
Can. J. Math. Vol. 50 (1), 1998 pp. 3–15.

SUBGROUPS OF THE ADJOINT GROUP OF A RADICAL RING

B. AMBERG, O. DICKENSCHIED AND YA. P. SYSAK

ABSTRACT. It is shown that the adjoint group RŽ of an arbitrary radical ring R has
a series with abelian factors and that its finite subgroups are nilpotent. Moreover, some
criteria for subgroups of RŽ to be locally nilpotent are given.

1. Introduction. Let R be an associative ring, not necessarily with an identity
element. The set of all elements of R is a semigroup with identity element 0 2 R under
the operation aŽb = a +b +ab for all a and b in R. The group of all invertible elements of
this semigroup is called the adjoint group of R and denoted by RŽ. Following Jacobson [5],
a ring R is radical if R = RŽ, which means that R coincides with its Jacobson radical.
An important subclass of the class of radical rings is the class of nil rings, i.e., rings R
such that for every element a of R there exists a positive integer n = n(a) with an = 0.
The relation between a radical ring and its adjoint group RŽ has been investigated for
instance in [11], [8] and [1]. Here we will study how the nilpotency structure of a radical
ring R is influenced when finiteness and nilpotency conditions are imposed on certain
subgroups of RŽ.

The first theorem shows that the adjoint group of an arbitrary radical ring satisfies
some solubility condition. Recall that a group G is an SN-group if it has a series with
abelian factors (see [9], Vol. 1, pp. 9f and 25).

THEOREM A. The adjoint group RŽ of every radical ring R is an SN-group in which
every finite subgroup is nilpotent.

Using Zelmanov’s theorem on the restricted Burnside problem (see [14] and [15]),
we can deduce the following from Theorem A.

COROLLARY 1. Let G be a subgroup of the adjoint group of a radical ring and
suppose that one of the following conditions holds:

(a) G is locally finite,
(b) G has finite exponent,
(c) G is an n-Engel group for some n ½ 1,
(d) G is locally artinian.

Then the group G is locally nilpotent.
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Note that a locally noetherian subgroup of the adjoint group of a radical ring need not
be locally nilpotent. This can be seen from an example of Neroslavskii [8] of a radical
algebra R over the field with p elements ( p Ù 2) whose adjoint group RŽ contains a
polycyclic subgroup G isomorphic with the semi-direct product haiå hbi of an infinite
cyclic subgroup hai and a cyclic normal subgroup hbi of order p with a�1ba = b2.

However, if a polycyclic subgroup G of the adjoint group of a radical ring R generates
R as a ring, then G must be nilpotent. This follows from a theorem of Roseblade (see [10],
Corollary 8.4.14) and is also contained in our next result. A group G is strongly restrained
if there exists an integer n such that for every two elements xÒ y 2 G, the subgroup hxh yii

of G can be generated by n elements; see [6]. Obviously every polycyclic-by-finite group
and every group with finite exponent is strongly restrained.

THEOREM B. Let G be a strongly restrained subgroup of the adjoint group RŽ of a
finitely generated radical ring R. If G generates R as a ring, then the ring R and so also
the group G are nilpotent.

Let x and y be elements of a ring R and define [xÒ ky] by [xÒ 0y] = x and [xÒ k+1y] =
[[xÒ ky]Ò y], where [xÒ y] = xy� yx denotes the ring commutator. A ring R is an Engel ring
if for every two elements xÒ y 2 R there exists an integer k ½ 0 such that [xÒ ky] = 0.
Moreover, R is an n-Engel ring if [xÒ ny] = 0 for all xÒ y 2 R.

COROLLARY 2. The following conditions on the finitely generated radical ring R are
equivalent.

(1) R is an n-Engel ring for some n ½ 1,
(2) R is a nilpotent ring,
(3) RŽ is an n-Engel group for some n ½ 1,
(4) RŽ is a nilpotent group.

Theorem B and Corollary 2 do not hold in general when the ring R is not finitely
generated, since even a commutative radical ring need not be nil. Also it was noted by
Brown (see [4], remarks before Corollary 4.6), that a radical ring R is locally nilpotent
if it is generated as a ring by a locally polycyclic subgroup of RŽ with finite torsion-free
rank. Note also that in statements (1) and (3) of Corollary 2, the n-Engel condition cannot
be replaced by the Engel condition, as a well-known example of Golod shows (see for
instance [10], Theorem 6.2.9).

