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Abstract  Croft, Falconer and Guy asked: what is the smallest integer n such that an n-reptile in the
plane has a hole? Motivated by this question, we describe a geometric method of constructing reptiles in
R9, especially reptiles with holes. In particular, we construct, for each even integer n > 4, an n-reptile
in R? with holes. We also answer some questions concerning the topological properties of a reptile whose
interior consists of infinitely many components.
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1. Introduction

An n-reptile (or n-rep tile) T in R? is a compact set with non-empty interior that can be
tiled by n congruent tiles, each similar to T (see [3,5]). We assume, as in the literature,
that a reptile is the closure of its interior. If the number of pieces n is irrelevant to the
discussion, we will simply call an n-reptile a reptile.

Reptiles form a special class of self-similar sets. Let {f;}?_; be an iterated function
system (IFS) of contractive similitudes on R? defined as

1 .
fl(l‘>=Tan$+d“ 1=1,...,n,

n

where R; is an orthogonal transformation, d; € R, and the factor 1 / &/n is the contraction
ratio of f;. Then there exists a unique compact set T satisfying

T={J A (1.1)

(see [4,7]). T is called the self-similar set (or n-repset, or attractor) defined by {f;}1 ;.
It follows from (1.1) and the uniqueness of T that 7' is the closure of its interior. If the
interior of T is non-empty, then it follows from (1.1) that T is an n-reptile. Note that the
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similarity dimension (see, for example, [7]) of {f;}?, is d. Thus, the assumption that T
has a non-empty interior is equivalent to the requirement that { f;}?_; satisfies the open
set condition [11]. Therefore, T' is an n-reptile if and only if T is a self-similar set defined
by an iterated function system consisting of n similitudes having the same contraction
ratio 1//n and satisfying the open set condition.

Identity (1.1) is equivalent to

n

nT = | J(RiT + /nd;).

i=1

If T is a reptile, then it follows from the above equality and a standard blow-up argument
that R? can be tiled by essentially disjoint congruent copies of 7' (see, for example, [8,
Theorem 1.2]).

We say that a reptile T C R? has a hole if the complement of the closure of some
component of the interior of 7' has a bounded component. Answering a question posed
by John Conway, Griinbaum gave an example of a 36-reptile in R? which has a hole
(see [3, Figure C17]). In [3, §C17], Croft et al. asked the following question: what is
the least n for which an n-reptile in the plane has any sort of hole? It has been proved
recently by Bandt and Wang [2] and Luo et al. [9] that if the interior of an n-reptile in
R? is connected, then the reptile is a topological disc. We will therefore be interested in
reptiles whose interiors are disconnected.

In § 3, we construct, for every m > 2, a 2m-reptile in R? that has holes. Define an IFS
on R? by

1 T .1 .
) 0 " ) .
\/ER<—2>($)+(Z+2,O), Oézém—Z,

™

o) = <=1 Joa) + (- + 3,0), (1)

where R(6) is the rotation through the angle ¢ and o, denotes the reflection about the
y-axis. Let T be the n-repset defined by the IFS F := {g} U {fi}" 2 (see Figure 1). We
have the following theorem.

Theorem 1.1. Let n = 2m with m > 2, and let T be as defined above. Then T is a
connected n-reptile. Moreover, the interior of T' is the union of the largest component,
together with countably many geometrically similar sets, with the closure of each of these
components containing infinitely many holes.

Theorem 1.1 thus reduces the original question in [3] to whether there exist 2-reptiles
or 3-reptiles in the plane with holes. The proof of Theorem 1.1 will be given in § 3.

Theorem 1.1 also answers the following questions raised in [10] in the affirmative:
in the case that the interior of a reptile T in R? has infinitely many components, is it
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Figure 1. The first four reptiles in the family: (a) Fu, (b) Fs, (c) Fs, (d) Fio.

possible that the closure of some component is not a topological disc, and is it possible
that the closure of every component of the interior of 7" has a hole?

In §2 we develop a general method for constructing connected reptiles. To properly
describe the method we will need the following notation, which will be used throughout
this paper.

We let 1 = pgq be the d-dimensional Lebesgue measure on RY. For A, B C R?, we
denote by A°, cl(A), and OA the interior, closure and boundary of A, respectively, and
say that A and B are essentially disjoint if u(A N B) = 0. If A is finite, we denote the
cardinality of A by |A|. We let id denote the identity map on R?. For a sequence of maps
g1,--.,9x on R? we denote the composition g; o --- o gi simply by g1 ---gi. Let R, S
be two sets of mappings on R? and A C R?; we use the following convenient notation:

RS:={rs:re€R, s€S} and R(A):= U r(A).
r€ER

Let F = {f;}7, be an IFS of n similitudes on R? with contraction ratio 1//n. Let Ty
be a non-empty compact subset of R?, invariant under F (i.e. F(Tp) C Tp), such that

T5 #0, N(Tg)=To and u(Ty) = pu(To). (1.4)

Define -
Typ = F(Tp_q) fork>1 and T := ﬂ Ty. (1.5)

k=0

Clearly, T is the attractor of F and is an n-repset.
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Let G be a finite group of orthogonal transformations satisfying the following condition.
Condition 1.2. ’I“(To) =Ty forallreg, Q(Tl) =Tp.
Define a subset F; of F induced by G as

Fir=F(F,G):={feF: fGCF}, (1.6)

ie. f € F if and only if fG C F. Assume that G induces a partition of F into F; and
Fo := F \ Fi such that the following condition holds.

Condition 1.3. F; # Qand, forallr € G, rFs = For (le. {rf: f € Fo} =
{fr: feF}).

