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Abstract  Continuing earlier studies over the real numbers, we study the expressible set of a sequence
A = (an)p>1 of p-adic numbers, which we define to be the set Ef = {> n>1ancn: cn € N}. We show
that in certain circumstances we can calculate the Haar measure of Ei exactly. It turns out that our
results extend to sequences of matrices with p-adic entries, so this is the setting in which we work.
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1. Introduction

A long-standing class of problems in number theory is establishing the rationality or
otherwise of particular infinite series. Very occasionally, spectacular special results like
Apéry’s proof of the irrationality of

=3

come along [1]. General methods are, however, very rare. Motivated by investigations in
this vein, Erdds [7] defined a sequence of real numbers A = (a,)52; to be irrational if

the set
1
EA:{Z :cneN},
n>=1

AnCn

which we henceforth refer to as the expressible set of A, contains no rational numbers.
Sequences A that are not irrational are called rational sequences. In Theorem 2 of [7]
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Erdds shows that if lim,,_, oo a}/Qn = o0 and a,, € N for all n € N, then )" -, a,tis an
irrational number. In Theorem 3 of [7] Erdés proves that A with a,, = 22" (n € N) is
an irrational sequence. To do this he uses Theorem 2 of [7], though this is evidently not
an immediate corollary as lim,, . (22")"/?" = 2. In [8], on the other hand, it is shown
that if, for given € > 0, we have a,, < 279" (n € N), then A is rational and in fact E4
contains an interval. Furthermore, it is shown that if A is a sequence of non-zero numbers
such that }°, -, 1/ay is conditionally convergent, then E4 =R [5]. At the same time it
is possible to give conditions on A for E 4 to have zero measure [12], and even conditions
for E4 to have zero Hausdorff dimension [13]. All this shows that the structure of F 4
depends on A in an interesting and complex fashion. While our ultimate goal may be
to decide the rationality or transcendence of individual elements in F 4, a more realistic
goal, given our current state of knowledge, is to calculate the measure of E 4, or say
something about its structure.

The purpose of this paper is to extend our study of expressible sets to the setting of
the p-adic field for the rational prime p. To make this discussion meaningful and to fix
ideas we need some definitions. For r» = p¥»(u/v) in Q with u and v coprime to p and
to each other, let |r|, = p~». Then d,(r,7’) = |r — r’|, defines a metric on Q and the
completion of Q with respect to the metric d,, is denoted Q,, and referred to as the set of
p-adic numbers. We also use Z,, to denote {x € Q,: ||, < 1}: the ring of p-adic integers.
It is worth keeping in mind that the metric d;, has the ultrametric property: namely, that
dp(r,r") < max(d,(r,r"),dy(r",r")). A very basic and easily verified property of Q, is
that each element o of Q, has a ‘p-adic expansion’ a = z;ozno kn,p™ for ng € Z with
kn€{0,1,...,p—1} (n € Z) and ky,, # 0. Furthermore, this p-adic expansion is unique,
by which we mean that the pair (no, (kn)5Z,,, ) is uniquely determined by a. From this we
note that |a|, = p~™° and that the equivalence relation a = 3 mod p*, for a non-negative
integer k£ may also be stated as the inequality dp(«, 3) < p~*. The main characteristics
of Qp that distinguish it from R stem from the ultrametric property. It turns out that Q,
is a locally compact abelian field and hence comes endowed with a translation-invariant
Haar measure which we refer to as A. A detailed introduction to this subject appears
in [6]; see also [2] for an alternative construction.

One of the consequences of the ultrametric inequality is the fact that in Q, a series
Zn>1 By converges if and only if lim,_, |G|, = 0. This leads to some striking series
converging to perfectly well-defined p-adic numbers. For instance, ¢, = > - nlis a
convergent series in Q. This is because, as a standard undergraduate calculation shows,

