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1. Introduction

We shall study a special case of the following abstract approximation problem: given
a normed linear space E and two subspaces, M, and M,, of E, we seek to approximate
f € E by elements in the sum of M; and M,. In particular, we might ask whether closest
points to f from M =M, + M, exist, and if so, how they are characterised. If we can
define proximity maps p, and p, for M, and M,, respectively, then an algorithm
analogous to the one given by Diliberto and Straus [4] can be defined by the formulae

(i) p:E—M, is such that || f—p,f||=dist(f, M,) for feE and i=1,2, where dist(f, M)
=inf, ¢ p, || f —mll.

(i) The sequence {f,} is defined by fo=1f, fo+1=f,—p1 fu—P2(f,—P1f,) for n=0, 1,
2...

With these definitions it is easy to establish that all f, are equivalent to f, in the sense
that f,— f e M, and that || f,|| converges monotonically downward to a number satisfying

lim || £,|| = dist(f, M). (1)

n— o

Two interesting questions are whether equality holds in (1), and whether the sequence
{/,} converges. In the case E=C(X x Y) and M =C(X)+ C(Y), these questions have been
answered affirmatively by Diliberto and Straus [3] and Aumann [2], respectively, for the
supremum norm. Golomb [5] gives an abstract account of this algorithm and establishes
equality in (1) under the assumptions that M, and M, are complemented, and that

Wf—pif+nll=If—pf—n|l forall neM; and i=12.

There are two papers, Sullivan [8] and Attlestan and Sullivan [1], which deal with the
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same algorithm in a rotund or uniformly rotund Banach space which is either smooth
or reflexive. The second of these papers gives some convergence results for the
algorithm.

The situation we shall consider is as follows. Let (X, X, u) and (Y, ©, v) be two
measure spaces of finite measure. It is convenient, and does not sacrifice generality, to
suppose that u(X)=w(Y)=1. Let (Z, ®, 0)=(X, X, ) x(Y, ©, v). By identifying an
element ge L,(X) with a function g(x, y)=g(x) we imbed L,(X) in L,(Z). Since y(Y)=1
this imbedding is isometric. Henceforth we ignore the distinction between g and g. In
the same way, L(Y) is imbedded in L,(Z), and we set M=L,(X)+L,(Y). Now we
inquire into the approximability of elements of E=L,(Z) by elements of M, and also
for the case when E=C(XxY) and M=C(X)+C(Y), using the L, norm. Our
investigations are concerned mainly with the existence of best approximations.

2, Existence of best L, approximations

An important question is whether best approximations to f from M exist for every
feL,(Z). A trivial answer could be given if the subspace M failed to be closed, so we
verify first that M is indeed closed.

Lemma 2.1. The subspace M =L ,(X)+ L(Y) is closed in L,(Z).

Proof. Let {m,} be a sequence of elements in M with limit m.

Write m,(x, y)=g.(x)+ h,(y) where g,€ L,(X), h,e L,(Y). This representation is unique
only up to an additive constant and so we can insist that |5 g,du=0. Now we have, by
the Fubini Theorem,

limlly = §§lgu+ holdo = (g, + h,) sgn h, do

=u(X)£ |haldv

=|lh,ll; since p(X)=1.
This argument, when applied to m,—m,, shows that the sequence {h,} is Cauchy in
L,(Y) and so converges to some he L,(Y). The convergence m,—m implies that g,—m

—h, and since g, € L,(X), we must have m—he L,(X), which concludes the proof.

For completeness, we state the following result of R. C. James [6], which characterises
best L,;-approximations.

Theorem 2.1. In order that O be a best L,-approximation to an f € L,(X) from some
linear subspace @, it is necessary and sufficient that | ¢ sgn f <[, || for all ¢ ®. Here
Z(f) denotes the set of points where f(x)=0.

Lemma 2.2. In order that a real number r be a best approximation to feL,(X) by a
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constant, it is necessary and sufficient that max{uN(f —r), uP(f —r)} £3u(X). Here N and
P denote the sets where the indicated function is negative or positive, respectively.

Proof. By Theorem 2.1, and obvious deductions, the following are equivalent:
(a) ris a best approximation to f.
(b) If csgn(f—r<fz-nlcl for all ceR.

