibration frequency v for a
monatomic gas are related to the electron momentum exchange frequency vy, in the
usual way,

Vu = Vep + Ven + Ve = Veps

nyvy

- k)
n,e?

nm,

Vg =2 V. (34)

mp

Here, the separate contributions to v, represent electron collisions with (a) the
primary gas (v,,), (b) the actual unionised seed particles (v.,) and (c) the seed ions
(v.:). Some discussion of the physics is warranted.

(1) The use of fluid equations assumes that all collision frequencies are large
compared with the characteristic MHD time scale: vg > v,/L with L the
macroscopic generator length scale. This condition is well satisfied in all
regimes of interest.

(i) With respect to momentum collisions, the electron-primary gas interactions
dominate in the operational regime of interest: v,, >> v,, V,;. For mathematical
simplicity, one thus assumes vy ~ v,, in the following analysis. Even so, note
that the analysis is generalised to include the full vy, and some results are
included for comparison. Also, an expression for v,, is given shortly.

(iii)) The additional unknown n, appears in the Saha equation, which as stated
represents the initial, total unionised number density of the seed gas. The
actual number density of unionised seed particles is n, =n, —n; =n; — n,.
Now, because of the high collisionality, it follows that all species, except the
very small mass electrons, have essentially the same velocity and temperature

v Ry, ~v, L=T,~T, (3.5)

The neutral and ionised seed particles are dragged along and thermally equi-
librated with the much denser primary gas. After a short calculation using the
mass conservation equations (including ionisation and recombination) for the heavy
species, it can be easily shown that the quantity n; satisfies V - (n,v,) = 0. Therefore,
assuming that all species have the same uniform cross-sectional profile at the

generator inlet, it follows that
ng n,
—_—=— (3.6)

- ’
nso npO
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with a ‘0’ subscript denoting inlet value. This is the simple, required information
relating n; to the basic unknown 7.

(i) The next point of interest is the assumption that only the vacuum magnetic
field enters the analysis. This too is a very good approximation since simple
scaling relations show that the induced magnetic field B;,q due to the generator
currents is much smaller than the vacuum field: B;y < By. One consequence
of this approximation is that the only non-trivial information contained in
Ampere’s law is the relation V - J =0.

(i1) Another point to observe is that viscosity and thermal conduction are neglected
in the model. This too is a good approximation since these effects are small
in the core of the plasma where all profiles are essentially uniform across
the cross-section. They are, however, important near the MHD channel walls
where narrow boundary layers form. Since these represent energy loss mech-
anisms, they should be maintained when assessing the overall performance of
an MHD generator, but they do not play an important role in the development
of the ionisation instability in the core plasma.

(iii)) A further key point of physics is that the electron energy equation describes
a basic balance between preferential electron ohmic heating and the resulting
temperature difference between electrons and the primary gas. Convection and
compression effects can be shown to be small, and are therefore neglected.

(iv) Lastly, note that various similar, although not identical, forms of the start-
ing equations have appeared in the literature (see for instance Mitchner &
Kruger 1973; Rosa 1987; Messerle 1994) — there is nothing dramatically dif-
ferent from the present starting model. Still, it can be shown by a rigorous
mathematical maximal ordering procedure that the model described above is
entirely self-consistent and contains all the information required to calculate
marginal stability of the ionisation instability.

The analysis will show that stability ultimately requires a relatively low fraction of
seed gas to primary gas. Therefore, it should be a good approximation to assume
that the momentum and energy exchange collision frequencies are dominated by
electron-primary gas interactions. The validity of this approximation is tested at the
end of the calculation. However, it is not explicitly employed during the analysis.

A final point is that while the primary fluid mass, momentum and energy relations
have been listed as part of the starting equations, they actually do not enter the sta-
bility analysis. The reason, as stated, is that these relations are needed to determine
the slow axial dependence of the equilibrium quantities, but are not directly required
for the short wavelength stability analysis. The relations yield expressions for the per-
turbed fluid density, velocity and primary temperature, which when compared with
other terms in the electron equations can be shown to be small by 1/kyL < 1, where
ko is the wavenumber of the unstable mode. These quantities can be calculated, if
desired, after the analysis of the electron equations. Physically, the ionisation insta-
bility is predominantly an electron phenomenon involving ionisation and electron
energy balance. The primary fluid does not play a significant role.

3.4. Equilibrium

The first step in the analysis is to examine the equilibrium properties of the plasma.
In addition to expressing all quantities in terms of the input velocity and magnetic
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field, it will also be of use in the stability analysis to derive a relationship between
the temperature difference, Hall parameter and ionisation fraction. As stated, the
analysis focuses primarily on the behaviour of the electrons because of the koL > 1
assumption.

3.5. Electron Ohm’s law equilibrium properties

We begin by writing Ohm’s law in component form for a linear MHD Hall gen-
erator. The flow is along the x axis and the magnetic field is uniform and in the
z direction. For a Hall generator, the electrodes are shorted out in the y direction
implying that E, =0. Also, no voltage or current flow occurs along the magnetic
field direction, so that E, = J, = 0. Ohm’s law reduces to

J,B
Ec=nl += =
J. By
—v,B=nJ, — ot
E,.=0. (3.7)

As assumed, the fluid velocity, v,~v,e,, of the primary gas will remain
unchanged during the development of the instability.
Next, one introduces definitions of several basic parameters entering the analysis,

2kT,\ "
Vit = Vep = 1,0 opUre = N0 ( e) Collision frequency,
meVy . e .
n=— Resistivity,
en,
By Q.
= = — Hall parameter,
en.n Vm
3 mpvf, 1/2
M=|-——"= Mach number. (3.8)
5 kT,

Here, o, is the known cross-section for momentum exchange collisions between
the electrons and the primary gas. Also, the Mach number is important since the flow
must be supersonic, M > 1, for good energy conversion in a Hall MHD generator.