Recall that the class E of elementary amenable groups (see [7]) is the smallest class
of groups which

(1) contains all abelian and all finite groups,
(2) is extension closed,
(3) is closed under direct unions.

It is easy to see that E contains every group whose finitely generated subgroups have an
ascending series with locally finite or locally nilpotent factors.
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THEOREM C. Every elementary amenable subgroup of the adjoint group of a nil ring
is locally nilpotent.

Golod’s example shows that for each integer r ½ 1, there exists a finitely generated
non-nilpotent subgroup of the adjoint group of a nil ring in which every r-generator
subgroup is nilpotent. The last theorem strengthens this result slightly. Indeed, for each
r Ù 0, every finitely generated non-nilpotent subgroup of the adjoint group of a nil ring
contains a non-nilpotent subgroup, which is finitely generated but not r-generated.

THEOREM D. Let G be a subgroup of the adjoint group of a nil ring. If there exists
an integer r Ù 0 such that every finitely generated subgroup of G is r-generated or
nilpotent, then the group G is locally nilpotent.

Since every group with finite Prüfer rank satisfies the hypothesis of Theorem D,
we obtain the following corollary, which can also be proved using a result of Wilson
(see [13], Theorem 1).

COROLLARY 3. Let G be a subgroup of the adjoint group of a nil ring.

(a) If every finitely generated subgroup of G has finite Prüfer rank, then G is locally
nilpotent.

(b) If there is an integer r Ù 0 such that every two-generator subgroup of G has finite
Prüfer rank bounded by r, then G is locally nilpotent.

The notation is standard and can for instance be found in [9], [5] and [10].

2. General properties of the adjoint group of a radical ring. The proof of Theo-
rem A requires the following two lemmas, the first of which is due to Neroslavskii.

LEMMA 1 ([8], PROPOSITION 6). Let R be a radical algebra over the field F.

(a) If F has characteristic zero, then the adjoint group RŽ is torsion-free.
(b) If F has prime characteristic p, then every element of finite order in RŽ is a

p-element.

LEMMA 2. Let R be a radical ring such that
T

n pnR = 0 for some prime p. Then every
periodic subgroup of the adjoint group RŽ of R is a p-group.

PROOF. Let g be an element of RŽ with prime order q. There exists a minimal integer
n ½ 0 such that g Û2 pnR. Hence n Ù 0 and g + pnR has order q in the adjoint group of
the ring pn�1RÛpnR, which is obviously a radical algebra over the field with p elements.
Thus q = p by Lemma 1, and the lemma is proved.

The following simple observation will be used without further reference. Let G be a
subgroup of the adjoint group of the radical ring R. If S is a radical subring of R and T
an ideal of S, then (G \ S)Û(G \ T) is isomorphic with a subgroup of the adjoint group
(SÛT)Ž of the ring SÛT.
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PROOF OF THEOREM A. To prove the first assertion, consider R as a left R-module.
We will use the notion of a series of left R-submodules defined in the same way as
in [9], Vol. 1, pp. 9f for groups. It follows from Zorn’s Lemma that the module R has a
composition series, i.e., a series with no proper refinement. Let TÛS be a factor of this
series. As a radical ring, R has no irreducible left R-modules; see [5], p. 9, Theorem 2.
Thus R(TÛS) = 0, and so RT � S. In particular TS as well as ST are contained in S.
Hence S is a (two-sided) ideal of T. The left ideals S and T are both radical subrings
of R. Since TT � S, the factor ring TÛS has trivial multiplication and the factor group
TŽÛSŽ ≤ (TÛS)Ž is abelian. Thus every composition series of the module R forms a
series of RŽ with abelian factors, and RŽ is an SN-group.

Assume there exist finite non-nilpotent subgroups of the adjoint group of a radical
ring R and let G be such a group with minimal order. We may suppose that R is the
radical join hGirad of G, i.e., the smallest radical subring of R which contains G. By
Zorn’s Lemma there exists an ideal M of R, which is maximal with respect to M\G = 0.
The subgroup Ḡ = fg + M j g 2 Gg of (RÛM)Ž is isomorphic with G. Passing to the
factor ring RÛM = hḠirad, we may suppose that each non-trivial ideal of R intersects G
non-trivially.