It is easy to check that (1.6) and Condition 1.3 actually imply that
FiG=F and GF, = F.G. (1.7)
Define
Vo :={f(To): f € F1}, Vi :={f(U): U €Vy_yand f € Fo} Vk2=1,

V.= [j Vi, Vi = U S Vk =0, V.= G V. (1.8)
k=0 Sev, =~

Note that if F» = () then V, = 0 for all k& > 1. The following condition guarantees
connectedness of T'.

Condition 1.4. Tj is connected and for some k > 0, some component of Uf:o V; has
non-empty intersection with f(7¢) for every f € F.

Theorem 1.5. Let F = {f;}, be an IFS with attractor T, let Ty be invariant under
F and satisfy (1.4), and let {T},}72, be described as in (1.5). Suppose there exists a finite
group of orthogonal transformations G on R? that satisfies Condition 1.2 and induces a
partition {Fy, Fa} of F satisfying Condition 1.3 above. Then the following hold.

(a) The attractor T is an n-reptile.
(b) If, in addition, Condition 1.4 is satisfied, then T' is connected.

Theorem 1.5 provides a new method of constructing reptiles that cannot be obtained
directly by the existing general method described by Bandt [1, Theorem 2]. In Bandt’s
result, the inverse of the linear part of each similitude in the IFS must be an integer
matrix. This is not satisfied by some of the reptiles described in Theorem 1.1.

In §4, we use the method in § 2 to construct reptiles with various interesting topological
properties. In particular, we construct a connected reptile in R? whose interior consists of
infinitely many components, with the closure of some of them having holes and some of
them being topological discs. We also construct a connected reptile in R? whose interior
consists of infinitely many components, with the closure of each component having finitely
many holes. Lastly, we construct a connected piecewise polygonal 16-reptile with a hole.
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Although most reptiles constructed in this paper are defined by IFSs that involve
reflections, it is worth pointing out that Example 4.2 is a reptile with a hole and is
defined by an IFS without involving any reflection. The smallest n for which we can
construct such an n-reptile is 16. All other reptiles with holes constructed in this paper
are defined by IFSs that involve at least two distinct orthogonal transformations. We do
not know whether there exist reptiles with holes that are defined by similitudes having
a common orthogonal transformation.

The rest of this paper is organized as follows. In §2, we describe our construction of
reptiles in R¢ and prove Theorem 1.5. In §3, we study the particular family of reptiles
defined by (1.2) and (1.3) and prove Theorem 1.1. Lastly, in §4, we construct other
reptiles with various topological properties.

2. The construction

Let Ty be a non-empty compact subset of R? satisfying the conditions in (1.4). Let
F ={fi}_, be an IFS of similitudes with contraction ratio 1/¢/n, and thus similarity
dimension d, such that F(Ty) C Tp. Let {T}}72, be defined as in (1.5).

Lemma 2.1. {T}}?°, is a C-decreasing sequence of compact sets.

Proof. Clearly, T} C Ty. Suppose we have shown that T}, C --- C T} for some k. Now
Tit1 = F(Tx) C F(Tg—1) = Ti. The compactness is obvious. |

Define T = (;—, Tk as in (1.5). Then T is the attractor of F and is an n-repset. Let
G be a finite group of orthogonal transformations satisfying Condition 1.2, and assume
that G induces a partition {Fy,Fa} of F such that Condition 1.3 in §1 is satisfied. We
will assume that {T},}2°,, T, F, G, F1 # 0 and F» are fixed as above for the remainder
of this section.

Proposition 2.2. Let {T}}3,, T, G, F, Fi and F; satisfy the hypotheses of Theo-
rem 1.5. Then

(a) Q(T) = TO and fl(To) g T,
(b) F satisfies the open set condition and T is an n-reptile.

Proof. We prove (a) by induction. Since {T3}72, is C-decreasing, it suffices to show
that, for every integer k > 0, G(Ty) = To and F1(Tp) C T. This is obviously true for
k = 0 by assumption. Assume that it is true for some k > 0.

Suppose f € Fy. Since fr € F for all r € G, we have

Tiq1 2 U fr(Ty) = f(G(Tk)) = f(To).

reg

Thus, F1(To) € Thy-
It remains to prove that G(Tj11) = Tp. We have shown that F1(Tp) C Tk+1. So we get
GF1(To) € G(Tk+1)- Next, by (1.7) and the induction hypothesis,

GF>(To) = F2G(To) = Fo(To) = FoG(Tk) = GF2(Tx) C G(Tht1)-
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Combining the two inclusions above, we get GF(Ty) C G(Tk+1). This implies, by the def-
inition F(7Tp) = T3 and the assumption G(T3) = Ty in Condition 1.2, that Ty C G(Tk+41).
The reverse inclusion is obvious and this completes the induction.

To prove (b) we use the fact that, since F; # ), part (a) implies that T° # . Since
the similarity dimension of F is d, it follows that F satisfies the open set condition [11]
and hence T is an n-reptile. ([l

We need to study the structure of F; in more detail. Define an equivalence relation
‘~” on Fi by
f ~gif and only if f € ¢gG.
Since G is a group, it is easy to see that ‘~’ is indeed an equivalence relation. Denote
the equivalence class of f € F; by [f]. Throughout the rest of this section, we will fix a

complete set of representatives Fy = {f1,..., fq} for the quotient set F1 /..

Lemma 2.3. Assume the same hypotheses as in Theorem 1.5. Let {Vi}32, be defined
asin (1.8), and let Fy :={f1,..., fq} be a complete set of representatives for the quotient
set Fi/~. Then

(a) Vol = |F7| = |F1l/1G1;
(b) IGF7| = |FAl;
(c) GF(To) = GF1(To).