In addition, define an equilibrium load resistivity n; as

E,
ne (x)=_.]_x’ (39)
which is then normalised as n
Z (x) = £, (3.10)
n

The quantity Z(x) replaces E,(x) as one of the basic unknowns and is introduced
to simplify the analysis.

https://doi.org/10.1017/50022377825100482 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377825100482

Journal of Plasma Physics 11

Using these relations, one obtains, after a straightforward calculation, the desired
expressions for the current densities and electric fields in terms of the fluid velocity,

ﬂz
Jy=|——|en,v,,
[ﬂ2+1+z] b
1+2Z B+ 2)
y=———Ji=— | 5——= | en.v,
B B+1+27

E, BZ
S 7)== | ———|en.,,
B+1+2

n
2 =0. (3.11)
n

Also of interest are expressions for the power density to the load S;, the Ohmic
power density So and the total input power density converted to electricity S¢ =

SL+SQ:
Pz
St=—E-«J=—E.J.=mn,vyv,————,
B+ 1+2)
2 2 2
+(1+Z
Samns = (724 72) = man P LT UA D]
B*+14+2)

B2 (1+2)

— 3.12
"B +1+2Z 612

SC = SL + SQ =m.n,Vyv

3.6. Electron energy balance

We now focus on calculating the temperature difference due to Ohmic heating.
The desired relation is obtained by substituting into the energy balance relation given
by (3.2) and repeated here for convenience:

3
JVENe (kT, — kT,) =nJ>. (3.13)

Substituting into this relation, one can evaluate the temperature ratio of interest
T,/T,. The result is

L, 2nJ? _(5M2)52[/32+(1+Z)2]
9 B2+1+2)°

T,  3vgnkT,

(3.14)

Note that a large temperature ratio requires high values for the Mach number and
Hall parameter.

This information, coupled with the Saha equation, defines all the equilibrium
information required for the stability analysis.

4. Stability - the marginal stability boundary

The stability analysis is carried out by linearising all quantities about their equilib-
rium values using a standard multiple length scale expansion. Assume a slow length
scale r; to describe variations along the long equilibrium length scale. Similarly,
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introduce a fast length scale r ; to describe the short wavelength variations associated
with the instability. The implication is that any quantity Q7. (r, t) can be linearised
as follows:

Oru(r,t)=0(@) + Q(r, 1)
=Q(r) + O(ry, 1y, 1)
= Q(r,) + O(r,) exp(yt + ik.x; +ik,y; +ik.zy) . (4.1)

Here, quantities with a tilde are the linearised perturbations and y — 0 corre-
sponds to marginal stability.

A key mathematical point is to distinguish the different length scales between
equilibrium and stability. This corresponds to the following ordering require-
ment: VQ ~0Q/dr,~ Q/L and VQ ~ 8Q/8r + 8Q/8rf ~ Q/L + lkoQ ~ zkoQ
with kj =k} + k3 + k2. Because of the short wavelength assumption, each equilib-
rium quantlty Q(r,) can be viewed as a ‘constant’ on the short r; stability length
scale. The derivation of the stability boundary thus becomes purely algebraic (i.e. no
differential equations to solve). It has the form of a local criterion that must be sat-
isfied separately at each point r, along the MHD channel. Violation at any location
will lead to the development of a short wavelength ionisation instability.

The strategy of the analysis is to express all perturbed quantities in terms of the per-
turbed electron density. Once accomplished, it is then straightforward to determine
the marginal stability dispersion relation. A useful order to carry out the analysis is
described as follows.

4.1. The Saha equation

The Saha equation, given by (3.2), determines the relation between 7, and 7,.
Linearisation of the Saha equation yields

T, n,
E_MZ (4.2)
where
1 N 1 2KT, 2—f
T 2T.AN/AT) 2 (3kTg +2E1) (1 - fI)
z(kn>(2_ﬁ)a ! (4.3)
2E; ) \1— fi 1— fi

and f; =n./n, is the equilibrium fraction of seed ionisation. The approximate
expression makes use of the fact that k7,/E; < 1. The value of « is critical in that it
is a direct measure of the degree of ionisation of the seed gas. Small @ << 1 implies
small to modest ionisation fraction: f; < 1. Moderate to large o > 1 implies nearly
full ionisation: f; — 1. Also, as stated, the perturbed 7, should be, and is, neglected.

4.2. The perturbed collision frequency

In the analysis, it is necessary to evaluate the perturbed collision frequency plus
several related quantities. Consider first the momentum exchange collision frequency
defined by vy =v,,. A straightforward calculation leads to

- 17, 17,
vM:Uep:n UTE 2T [7 EE . (44)
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Next, 7,/ T, from (4.2) is substituted, yielding the required relation between ¥y,
and n,,

Mg, (4.5)

From (4.5), it then follows that the perturbed Hall parameter is given by

B _ Q/vw) (“Ow/vw) _ Bu _ e “.6)

B (Re/vu) Uy n,

Similarly, one can easily derive the perturbed resistivity. Since the resistivity is
defined as n = m,vy/n.e?, this leads to

T Ny (4.7)

Ym n, n.

= |

Lastly, the perturbed energy equilibration time can be written as

v % T,
LMoy (4.8)
Ve Vm ne

4.3. Maxwell’s equations

Maxwell’s equations lead to relationships between the components of the per-
turbed electric field and current density in terms of the wavenumbers. These relations
are given by

VeJ=0-kJ +kJ, +kJ. =0,
VxE=0-kE,—k,E, =0 and kE.—kE,=0. (4.9)

Note that the term d B /0t has been neglected in Faraday’s law based on the well-
satisfied assumption that the induced currents in both equilibrium and stability are
small, plus the focus on marginal stability. The magnetic field is a pure static vacuum
field.

4.4. The perturbed currents

The perturbed currents are found from the MHD Ohm’s law, neglecting variations
in the primary gas velocity: v, = 0. After some straightforward algebra using (4.9)
plus the z component of Ohm’s law, one finds that J~y, I, Ey, E, can be expressed
in terms of fx, Ex as follows:

.k -
E\ __Exv
k,
- k. ~
EZ=_ZEX7
k,
-k E,
ke’
- k.~ Kk E,
J=—2J — == (4.10)
i k, kyky m
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Using these relations, one can write the x and y components of Ohm’s law in
terms of Jx, E as

1k"i1ﬁkE— ) J Jﬁe
( _IBk_y) x_< +kxkv)7_[_(a_ ) x+:3 y]n_8s

"x+5 J+ ky k) E [@—1)J +ﬁf]"9 (4.11)
_ X . _— = o — ) x| —- o
ky ke = kiky) 7 ’ n,

Equation (4.11) can be solved for J, and E,. These results are then back substi-
tuted to obtain expressions for several other quantities of interest appearing in the
stability analysis. After a slightly tedious calculation, one obtains the required results,