[nl|, = p~"», where
| n
=3 Lﬂ,J,

j=1
which tends to infinity with n. Here, of course, for a real number x we have used |z]
to denote its integer part. This example, ¢,, whose diophantine properties are still a
mystery, illustrates the fact that p-adic numbers with series representations are very
different from those on the real line. For instance, it is not known whether ¢, is rational
or not. Showing that e = >~ 7 | 1/n! is irrational, which might be considered an analogous
question for R, is a routine matter.
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One thing that is immediately clear is that the definition of the expressible set of a
sequence on QQ, must be different from that on R. For a sequence of p-adic numbers A,
a natural p-adic analogue of the expressible set is Ef) = {>° | ancn: ¢, € N}. It turns
out that our results also work in the more general context of sequences of matrices with
p-adic entries. In this more general context let A = {(Ax)}72; = {(@m.n.k)}7>, be the
sequence of M x N matrices of positive integers. The analogues of expressible sets for
sequences of matrices over R have yet to be properly addressed in the literature. For
a vector a = (aq,...,q,) with entries that are p-adic numbers, as is standard, we let
||, = max(|aalp, - - ., |an|p). For convergence with respect to this metric we call

EP, = { Z(am’n,kcm’n,k): (cmmk) € NN for each k € N}
k=1

the expressible set of the sequence A. Let B(a,r) denote the open ball of centre a and
radius 7 in Q.

Theorem 1.1. We have
M N

By =11 11 B(O,rggg\am,n,klp)

m=1n=1

and, in particular,

M N
AER) = ]] H%lg§|am,n,k|p'
m=1n=1

As an illustration, if, for every m =1,..., M and n = 1,..., N, the number a,, ;1 is
not divisible by p (that is, if |am n,1|p = 1), then A(E") = 1, which of course means that
E?; has full measure.

When working over R [12] for technical reasons, it is necessary to make the restriction
that A C N. By analogy, when working over Q,, it is necessary to restrict elements of
A to being members of S*: a special subset of the space sequences in @]Jij . We now
describe this subset S*. For a rational number r = a/b with a and b coprime, we use
H(r) to denotes its height max(|al,|b|). Assume that « is a positive real number. Let
S = Zi,\/[ NNQMN . Also let SN denote the set of all sequences of elements from S. We now
use S* = S$*(a) to denote the subset of SN consisting of elements {C%}2%, = {(Cmnk)}2,
with the property that there exist real numbers 3 and d with 0 < 8 < 1 and d > 0 such
that for each k € N we have

;1 . 9(logs(er 1kl ")? > gt |0171|;1 .9~ (logs(lex,1kl,1)?

p =

d- |01,1,k

(1.1)

2 |Cm,n,k
and
H(cm,n,k) <d- |Cm,n,k|;a' (12)

Condition (1.1) ensures that the entries of the sequence of matrices in an element of S*
are of the same order and condition (1.2) arises from the special character of diophantine
approximation on the p-adic field. The following is our main result; it is a p-adic analogue
of Theorem 1 from [12].
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Theorem 1.2. Let A = {A;}2, = {(amnk)}?>, € S* such that the sequence
{la1,1,6lp}3, Is non-increasing. Suppose that

limsup|a1,17k|;1/(0‘(M+N)+1)k = o0. (1.3)
k—o00

Set

SA = { ZBk Bk = (am’n’]@ . Cm,n,k) with {(Cm,n,k)}zoz1 S S*}
k=1

Then the measure \(S4) = 0.

The underlying idea of the proof of Theorem 1.2 is stability under perturbation. By this
we mean that for a suitably chosen sequence (a,, )22 ; taken from an additive coset of Z in
R, if the real number 22021 1/a,, has a particular diophantine property—whether that is
being transcendental [9], being Liouville [10] or having a particular irrationality measure
[11], for instance—then it is likely, for any sequence of natural numbers (¢, )52, that the
sequence > > 1/a,c, will have the same or similar properties. The link between the
series Y~ 1/ay, and Y .7, 1/a,c, is achieved by diophantine approximation. In [12],
Khinchin’s Theorem on metric diophantine approximation is used [12, Lemma 7]. In this
paper the link between the series > °  a, and Y. | a,c, is achieved via the p-adic
analogue of Khinchin’s Theorem [14].

2. Proof of Theorem 1.1

Let m and n be positive integers such that 0 < m < M and 0 < n < N. Then, for every
K, € N, the number a,, i, is divisible by (maxgey \am’n,k|p)_1 and therefore belongs
to B(0, maxken |@m,n.k|p). Therefore,

M N

EP, C H H B(O,I}glg\)}dam,n,ﬂp).

m=1n=1

Recall from elementary number theory the fact that the least common multiple of two
non-zero integers can be expressed as an integer linear combination of the two integers.
This yields, for all integers m, n, Ko and s with0 < m < M, 0< n< N, K >0 and
s > 0, that the set {am n K, |Gmn K, |pc; ¢ € N} contains elements of all residue classes
modulo p°. It follows that each number v € B(0, maxgen |@m,n,k|p) can be expressed as
v = Zi’;l G n,kCm,n,k> Where ¢, 1 € N. From this we obtain that

M N
H H 3(07%1g§‘am,n7k|p) c EP,
m=1n=1

and the proof of Theorem 1.1 is complete.
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3. An auxiliary result

We deduce Theorem 1.2 from the following more general auxiliary result, which we prove
in this section.