© |j8gn(f_r)|§jl(f—r) L.
() uP(f —r)~uN(f =D S pZ(f — )= X)—pP(f —r)—uN(f —7).
o {uP(f—r)—uN (f S u(X)— kP(f ~r)— uN(f =),
UN(f —r)—pP(f =) S (X)— pP(f —1)—puN(f —1).
(f) pP(f —1)<3u(X) and pN(f —r)S3pu(X).

In the space L,(X) we define an operator A which produces best approximations by
constants. Since best approximations are not unique, we let I(f) denote the interval of
all best constant approximations to f. Formally,

rel(f) iff ||f—riliEllf—clly, forall ceR.
Then Af is defined as the midpoint of I(f).
Lemma 2.3. If I(f)=[a, B], then
a=inf {r:uP(f —r)<1/2},
B=sup{r:uN(f —1)<1/2}.

Proof. It suffices to prove the equation for f, as the other is similar. By Lemma 2.2,
ﬂ=50p{rillf—rlll=infllf—0|ll}
[4

=sup{r:uP(f—r)<1/2 and uN(f-r)=1/2}

Ssup{r:uN(f —r=1/2}
If the last inequality is a strict inequality, select ¢>f such that uN(f —r)< 1/2 for some
r>c. Since c¢l(f), either uN(f —c)>1/2 or uP(f—c)>1/2. Since c¢>p and uP(f

—P)=1/2, we have uP(f —c)<1/2 and uN(f —c)>1/2. This, however, contradicts the
inequalities ¢ <r and uN(f —r)<1/2.

Lemma 2.4. The map A:L,(X)— R has these properties:
(a) A(f+c)=Af +cfor all ceR, feL,(X).
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(b) Af = Ag whenever f =g, f,g € L,(X).
© Wf=A Nl ISy for all feLy(X).
(d) Iffand g belong to L4(X) then |Af — Ag|<||f —4ll.-

(e) In general, A is discontinuous.

Proof. 1t is elementary to prove that I(f +¢)=I(f)+c. From this, part (a) follows at
once.

In order to prove (b), assume that f >g. Let I(f)=[a,b] and let I(g)=[a, f]. We will
show that a=« and b= f, from which assertion (b) will follow at once. Suppose that
a<a. Then aéI(g), and by Lemma 2.2 either uP(g—a)>% or uN(g—a)>3. In the first
case we conclude that uP(f—a)>% (because f=g). By Lemma 2.2, a¢I(f), a
contradiction. In the second case, uN(g—a)>3 (because a<a). By Lemma 2.2, a¢ I(g), a
contradiction. A completely analogous proof shows that b= f.

Part (¢) is immediate from the fact that Af is a best approximation to f and is
therefore as good an approximation as 0.

For part (d), start with the pointwise inequality (valid almost everywhere)

~f —glo=f—g=If —9llo-

Then

g—If —gllu=SZg+If —9llo-
Using parts (a) and (b) of this lemma, we obtain
Ag—/ — gl = Af S Ag+11f —4gllo

and
—Nf =yl A= Ag SN f —9ll -

An example in support of part (e) is obtained by letting g(x)= f(x+ c), where

sgnx|x|>¢
x/e |x|<e

f(x)={

On the interval [ —1,1] we have then Af =0, Ag=1, ||f —gll, =2¢.

The discontinuous nature of L,-approximation was pointed out previously by K.
Usow in [10]. See also Lazar, Morris and Wulbert [12].

If f is a function of two variables, f(x,y), we define 4,/ to be the function of y which
results upon applying A to (f(,y). Similarly, A, is defined. Thus we have, for all yeY
and for all he L,(Y),

170, ) —(A)ONdp 1 f(x, y) — h(y)] dpe.
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Lemma 2.5. The operator A, maps L{(X x Y) into L,(Y).

Proof. Let feL,(X xY)and h=A_f Modifying slightly the notation used above, let
I(y) denote the interval of all best constant approximations to f(,y). Let I(y)=[a(y),
B(»]. Then h(y)=1[a(y)+ B(»)]. In order to show that h is measurable, it suffices to
prove that « and f are measurable. These two proofs are similar, and only the proof for
B is given.

For ye Y and r an extended-real number, let

() =u{x: fx, y)<r}.