. 1
= 1+ 8 (k2/K2) {(

k? i,
+k_§ [(B>—a+1)J, —l—oc,BJ]}n—e

- )_yJJ_+,3 Ju

E, 1 k. i,
FZ—WIC—O [(,3 —Ol+1) J||+OZ,BJJ_:|n_e
iy:;{—(a 1)le—,3 JH
A (/R &
+k—Z2 [(ﬂz—a+1)1,—aﬁj]}@
kg ? Non,
T+ 1,0, = S [— (a—D)JP=BJJ + = a3 (B —a+1) JZ] e
1482 (kf/kg) k2 n,
(4.12)
Here,

ki =ki +k; + k2,
P=L+ 1=+ 70) /(1 =k/k),

J.=0,
1 1
JJ_Z_(eZ'k X J)=_ (kaV_kVJx)5
k() kO ’ '
1 1
Jy=—(k-J)=— (k. +k,J)). (4.13)
ko kO

4.5. The energy balance equation
The last equation of interest is the energy balance equation. For convenience, this
equation is repeated here, adding the standard time variation term on the left-hand
side,
E,;

on, 3
= nJ? — Svene (kT, —kT,) . (4.14)

The time variation term vanishes in the limit of marginal stability, but is included
to determine the correct sign for the stability boundary.
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Linearising this equation leads to

- - 3 3 ~
yEift, = 17+ 2n(JJ, + I, J,) — 3 (KT, —kT,) (Vgn, + ven,) — JVEnekT,.
(4.15)

As before, neglect the variation of the primary gas temperature f”p &« T,. Each of
the terms in (4.15) can now be expressed in terms of 7,. A short calculation yields

) 3
(yn E;) 2 = {,712 (0= 142K) = Snvp [Go+ 1) (KT, = KT,) + ZakTp]} ne
n ne

e

(4.16)
with
K (ks kg k) = ————— [ — (@ — )—2—ﬂu” L —a)
e 1+ B (k2/k3) R '
(4.17)

Taking the limit y — 0, one sees that the dispersion relation defining the condition
for marginal stability is given by

3
nJ? (@ —142K) — eV [Ba+1) (kT, — kT,) + 2akTp] <0 for stability.

(4.18)

This is the required relation with simplifications to follow.

Before proceeding with simplification, this subsection is completed by providing
the justification for neglecting the perturbed quantities associated with the primary
fluid. An important point to recognise is that the maximal ordering assumed in the
starting equations requires that 8 ~ a ~ M? ~ O(1). With this assumption, it follows
that all the electron perturbations just calculated are of the same order,

LN PN (4.19)

If one now uses this ordering in the primary fluid mass, momentum and energy
equations, it follows that .
7 v T, 1 n,
A Nl AP (4.20)
n, v, T, kiLn,
We see that all primary perturbations are smaller by 1/kyL than the electron
perturbations. This is the justification for neglecting them in the derivation of the
dispersion relation.

5. Stability - simplifying the dispersion relation

The dispersion relation can be substantially simplified. There are two steps. First,
all quantities should be expressed in terms of M2, B, «. This is straightforward.
Second, one has to determine and substitute the most unstable wavenumber. This
requires a little work.

We begin with determining the most unstable wavenumber. Observe that the indi-
vidual wavenumber components only appear in the coefficient K = K (k,, k,, k,).
The sign of the inequality in (4.18) is such that the most unstable mode corresponds
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to choosing the components of the wavenumber to make K = K. This requires
some tedious algebra and the following procedure is a useful strategy.
The components of the wavenumber can be written as

k. =kosin ¢,

ke =kqsin ¢ cos ¢,

ky, = ko cos ¢ cos ¢,

ki +k; + Kk =k;. (5.1)

These expressions are substituted into K, leading to

_ 1 N JLJ} > -2}
K_l—i-ﬁzsinzd){[ (@ 1)J2 'sz +(B—a+1)sin ¢, (5.2)

with
CkeJ ko kJ,

Jy= = (Jysin¢ + J, cos ¢) cos ¢,
ko ko
-k k.J, —k,J, )
JLzeZ XJ: 2 2 =(—chos§—|—vam§)cos¢,
k() k() :
Jp+Ji=(J}+J])cos” p = J? cos’ ¢. (5.3)

The last equation allows the introduction of a convenient new angle x = x(¢),

Jy=—J cos x cos ¢,
J, =Jsin x cos ¢. (5.4)

The negative sign in J; implies that a positive x maximises rather than minimises
K. The relation between x and ¢ is given by

J,—Jytan¢

_—. 5.5
Jytan¢ + J, (5-)

tan x =

Substituting (5.4) into (5.2) leads to

1

) . 2 2 -2

K e {[— (@ —1)sin® x 4 B sin x cos x] cos’ ¢ + (B — a4 1) sin” ¢} .

(5.6)

Observe that the short wavelength, local approximation, eliminates the explicit

appearance of kj in this expression. Thus, the most unstable K is found by maximis-

ing with respect to y and ¢; that is, setting 0K /dx =0 and 0K /d¢ =0. A simple
calculation that sets 0K /9 x = 0 yields

tan2y = . (5.7)

a—1
The value of K reduces to
1 — sin’ .
a1 +£]" ~@-D] 72 4 (a4 1) sin’
K = 2 (5.8)
. 2 .

1+ B%sin” ¢
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Consider now maximisation with respect to ¢. The expression for K is mono-
tonic with respect to ¢ with extrema at ¢ =0 and ¢ = /2. The most unstable
choice is determined by examining the ratio of K at the two extrema. This can be
accomplished by rewriting (5.8) as

1 4 B sin’
K=Kt P S

1+ B2sin” ¢
322132—054—1_

Ky

1
KO:E {[(O[— 1)2+,82]

1,

172

(@— 1)} > 0. (5.9)

The condition for the maximum to occur at ¢ =0 requires that B2 < B>
Conversely, for the maximum to occur at ¢ = /2 requires that > > B2. A short
calculation shows that the 8> < B2 condition can be written as

pP<p—-[2@-1-(F-1)] =0 (5.10)

Clearly, this condition is always satisfied, showing that ¢p =0 is the most unsta-
ble value. This corresponds to k. =0, which agrees with intuition. Thus, the most
unstable wavenumber leads to a value for K = K, given by

Ko = Ko= 5 [[@— 1?4 7]

(oz—l)}. (5.11)
The stability condition is now obtained by substituting K., from (5.11) into the
general stability relation given by (4.18). This leads to

17 - 3 v [Ga+ 1) (KT, —kT,) + 22kTp] <0.  (5.12)

nd? [(@ =1+ p° 3

The final simplification is to substitute nJ? from (3.14). After some straightfor-
ward algebra, one finds that the stability condition sets a maximum allowable value
for the Hall parameter,

, 1 1
B> <4a (2+E> |:1+a<l+ﬁ)],

T,
AT == —1,
TP
kT, 2 —
g Ke2= 01 (5.13)
2E; 1—

This is the desired relation. It is convenient in that it is purely algebraic, but not
so easy to interpret because there are many terms. The approach used here is to
approximate three interesting, physical limits analytically to obtain some insight.
Quantitative results are then presented by solving the equation numerically, subject
to appropriate constraints.
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6. Analytic limits

The task now is to examine the ionisation instability criterion and determine,
or at least gain some insight on, how it impacts MHD generator performance.
In principle, this could be accomplished by designing an MHD generator, varying
several key parameters and learning how a figure of merit, for instance defined as the
fraction of ‘furnace’ enthalpy converted to load power, is maximised when subject
to the instability constraint. This is not possible with the present analysis because the
stability criterion is a local one. In other words, the local criterion by itself does not
determine the generator length, cross-sectional area and global performance.