Theorem 3.1. Assume that Y C ZéWN is such that, for every * € Y, there exists an
infinite sequence of M x N matrices A = { A}, = {(@mn.k)}72, € S* such that © =
> re A with convergence in the metric | - |,. Suppose that the sequence {|a11 klp}3>;
is non-increasing and that

—1/(a(M+N)+1)* _

» 00. (3.1)

limsup |a1,1 &
k—o0

Then the measure A\(Y) = 0.

For the proof of our auxiliary theorem we need the following result from metric number
theory on the p-adic numbers. This is a corollary of the p-adic version of a theorem of
Khinchin, a proof of which can be found in [3] or [14] (see also [4, Theorem 6.3, p. 127]).
To keep our exposition uncluttered, we postpone to §5 the derivation of Theorem 3.2
from the p-adic version of Khinchin’s Theorem.

Theorem 3.2. Let M and N be positive integers and assume that € = (ap, ) € Zé\/“v,
q=(q1,...,qn) €ZN and r = (ry,...,7p) € ZM™. Suppose that

)

(g 7)| = max (| max ||, max [rl)-

N

X — 7T, = Imnax — Tm + a

|q |p Leme (’ m El m,nln
n—

and that

Set 7 = (M + N)/M. Then, for almost all numbers x, the inequality

1

T 3
q,7)|" -log” |(q,7)]| < ———
(@)l Tog? (.7 < oy

has finitely many solutions in unknowns q and .

To complete the proof of Theorem 3.1 we establish that, for x € Y,

(a.7) 108 (@.7)] < ! (3.2)

qg-z—rp
for infinitely many (q,r) € ZN x ZM.

Let den(y) be the denominator of the rational number y in reduced form. Let K be a
large positive integer and set ¢ = (q1,...,qn), where ¢, = Hszl Hfle den(am k) for
n=1,...,N. Alsoset r =q - Zszl Ay. Condition (1.1) and the fact that the sequence

https://doi.org/10.1017/50013091509000091 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091509000091

416 J. Hancl and others

{la11,klp 32 is non-increasing imply that

ICI' > A

k=K+1

lq-z—7l,

P

N

m I{laXM, |Qnam,n,k|p
n=1,.

ke{K+1 K+2,4..}

= max | el

n=1,.
ke{K+1 K+2 .}

d-|ayy iy - 20082 1ol D7,

This implies that
1
lq-z—rl, g
From the definitions of g and 7, and from the inequalities (1.1) and (1.2), we obtain that
there exists a positive real number W that does not depend on K and such that

A7 agy gl 27008 lav s resaly D7 (3.3)

l(g,7)| < N-K -  Inax HHHam”k

eV k=1m=1

<WME.N.K. max HH\amnﬂ @

k 1m=1
<WME . N. K. (H H d-lay |t - 20esle el W’)
k=1m=1

K Mo
=@ WM. N K- ( I larasl,*- 2<log2<a1,1,k|p1>>ﬁ>

K Mo
=(d* - WM. N K- < [T o k|p1> - gMa X, (ogz(larikly )
k=1

This implies that, for all sufficiently large |(g,r)|,

(g, 7)[” - log” |(q,7)]
K MaTt
1) _gMar S, (logs (jas1xl; 1)’

< (dOé.W)M-K-T . (NK)T <H |a171,kp

k=1

K Mo
<log? (- Wyt i (o) 2t Siatomtn 0 )
k=1

K Mot
_1> . 22MO‘TZ?:1(10g2(\01,1,k\;1))ﬁ.

< (dOé.W)M.K-T . (NK)T (H |a171,kp

k=1
(3.4)
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Set R = Mat + 1. We now consider two cases.