Assume that pR 6= R 6= qR for two different primes p and q. Then G \ pR 6= G and
G\qR 6= G. The choice of G implies that the groups G\pR and G\qR are both nilpotent.
The factor group GÛ(G \ pR) is isomorphic with a subgroup of the adjoint group of the
radical algebra RÛpR over the field with p elements. By Lemma 1, GÛ(G \ pR) is a p-
group. Similarly GÛ(G\ qR) is a q-group and hence G = (G\ pR)(G\ qR). By Fitting’s
Theorem (see [9], part 1, p. 49, Theorem 2.18), G is nilpotent. This contradiction shows
that there exists a prime p such that qR = R for all primes q 6= p.

We define a descending chain of ideals of R as follows:

R0 = RÒ

Rã+1 =
1\

n=1
pnRã for every ordinal ã and

Rï =
\
ãÚï

Rã for every limit ordinal ï

Assume that there exists a prime q 6= p such that qRã 6= Rã for some ordinal ã and let ã
be minimal with this property. Clearly ã = å + 1 for some ordinal å, and so

Rã =
1\

n=1
pnRå

If a 2 Rã, then a = qb for some b 2 Rå. For every n 2 N, there exist integers u and v
such that uq + vpn = 1. Hence

b = uqb + vpnb = ua + vpnb 2 pnRå

for every n 2 N. Thus b 2 Rã and so qRã = Rã. This contradiction shows that qRã = Rã

for every prime q 6= p and every ordinal ã.
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Let S =
T
ã Rã. Then pS = S. Since also qS = S for every prime q 6= p, the additive

group S+ of S is divisible. The torsion subgroup of S+ forms an ideal T of R, which is
the ring-theoretical direct sum of its primary components. Assume that more than one
of them is non-trivial. Then T can be written as the direct sum of two non-trivial ideals
T1 and T2 of R. The intersection G \ T1 is a non-trivial normal subgroup of G. Thus
jGÛ(G\T1)j Ú jGj and so the factor group GÛ(G\T1) is nilpotent. Similarly GÛ(G\T2)
is nilpotent. As (G \ T1) \ (G \ T2) = 0, the group G is isomorphic with a subgroup
of the direct product of GÛ(G \ T1) and GÛ(G \ T2) and hence is also nilpotent. This
contradiction shows that T+ is a q-group for some prime q.

Assume q 6= p and T 6= 0. If t 2 T, then qnt = 0 for some n 2 N. As qR = R, every
r 2 R is of the form r = qns with s 2 R. Therefore rt = 0 and tr = 0, which shows that
T is contained in the two-sided annihilator of R. Thus the non-trivial subgroup G \ T is
central in G. By the minimality of G, the factor group GÛ(G\ T) and so G are nilpotent,
a contradiction. Hence T+ is a p-group.

As pS = S, it follows as above that T is contained in the two-sided annihilator of S.
Thus G \ T is a p-group. The group (SÛT)+ = S+ÛT+ is torsion-free and divisible, since
S+ is divisible. Hence SÛT can be considered as an algebra over the field of rationals,
and so (SÛT)Ž is torsion-free by Lemma 1. This implies that G\ S = G\ T. Since every
factor group (G \ Rã)Û(G \ S) is a p-group by Lemma 2, the group GÛ(G \ S) and so
also G are p-groups, a contradiction. The theorem is proved.

PROOF OF COROLLARY 1. If (a) holds, the statement is trivial. Condition (b) im-
plies (a), since every SN-group of finite exponent is locally finite; this can be seen in
the same way as Theorem 7.16 of [9] by replacing Kostrikin’s theorem by Zelmanov’s
theorem (see [14] and [15]). To deal with condition (c) note that every non-trivial finitely
generated SN-group has a non-trivial finite epimorphic image. This implies that every
n-Engel subgroup of the adjoint group of a radical ring is locally nilpotent by [6], Corol-
lary 6 and Theorem A. Finally, condition (d) implies (a), since every artinian SN-group
is soluble; see [9], part 1, p. 71, Corollary.