What is needed instead is an alternate local figure of merit that intuitively measures
generator desirability. Two plausible choices are as follows. For the first, assume the
stability criterion is satisfied locally at each axial location of the generator by appro-
priately shaping the cross-section using advanced 3-D manufacturing techniques. A
certain fraction of the ‘furnace’ kinetic plus thermal energy is converted to electric-
ity. Of this converted electricity, part provides Ohmic heating (Sg) of the electrons
and the remainder is the desired power delivered to the load (S;). Intuitively, one
wants most of the converted electricity going to the load rather than heating the
electrons. Thus, the ratio

Sq _ Ohmic power density

= = 6.1
S, Load power density ©.1

evaluated at the generator inlet should be a reasonable figure of merit describing gen-
erator performance. Obviously, one wants Sq/S; as small as possible for a desirable

generator.
The second figure of merit is the electrical conductivity of the weakly ionised
plasma,
2
nee
o=1/n= , (6.2)
m.Vy

again evaluated at the inlet. Intuitively, a high electrical conductivity is desirable for
large currents and corresponding high power densities to be generated. This too is a
plausible measure of generator performance.

To gain some insight, the stability criterion is analytically simplified for three
cases of interest to see what the resulting impact is on generator performance as
determined by the two figures of merit just defined. Also examined is whether or
not high field (i.e. high 8) helps or hurts the situation. Intuitively, high field should
be useful since it leads to a large Hall voltage and corresponding high power to the
load. However, the stability criterion places a limit on the maximum allowable field.
The question is which of these plays the stronger role. The three cases analysed are
as follows: (i) open cycle fossil fuel generator; (ii) standard closed cycle generator in
which the seed gas is only weakly ionised; and (iii) advanced closed cycle generator
with near full ionisation. Does the analysis show that near full ionisation leads to the
attractive performance that has been observed experimentally?

We shall see that to carry out the analysis for each case considered, it is necessary
to estimate the size — small, medium or large — of the quantities AT, 8, f;, Z from
which one can then deduce the sizes of S,/S; and o.

6.1. Open cycle fossil fuel generator

An open cycle fossil fuel generator is characterised by a weakly ionised seed
gas that is at nearly the same temperature as the primary gas. To obtain a high
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electrical conductivity, the temperature must be relatively high (7, ~ T, ~ 2500 K).
The need for a high temperature can lead to material problems, which are one of
the drawbacks of an open cycle fossil fuel system.

Keep in mind that the analysis so far has focused on closed cycle systems, which
assume a monatomic gas. For a fossil fuel system, essentially all of the analysis still
applies, with one exception. The relation between vz and vy, is modified as follows:

vp =20 = vy =261, (6.3)
m, m,

Here, § is an energy equilibration enhancement factor whose value depends on the
primary gas used in the generator (see for instance Rosa (1987)). For a closed cycle
system using a monatomic gas (e.g. Ar), then 6 = 1. For an open cycle system using
a mixture of complex molecular gases (e.g. CO, CO2, NO), then § > 200. When this
effect is included in the analysis, the important place in which it appears is in the
relationship between AT and Z. Specifically, this relationship, given by (3.14), is
now replaced by

2 2
AT:(5M2> B*[B*+ 1+ 2)°] _)AT_(5M2> B*[B*+(1+2) ].
9 B2+1+2)° 98 B2+1+2)°

With this modification, consider the limit of an open cycle fossil fuel plant defined
by fr < 1 and § > 1. The appropriate orderings and approximations are as follows.
First, the assumption of a low seed gas ionisation fraction f; < 1, implies that

kT, 2— f; kT,
o = ~
2E1 1— f] E]

(6.4)

<. (6.5)

Second, the energy balance relation between AT and 8, Z, given in (6.4), shows
that for modest to high Hall parameters, 8 ~ 1 to 8 > 1, and typical Mach numbers
M ~ 1-=2, the temperature difference is small for any Z < g,

2 2 2
AT=(5M2>/3 B +1+27] 1

- <1, 6.6
%5 Fr1t2) 5 < (6.6)

The temperature difference is small as expected in an open cycle system with a
complex molecular primary gas — energy transfer between electrons and primary gas
is rapid when § > 1.

Next, to apply the stability criterion, one needs to estimate o/ AT, the ratio of two
small parameters. Since o ~ 1/20 and § 2 200, observe that

o
— ~ad 1. 6.7
AT ad > (6.7)

This scaling is substituted into the expression for the stability 8 limit leading to

the simplified result,
B> <4a 2+L l+a 1+L
- AT AT

2o 2>>1 B < 20 6.8)
~ [ = — —. )
AT - AT
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While the instability limits the value of 8, this limit is high; that is, it does not pose
a serious constraint.

All quantities, except Z have now been scaled. This last scaling is obtained by
substituting into the first figure of merit and then minimising with respect to Z .
From (6.1), one sees that the figure of merit reduces to

Se  [F+(1+2)]

S L —— 6.9
S, 57 (6.9)

This function has a minimum with respect to Z at
z=(1+p)"~B8, (6.10)

which is consistent with the scaling assumed previously, and results in a figure of
merit given by
So  1+(1+p)" 1
ﬁzzﬁwf (6.11)
St p p
High B, or equivalently high B, leads to good performance.
Turning to the second figure of merit, one sees that it scales as
e’n, n,

~ L (6.12)

/2"
meVy Te/

o =

This form is misleading in that raising n, and lowering 7, ~ T, to increase o
also increases the contributions of v,, and v,; to v,,. When these contributions are
included, it has been shown (Rosa 1987) that there is actually an optimum density
that maximises o. At the optimum, n.(7,) and o (T,) are given by

= (222 X0
O en kTe

e’n, 1
m, [2(Vepven)l/2 + Vei] ‘

o(T,) = (6.13)

The conductivity o, is a rapidly increasing function of 7, and independent of B,.