Case 1. First assume that there exists € > 0 such that

limsup |a1,1 %/, V(B+e)® = o, (3.5)
k—o00

From this and the fact that {]a1,1,x[p}3>; is non-increasing we obtain, for infinitely many
Kg, that

—1/(R+ Ka+1 1
o111 >(1+Kg)'(k

This is because otherwise there would exist kg such that, for every k1 € N with ky > ko,

_ ki+1 1 !
|a1,1,k1+1|p1/(R+E) 1+ <1+ kf) . (l max a1l 1/(R+e) )

X
max \a1,1,k|;1/(R+6) ) (3.6)

yees 83

This would mean that

—1/(R+e)k1+?
|ar, 1,41, /)

)' P lay, 1], ¢ R+€)l>

). # 1/(R+e)
( %) ( +<k1—1>2) (1omme fonaaly /)

# 1 —1/(R+e)!
) (*(kl—w) (”ké) (yapess lovadl )
(L8 o

l=ko

= const.

This is in contradiction to (3.1). Thus inequality (3.6) holds for infinitely many K3. From

(3.6) we obtain that

1 \(FHe) et
) . 1/(Rte)t

(R+e)Ka+t
el )

la11 ka1l > (1 + max, la1,1kl,

k=1,.. ,K
)(R+€)K3+1 —(R+e¢)

(Rte)fst N
1/(R+
>(1+K§> (e Janaly 09

(R4e)Kat?
1 1/(R+€)k)T(57R’K3)
<1+K3> (k _max. la1,1.kl, ;

where
T(E,RK)=(R+e—-1)((R+)f  +(R+e)5 1+ .+ (R+2))
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and this is greater than or equal to

N
—(Rte—1
(1+K2) Tl @0

Inequalities (3.3), (3.4) and (3.7) yield, for infinitely many large Ky, that
1

lq-x—7,

-1 -1 o—(1 ~hR
>d ™" Ja 27t el

—(R+e/2-1)/(R+e-1) 4

= la1,1,K,+1, ekl

— 2—-1 -1
> ‘al,l,K4+1|p (R+e/ )/(R4+e—1)

1 ((R+e/2-1)/(R+e—1))(R+e)Katt K4
> (1+53)

. H ‘a1717k|_(R+6/2_1)
K3 k=1 !

(R—l) Ka

H lax,1,kl, %/

(R—1) K4
) H 22Ma7'(10g2(|(l1 1, k‘ 1))B

> (da . W)M~K4'T N K4 . (H |a171),~C

> (d()ﬁ_W)M»K;L»T.(N.KZL)T. ( |a171)]~c

:(d()é_W)M~K4~T.(N.K4)T. ( |a1,1,lc

> |(q.7)|" log” (g, 7)]
and (3.2) follows.

Case 2. Now assume that, for every § > 0,

limsup |a1,1,%, V(R+)" o o,
k—o0

There is then an appropriate choice of § = £ (say) such that

limsup |aq,1,x, VE+9" _q,
k—o0

From (3.8) we obtain that, for every sufficiently large ko,

\a1,1,k2|;1 < 9B+

This implies that there exists a constant C = C(€) such that, for every k3 € N,

k — k l
22M0‘T Zlé1(10g2(|al,l,l‘p 1))ﬁ <C. 22M0"" 2121(10g2 2+ )ﬁ

< O . 92Mar((R+6)7*sTD /(R1€)P —1)
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From (3.1) and the fact that {|a11k|p}e>, Is non-increasing we obtain, for infinitely
many Ks, that

REs+1

Ks
‘al,l,K5+1|;l > (1 + [(2) . H |CL1_’17;C|;(R71)7 (31]_)
5 k=1

where we have used the same procedure as in the first case but used R instead of R + ¢.
Inequalities (3.3), (3.4), (3.9)—(3.11) and the fact that ¢ is sufficiently small yield, for
infinitely many sufficiently large Kg, that

1
lq-z -7
)[ﬂ

_ _ _ -1
2 d L. ‘a1,17K6+1|p ! -2 (10g2 ‘al’l’K6+1|p

RKe+1

Kg
1 1
> d~1. 9= (ogs lara gl )7 (1 + KQ) T e l, 0
6 k=1

>RK6+1 Kg

T el 0

S g1 . g (logy (2RO (1 T
k=1

K§
1 RN6t1 /2 K
> <1 + f(g) . 13:11 |a171’k|;(R*1)
Kg Mot Ko s
> @ W) () (Tl ) c22er S oo
k=1

> |(q,r)|T : 10g3 |(q,T)|7

and (3.2) follows.