3. Finitely generated radical rings.

PROOF OF THEOREM B. Since each of the finitely many generators of the ring R can
be written in terms of finitely many elements of G, it follows that R is generated as a ring
by a finitely generated subgroup H of G. The subgroup H is an SN-group by Theorem A.
This implies that each non-trivial finitely generated subgroup of H has a non-trivial finite
epimorphic image. Hence H is polycyclic-by-finite by [6], Theorem A. Let ∆Z(H) be the
augmentation ideal of the group ring ZH and let the Z-linear map ã: ∆Z(H) �! R be
defined by (h � 1)ã = h. Then ã is a ring epimorphism whose kernel I is an ideal of
ZH. Thus ∆Z(H)ÛI is a radical ring, since it is isomorphic with R. Therefore ∆Z(H)ÛI is
the Jacobson radical of ZHÛI. By Roseblade’s theorem, the Jacobson radical of every
epimorphic image of ZH is a nil ideal. Since ZH is also noetherian (see [9], Vol. 1,
p. 163, Corollary from Lemma 5.35) it follows from [10], Theorem 2.6.23, that ∆Z(H)ÛI
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is a nilpotent ring. Thus the ring R and so also the group G are nilpotent. The theorem is
proved.

If x and y are elements of a ring R and k ½ 0, then it is easy to see that

(Ł) [xÒ ky] =
kX

i=0
(�1)i+1

0
@k

i

1
Ayixyk�i

Recall that a ring R is called a PI-ring if it satisfies a polynomial identity with integer
coefficients (see [10], Definition 6.1.2).

PROOF OF COROLLARY 2. If the ring R satisfies condition (1), then it is a PI-ring by
the above formula (Ł). Hence R is nilpotent by theorems of Amitsur-Procesi and Braun;
see [10], Theorems 6.3.3 and 6.3.39. Thus (1) implies (2), and it follows immediately
from (Ł) that (2) also implies (1). Moreover, it is obvious that (2) implies (4) and that (4)
implies (3). It remains to show that (3) implies (2). Indeed, if RŽ is an n-Engel group, it
is strongly restrained (see [6], Lemma 1) and hence the ring R is nilpotent by Theorem
B.

The ring of all rationals with even numerators and odd denominators is a radical ring
in which no non-trivial finitely generated subring is radical. Hence Theorem B does not
give information about arbitrary finitely generated subrings of a radical ring. However,
more can be said for nil rings, because every subring of a nil ring is again nil. Moreover,
it is easy to see that a radical ring is nil if each of its finitely generated subrings is radical.
The following proposition gives another sufficient condition for a radical ring to be nil.
We will need some definitions. If R is a radical ring, then its adjoint group RŽ operates
on its additive group R+ via the rule rs = r + rs for all r 2 R+ and s 2 RŽ. The semi-direct
product G(R) = RŽ å R+ is called the associated group of R. The “diagonal subgroup” S
of G(R) gives rise to a so-called triple factorization

G(R) = RŽ å R+ = Så R+ = RŽS

of G(R). This allows to use results on radical rings in order to study factorized groups,
and vice versa; see [1] or Chapter 6.1 of [2].

PROPOSITION. The radical ring R is nil if and only if every element of G(R) which is
contained in R+ is a right Engel element. In particular, if G(R) is an Engel group, then
R is nil.

PROOF. If r is an element of R, let r+ and rŽ denote the corresponding elements of
G(R) which are contained in R+ and RŽ, respectively. By (xÒ y) we denote the commutator
of x and y in the group G(R), and write (xÒ 0y) = x and (xÒ k+1y) =

�
(xÒ ky)Ò y

�
for all

xÒ y 2 G(R) and each k ½ 1. By induction on k we have (r+Ò ksŽ) = (rsk)+ for all rÒ s 2 R
and k ½ 1. For s = r, the proposition follows.

It seems unknown, whether the adjoint group of every nil ring is an Engel group.
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4. Elementary amenable groups. It is clear that a maximal abelian subgroup of
the adjoint group of a radical ring forms a radical subring. The next lemma implies a
similar statement for every maximal locally nilpotent subgroup of the adjoint group of a
nil ring.

LEMMA 3. Let R be a nil ring. If G is a locally nilpotent subgroup of RŽ, the subring
hGirg of R generated by G is locally nilpotent.

PROOF. If H is a finitely generated subgroup of G, then H is nilpotent and the subring
hHirg of R is finitely generated. Therefore by Theorem B the ring hHirg is nilpotent. Thus
hGirg is a locally nilpotent ring.

Lemma 3 can also be proved without using Theorem B by induction on the nilpotency
class of H, because the centre of H generates a nilpotent ideal in hHirg.

Combining Corollary 1 and Lemma 3 we obtain the following.

COROLLARY 4. If the adjoint group of a nil ring R satisfies one of the conditions of
Corollary 1, then the ring R is locally nilpotent.