Proof. (a) Let f € 7y and assume that f € [f1], say. Then f = fir for some r € G,
which implies that f(Tp) = fir(To) = f1(To). Hence, |Vo| < |F5)-

On the other hand, let f,g € F1 satisfy f(Tp) = g(To). Then by Proposition 2.2(a),
fG(T) = gG(T). The open set condition implies that f = gr for some r € G. Hence,
f ~ g. Tt follows that [Vy| > |Ff].

To prove the last equality in (a), it suffices to show that, for all f* ¢g* € F},
[[£*]l = |lg*]|- This can be verified directly by showing that the mapping 7 : [f*] — [¢*]
defined by 7(f*r) = g*r, r € G, is a bijection.

(b) Define a mapping o : GF; — F1 by
o(rf)=fr forall (r,f) € g x Fy.
It is direct to check that o is a bijection and thus (b) follows.

(c) It suffices to show that GFy(Ty) 2 GF1(Tp); the reverse inclusion is obvious. Let
r € G and f € F;. Then there exists f* € F; and s € G such that f = f*s. Thus,

rf(To) = rf*s(To) = rf*(To) € GF (To),
completing the proof. O

Proposition 2.4. Assume the same hypotheses as in Theorem 1.5. Let {V;}7°,, V,
{Vi}32,, and let V be defined as in (1.8). Then

(a) V is a mutually essentially disjoint collection;
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(b) V CT and p(V) = p(T);

(¢) {r(T)}reg is a mutually essentially disjoint collection;
(d) G # {id} if and only if T # Ty;

(e) To is an n-reptile.

Proof. To prove (a), it suffices to prove by induction on k the claim that any set in
Vy, is essentially disjoint from any distinct set in V;, j > 0.

We first consider the case k = j = 0. Let R, S € V), be distinct. Then there exist
distinct f,g € Fy such that R = f(Tp) and S = ¢(Tp). Note that, for any r,s € G,
fr # gs; otherwise, we would have R = f(Ty) = fr(To) = gs(To) = g(Tp) = S. By
Proposition 2.2,

f(To) = fr(@) and g(Tp) = | gs(T).

reg seg

Now the open set condition implies that g(Tp) and f(7Tp) are essentially disjoint. So any
two distinct sets in V) are essentially disjoint.

Now let j > 0. Suppose R € Vy and S € V;. Let S* € V;_; and f € F;, be such that
f(S*) = S. Since S* C T and F satisfies the open set condition, S is essentially disjoint
from R. Thus the claim holds for k£ = 0. Assume that it holds for some k& > 0.

Let R € Vi1 and S € V; for some j > 0. If j = 0, then the above proof already implies
that R and S are essentially disjoint. So we assume j > 0. Let R* € Vi, S* € V;_; and
f,g € F» be such that f(R*) = R and ¢g(S*) = S. If f # g, then the open set condition
and the fact that R*,S* C T yield that f(R*) and ¢(S*) are essentially disjoint. If
f =g, then R* # 5*. So, by the induction hypothesis, R* and S* are essentially disjoint.
Thus, f(R*) and g(S*) are essentially disjoint. This completes the proof of the claim and
(a) follows.

We now prove (b) and (c). The fact that T C V follows directly from Proposition 2.2(a)
and the construction of V. Let ¢ = |Vy| and m = |G|. By Lemma 2.3(a), |F1| = mgq, and
therefore |F2| = n — mgq. Using (a) above, we find that

(V) = Y i) = Yot 2 (1) — )
k=0 k=0

Since G(T') = Ty, it now follows that {r(T)},cg is an essentially disjoint collection and
that w(V) = u(T).

To prove (d), note that when G = {id}, the relation G(T') = T, implies that T' = Tp.
If G # {id}, then m = |G| > 1. The proof of (b) and (c) above yields u(Tp) = mu(T).
Thus, T # Tp.
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To prove (e), note that if G = {id}, then Ty = T. So we may assume that G # {id}.
By Proposition 2.2, Lemma 2.3 and (1.7), we find that

To =G(T)
=GF(T)UGFR(T)
=GR G(T)VFRG(T) (by (1.7))
= GF1(To) UF(Ty)  (by Proposition 2.2(a))
= GFi (To) U Fo(To)  (by Lemma 2.3(c)).

Thus, Tp is the attractor of GF; U Fa. By (¢), {r(T)}reg is a mutually essentially dis-
joint collection. Hence, GF; (Ty) = GF1(T) and Fo(Tp) = GFo2(T) are essentially disjoint,
and thus GF; N Fy = 0. Now, Lemma 2.3(b) implies that |GF; U F| = |F| = n. Since
15 # 0, Ty is an n-reptile. O

We will now strengthen Proposition 2.4(c) to T° C V and prove Theorem 1.5(b). We
need two lemmas.

Lemma 2.5. Assume the same hypotheses as in Theorem 1.5. Then, for any subset
{h1,...,hi} C Fa,
Cl((T N h1 e hk(To))o) = h1 s hk(T)

Proof. Fix r € G\ {id}. Since hy € Fa, har(T) C r(T). So, hyr(T) is essentially
disjoint from both 7" and h;(T"). By Proposition 2.2(a),

(TN hy - hi(T))° € (Tﬁ (h1~-~hk(T)U U hlr(T))>o

reg\{id}
C(TNnhy--he(T)UoT)®
= (h1-- hi(T) U OT)°
Chy--hi(T).

Hence, cl((T N hy - hi(T5))°) € hy -« - hg(T). The reverse inequality is straightforward
and this completes the proof. (I

Lemma 2.6. Assume the same hypotheses as in Theorem 1.5. Suppose hy, ..., hy € F
and U := hy - - - hy(Tp) is not a subset of V. Then

A(T N hy - hi(To))°) = hy - - ho(T).