What are the main conclusions for an open cycle generator? There are three. (i)
The ionisation instability poses a limit on the maximum allowable 8, but this limit
is high and thus does not represent a serious constraint on performance. (ii) The
first figure of merit Sq/S; becomes smaller as S increases. In other words, high
B, corresponding to high By, is a good strategy to maximise performance. (iii) The
second figure of merit o is independent of By, but increases with T, ~ T,. High
temperatures, of the order of 2500 K, are achievable with fossil fuel power plants.

6.2. Standard closed cycle generator

The open cycle fossil fuel generator has to deal with high temperature materials
problems, which, while difficult, are not insurmountable. Even so, there is less inter-
est now in fossil fuel plants, particularly those powered by coal, because of CO,
emissions.

In contrast, because of basic physics and engineering constraints, nuclear power
plants, both fission and fusion, cannot at present achieve comparably high temper-
atures in the primary coolant. Typically, T, ~ 1000—1300 K is closer to the upper
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limit. Because of the strong exponential 7, dependence in the Saha equation, the
electron density would be reduced by approximately 10 orders of magnitude when
T,~T, is reduced by a factor of approximately 2, from 2000 K to 1000 K! This
has motivated the idea of using a closed cycle generator, with a monatomic primary
gas such as argon (Kerrebrock 1964; Kerrebrock & Hoffman 1964; Sheindlin et al.
1964). The reasoning is that with the long energy equilibration time between argon
and seed electrons, say potassium, plus the continuous Ohmic heating along the
channel, it should be possible to maintain a finite temperature difference between
the two species. ‘We can have our cake and eat it’. Lower temperature argon, easy
to produce in a nuclear plant, combined with high temperature electrons needed for
large electrical conductivity, should lead to highly efficient energy conversion.

Unfortunately, here is where the ionisation instability enters the picture. This insta-
bility is excited when there is a substantial temperature difference. The question then
is how much impact does the maximum allowable stable temperature difference have
on the energy conversion efficiency, as defined by the figures of merit? This question
is now addressed for a standard closed cycle MHD generator defined by f; < 1 and
8 = 1. The analysis proceeds as follows.

As noted previously, the weakly ionised seed gas assumption, f; < 1, leads to the
ordering

g Me22 01 KT (6.14)
2E1 1— f[ E]

Now, since the primary gas temperature is assumed to be low, one needs to operate
in a regime where the temperature difference is no longer small, but is instead finite:
AT ~ 1. However, this assumption leads to a contradiction. Specifically, for AT ~ 1,
the stability condition, (6.8), requires that B ~ «a!/?> < 1. When substituted into the
energy balance relation, (6.6), and setting § = 1 for a monatomic gas, one sees that
this implies AT ~ B? < 1, which violates the original assumption.

After some thought, note that for a weakly ionised seed gas in a monatomic
primary gas, the self-consistent ordering assumption becomes

a1,
AT ~a'? « 1,
a/ AT ~a'? « 1. (6.15)
These orderings imply that
5M?
AT =~ T'Bz ~a'?«1 Energy balance,
, 4o 12 . ..
B~ < AT ~a'’tkl Stability condition. (6.16)
The two figures of merit reduce to
So (1+2) 4 1 L .
S_L ~ ﬂZ—Z ~ E Y > 1 Minimized figure of merit (Z = 1),
2 1
o (T,) = T,~T,. (6.17)
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This corresponds to an unattractive mode of operation: (i) the temperature differ-
ence is small because of the instability (making it difficult to obtain a high o); (ii)
the Hall parameter is small (leading to an undesirably low Hall voltage); (iii)) Sq/S;
is large (indicating that most of the converted electricity is going into Ohmic heating
and not the load); and (iv) the conductivity is very small because of the low electron
density implied by the low temperature in Saha’s equation.

The main conclusion from this analysis is that the ionisation instability imposes
a strong constraint on the performance of a closed cycle MHD generator using
a monatomic primary gas plus a weakly ionised seed current. This conclusion
was borne out experimentally early in the programme (Velikhov & Dykhne 1963;
Velikhov et al. 1965). The instability has largely been viewed as a ‘show stopper’
and much of the research in this area has been strongly curtailed.

6.3. Advanced closed cycle generator

In spite of the dire theoretical predictions and poor experimental performance,
experimentalists did find a way to improve closed cycle operation. It was observed
that when the seed gas became essentially fully ionised, the ionisation instability
would be suppressed. There have been several contributions in the theoretical lit-
erature (Petit & Valensi 1969; Mitchner & Kruger 1973; Nakamura & Riedmuller
1974; Kien 2016) that support this conclusion but, to the author’s knowledge, no
sharply defined stability condition and corresponding scaling relations have explic-
itly appeared. This gap is filled in the present work and represents one important
contribution. It is also worth noting that while performance could be improved
experimentally, the gains were not sufficiently large so as to strongly regenerate inter-
est in this area of research. A second important contribution of the present work is
to investigate whether access to much higher magnetic fields, now possible because
of REBCO superconductors, can lead to much larger gains in performance, perhaps
sufficiently large to regenerate interest in closed cycle MHD energy conversion.

The advanced closed cycle MHD generator is defined by f; — 1 and § = 1. The
analysis to predict performance again requires some thought with respect to the
orderings of various quantities and the corresponding experimental consequences.
The starting point is the assumption of near full ionisation of the seed gas: f; — 1.
In fact, for best performance, the seed gas must be very near full ionisation so that
the following ordering holds for the ionisation parameter:

KT,2— f; kT, 1
o= ~
2E;1—f1 2E/1—f;

> 1. (6.18)

The parameter has obviously switched from being very small to very large, which
is the key mathematical insight needed to produce a high performance closed line
MHD generator.

Best performance also requires operation in the regime of a large Hall param-
eter plus a large load impedance. Not so obviously, the relative size of these two
parameters must satisfy

B>Z>p>1. (6.19)

For example, Z ~ B%?. When this assumption is substituted into the energy
equation, this leads to

sMA\ BB+ +2)?]  [(SM>\ Z?
- ~ 1. 2
Al ( 9 ) B2+1+2) ( 9 )ﬂ2 > (©20)
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The temperature difference is now large, one desirable goal. In the interesting
operational regime, the ratio of the two large parameters o, AT is assumed to

satisfy
a 9kT, B> 1
A = 1, 6.21

AT (10E,M2> Z21— f; > 6.21)

which sets the required level of ionisation. Next, substitution into the stability

criterion leads to
Br<da(2+ 1 l+all+ :
- AT AT

~8a’ > 1, (6.22)
which reduces to
< 21/216_7;# 6.23
P2 (6.23)
1 — JI

Equation (6.23) is an important result. It clearly shows the relation between the
maximum stable 8 and the degree of ionisation 1 — f;. Stability at high 8 requires
nearly full ionisation.