LEMMA 4. Let the ring R be generated by the subgroup G of RŽ. If N is a normal
subgroup of G and S is the subring of R generated by N, then I = SR + S is an ideal of R.
If in addition S is nilpotent, then I is a nilpotent ideal of R.

PROOF. It is easy to see that G normalizes the adjoint group SŽ of the subring S
generated by N. Hence for every g 2 G and every s 2 S, there exists an element t 2 S
such that s Ž g = g Ž t. This implies that sg = gt + t � s 2 gS + S. Thus Sg � gS + S for
every g 2 G, from which it follows that SR + S � RS + S, since R is generated by G.
Similarly RS + S � SR + S. Hence

I = SR + S = RS + S

is an ideal of R.
By induction on k we obtain Ik = SkR + Sk for every integer k ½ 1. Indeed

Ik+1 = (SkR + Sk)(SR + S)

= Sk(RS + S)R + Sk(RS + S)

= Sk(SR + S)R + Sk(SR + S)

= Sk+1R + Sk+1

Therefore, if Sn = 0, then also In = SnR + Sn = 0.

LEMMA 5. Let x and y be elements of a ring R with identity element 1. If y 2 RŽ, then
D
(1 + y)�mx(1 + y)m j m ½ 0

E
rg

=
D
(1 + y)�m[xÒ my] j m ½ 0

E
rg


In particular, if yn = 0 for some n ½ 1, then the subring h(1 + y)�mx(1 + y)m j m ½ 0irg

of R is generated by at most 2n elements.
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PROOF. Put am = (1 + y)�mx(1 + y)m and bm = (1 + y)�m[xÒ my] for every m ½ 0. It is
easy to see that

(1 + a)�1b(1 + a) = b + (1 + a)�1[bÒ a]

for all aÒ b 2 R. By induction,

ai =
iX

j=0

0
@i

j

1
Abj

for i ½ 0. Hence for m ½ 0, we have

ha0Ò    Ò amirg = hb0Ò    Ò bmirgÒ

which implies the first assertion. The second statement follows from (Ł).

LEMMA 6. Let N be a locally nilpotent subgroup of the adjoint group RŽ of a nil
ring R. If x 2 RŽ normalizes N, then the subgroup hNÒ xiŽ of RŽ generated by N [ fxg is
locally nilpotent.

PROOF. We will use a formal identity 1 for R. Clearly

x0 Ž y Ž x = (1 + x)�1y(1 + x)

for every y 2 R. Hence the adjoint conjugation by x is an automorphism of the ring R.
Thus x normalizes the adjoint group MŽ of the subring M = hNirg of R. Moreover, M is
locally nilpotent by Lemma 3.

We will prove that hNÒ xirg is a locally nilpotent ring. If S is a finitely generated subring
of hNÒ xirg, then S is contained in hKÒ xirg for some finitely generated subring K of M.
Hence it is sufficient to show that hKÒ xirg is nilpotent. The subring

L =
D
(1 + x)�nK(1 + x)n j n ½ 0

E
rg

of R is finitely generated by Lemma 5. As x normalizes MŽ and K is contained in M, it
follows that L is a subring of the locally nilpotent ring M and so is nilpotent. Clearly
LŽ is normalized by x, which means that L(1 + x) = (1 + x)L. Hence Lx � L + xL and it
follows by induction that

Lxi � L + xL + x2L + Ð Ð Ð + xiL

for every i ½ 1. Since xn+1 = 0 for some n ½ 1, we have that

hLÒ xirg = hxirg + L + xL + x2L + Ð Ð Ð + xnLÒ

where the additive group of hxirg is finitely generated. As the additive group L+ of the
finitely generated nilpotent ring L is also finitely generated, it follows that the additive
group of the ring hLÒ xirg is finitely generated. Thus hLÒ xirg is nilpotent by [11]. In
particular, hKÒ xirg is nilpotent. This proves the lemma.
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To prove Theorem C we need the following characterization of the class E of elemen-
tary amenable groups. Let ÿ1 denote the class of all finitely generated abelian-by-finite
groups and let

ÿ0 = f1gÒ

ÿã+1 = (Lÿã)ÿ1 for each ordinal ã and

ÿï =
[
ãÚï

ÿã for each limit ordinal ï.

If ÿ =
S
ãÿã, then we have the following.

LEMMA 7 ([7], LEMMA 3.1).
(a) ÿ = E.
(b) Each ÿã is subgroup closed.

This lemma associates with every group G 2 E the least ordinal ã such that G 2 ÿã.

