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Abstract

Let A be a uniform algebra and M (A) the maximal ideal space of A. A sequence {a,} in M(A) is called
¢'-interpolating if for every sequence (a,) in £' there exists a function f in A such that f (a,) = «,
for all n. In this paper, an ¢'-interpolating sequence is studied for an arbitrary uniform algebra. For
some special uniform algebras, an ¢!-interpolating sequence is equivalent to a familiar £*°-interpolating
sequence. However, in general these two interpolating sequences may be different from each other.
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1. Introduction

Let A be a uniform algebra on a compact Hausdorff space X and M (A) the maximal
ideal space of A. Throughout this paper we assume that {a,} is an infinite sequence of
distinct points in M{A). For 1 < p < oo, a sequence {a,] is called £7-interpolating
if for every sequence («,) in €7 there exists a function f in A such that f (a,) = «,
for all n.

For A = H*(D), the set of all bounded analytic functions on the unit disc D in C,
an £*-interpolating sequence was studied by Carleson [2] and Izuchi [4]. Carleson [2]
determined an £*-interpolating sequence when {a,} is in D, Izuchi [4] studied the
general situation. Recently, Hatori [3] showed that an £'-interpolating sequence is
equivalent to an £*°-interpolating sequence when {a,} is in D. In this paper we study
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an ¢'-interpolating sequence for an arbitrary uniform algebra A when {a,} is in M (A).
For {a,} in M(A) put

J={f €eA;f =0o0n{a}}, J=1{f €A;f =0o0n{a.}nu:)
and
o =sup{lf (@a)l; f € J, If Il <1}

Fora, bin M(A)
a(a, b) =sup{|f (@); f(B) =0, |f|| <1}
When A = H*°(D) and {a,} isin D,

ay — a, ay — a,

and p, = ]_[

n#k

o(a, a,) =

1 — aa, 1 — axa,

In general, we do not know whether

P = ]_[0(ak, a,).

n#k

However, under some mild condition (HypotheEis Iin Section 4), we can show that

o = [[otan an).

n#k

In general, p;, > 0 if and only if J, D, J. Hence p; > 0 if and only if there exists a
function f, in A such that f;(a,) = .. In this paper, for {a,} in M(A) we assume
that p, > O for all k.

In Section 2, for an arbitrary uniform algebra we show that {a,} is an £'-interpolating
sequence if and only if inf, p, > 0. In Section 3, we define a finite £'-interpolating
sequence and give a necessary and sufficient condition to characterize it. In Section 4,
we show that if inf, [, « 0 (ar, a,) > 0, then {a,} is always a finite £'-interpolating
sequence and under some mild condition it is an £'-interpolating sequence. In some
sense, this type of theorem for an £-interpolating sequence was conjectured in [1].
In Section 5, we apply the results from the previous sections to concrete uniform
algebras. In Section 6, we comment on an £>-interpolating sequence.

2. {'-interpolating sequence

In this section we show that {a,} is an £'-interpolating sequence if and only if
infy pr > 0. The argument in the ‘only if”’ part of Lemma 1 is similar to the one which
was used by Hatori [3] when A = H*°(D).
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LEMMA 1. {a,} is an £'-interpolating sequence if and only if there exists a sequence
{fa}in A such that f,(a;) = 8, (n > 1, k > 1) and sup, || f, + J|| < oo.

PROOF. Suppose M = sup, ||f. + J|| < oo and f,(a;) = 8, Let € be an arbitrary
positive constant. For each n there exists g, in J such that ||f, + g.|| < M +¢. If
(a,) € €', put

f= Zan(fn + &)

n=1

Then f belongs to A and f (a,) = «, forn = 1,2,.... Suppose S = {a,} is an £'-
interpolating sequence. Then there exists a sequence {f,} in A such that f,(a;) = 8.
For (a,) € £', put

T(@) =) aufulS,

n=1

then by hypothesis there exists a function f such that T(a,) = f|S. Since A|S is
algebraically isomorphic to the quotient algebra A/J, we use the quotient norm of
A/J in A|S. By the closed graph theorem, T is bounded from ¢' to A[S and so

e+ JN = Ifel S < 1ITH
because T ({8,}) = f«lS. -~ ]

LEMMA 2. Suppose {f,} is a sequence in A such that f,(ay) = Sn. Then
et JIh=1/p, forn=12,....