Before proceeding, it is worthwhile noting that so far, it has not been necessary
to specify a precise scaling of Z with §, only the range given by (6.19). As such,
a simple way to clarify the abovementioned tangle of orderings is to actually make
two specific assumptions with respect to Z and kT,/E;:Z ~ B* with 1 <« <3/2
and kT,/E; ~ 1/, both consistent with the abovementioned assumptions. Then, all
relevant quantities can be scaled directly with 8, and simultancously satisfy all the
orderings previously discussed,

kT, 1

N_<<15

E, B

Z~p“>1 and 1<k <3/2,
AT ~ lBZ(K*l) > 1’

a~pf>1,

o

E Nﬂ372k > 1,

1
1—f,~ﬁ<<1. (6.24)

We can now use this ordering scheme to evaluate the two figures of merit.
Consider first Sq/S;. A short calculation yields

Se [BP+U+27] zZ

= =X

SL ﬁZZ 132 ﬁZ*K

If one wants to minimise S,/S;, then high g8 (i.e. high By) is a good strategy.
The second figure of merit requires a little more work, which makes use of
the relations n,~n,, 1 — f; =n,/N~n,/N and B = (eBy/m,)/vy = RQL./vy. The

result is , , ,
oo e _(€ne) (NKLN o (KLY (€N ) (6.26)
m,Vy m, 2F;a E, m,$2,
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We see that if the goal is to achieve large o, then small 2, (i.e. small By) is the
path to take.

As stated earlier, the two figures of merit have opposite requirements on B, to
achieve good performance. Low Sq/S; requires high By, while high o requires low
By. The physical explanation for these opposing requirements is as follows. The con-
ductivity is proportional to n,. Now, as B, increases, the need to ever more closely
approach full ionisation for stability requires, by virtue of Saha’s equation, that the
seed density n, decreases. Since n, ~ n,, the implication is the electron density and,
hence, the conductivity will also decrease as By increases. In contrast, for the second
figure of merit Sg/S;, the electron density cancels when forming the ratio. The result-
ing Sq/S, is only a function of B o« By/T,)/* with the B, dependence dominating,
since the electron temperature only varies slightly because of its exponential depen-
dence in Saha’s equation. The high performance associated with high field leads to
the result that Sq/S; will decrease as B, increases, which is a favourable result.

Resolving this dichotomy requires a global solution to MHD generator design,
which is not possible using only a local stability criterion. The global analysis has
been completed and will be reported on in the near future. As a preview, note that
a global design is actually strongly influenced by engineering constraints which are
not considered here. Including these constraints demonstrates that there is a high
but optimum magnetic field that maximises performance.

We close this subsection by discussing one further major point - the significance
of the precise scaling of the ionisation fraction f;. After all, it seems extremely
difficult to measure or control the ionisation so accurately. This, however, is not the
main concern. Instead, the nearness to full ionisation provides a strong constraint
between the electron temperature and electron density via Saha’s equation. The
constraint leads to the following relation:

e () ()= () () e
e 2E; ) \a )~ 2E; )\ B/’ ’

which sets the maximum allowable density of the unionised seed gas. This is a critical
design constraint for closed cycle MHD generators to be used as a topping cycle for
a nuclear power plant.

What are the conclusions with respect to advanced closed cycle MHD Hall
generators? Overall, they are positive: (i) the temperature difference is large, which
is just what is needed to create a high conductivity plasma assuming a low primary
gas temperature; (i) the seed gas must be very close to full ionisation for stability,
as observed experimentally; and (iii) the two figures of merit make conflicting
predictions as to the value of high field. This is not necessarily bad, but more work
on global designs is needed to resolve the conflict and determine the optimum
magnetic field.

7. Numerical results

The last section in the paper focuses on the nearly full ionisation, closed cycle
MHD generator. Here, the exact, unexpanded stability equations are solved numer-
ically, using a set of practical numerical values, to obtain a reasonably quantitative
picture of generator performance in un-normalised units. It is also verified that the
analytic scaling relations discussed previously are well satisfied.

The analysis is slightly complicated by the fact that when switching to real units,
there is a critical missing piece of information. Ideally, when actually designing
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an MHD topping cycle generator, one needs a well-defined global technical goal,
for instance, to achieve an enthalpy conversion efficiency of 35 %. Note that this is
equivalent to 35 % of the total input enthalpy being converted directly into electricity
in the load. When the remaining 65 % of the enthalpy is fed into a standard steam
bottoming cycle, the overall plant efficiency is approximately 55 %.

Unfortunately, this type of non-local goal is not possible to implement using only
a local theory of stability. Instead, a local replacement for the global goal is needed.
A good strategy is to assume that the marginal stability criterion is satisfied locally
along the entire generator length, and then choose a meaningful physical quantity
at the inlet as an alternate local goal. One possible, although not unique, choice for
this quantity is the total converted electric power density, Sc. This quantity strongly
impacts economics. Typically, S¢ in other types of power generators may be of
the order of 100 MW m~3. The following results assume that the generator under
consideration has a specified value of S¢ at the inlet, and for comparison, three
different values, Sc =100, 200, 300 MW m 3, are considered.

Also, when substituting numerical values, a high temperature gas cooled fission
reactor (HTGR) is chosen as the ‘furnace’ (NEA 2022). The HTGR uses helium as
the coolant. The nuclear heated helium passes through an energy exchanger in which
the secondary gas is argon. The argon itself is then passed through a Laval nozzle
to produce a gas flow with a Mach number greater than unity, which is important
in achieving high energy transfer efficiency in a Hall generator.

Our goal is to substitute practical values for the quantities of interest and then
calculate, using the previous analysis, the figures of merit, S,/S; and o, plus other
quantities of physical interest, as a function of the magnetic field By. Does high field
offer the possibility of a substantially improved MHD energy convertor?

7.1. Input parameters

The first step in the analysis is to choose ‘furnace’ values corresponding to
the Argon gas leaving the heat exchanger. These values are held fixed during all
calculations. For the HTGR they are given by (NEA 2022):

(a) argon coolant input pressure to the Laval nozzle: p;, =5 x 10°® Pa~ 50 atm;
(b) argon coolant input temperature to the Laval nozzle: T;, = 1000 K;

(c) argon coolant input velocity to the Laval nozzle: highly subsonic vizn K
2kT, [ my;

(d) argon coolant output Mach number from the Laval nozzle: M = 1.8.