By Theorem 7.6 of Rudin’s book [11], ¢, is measurable. Now let r,,r,,..., be an
enumeration of the rational numbers. Define ¢, on Y by

r, if ¢,n§1/2
— o0 otherwise.

buy)= {

Then ¢, is measurable. Indeed, the set 4, ={y:¢,(y) <A} is either Y (when A=r,) or
{y:¢,(y)>1/2}. Thus A, is measurable for all extended-real numbers 2. By Lemma 2.3,
B(y)=sup, ¢,(y), and B is thus a measurable function. In order to prove that he L,(Y),
use Lemma 2.4 (part ¢) to obtain

)5{ Lf(x, y)—h(y)ldp < )I‘ | f(x, y)ldp

Integrating over Y, we obtain ||/ —h|l; ZlIf|l;, whence ||A|l; =£2|If]i;. It is worth noting
that A, and A, are metric projections of L,(X x Y) onto, respectively, L;(Y) and L,(X).

Lemma 26. Let feL,(Z). To each meM satisfying || f—mll,Z\fll, there
corresponds an m* e M such that

@ IIf =m*L 2l f —mll; and
(i) lIm*|l, =320 /N

Proof. Firstly, since me M, we may argue as in the proof of Lemma 2.1 to obtain
lmll; 21Ihll,, where m=g+h, geL,(X), heL,(Y), and [g=0. Furthermore, since
J € L(Z) the following pair of inequalities holds:

@) kil Zlimlly < llm— fllHI S 2000 22 -
(b) liglly =llg + hlly + 1Al = 2liml}; <41 f1]-

Now let h*=A,(f —g) and set m'=g+ h*. Since A, is a metric projection, we have for
each y

’I(If—g—h"ldué)j(lf—g—hld#

EMS—E
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and integrating with respect to y gives us

ILf —mll SIS —mil S NS

We can repeat the arguments used at the outset of the proof to obtain ||h*||; £2||f||-
For almost all ye Y we have

LGy —gC)—B* O =16y — g0l

We may write (once again for almost all y)

lh*()l =)I( |h*(y)ldp é)f{ |h* +g— fldu +)§( lg — |du
g2 )5{ I —gldu=2i fllo +2lgh; 10} fll -

We conclude that ||h¥||, <10||f||,. Then defining g*=A(f —h*) and m*=g*+ h*, we
may repeat the preceding argument, to obtain

If —m*|ly SN f —mlly SN —mll,
and
lg*M1eo = 211 f 1l + 201h*[| o = 2211 fll

or

Im*|l oo < llg*ll o + 1A*ll o < 321 [l o -
Lemma 2.7. The set K={meM:||m||w.§N} is weakly closed in Li(Z, @, o).

Proof. Assume to the contrary, that there exists a generalised sequence {m,} in K
which converges weakly to an element m which is not in K. Then there exists a set
AcZ such that g(4)>0 and |[m(z)]> N for all ze A. Take ve L (Z) such that v=0 on
Z\A and v=sgnm(z) on A. Since L¥(Z) can be identified with L_(Z) we can define a
functional deL}(Z) by &(f)=], fvdo=|, fvdo. Since {m,} is weakly convergent we
must have

{mpwdo—[mvdo=||m|do>No(A)
A A A
and this implies that eventually |, m,vdo>Na(A). But this is not possible, because
fmavdo <|Imll 0]l - 6(A) < No(A).
A

Theorem 2.2. Let feL,(Z). Then in the metric of L,(Z), f possesses a best
approximation from the subspace M =L,(X)+ L(Y).
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Proof. By Lemma 2.6 we may confine our search for a best approximation to the set
B={me M:|Iml|l, <32|fl|}

which is weakly relatively compact by the Dunford—Pettis Theorem ([4], p. 294, [9], p. 274).
It is weakly closed by Lemma 2.7. Since the norm is weakly lower-semicontinuous, the
expression || f —m||, attains its infimum on B.

The arguments of Theorem 2.2 also establish the following resuit.

Theorem 23. Each feL,(Z) has a best approximation in each of the sets
B,={meM:||m||,<n} for n=1,2,3,....

We do not know, however, whether each f € L,(Z) has a best approximation in M, or
alternatively, whether the numbers d,=dist(f, B,) are eventually constant as n—oco.