PROOF. Since (0nfr)(ax) = Pnbuks |0nfn + J|| = 1. By definition of p,, for each
1 > 1 there exists g; € A such that ||g/|| = 1, g/(a,) = 0 for n # k and

o — 1/1 < gi(a) = o

Put G, = g;/g/(a), then G; € A and
1
< .
lgi(a)] = o —1/1

Moreover, G(a;) = 1, Gi(a,) =0forn # kand so G, € f; + J. Since ||fx + J|| <
(o —1/D  forany I > 1, lpef + JI < L. O

1
— < |Gl =
Pk

THEOREM 1. Let A be an arbitrary uniform algebra and let {a,} be in M(A). Then
{a,} is a £'-interpolating sequence if and only if inf p > 0.

PROOF. The proof follows from Lemma 1 and Lemma 2. a
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3. Finite £!-interpolating sequence

We say that {a,} is a finite £'-interpolating sequence if there exists a finite positive
constant y which satisfies the following: For any finite [ > 1 and for any («,) in the
unit ball of £!, there exists a function F; in A such that

F(a,) =a, forl <n<l

and | Bl < y.
For {a,} in M(A)and 1 < k <[ < o0, put

={f €A; fla)=0ifl <n<l),
={f €A; f(a)=0ifl <n<l n#kj}
and »
prs = sup{lf @)l; f € J, If II < 1.
Then py; = pr141 and limy, o0 Pt = P
LEMMA 3. {a,} is a finite £'-interpolating sequence if and only if for each | > 1

there exists a sequence {f,}._ , in A such that Jinlar) = b for 1 <k <1l and
Supl Sup}<n<[ ”fl n + Jl" < 0Q.

PROOF. (a,) denotes an element in the unit ball of £'. Suppose
M =sup sup |[fi.+J'| < oo
[ 1sn<i

and f; ,(ay) = 8, for 1 < k < [, then for any finite [ > 1

! i
D anfiat I < (Z |an|) M
n=1 n=1

If y=M+1, then for any [ > 1 there exists g,€J' such that || Ei.:n anfintg || <y. Set
Fi=Y ' aufin+g,then Fi(a,) = a,for1 < n <land | Fli < y. Suppose {a,} is
a finite £!-interpolating sequence. Since {a,} is an infinite sequence of distinct points
in M(A), for each I > 1 there exists a sequence {f,,}._, in A such that f, ,(a;) = &
forl1 <k < n. Put

]
Tl(an) = Zanfl.n + JI;

then | T" ()| < |l T’||(Zf,=l latal).- Ifn_lllT’H — o0 as | — 0o, then there exists
(a,) in the unit ball of €' such that || T ()| — oo as I — oo. On the other
hand, by hypothesis || 7'(a,)]| < y < oo for all I. This contradiction implies that
M = sup, || T'll < co. This shows that for any [ > 1 and any k > 1 with k < [,

e + 70 = NT' {8 DIl < M. =
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LEMMA 4. Forl=1,2,... and1 <k <l ||fi + J'|| = 1/ps..
Proof is almost the same as the proof of Lemma 2.

THEOREM 2. Let A be an arbitrary uniform algebra and let {a,} be in M (A). Then
{a,} is a finite £'-interpolating sequence if and only if inf, lim,_, o, o > O.

PROOF. The statement of the theorem follows from Lemma 3 and Lemma 4. [

4. Uniformly separated sequence

When A = H®(D) and {a,} is in D, for any k > 1
Pr = I—[ka(ak, a,) = ll_i_glopk,l-
n#

When {a,} is in M(A), Izuchi [4] showed essentially that inf; p, > O implies
inf, nn# o (ax, a,) > 0. However, this is not true in general. If Z:‘;l(l — pp) < 00,
then infy [, ., 0 (@, a,) > 0. In fact, p, < o(a,a,) for n # k and so [];—, pn <
[T, 0 (a a,) for any k > 1. When 3_° (1 — p,) < 00, 0 <[], px and so
inf, [, w0 (a, a,) > 0. In this section, we study these three quantities.