The output properties of the Laval nozzle gas serve as the primary argon input
quantities to the MHD generator.

(a) Argon MHD inlet pressure:

y—1_ N\ 7T 3\ ]
Dp= I+TM Din = M2—+3 pin =0.801 x 10° Pa=8.01 atm.

(b) Argon MHD inlet temperature:
r= (1470 1= ()1, —as1k
p — P in — M2 + 3 in — J
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(c) Argon MHD inlet number density:
p y =1 N7 py 3\ pu
n,=-—+=14+———M> = =1.21 x10*m™.
kT, 2 kT, M?+3 kT,
(d) Argon MHD inlet velocity:
kT,M>\'"?  (5kT,M>\"?
v, = (V—p) = <#> =735m sec”!.

4
m, 3m,

Here, y is the ratio of specific heats (for a monatomic gas, y =5/3). The
abovementioned values are held fixed for all calculations. Observe that the MHD
generator input temperature is 481 K, substantially reduced from the initial 1000 K
because of the need for a Laval nozzle to produce a supersonic flow velocity.

Two other input quantities that are held fixed during a given calculation are the
magnetic field and converted electric power density. Separate calculations scan the
values of these two quantities, whose range covers:

(1) Magnetic field: 3T < By <20T;
(i) Power density: S = 100, 200, 300 MW m—3.

The magnetic field is allowed to vary over a wide range. The lower value of 3 T
corresponds to typical operation of MHD generators prior to the almost complete
termination of the USA programme in the 1990s. The higher value of 20 T is at
the limit of practical magnetic fields using the recently developed REBCO supercon-
ductors (Vieira et al. 2024). As discussed, the second scanning parameter of interest
is the inlet converted electric power density and three plausible discrete values are
chosen. Too low a value outside this range implies a large, uneconomical generator.
Too high a value translates into serious material problems on the generator walls
and electrodes.

7.2. How to obtain a solution

Assume now that all the input parameters have been specified, including values
for By and Sc. It is shown now that obtaining values for all the physical quantities of
interest requires the solution to a nonlinear algebraic equation for the temperature
T,, a simple numerical calculation. The procedure requires making an initial guess
for T, and then evaluating the following quantities in the order listed,

T, .
AT = i 1 Definition
p
2kT,\ "
Vi =1,0 . ( . e) Definition,
5 :
B= 2o Definition,
meVy
172
Z=£+ [S(i——i_)] Energy balance,
9
w= SMp AT Energy balance,
2
&= lﬁ ro_ 1 Energy balance,
— 1
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FIGURE 2. Figure of merit Sq /Sy versus magnetic field for three values of S¢ (MW m_3).

B*+1+2Z) Sc

e = Power density,
B+ 2Z) myyvl
/N (T,
1— f,= _ne/N(T) Saha,
1+n./N(T.)
1 2kT, 2— .\
o== Ji Definition. (7.1)
2 \3kT, + 2E, 1— f;
For algebraic simplicity, y =5/3 has substituted wherever appropriate in these
expressions.

All the quantities of interest have now been evaluated for the given guess of
T,. These values are now substituted into the marginal stability criterion for the
ionisation instability, repeated here for convenience,

1 1
B* =4u <2+ﬁ) [1+a(1+ﬁ)] (7.2)

In general, this constraint will not be satisfied for the 7, guess. It is here that a
simple numerical iteration on 7, is all that is required to satisfy the marginal stability
constraint.

7.3. Results

Following the procedure just discussed, a large number of cases have been eval-
uated. The most important results are summarised in figures 2 and 3, where the
figures of merit So/S; and o have been plotted versus magnetic field B, for three
values of Sc¢.

Several conclusions can be drawn. First, Sqg/S; decreases rapidly with magnetic
field, transforming from undesirable values greater than unity to attractive values
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FIGURE 3. Figure of merit o versus magnetic field for three values of S¢ (MW m).

much less than unity. In other words, high field is a potential winner for improving
the efficiency of closed cycle MHD generators operating at the marginal stabil-
ity boundary of the ionisation instability. Second, the figure of merit is almost
independent of the required load power density over a reasonably wide range
100 < Sc (MW m~?) < 300. This is not surprising since the scaling factor S can-
cels when calculating the ratio Sq/S;. Lastly, as shown by the dashed line, to keep
Sa/S. below 20 % requires a magnetic field of 14 T or greater. The 20 % value is
a desirable practical goal implying that 80 % of the converted electrical power is
supplied to the load and only 20 % to heat the electrons.

The conclusions with respect to the second figure of merit o, as shown in figure 3,
are quite the opposite. Here, lower magnetic field leads to higher conductivity. Also,
at any given magnetic field, the conductivity is approximately linearly proportional
to the value of Sc. Higher conductivity requires a higher electron density which,
in turn, requires a higher converted power density. Also, in almost all cases, the
conductivity is relatively high, greater than 10 mhom~!, which is the requirement
for a high-quality plasma even though the primary gas temperature is only 481 K.

Additional useful information is illustrated in figure 4. Plotted here are (@) electron
temperature 7T,, (b) electron density n,, (¢) Hall parameter 8 and (d) the fraction of
unionised seed gas 1 — f;, all versus the magnetic field By.

The following points are worth noting. The required temperature is, interestingly,
almost independent of magnetic field and load power density. The reason can be
traced back to the strong exponential dependence in the Saha equation. Even small
changes in the electron temperature result in enormous changes in the electron
density, which would lead to comparably large changes in the load power density.

The electron density decreases rapidly as the field increases. This is a consequence
of needing ever lower densities to more closely approach full ionisation, as required
by the marginal stability criterion. The density is also a rapidly increasing function
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FIGURE 4. Curves of (a) n,, (b) T,, (c¢) B and (d) 1 — fj, versus By for three values of Sc.

of the power density to the load. This is not surprising — more load power requires
more current, which in turn requires more electrons.

The Hall parameter increases linearly with By, which is to be expected since 8 «
By. Values of B of the order of 10-20, much larger than those in early experiments,
are needed if high field is desirable. Also, the seed gas becomes progressively closer
to full ionisation as B, increases. As stated, this is a consequence of the ionisation
instability marginal criterion. Both quantities are almost independent of Sc.