Lemma 28. The operators A, and A, previously defined have the properties
ALf+h)=Af+h  [eL(XxY), heLy(Y)
A(f+9)=A,f+g [eL(XxY), geL(X)

Proof This follows from Lemma 2.4.

3. Existence of best L -approximations for continuous functions

In this section we consider spaces of continuous functions furnished with L,-norms.
The spaces X and Y are now compact Hausdorff and we work with the spaces C(X),
C(Y) and C(X x Y). Let u and v be Borel measures on X and Y, respectively. Is it true
that for each feC(X xY) there exist geC(X) and heC(Y) which minimise the
expression

§§10(x, y) = g()— h(y)| dudv? M

Theorem 3.1. Each element of C(X x Y) has a best L,-approximation in the subspace
C(X)+C(Y).

Proof. Let 6 denote the infimum of the expression in (1) as g and h range over C(X)
and C(Y), respectively. Select g,e C(X) and h,e C(Y) such that || f —g,—h,ll; »9. Define
h¥=A.(f —g,), where A, is the operator defined in the preceding section. We shall show
that the sequence {h}} is equicontinuous. Let y, be a point of Y at which equicontinuity
is to be established. Let ¢>0. By the lemma following, {f(x,):x€ X} is equicontinuous.
Hence there is a neighborhood V of y, such that

IfGe, )= f(x, o)l <& (xeX, yeV).
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If ye V, then by Lemma 2.4, part (d),
lhx(¥) — b3 (o)l =1ALS ~9)¥)— AL — gyl

ésgp I(f — g%, Y) = (f — g.)(x, yo)l
=sup|f(x,y)— f(x,yo)l S¢ )

This proves the equicontinuity of the sequence {h}}.

The inequality (2) shows also that if ¥ is replaced by h* —h¥(y,) for some fixed y,,
then the resulting functions are bounded above by 2||f||.,. We suppose, therefore, that
the sequence {h}} is bounded in the supremum norm.

Now define gF=A,(f —h¥). By a repetition of the previous argument we infer that
{g¥} is an equicontinuous sequence in C(X). By Lemma 2.4, part (d), llgillo <Ilf —h3ll»,
and the g¥-sequence is bounded. By the Ascoli Theorem, we select a sequence of
integers {n,} such that

gn—ge C(X), hy >heC(Y) (uniformly).
By the continuity of the L;-norm in C(X x Y), we have
If —g—hll=4.

Lemma 3.1. If X is compact and feC(X xY) then the family {f(x,):xeX} is
equicontinuous in C(Y).

Proof. Let ¢>0. For each point (x,y) in X x Y there are open neighborhoods U(x, y)
of x and V(x, y) of y such that

lf(x, ) —f(s, t)l <e, seU(x,y), te V(x,y). 3)

Fix y. Since x e U(x, y) for all x, the family {U(x, y):x€ X} covers X. Since X is compact,
there exist x,,..,x, such that X is covered by U(x,)),...,U(x,y). Define V
= V(x;,¥) - n V(x,,y). Then V is a neighborhood of y. If x is arbitrary in X and teV,
then for some i, xeU(x;y). Of course, teV(x;,y). Hence by (3) we have [f(x,y)
— f(x,t)l<e. This establishes equicontinuity at y.

The analogue of the Diliberto—Straus algorithm in the present setting is defined by
the formulas

f1=f; f2n=f2n—1_Ayf2n—l’ f2n+1=f2n_Axf2n'

Theorem 3.2. There exist functions f e C(X x Y) for which the generalised Diliberto—
Straus algorithm does not work, i.e., lim|| f,||, > dist(f, M), where M = C(X)+ C(Y).
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Proof. Let X=Y=[—1,1] and define f € C{(X x Y) by

xy:(x,y)e[0,1]x [0, 1]
f(X,y)= —xy:(x,y)e[—l,O]x[—l,O]

0:elsewhere.

From the characterisation theorem for best approximation by constants we obtain A, f
=A,f=0. Hence, in the algorithm all iterates are identical. However, 0 is not a best
approximation to f. If it were, then by Theorem 2.1 the inequality {{msgn f <{{ . Im|
would be valid for all me M. The function x+y does not satisfy this, as an elementary
calculation shows. More careful calculation reveals that j_[l f(x,y)—c(x+y) attains a
minimum of 0-354 near c=0-19.
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