LEMMA 5. (1) Foranyl=>1, p,,> ]—[i#ka(ak, a,). Hence for any k > 1
ll_lfg Pri = 1—!0((11“ a,).
n#

(2) Forl <n<landn #k, pr; < o(ay, a,). Hence for any k > 1
Il_lglo Pt = ’ilgf;a(ak, ay).
PROOF. (1) Fix any positive constant € > 0. For eachn with! > n > 1 and n # &,

there exists F; € A such that |F;|| < 1, F;(a,) = 0 and o(a, a,) = |F;(ax)| >
o (ax, a,) — . Then F* =[], , F? belongs to Ji, || F¢|| < 1 and

!

P = |F(a)| = H{U(akvan) —¢&}.
n#k -

Ase = 0, p > ]_[:#a(ak, a,) for any ! > 1 and hence

lim Pk > I | a(ak, a,,).
-0
n#k

(2) is clear by the definitions of p,; and o (ay,a,)forl <n <landn # k. O
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THEOREM 3. Let A be an arbitrary uniform algebra and let {a,} be in M (A).

(1) Ifinf,[], 40 (a, a) > 0, then {a,} is a finite £'-interpolating sequence.
(2) Ifla,) is a finite £'-interpolating sequence, then inf,4; o (ay, a,) > 0.

PROOF. (1) By Lemma 5 (1), inf, lim;_, px; > 0 and so, by Theorem 2, {a,} is a
finite £'-interpolating sequence.
(2) By Theorem 2 inf, lim;_, o, p¢;>0 and so, by Lemma 5 (2), inf,, ., 0 (ax, a,)>0. O

HYPOTHESIS I. Let A be a uniform algebra and let {a,} be in M(A). If g/ is a

Sfunctionin A and |\g/|| < 1forl=1,2,..., then there exist a subsequence {g,;)}; of
{8:}; and a function g in A such that ||g|| < 1 and lim;_ » gi;)(a,) = g(a,) for any
n>1.

HYPOTHESIS II. Let A be a uniform algebra and let {a,} be in M(A). Forany a, b
in{a,} with a # b, if the function f in A satisfies f (a) = f (b) = Oand ||f || < 1, then
forany e > Qthere exist two functions g and hin A suchthat ||g|| < 1+¢, ||h]| < 1+-¢,
g(a)=0 h(b)y=0and f = gh.

LEMMA 6. Let A be an arbitrary uniform algebra and let {a,} be in M(A). If
{a,} satisfies Hypothesis 1, then lim;_, o pr; = pi for any k > 1, and hence a finite
£'-interpolating sequence is an £'-interpolating sequence.

PROOE. lim;_, o or; > pi forany k > 1. If limy, o pry > € > 0, then for each [
there exists g, € J,f such that [lg/|| < 1 and |g,(a)| = ¢ > 0. By hypothesis, there
exists g € J, such that ||g|| < 1 and |g(ax)| = ¢ > 0. Thus lim;, px; < por and
$0 lim, o pr; = pi. This together with Theorem 1 and Theorem 2 also imply that a
finite £'-interpolating sequence is an £'-interpolating sequence. 0

LEMMA 7. Assume Hypothesis 1L If f is a function in Ji; with ||f || < 1, then for
any & > 0, f = n:#kfm fn(an) =0 (n ?/: k) and "fn" <1+ e)l_l-

PROOF. We may assume k = 1. Fix any ¢ > 0. By Hypothesis II, f = g,g3,
llgill <1+ ¢ (G = 2,3)and g:(a;) = gs(as) = 0. Since f(as) = 0, ga(as) = 0
or gs(a,) = 0. We may assume g,(a;) = 0. By Hypothesis II, g, = g8,
llg2i | < (1 + &) (j = 2,4), and gxn(a;) = grl(as) = 0. Hence there exist h,, h3, hy
such that f = hyhshy, ||hi|l < (1462 (G =2,3,4) hy(a)) = hs(as) = ha(as) = 0.
This argument implies the proof. O

LEMMA 8. Let A be an arbitrary uniform algebra and let {a,} be in M (A). If {a,}
satisfies Hypothesis 11, then for | <k <1, p;; = ]_[2 £n o(ax, a,). Moreover, if {a,}
satisfies Hypothesis 1, then p, =[], 4n O (ax, ay).
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PROOF. By (1) of Lemma 5 it is sufficient to show that p;; < [—[i#n olay, a,). If
0 < 8 < piy, then there exists f € Ji; with ||f || < 1 such that

Pei — 8 < f (@) < pis-

For any ¢ > 0, by Lemma 7, f can be factorized as f = ]—[:#k Fus Ifall < (L4 &)t
and f,(a,) = 0forn # k. Hence

l}

i
[11f2@l = A+ o (@, an).

n#k n#k

Ase > 0,p,—8 < ]_IL# o(ay, a,). Since § is arbitrary, py; < ]_[f,#k o(ay, a,). O

THEOREM 4. Let A be an arbitrary uniform algebra and let {a,} be in M (A).