Proof. By Lemma 2.5 it is enough to show that h; € F3 for every 1 < ¢ < k. Note that
hy € Fy; otherwise U C hy(Ty) € Vy. Assume now that 1 < ¢ < k and that we have shown
hi,...,hi_1 € Fo. If h; € F1, then hl(To) €Y. SO, hq - hk(TO) C hy- hz(To) eV, a
contradiction. Thus, h; € F5 and the result follows. O

Proposition 2.7. Under the hypotheses of Theorem 1.5, T° C V.
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Proof. If G = {id}, then T'= T, = V and we are done. So we assume that G # {id}
and thus T # Ty by Proposition 2.4(d). Let « € T\ V, let B be an open ball centred
at x, and let hy,...,hy € F such that € hy---hi(To) € B. We claim that B € T.
Suppose B C T'. We note that since « ¢ V', hy ---h;(To) € V. So, by Lemma 2.6,

hy---hj(To) = cl((T N hy -+~ hi(To))°) = hy - - - hy(T),

This contradicts T # Ty and the claim is proved. Since B was arbitrary, ¢ T° and the
proposition follows. O

Lemma 2.8. Assume the same hypotheses as in Theorem 1.5 and assume in addition
that Condition 1.4 holds. Then T is connected.

Proof. Let W be a component of Uf:o Vi that has non-empty intersection with f(7y)
for every f € F. Then Proposition 2.4(b) implies that W C T. By a result of Hata [6,
Theorem 4.6], it is enough to show that W N f(T) # () for every f € F.

First, let f € Fi. Since f(Tp) is connected and W N f(Ty) # 0, we have f(Tp) C W.
Thus, W N f(T) # 0.

Now assume that Fo # 0 and let f € Fy. Since W N f(T5) # 0 and W = cl(W?),
(W N f(To))° # 0. It now follows by using Lemma 2.5 that

W N f(To))° € (W N f(Tp))°) € (TN f(T0))°) € f(T).
Thus, W N f(T) # 0. This completes the proof. O

Theorem 1.5 now follows by combining Propositions 2.2 and Lemma 2.8.

3. A family of planar reptiles with holes

Let n = 2m be an even integer greater than or equal to 4. Let Ty = [— m,m}
—v/m/2;y/m/2]. Clearly, Ty satisfies the conditions in (1.4). Let f;, —m <i < m — 2,

and let g be defined as in (1.2) and (1.3), respectively. Let

={gt U{fitiZ=,.

Use these Ty and F to define {T;}?° as in (1.5), and let T' = (7~ , Tk be the attractor
of F (see Figure 1). Let

Q()—[ m, m—|—1 —\/mjz,\/M

Let G := {id,0,}. Then G is a finite group of orthogonal transformations. Let F; be the
subset of F induced by G as defined in (1.6) and let Fy = F \ Fi.

Lemma 3.1. Let {1}, T, F, G, Fi and F» be defined as above. Then
(a) r(To) =Ty for all r € G and G(T4) = To;

(b) Fir ={f-m-9};
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(¢) rFo = For for allr € G.

Proof. Proof of (a) follows by a direct verification. To prove (b) we note that f_,,0, =
g and thus goy, = f_,,. Moreover, for any f € F\{f_.m, g}, fo, ¢ F. Proof of (c) follows
by showing that oy f; = f_i—10y for —-m+1<i<m—2. O

Lemma 3.1 shows that both Conditions 1.2 and 1.3 in § 1 hold. Thus, F, {Tx}72,, T’
G, F1 and F, satisfy all hypotheses of Theorem 1.5. Note that Qo = f_n(Tp). So, by
Proposition 2.2, we have the following lemma.

Lemma 3.2. T is an n-reptile, T U o, (T) =Ty and Qo C T.
For the rest of this section, let {Vi}72, V, {Vi}i2, and V be defined as in (1.8).

Lemma 3.3. Condition 1.4 holds and thus T is connected.

Proof. Ty is obviously connected. By examining f(7) for all f € F, it suffices to
prove that W = Vo U V; U Vs is connected. This may be done by a direct verification. [J

To describe the components of T°, we define three additional sets of maps as follows:

={fiil i1 Ha = {fi}]7 Hy = fomirHo = {fomi1 fi} o7
Note that Hi UHs = Fo. We also define a sequence of subsets Qr C T', k > 1, recursively
as follows:
Q1 :=Hi1(Qo) and Qi =Hi1(Qx—1) UH3(Qr—2), k=2
Let

Q= (ch)

Note that |y, Qp is dense in (Jro o Qk, so Q@ = cl(Q°). We will show that @ is the
closure of the largest component of T°.

Lemma 3.4. Let {Qy}72, be defined as above. Then
(a) forallk >0, Qr CTN{(z,y) CR?*: z <0};
(b) H1(Q%) NHs(Q°) = 0;

(c) the Qy are mutually essentially disjoint;

(d) Q° is connected.

Proof. (a) By Lemma 3.2, QoUQ1 C TN{(x,y) C R?*: z < 0}. The assertion follows
by using induction and the invariance of T" under the f;.

(b) By using part (a) and the definitions of H; and H3, we see that
Hi(Q°) C{(z,y) €R®:y <0}, H3(Q°) C{(z,y) €R*:y >0},

and the result follows.
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(c) Obviously, Qo and Q; are essentially disjoint. Assume that, for some k& > 1,
Qo, @1, ..., Qy are essentially disjoint. Then

Qi1 N Qo = [H1(QR) UH3(Qr-1)] N QG S [Ha(T?) UH(T°) N Qg = 0.