As a specific reference case, assume values for the critical generator parameters
given by M =1.8, Sc =100 MW m~3 and B, = 8T. It then follows that

Sa/S; = 0.3720,
o =12.35 mhom™!,
T, =4223K,
T,/T,=8.783,
n,=7.478 x 10”m=?,
n./n,=6.180 x 1077,
B =8.249
1— f,=0.01679. (7.3)

As compared with earlier, lower field generators, note the higher temperature ratio
and higher Hall parameter.
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The last point of interest involves a comparison of results for two other forms
of the marginal stability boundary. Keep in mind that the abovementioned results
correspond to an exact numerical solution of the stability criterion, but using the
approximate form of collision frequency vy & v,,. The first comparison involves the
vy A v, approximation. As previously stated, but not proved, it has been assumed
that the dominant collision mechanism is between electrons and the primary gas.
One can now offer proof by recalculating the results presented in figures 2 and 3,
i.e. the curves of Sq/S; vs By and o vs B, for fixed Sc =100 MW m~—3. The new
curves are obtained by setting (see for instance Wesson 2011 for v,;)

VM = Vep + Ven + Veis
Vep = anevae’
Ven = (ns - ne) Een UTe,
2172 neetln A ) (kT,)*?

Vi = 127732 ggm;/z (kT,)>> A= 47‘[—63’11/2 (7.4)

e

and solving the equations numerically. Results are presented shortly.

The second comparison involves the analytic approximation for the stability
boundary. Here, one again assumes vy ~v,, and uses the approximate form of
the stability boundary given by (6.22), which leads to

So _Z
S, B
kT, N
o2 () (). (1.5)
E[ meQE
Solutions are obtained using the procedure described in (7.1) and (7.2),
T, .
AT ~ — Definition,
p
2kT,\'"?
Vy RN,0,, ( e) Definition,
m,
B
B= e Definition,
m.,Vy
9AT\'"?
A ( i ) B Energy balance,
S
n,~ —Cz Power density,
mevapZ
11— fi~n./N(T,) Saha,
kT, 1 .
o~ Definition,
2E; \1-f;
B>~ 8a* Marginal stability. (7.6)
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These approximations greatly simplify the analysis resulting in a simple alge-
braic equation for the electron temperature. After a slightly tedious calculation, one
obtains

w™ " exp (—w) =C,

E;
w = s
kT,
1 JETAYE: TS Ting
C= 1/2 o 50— I =7.715%x 1071 Zr 7C )
(160m3%)"“ m2E;"5,, Mp, Mp,

(7.7)

Observe that the marginally stable electron temperature is independent of B,.
Also, because of the strong exponential dependence of w, the resulting electron
temperature is only a weak function of M, S¢, T,, p,

Assume now that 7, (i.e. w) is known from a simple numerical solution of (7.7).
This result is substituted into the expression for the figures of merit leading to

& f— g 1/2 ml/2EePE1 pp — O 6050 pP
- k3/2 3/2 - 3/2 ’
S. 5 e wT,’”M B, wT,’”M B,
eE 3/2 =5/2 ,—w —5/2 ,—w
o= [4713/26 (m 3’) } L ¢ _eigal < (7.8)
h 0 B,

Observe that Sg/S; is inversely proportional to By. High field is desirable to
maximise the fraction of converted power that is delivered to the load as opposed to
heating electrons. The conductivity is also inversely proportional to By, but in this
case, high field is undesirable. The conductivity decreases as the field increases.

The overall comparison of the three different theoretical models are illustrated in
figures 5 and 6.

The basic stability model used to plot figures 2 and 3 is shown in blue. The
more exact model, which includes electron-seed neutral and electron-ion collisions,
is shown in orange. Both of these models are in good agreement for all magnetic
fields, particularly at high field. The close comparison is the justification for focusing
solely on electron—primary gas collisions in the analysis.

The analytic model is also in good agreement with both of the other models at
high fields. It begins to deviate at lower fields where the assumption 8 >> 1 starts to
break down. The analytic model shows the linear inverse scaling of both figures of
merit with Bj.

8. Summary

We have revisited the Velikhov-ionisation instability and its impact on closed cycle
MHD energy generators to be used as a topping cycle for CO,-free nuclear power
plants. For many years, the instability was viewed as a show stopper for this appli-
cation, based on both theory and experiment. Still, some other experimental data,
never fully exploited, indicated that operation near full ionisation of the seed gas
could suppress the instability. Understanding this stabilisation is the basic problem
that has been investigated.

One main contribution is a first-principles derivation that shows the direct con-
nection between stabilisation of the mode and a high seed-ionisation fraction. Here,
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FIGURE 5. Comparisons of Sq /Sy, for three different stability models.

stabilisation refers to the largest allowable value of the Hall parameter 8. A specific
expression has been derived that predicts the maximum allowable seed density to
achieve the desired high value of stable 8. High values of 8 imply a large ratio of
T,/T,, of the order of 10, which is stable and very important in producing a highly
conducting plasma when the primary gas is relatively cold. Such large ratios have
not been observed in earlier experiments. It would indeed be interesting to carry out
an experimental programme demonstrating these large stable values of 7,/T,.

The second main contribution of the research has been an attempt to assess
whether much higher magnetic fields, now accessible via REBCO superconduc-
tors, would help or hurt the performance of closed cycle MHD generators. The
assessment has been made by examining the B, dependence of two locally defined
figures of merit, the ratio of Ohmic to load power densities S,/S; and the electrical
conductivity o. Since the stability criterion is a local constraint, it is not mathe-
matically possible to directly obtain more relevant global performance measures.
Still, using local figures of merit should provide some valuable insight. The results
are perhaps surprising in that S,/S; and o show an opposite desirability when
increasing B,. The ratio Sq/S; improves with increasing By; that is, So/S; gets
smaller implying that a larger fraction of the converted electrical power goes to the
load rather than Ohmic heating. However, increasing B, has a negative effect on
o; that is, o decreases as B, increases, indicating a poorer quality plasma. These
conflicting scaling predictions represent a different balance between the (i) perfor-
mance improvements associated with high B, and (ii) the stability improvement as
B, decreases.

What is the bottom line? Overall, the access to higher temperature ratios by means
of further increasing the ionisation towards f; — 1 is a good result, suggesting that
high-quality plasmas are possible in closed cycle MHD generators for both high and
low magnetic fields. The desirability of high field is undecided with the two figures
of merit giving opposing conclusions. So, what is the answer to the question in the
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FIGURE 6. Comparisons of o for three different stability models.

title of the paper ‘A New Opportunity for MHD Energy Conversion?’. The answer
is ‘maybe’. New work has been completed that quantitatively addresses the global
performance of MHD generators operating in the nearly fully ionised mode. Results
will be presented in a future paper.
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