4. Proof of Theorem 1.2

In this section we prove that S 4 is null by showing that S4 C Y and then using Theo-
rem 3.1. Let

%)
Y= Z Bk = Z(am,n,k : Cm,n,k) € SA

k=1 k=1

To prove Theorem 1.2 we have to prove that y satisfies the conditions of Theorem 3.1.

Let ¢ : N — N be a bijection such that, for e nk = Gm n,¢k)Cmn,g(k), the sequence
{e11,,}52, is non-decreasing. Set v = (1 + ). Then the number of solutions in non-
negative integers a and b of the inequality

(log, pa)ﬁ + (logy pb)ﬁ > (logy p” + log, pb)’y
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is finite. From this fact and (1.1) we obtain that there exists a positive real number D
such that

— —1yyv
D e, 1 9(loga(ler,1,kl, 7))

-1, 2(10g2(\¢11‘1,¢(k)|;1

_ ° e —1\\8
d*la1 1,600l =1 gQoga(ler 1 s ;")

B
2 |Cl,1,¢>(l~c) p

VoWV

[Cmn.(k) * Gk |p

-1
= lemn.omlp

‘—1 . 2—(10g2(\01,1,¢(k)\;1)) . 2—(1082(|a1,1,¢(k)\;1))g
p

s -1
“ler k) la11,600)lp

d—2
D—l

VoWV

-1 —(lo e Ly
'|€1,1,k|p .9~ (logz(ler,1,kl, 7))

and inequality (1.1) follows when instead of 5 and @, x We have v and e, . respec-
tively. From (1.2) we obtain that

H(emmk) = H(@m n,ék) - Crmonplk))
H(a'm,n,ti)(k)) : H(Cm,n,qﬁ(k))

& ammom)lp ®  [emmom |y

VAS/A

=& lemmom |y

and so (1.2) follows when instead of @,k We have ey, k. The fact that the sequences
{|a171,k|;1}z°:1 and {|€171’k|;1},?;1 are non-decreasing and the definition of e; ;  imply
that |e11,k|," is greater than or equal to the first k — 1 terms of {|e1,1 x|, '}72,. Hence
|61717k|;1 > \a1,17k|;1 and (31) follows.

5. Proof of Theorem 3.2

In this section we deduce Theorem 3.2 from the p-adic analogue of the convergence
part of a well-known theorem of Khinchin’s on metric Diophantine approximation. See
Theorem 15 in [3] for an up-to-date version of this theorem or see [14, p. 93] if you want
the original reference in which a result of this type was first proved.

For w = (u1,...,uy,) in Z" let H(u) = max;g;<n |wil. To v = (vi,...,v,) in Q) and
a = (a;;) in ;’;t, where n = s+t and 1 < s < n, we associate the affine form

L(v,a) = 112;3%(5

t

v + Z Qi Vs i

i=1 P

The p-adic analogue of the convergence part of Khinchin’s result is the following the-
orem.

Theorem 5.1. Assume that the real function f(h) is positive for all natural numbers
h, and assume that f(h) decreases to 0 as h tends to oco. Also, for each pair of natural
numbers (s,n) with 1 < s < n assume that

o0

> T (h) < oo

h=1
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Then, for almost all a € (@;t, the diophantine inequality
L(u,a) < f(H(u)) (5.1)
admits only finitely many solutions u € Z".

To prove Theorem 1.2 we use only Theorem 3.2, which is a consequence of Theo-
rem 5.1 (a) and is derived as follows. First we make a series of choices. Set f(h) =
1/h7 log® h (heN),u=(-r,q) =(—ri,—re..., ="M q1,42,---,qN); T =08 = (Amn),
n=M+N,7=(M+N)/M,t=N and s = M. Then L(u,a) = |g-x — 7|, and
H(u) =|(-r, q)|- Now we have

oo o0

1
Zhnflfs(h) = Zm < o0

h=1 h=1
Theorem 5.1 (a) tells us that for almost all = (ay,,,) the inequality

1
(g, )| log” |(g, )]

lg-x—r|, <

has only finitely many solutions in unknown pairs w = (7, q). This is Theorem 3.2, as
required.

Note that our choice 7 = (M + N)/M is the critical exponent. By this we mean that
if 7 < (M 4+ N)/M in our choice of f(h), the corresponding diophantine inequality has
infinitely many solutions.
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