By using the induction hypothesis and part (b), we have

Qi1 N QT = [H1(QR) UH3(QF_1)] N H1(Q0)
= H1(Qk N Qo) U [H3(Qf—1) N H1(Qp)]

= 0.
Using a similar argument, for 2 < i < k, we have

Q1 NQF = [H1(Qy) UH3(Qr_1)] N [H1(QF-1) UH3(Q7_)]
= H1(Qy NQ7_1) U [H1(QR) NH3(QF_2)]
U [H3(Qr—1) NH1(Q7—1)] UH3(Qr—1 NQ5_5)
= 0.

This proves part (c).

(d) Let Sy := U?:o Q;. Since {Sk}72, is a C-increasing sequence of sets, it is enough
to show that the interior of Sy is connected for every integer £ > 0. We proceed by
induction.

Clearly, Sy = Qo has a connected interior. When k = 1, note that the left-hand edge
of f_;m+1(Qo) is contained in the right-hand edge of @y and the left-hand edge of f;(Qo)
is the right-hand edge of f;—1(Qo) for —m + 2 < i < —1. Thus, S; has a connected
interior. Also, the left-hand edge of Ufgf fom+1/i(Qo) is contained in the right-hand
edge of Qo, so Qo U H3(Qo) has a connected interior. A similar argument actually proves
the inductive step. We omit the details. This proves part (d). a

For any index J = (j1,...,7k), 1 < ji < n, let |J| = k denote the length of J. For
any subset A C R?, let f;(A) := fj, ... [, (A). If J =0, we interpret f; as the identity
function. Given an index J = (j1,...,jx) and a symbol j we define j&® J = (§, 51 ..., jr)-

We define a sequence of collections of indices {Zj}7° , recursively as follows:

I()IZ{V)},
I ={(): —m+2<i<m-—2},
Iy ={i®oJ: Je€ly_1and —m+1<i<m—2} k=2

Define 7 := |Jpoy Zy,. For A C R? and k > 0 we define
Ti(A) := {fs(A): T €T} and I(A) := | Tk(A).
k=0

Let Q* := H2(Q). Our next goal is to prove the following proposition, which describes
all components of T°.
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Proposition 3.5. The components of T° are {Q°} UZ((Q*)°). Moreover, for distinct
LJ e, |f1(Q)Nfi(Q7) <2

Let D :={(0,0),(0,v/m/2)} and E := Hz2(T). Define sequences of ordered pairs of
subsets of T" as

Ri = {(£s(E). fs(D)): J €T}, k>0, andlet R:= | R
k=0

A simple inductive argument shows that K C H for every (H,K) € R.
Given A, B, X,Y C R? we say that X separates A from B in Y provided that, for
every connected C C Y, if CNA# () and CNB #0, then CN X # 0.

Lemma 3.6. If (H,K) € R, then K separates H from T\ H in T.

Proof. We leave it to the readers to convince themselves that the lemma holds for all
pairs from steps R and R4 of the construction, and that for every H € Z;(E) and f € F;
we have f(H) C (f(Tp))°. Suppose now that k > 1. Assume that the lemma holds for all
pairs in Ry_1 and that for every H € Zj,_1(E) and f € F3 we have f(H) C (f(T0))°.

Let (H*, K*) € Ry. Then there exist (H, K) € Ri—1 and f € F such that f(K) = K*
and f(H) = H*. By assumption, K separates H from T\ H and H* C (f(7p))°. So,
K* separates H* from f(T)\ H* in f(T). By Lemma 2.5, f(T) = cl((T' N f(T5))°). So,
K* separates H* from cl((T N f(Tp))°) \ H*. Since H* C (f(Ty))°, K* separates H*
from T\ H*. Moreover, for all g € F2, g(H*) C g((f(T0))°) C (9(Tp))°, completing the
induction. (]

Lemma 3.7. If p € T° \ Q, then there exists (H,K) € R such that p € H and
Q°CT\H,

Proof. By Proposition 2.7, T° C V. So, there is some k > 0 such that p € Vj.. We use
induction on k. Again we leave the easier cases of kK =0 and k = 1 to the reader.

Assume that & > 1 and suppose that the lemma holds for p € V1. Let p € V;, \ Q
and f € F» be such that f~1(p) € Vi_1.

If f € Hy, then f~1(p) ¢ Q by the definition of Q. Note that f~1(p) € T°. By
induction hypothesis, there exists (H,K) € R such that f~!(p) € H and Q° C T\ H.
Since (f(H), f(K)) € R, f(K) separates f(H) from T \ f(H). Note that f(Q°) C
fM\ f(H) C T\ f(H). Since f(Q) C @Q and Q° is connected and f(K) is finite, we
have Q° C T\ f(H). Also, f~!(p) € H implies that p € f(H).

If f € Hy, then p € E. Since (E,D) € R and Q° C T\ E, the assertion follows. a

Lemma 3.8. Q° is a component of T° and for any p € T°\ Q° there exists (H,K) € R
such that p € H and Q° C T\ H.

Proof. By Lemma 3.4(d), Q° is connected.

By way of contradiction, suppose that Q° is a not a maximal connected set in T°. Let
N denote the component of T° containing Q°. Since @ = cl(Q°), thereisap € N\ Q.
By Lemma 3.7, there is an ordered pair (H, K) € R such that p € H and Q° C T\ H.
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In particular, K is a finite set separating Q° from p. Thus, p ¢ N, a contradiction. So,
Q° is a component of T°.