PROOF OF THEOREM C. By Lemma 7 it suffices to show that for every ordinal ã,
each finitely generated ÿã-subgroup of the adjoint group of the nil ring R is nilpotent.
Assume that this is false, and let ã be the least ordinal for which there exists a counter-
example G 2 ÿã. Then ã = å + 1 for some ordinal å. Thus G 2 ÿã = (Lÿå)ÿ1, which
means that G contains a normal subgroup H 2 Lÿå such that the factor group GÛH is
abelian-by-finite. By the choice of ã, it follows that the group H is locally nilpotent, so
that we may suppose that the ring R is generated by G and that H is the Hirsch-Plotkin
radical of G.

Let FÛH be the Hirsch-Plotkin radical of GÛH. As GÛH is finitely generated and
abelian-by-finite, the subgroup FÛH is nilpotent and has finite index in GÛH. We claim
that F = H. Indeed, for each element x of F, the subgroup V = hHÒ xiŽ of G generated
by H [ fxg is locally nilpotent by Lemma 6. On the other hand, the cyclic subgroup
VÛH is subnormal in GÛH. It follows that the locally nilpotent subgroup V is subnormal
in G and hence is contained in H; see [9], Theorem 2.31. Thus H = F has finite index
in the finitely generated group G, and so is likewise finitely generated. As H is locally
nilpotent, this implies that H is even nilpotent.

Let S = hHirg be the subring of R generated by H. Then S is a finitely generated ring
which is locally nilpotent by Lemma 3. It follows that S is nilpotent, and so I = SR + S is
a nilpotent ideal of R by Lemma 4. Consider the factor ring RÛI, which is generated by
the subgroup Ḡ = fg + I j g 2 Gg of (RÛI)Ž . As H � I, it follows that Ḡ is an epimorphic
image of the finite group GÛH. Thus Ḡ is a finite nilpotent group by Theorem A. As RÛI
is generated by Ḡ, Lemma 3 implies that RÛI is a nilpotent ring. Hence the ring R and so
also the group G are nilpotent. This contradiction proves the theorem.

5. Groups with finite Prüfer rank and generalizations. The following result will
play an essential role in the proof of Theorem D. Recall that the standard polynomial of
degree n is given by

Sn(x1Ò    Ò xn) =
X

ô2Sym(n)
sgn(ô)x1ô    xnô
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PROPOSITION ([3], PROPOSITION). Let A be an abelian group of finite Prüfer rank
at most r. Then the endomorphism ring End(A) of A satisfies the standard polynomial
identity of degree 2r.

LEMMA 8. Let the group G be the cartesian product of nilpotent groups of finite Prüfer
rank bounded by some positive integer r. Then G has an abelian normal subgroup A
such that the factor group GÛA is embedded in the group of units of a ring satisfying the
standard polynomial identity of degree 2r.

PROOF. Let H be a nilpotent group with Prüfer rank r(H) � r. If A is a maximal
abelian normal subgroup of H, then CH(A) = A; see [9], Vol. 1, Lemma 2.19.1. Hence
the factor group HÛA can be embedded into the group of units End(A)Ê of End(A). By
the preceding proposition End(A) satisfies the standard polynomial identity of degree 2r,
as r(A) � r.

Now let G = Cri2IHi be the cartesian product of the nilpotent groups Hi with r(Hi) � r.
If Ai is a maximal abelian normal subgroup of Hi for each i, then A = Cri2IAi has the
desired properties.

The next lemma is probably known.

LEMMA 9. Let R be a ring with an identity element which satisfies a polynomial
identity and G a finitely generated subgroup of the group RÊ of units of R. If G has no
non-abelian free subgroups, then G is hyperabelian-by-finite.

PROOF. Note first that a ring S contains a non-trivial nilpotent ideal if and only if
N(S) 6= 0, where N(S) is the set of all a 2 S such that there exists some n = n(a) 2 N

with (sa)n = 0 for every s 2 S; see Theorem 2.6.17 and Proposition 2.6.26 of [10]. It
follows by transfinite induction that R has an ascending series of ideals Jã with J0 = 0
such that the factor ring Jã+1ÛJã is nilpotent for each ordinal ã and non-trivial whenever
N(RÛJã) 6= 0. There exists an ordinal ú such that J = Jú = Jú+1, which implies that
N(RÛJ) = 0. Thus by Theorem 6.1.26 of [10], the ring RÛJ is embedded in the ring of
n ð n matrices over some commutative ring K. If Hã = G \ (1 + Jã) for every ã Ú ú,
we obtain that the Hã form an ascending series of normal subgroups of G which finally
reaches H = G \ (1 + J) such that its factors Hã+1ÛHã are nilpotent. Moreover, GÛH is
isomorphic with a subgroup of RÊÛ(1 + J). As the latter is embedded in GL(nÒK), the
group GÛH is linear over the commutative ring K.