(1) Under Hypothesis 11, {a,} is a finite ¢! mterpolatmg sequence if and only if
inf, [, 40 (@, a;) > 0.
(2) Under Hypotheses 1 and 1, {a,} is an Z'-mterpolatmg sequence if and only if
inf, n"#,‘a(ak,a,,) > 0.

PROOF. Theorem 1, Theorem 2 and Lemma 8 imply the theorem. O

When A = H*(D) and {a,} is in D, {a,} satisfies Hypotheses I and II. Let A be
a disc algebra. Then if {a,} is in D, then {a,} satisfies Hypothesis II (see Section 5).
On the other hand, it is easy to see that there exists a sequence {a,} in D which does
not satisfy Hypothesis L.

5. Special uniform algebras

When A = H*(D) and {a,} in D, Hatori [3] showed that {a,} is an £'-interpolating
sequence if and only if inf, ﬂ”#k o(a;, a,) > 0. Since itis clear that {a,} in D satisfies
Hypotheses I and 11, this is a corollary of (2) of Theorem 4. Corollary 3 is also a result
of Hatori [3]. We give another proof of it. Hatori [3] also shows this type of theorem
for a Hardy space H? (1 < p < oo) on a finite open Riemann surface and generalizes
a theorem of Shapiro and Shields [7].

COROLLARY 1. Let A be a uniform closed algebra between the disc algebra o/ and
H™(D), andlet {a,} be in D. Suppose that f [z belongs to A for f in A with f (0) = 0.
Then {a,} is a finite £'-interpolating sequence if and only if inf, ﬂn#k o(ax, a,) > 0.
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PROOF. If f € A and f (a) = 0 for some a € D, then f (z)/(z — a) belongs to A
(see [5]). Hence

-3
azf (z) belongsto A
Z—a
and (z — a)/(1 — az) is a unimodular function in &. Therefore, {a,} satisfies
Hypothesis II and so (1) of Theorem 4 implies the corollary. ]

COROLLARY 2. Let A = H®(D™) and let {a,} be in D™. Suppose a, = (a}, a2,
coyamand Y0 (1 —lall) < oo for1 <1 < m. Then {a,)} is an £'-interpolating
sequence if and only if inf, [ ], ., 0 (a4, @) > 0.

PROOF. By Theorem 2 and Lemma 6, the ‘if” part is proved. We will prove the
‘only if” part. Put

]

m o0
Bi=Bi(zi, .. zm) = [[[[ a2 z-a,

_l 9
=1 n#k la,| 1 —a,z

then B, belongs to H®(D™) because Y - (1 — |al|) < oo forl <1 < m. If
Fy = By/Bi(ax), then Fy(a,) = 6, and

I Fe + J1| = |Be(ad)| " | By F Il = | Be(a)| ™"
thus p, = |Bi(ai)|. Theorem 1 implies that inf, |B;(ax)| = inf, pr > 0. Since

@ —a, a’ —a,
o(ag, a,) =max< 1_5’1“’& e W>
(see [1, page 162]),
|Be(ar)| < [ [ o (@ an.
k#n
This proves the corollary. g

COROLLARY 3. Let R be a finite open Riemann surface and A = H*(R) the set of
all bounded analytic functions on R. Then {a,} in R is an £'-interpolating sequence
if and only if inf, ]—["#k ol(ay, a,) > 0.