Let p € T°\ Q°. Since @Q° is a component of T° and cl(Q°) = Q, p ¢ Q. By Lemma 3.7,
there exists a (H,K) € R such that p € H and Q° C T\ H. O

Lemma 3.9. Let S € Z;,((Q*)°). Then S is a component of T° and for any p € T°\ S
there is (H, K) € |J;=, Ry such that p € H and S C T\ H. In particular, the closures of
any two components of T° meet in at most two points.

Proof. We proceed by induction on k. The cases k = 0 and k = 1 can be verified
directly by Lemmas 3.6 and 3.8. We omit the details.

Suppose k > 1 and assume that the lemma holds for all members of Zy_1 ((Q*)°). Let
S € Zr,((Q*)°). There are f € Fy and Sy € Z_1((Q*)°) such that S = f(S1). Since S;
is connected, so is f(S1).

Let p € T°\S = T°\ f(S1). Since p ¢ £(S1), f~1(p) ¢ S1. By the induction hypothesis,
there exists (H,K) € |J;2,_ ;R such that f~'(p) € H and S; C T\ H. Note that
(f(H), f(K)) € U2, Ri. f(K) is finite and by Lemma 3.6 it separates f(H) from T\
f(H). Since p € f(H) and f(S1) C T\ f(H), p is not in the same component of T° as
f(S1). Thus, f(S1) is a component of T°. O

Lemma 3.10. f;((Q*)°) N f5((Q*)°) = 0 for distinct I, J € T and Q° N f;((Q*)°) =0
for all J € T. In particular, the cardinality of T;,((Q*)°) is (2m — 2)*.

Proof. By Lemma 3.9 it is enough to show that all elements of

{R yu{f,((Q")°): J eI}

are distinct. Note that diam Q° > diam(Q*)°. So, Q° and (Q*)° are distinct. Since the
maps in F are contractive, every member of Z; ((Q*)°) is distinct from both @ and Q*.
By the open set condition, the elements of Z; ((Q*)°) are all distinct.

Suppose k > 1 and assume that the sets in Z_1((Q*)°) are distinct from each other
and from members of {Q°} U U;:g Z;((Q*)°). Since the maps in F are contractive, every
member of Z; ((Q*)°) is distinct from members of

k—1
{@ru Jm@)).
1=0

Let I,J € Iy be distinct. There exist I*,J* € 7,1 and —m + 1 < 4,7 < m — 2 such
that I = i@ " and J = j @ J*. If i = j, then I* and J* are distinct, which implies
that f1((Q")°) = fi(f1-((Q*)°)) and £5((Q*)°) = filfs-((Q*)°)) are distinct. If i # j,
then the open set condition implies that f; = fi(fr-((Q*)°)) and f; = f;(fr-((Q*)°))
are distinct. |

v=elJ) U s (3.1)

SEZ((Q)°)
To complete the proof of Proposition 3.5, it suffices to show that T' = cl(U).

Define
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Let n := %n — 1. Define the infinite sum

where the pj satisfy the following Fibonacci-type relations:

po =1, P1 =1, Pk = n(pr—1 +pr—2) forall k> 2
We leave it for the reader to verify that s = u(Q)/u(Qo).
Lemma 3.11. For all k > 2, p,, = nF + Z§:2 i pg_j.

Proof. We use induction on k. ps = fi(pg +p1) = 7% +n and hence the equality holds.
Assume that it holds for some k& > 2. Then

D1 = (Pr + Pr—1)

k
(ﬁ’“ +> ﬁj‘lpkj) + APk
=2

=n
k+1
= phtl + Z fl]_lpk+1_j,
=2
which completes the induction. (I

Lemma 3.12.

n2
s =
nin—"n)—"n
In particular,
n5/2
M) = ey

Proof. Using Lemma 3.11 and reordering the summations, we obtain

=2 "
) n k c© k i
->(2) S
k=0 k=2 j=2
o0 oo _ g
n ni=1
:n—n+z< njH)pe
=0 \j=2
n n > D
— be
N n—ﬁ+n(n ﬁ)z ¢
=0
n n
= + S
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Solving the resulting equation for s yields the first required equality. The second equality
follows from the facts that s = u(Q)/u(Qo), #(Qo) = /n and 1 = in — 1. O

Lemma 3.13. Let U denote the union defined in (3.1). Then T = cl(U).

Proof. By summing the areas of the essentially disjoint sets in the union as a geo-
metric series, and using the relation n = 2m, we obtain

u(U) = (@) [1 S e = 2 (om = 9m -1 <1>k+2]

2 n
o {1 E L, em- :;)2<m 1) g(%n_ Qﬂ
:u(Q)RQ%ZJrQ'

Now, by Lemma 3.12, (Q) = (2n°/2)/(n? 4+ n + 2). Combining these results, and using
the fact that pu(T) = 2u(Tp) = 2n®/2, we get

md2 p24n42 _ n3/2

= u(T).
n2+n+2 4n 2 w(T)

u(U) =

It follows that 7° C U and thus T' = cl(T°) C cl(U). On the other hand, it is obvious
that cl(U) C T. Hence T = cl(U). O

Proposition 3.5 now follows by combining Lemmas 3.9 and 3.13.
To complete the proof of Theorem 1.1, it now remains to show that the closure of each
component of T° has infinitely many holes.

Lemma 3.14. Let A and C be non-empty subsets of R? such that C is connected,
0C C A, and C ¢ A. If B is a component of R?\ A and BN C # (), then B C C.

Proof. Let B be a component of R?\ A such that BNC # (). By way of contradiction
assume that B € C. Since B is connected, BNC # 0, and B € C, we have BN AC # (.
Since OC C A, we get BN A # (), which contradicts the premise that B C R?\ A. a

Lemma 3.15. If S is a component of T°, then cl(S) has infinitely many holes, i.e. R?\
cl(S) consists of infinitely many bounded components.