Assume that GÛH contains a non-abelian free subgroup FÛH. Then the extension F of
H by FÛH splits and thus G contains a subgroup isomorphic with FÛH, a contradiction.
Therefore GÛH contains no non-abelian free subgroups. As GÛH is finitely generated,
we may suppose that the ring K is likewise finitely generated. It follows from [12],
Theorem 13.31, that the group GÛH is soluble-by-finite. Hence G is a hyperabelian-by-
finite group.

The following two lemmas are perhaps of independent interest. The Hirsch number
of the polycyclic group G will be denoted by r0(G). Moreover, for each n ½ 1, let Gn be
the subgroup of G generated by all elements gn with g 2 G and G0 the derived subgroup
of G.
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LEMMA 10. Let F be a finitely generated torsion-free nilpotent group.
(a) If p is a prime then F has a subgroup V such that VÛV0Vp is an elementary abelian

p-group of rank r0(F).
(b) If T is a finite nilpotent group, then r(T ð F) = r(T) + r(F).

PROOF. It is well known that every finitely generated nilpotent group is polycyclic.
Thus all subgroups of F are finitely generated. For each such subgroup U of F let
d(U) denote the minimal number of generators of U. We will prove (a) by induction on
r = r0(F), the result being clear if r = 0. Suppose now that r ½ 1. Then F has a normal
subgroup F1 with r0(F1) = r � 1 such that the factor group FÛF1 is infinite cyclic. Thus
F = h f i å F1 for some element f of F. By induction, F1 has a subgroup W such that
WÛW0Wp has rank r� 1. It follows from a theorem of Glushkov (see [9], part 2, p. 140)
that

r0(F1) ½ r0(W) = r(W) ½ r(WÛW0Wp) = r0(F1)

So r0(F1) = r0(W), which means that W and hence also W0Wp have finite index in F1. As
the finitely generated group F1 has only finitely many subgroups of index jF1 : W0Wpj,
the characteristic core C =

T
f(W0Wp)ã j ã 2 Aut(F1)g of W0Wp in F1 is a characteristic

subgroup of finite index in F1. Thus f induces an automorphism of the finite factor
group F1ÛC. Therefore some power g = f n of f centralizes F1ÛC, which implies that
[WÒ g] � [F1Ò g] � W0Wp. Thus if V is the subgroup of F generated by W and g, then
W0Wp is a normal subgroup of V and VÛW0Wp is the direct product of the elementary
abelian p-group WÛW0Wp of rank r � 1 and the infinite cyclic group generated by
ḡ = gW0Wp. It follows that V has a normal subgroup N such that VÛN is an elementary
abelian p-group of rank r. Hence the rank of VÛV0Vp is at least r, while on the other hand
Glushkov’s theorem implies that the rank of VÛV0Vp is at most r(F) = r0(F) = r. Hence
part (a) is proved.

To prove (b) let T1 be a subgroup of T such that r(T) = d(T1). If T1 = T1ÛT1
0,

then it is easy to see that d(T1) = d(T1). As T1 is a finite abelian group, we have
r(T) = d(T1) = d

�
(T1)p

�
for some prime p, where (T1)p denotes the primary p-component

of T1. Thus T has an elementary abelian p-section of rank r(T), while F has an elementary
abelian p-section of rank r0(F) = r(F) by (a). Therefore TðF has an elementary abelian
p-section of rank r(T) + r(F), which shows that r(T ð F) ½ r(T) + r(F). As clearly also
r(T ð F) � r(T) + r(F), the lemma is proved.

LEMMA 11. Let G be a finitely generated nilpotent group and r a positive integer. If
every subgroup of finite index in G is an r-generator group, then the Prüfer rank of G
does not exceed r.

PROOF. Clearly the maximal periodic normal subgroup T of G is finite and the factor
group GÛT is torsion-free. We will first show that r(G) = r(T) + r0(G).