PROOF. It is known [8] that {a,} is an £*-interpolating sequence if and only if
inf, [, -k o(a, a,) > 0. If {a,} is an £'-interpolating sequence, then inf, p, > 0 by
Theorem 1 and so by [8, Theorem 5.9] {a,} is a £*-interpolating sequence. O

Let D, ={z€C;|lz—c,| <ra},cn >0as D,ND,, =@ (n #m), D, C D\{0}
(n=1,2,3,...)and Y2, r,/c, < 00. U = D\|J, D, is called a Zalcman domain
[9]. When A = H*°(U) and {a,} is in U, if inf, H"#a(ak, a,) > 0, then {a,} is an
£'-interpolating sequence by (1) of Theorem 3 and Lemma 6 because {a,} satisfies
Hypothesis I but {a,} is not necessarily an ¢*-interpolating sequence by [6].
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6. £ -interpolating sequence

When {a,} in M (A) satisfies Hypothesis I, it is interesting to give a sufficient
condition or a necessary condition for an £*-interpolating sequence. Berndtsson,
Chang and Lin [1] give the following problem: Let A = H*(Y) and let {a,} C Y
be a bounded domain ¥ C C". Suppose infy [], w0laa) > 0. Is {a,} an £>-
interpolating sequence? In Proposition 1, Y >- (1 — p,) < 0 and so by the remark
above Lemma 5, inf, [-["# o(a, a,) > 0.

PROPOSITION 1. Let A be an arbitrary uniform algebra and let {a,} be in M(A).
Suppose {a,) satisfies Hypothesis . If p, > 2(n' + 1)(n' + 2)/{(n' + 1)® + (n' +2)?}
forn=1,2,3,... and some t > 1, then {a,)} is an {>-interpolating sequence.

PROOE. By Hypothesis I there exists a sequence {F,} in A such that | F,|| < 1,
F.(ax) = 0if k # n and |F,(a,)| = p, forn = 1,2,.... Izuchi [4, Theorem 1]
has essentially proved the theorem. We use the notation from [4, Theorem 1]. Set
o =200 =8)/{1 + (1 =6,)%} with 0 < 8, < 1/(n’ + 2); this is possible by the
hypothesis on p,. If &, = 1/n*, then )_o. &, < 0o and so [[°2, (1 +¢&,) < 0. Then

1
VT +2e,

By the proof of [4, Theorem 1], there exists a sequence G, € A such that

S, <1—

ilGnI < i(l +¢&,) <ooonX.
n=}

n=1

Hypothesis I implies that {a,]} is an £*°-interpolating sequence. O

PROPOSITION 2. Let A be an arbitrary uniform algebra and let {a,} be in M(A).
Suppose {f}y is a sequence in A such that fi(a,) = O Then {a,} is an £°-
interpolating sequence if and only if

00 i/q
sup (D lp(fl?) < oo,
peanLlgli<t \ ',y

where 1/p +1/q=1and A*NJLt ={p € A*;¢ =0o0n J}. Forp = land g = o©
we assume that

0 l/q
sup (Z |¢(fn)|") = supsup lp(f)l =sup|fa+ JI.
n=1 n n
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PROOF. Suppose that

deA*nJL |pl<!

n=1

00 1/q
sup (Zwm)w) =y, < 0.
For any ¢ € A* N J*+ with ||¢|| < 1 and any [ < 00,

1 i 1/p ! 1/q
¢ (Z%ﬂ) < (Z Iml”) (Z |¢(fn>|")

and so

0 00 1/p
Y anfal < (Dam) ,
n=1 n=1

where f, = f, + J. Thus if (@,) € ¢* then f = 3% «,f, belongs to A/J. Then
fla,) =a,forn=1,2,... and so {a,} is an £”-interpolating sequence. Conversely,
suppose S = {a,} is an £”-interpolating sequence. For (a,) € £*, set

T(@) =Y oufalS;
n=1

then there exists a function f such that T(«,) = f|S. Since T turns out to be bounded
from €7 to A/J (see Lemma 1), for ¢ € A*/J* with ||¢|| < 1 we have

00 00 l/p
() =Y _ad | < ITI (Dw) :

n=1 n=1

Hence Sup, e senys jop<t Qoney 10 (F)1)V4 < 00. a

Hatori {3] is interested in when an ¢'-interpolating sequence is an £*-interpolating
sequence. He showed that if A = H*(R) and {a,} in R, then {a,} is such a sequence
(see Corollary 3). In general, Proposition 2 gives a necessary and sufficient condition
for this to happen.
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