Proof. We first show that @ has infinitely many holes. Given a function f, we let f°
denote the identity. Recall that Q1 := H;(Qo). Define

O:=QoU [ m11(Qo) U fomi1(Q1) U fomi1f-1(Q1) U fomi1fo(Q1) UH3(Qo).

Note that O C @ and there is a bounded component Cy of R? \ O contained in Tg. It
may also be verified that 0Cy C @ and Cy € T In particular, Cy Z Q. Let p € Co \ T.
Since p ¢ @, there is a component Hy of R? \ @ such that p € Hy. By Lemma 3.14,
Hy C Cy gTé) Since p € Hy, Hy gT
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-25-20-15-10-05 0 05 1.0 15

Figure 2. A connected 9-reptile with holes.

Suppose that & > 0 and assume that R? \ @ has a bounded component Hj_ ; C
f:nlﬂ(Té’) such that Hg_1 € T. Define Cy := f_41(Hi—1). Then C is connected,
Cr C [k, 1(T5), and Cy € f—my1(T). By Lemma 2.5,

AT N (fornsr (T0)°) = Fo s (T).

So, Cy € T. In particular, Cp Z Q. Since 0Hi_1 C @, the definition of @ implies
that OCx = f_m+1(0Hk—1) C f—m+1(Q) C Q. Let ¢ € C, \ T. Since ¢ ¢ Q, there is a
component Hj, of R? \ @ such that ¢ € Hy. By Lemma 3.14, H, C C C f* . (Tp).
Since q € Hy,, Hy g T.

Since the diameters of the terms of the sequence {Hy}72, go to 0, @ has infinitely
many holes.

We now show that @Q* has infinitely many holes. Let H be a bounded component
of R%\ Q such that H ¢ T. Since H is open, H C Tg. Therefore, fo(H) C fo(T5) and
fo(H) € fo(T). Lemma 2.5 thus yields fo(H) € Q*. Moreover, it is obvious that fo(H) is
connected and d(fo(H)) C Q*. Let 7 € fo(H)\ Q*. Let H* be the component of R?\ Q*
which contains r. By Lemma 3.14, H* C fo(H). Thus, H* is a hole in @Q*. Since @ has
infinitely many holes of decreasing diameter it follows that the same holds for Q*.

If S is the closure of a component of T° other than @ or @Q*, then S is similar to Q*
by virtue of Lemma 3.9. Thus, S has infinitely many holes. (]

Lemma 3.15 now completes the proof of Theorem 1.1.
Theorem 1.1 reduces the original question in [3, § C17] to the following one.

uestion 1. Are there 2-reptiles or 3-reptiles in R2? with holes?
Q p p

4. Reptiles with other topological properties

In this section, we use the method in §2 to construct reptiles with holes and various
properties.

For n equal to an odd integer, we can also construct certain n-reptiles with holes. The
smallest n we can get is 9, as in the following example.

https://doi.org/10.1017/5001309150400001X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150400001X

Reptiles with holes

667

Example 4.1. Let Ty = [-3,3] x [-3,3] and p = 3. Define an IFS F = {fi}{_, as

where

pR(5m)(x) + d;,
pR(3m)0y(z) + di,
px + d;,

poy(x) + di,
poy(z) + di,
pR(m)(x) + d;,

d3 = d5 = (_27 _1)7

d8 = (_17 O)u

i=1,
i=2,
i =34,
i=5,6,
i=1,
i=8,9,

d4 = dﬁ = (_17 1)7

do = (1,0).

Then the attractor T' (see Figure 2) of F is a connected 9-reptile whose interior consists
of infinitely many components, with the closure of each component consisting of infinitely

many holes.

Proof. It is clear that Ty satisfies the conditions in (1.4). Let G = {id, o, }. Then
Condition 1.2 holds. One can check directly that

flo-y = f2;
fs0y = f3,

fYUy = ny77

fZUy = fla
faoy = fe,

fSUy = ny97

f3oy = fs,
feoy = fa,

f90y = ny8-

It follows that Fy := {f;}S_;, Fo = {fi}}_-, and Condition 1.3 holds. Thus by Theo-
rem 1.5(a), T is a 9-reptile. It is easy to see that, for all f € F, Vo f(Ty) # 0, where V;
is defined as in (1.8). Thus, by Theorem 1.5(b), T"is connected. The rest of the assertions

can be proved as in § 3.

O

To construct n-reptiles in R? whose interior consist of finitely many components, and
with the closure of some component having a hole, the smallest n we can obtain is 16.
Note that reflections are not involved in the construction of the following reptile.

Example 4.2. Let Ty = [-8,8] x [—4,4] and p = 1. Define an IFS F := {f;}15, as

pR(—im)(x) +d;, 6<i<10,
filz) = 2 .

px + d;, 11 <2 <13,

pR(—m)x + d;, 14 < i < 16,

where

dl = d6 = (_7a _2)7
ds = dio = (3,0),

d2 = d7 = (_772)a
di1 = dig = (—4,-3),

d3 = dS = (_570)a
dig = dis5 = (—4,3),

https://doi.org/10.1017/5001309150400001X Published online by Cambridge University Press

d4 - d9 - (_170)a
di3 = dig = (0, 3)


https://doi.org/10.1017/S001309150400001X

668 F. Jordan and S.-M. Ngai

T e e T
. . . . . . . .
. : : i : :
3 : 1 R
. .
' '
2 Aoy e e i E
.
. . ' . ‘
1 GRS B i o oo . o o Snmaded e R
v
0 5 . RERTUEEE. e i -
. . .
-1 . oy i -
. :
' ' i
. i . 1 i 3
-2 b e e e R S S R
. :
"
-3 5 i ey R Tttt - -
- - i
| .

-7 6 -5 -4 -3 -2-10 1 2 3
Figure 3. A connected 16-reptile whose interior consists of two components, with the
closure of one of them being a disc and that of the other having a hole.

Then the attractor T of F is a connected 16-reptile whose interior consists of two com-
ponents, with the closure of exactly one of them having a hole (see Figure 3).

Proof. Let G = {id, R(—m)}. Then Condition 1.2 clearly holds. For 1 < i < 5,
fiR(—m) = fi+s, which implies that f;i1sR(—7) = f;. For 11 < i < 13, we have
fiR(—7) = fi+s, which implies that f;;3R(—n) = f;. Hence /1 = F and Condition 1.3
also holds. Thus 7" is a 16-reptile.

For all f € F, Vo f(Ty) # 0. Hence T is connected. The last assertion is obvious. 0O

In view of Example 4.2, it is natural to ask the following questions.

Question 2. What is the smallest n such that a connected n-reptile in R?, whose
interior consists of finitely many components, has a hole? What is the smallest n such
that a connected piecewise polygonal n-reptile in R? has a hole?

We now construct a reptile whose interior consists of infinitely many components,
with the closure of some components having holes and the closure of the others being
topological discs.

Example 4.3. Let Ty = [-4,4] x [-2,2] and p = }. Define and IFS F = {f;}}, as

pR(3m)(x) +di,  1<i<5,
pR(5m)oy(x) +di; 6 <1< 10,
px + di, i=11,12,
fz(l') = pay(x) + d;, i=13,14,
pR(3m)(x) + d;, i =15,
pR(féﬂ)(fE) +d;, =16,
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Figure 4. The reptile in Example 4.3.

where
d1:d6:(_%7_1>7 d2:d7:<_ga_1), d3:d8:(_%7_1)7
dy=dy = (—1,1), ds = dip = (—3,1), din = diz = (-2,3),
d12 = d14 = (27 %)7 d15 = (_%a _1)a d16 = (%7 _1)

Then the attractor T' (see Figure 4) of F is a connected 16-reptile whose interior consists
of infinitely many components, with the closure of some of them having holes and the
closure of the others being topological discs.

Proof. Let G = {id, 0, }; thus Condition 1.2 holds. We verify directly that, for 1 <
i <5, fioy = fits € F, which implies that f;150, = f;. For i = 11 or 12, we have f;o, =
fixe € F, which implies that fi;o0, = fi. Also, it is easy to check that fisoy = oy fi6,
which implies figo, = o, f15. Thus, F1 = {fi}}2,, Fo = {fi}15,5, and Condition 1.3 is
satisfied. Therefore, T is a 16-reptile.

For all f € F, V1N f(Ty) # 0. Hence T is connected. We omit the proofs of the rest of
the assertions. ]

It is not true that if the interior of a reptile consists of infinitely many components,
with the closure of some having holes, then the closure of these components must contain
infinitely many holes. The following is a counterexample.

Example 4.4. Let Ty = [-6,6] x [-3,3] and p = {. Define and IFS F = {f;}3, as

poy(x) + di, 1<1<T,
pR(%ﬂ')(E + d;, 8 <i < 16,
) pR(37)oy(x) +d;, 17 < i< 25,
file) = pz + d;, 2 < i < 34,
poy(z) + d;, i =35,
pR(m)(z) + d;, i = 36,
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-5 4 -3 -2 -1

Figure 5. A connected 36-reptile whose interior consists of infinitely many components
and the closure of each component contains finitely many holes.

-7 6 -5 4 -3 -2 -1 0 1

Figure 6. The 16-reptile S used in the construction of the reptile R in R?.

where
dy = das = (—4,-2), dy = dor = (—4,3), d3 = dos = (—2,-3),
dy = dag = (-2, -3), ds = dso = (-2, 3), ds = ds1 = (2,—13),
dr =d3z = (3,3), ds = di7 = (-4, -2), dy = dis = (—4,0),
dio = dig = (—31,2), din =dyo = (—%,-1), dia = do1 = (—3,0),
dig = do2 = (—3,2), dig = doz = (3,1), dis = day = (£,-1),
dig = das = (2,1), dss = (=3, 3), dss = (3, %),
dss = (0,—3), dss = (0,—3).

Then the attractor T' (see Figure 5) of F is a connected 36-reptile whose interior consists
of infinitely many components, with the closure of each component consisting of finitely
many holes.
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Proof. It is clear that G = {id,0,} satisfies Condition 1.2. We first note that, for
1<i<7, fioy = fit2s, which implies that f; 1250, = fi. Next, we can check directly
that, for 8 < i < 16, f;o0y = fit9, which implies that f;19 = fioy,. Lastly, we verify
directly that fszo, = 0y f35 and fsso, = 0y f36; moreover, fzz0, = 0y f34, which implies
that f3soy = 0y f33. Thus Fy = {f;}32,, Fo = F \ F1, and Condition 1.3 holds. Therefore,
T is a 36-reptile.

For all f € F, V1N f(Ty) # 0. Hence T is connected. We omit the proofs of the rest of
the assertions. g

By modifying and extending the reptile T' in Example 4.2 (see Figure 3), we can obtain
a reptile in R? with a hole. Let S be the 16-reptile shown in Figure 6. Define

Ri= (8 % [~2,—1]) U(T x [~1,0]) U (T x [0,1]) U (S x [1,2]).

Then R is a 64-reptile in R® whose interior consists of two components, with the closure
of one them having a hole.
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