As a polycyclic group, G has a torsion-free normal subgroup F of finite index. Since
T\F = 1, we have r(G)½ r(TðF) = r(T)+r(F) by Lemma 10. It follows from Glushkov’s
theorem and the finiteness of GÛF that r(F) = r0(F) = r0(G). Hence r(G) ½ r(T) + r0(G).
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On the other hand, we have r(G) � r(T) + r(GÛT), where r(GÛT) = r0(GÛT) = r0(G),
since GÛT is torsion-free. Thus r(G) = r(T) + r0(G).

Let U be a subgroup of G such that d(U) = r(G). Then T \U is the maximal periodic
normal subgroup of U. By the above equation, we obtain r(U) = r(T \ U) + r0(U) as
well as r(U) = d(U) = r(G) = r(T) + r0(G). As r(T \ U) � r(T) and r0(U) � r0(G), this
implies r0(U) = r0(G). Hence U must have finite index in G and thus r(G) = d(U) � r.
The lemma is proved.

LEMMA 12. Let R be a residually nilpotent ring and G a subgroup of RŽ, in which
every finitely generated non-nilpotent subgroup is an r-generator group for some fixed
r Ù 0. Then G is elementary amenable.

PROOF. If Gn = G \ Rn for each n, then we have
T

n Gn = 0, since R is a residually
nilpotent ring. As each factor group GÛGn is isomorphic with a subgroup of the nilpotent
group (RÛRn)Ž, it follows that the group G is residually nilpotent.

In order to prove that G 2 E, it suffices to show that U 2 E for every r-generator
subgroup U of G, since every nilpotent group is elementary amenable. Therefore we
may suppose that G is an r-generator group.

If there is an n 2 N such that GÛGn contains a subgroup HÛGn of finite index which is
not an r-generator group, then H is finitely generated but not an r-generator group. Thus
H is nilpotent by hypothesis, which implies that G is nilpotent-by-finite and in particular
G 2 E.

Hence we may suppose that for each n 2 N, every subgroup of finite index in the
group GÛGn is an r-generator group. By Lemma 11, the Prüfer ranks of the groups
GÛGn are bounded by r. As G can be embedded into the cartesian product of the factor
groups GÛGn, Lemma 8 implies that G has an abelian normal subgroup A such that
GÛA is embedded into the group of units of a ring satisfying a polynomial identity. Let
HÛA = hh1AÒ    Ò hkAi be a finitely generated non-nilpotent subgroup of GÛA. Then
HÛA = XAÛA for the finitely generated subgroup X = hh1Ò    Ò hki, which cannot be
nilpotent, since it has HÛA as an epimorphic image. Thus X and so also HÛA are r-
generator groups. It follows that the hypothesis of the lemma carries over from the group
G to its epimorphic image GÛA. In particular, GÛA has no non-abelian free subgroups. It
follows from Lemma 9 that GÛA and hence also G are hyperabelian-by-finite. Therefore
G is elementary amenable and the lemma is proved.

PROOF OF THEOREM D. Of course we may suppose that G is finitely generated and
that it generates the ring R. We will show that the ring R is nilpotent. Consider the ideal
R° =

T
n2N Rn of R. Then RÛR° is a residually nilpotent ring which is generated by the

group Ḡ = fg + R° j g 2 Gg, in which every finitely generated non-nilpotent subgroup
is an r-generator group. By Lemma 12, the group Ḡ is elementary amenable and thus
locally nilpotent by Theorem C. Hence RÛR° is a locally nilpotent ring by Lemma 3.
As R is generated by any finite set of generators of G, the ring RÛR° is even nilpotent.
Hence Rn = Rn+1 for some positive integer n. Since Rn is also a finitely generated ring, it
follows from [5], p. 200, Proposition 2, that Rn = 0. The theorem is proved.
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PROOF OF COROLLARY 3. Statement (a) follows immediately from Theorem D. To
prove (b), let every two-generator subgroup U of G have finite Prüfer rank bounded by r.
Then each such U is nilpotent by (a). Therefore G is strongly restrained and thus locally
nilpotent by Theorem B.

Theorem D has the following consequence.

COROLLARY 5. If G is a group in which every finitely generated non-nilpotent sub-
group is an r-generator group for some fixed r 2 N and if the augmentation ideal ∆K(G)
of the group ring KG over some commutative ring K with identity is a nil ideal, then G
is a locally nilpotent group.

PROOF. Let R = ∆K(G) be the augmentation ideal of the group ring KG and GÊ =
fg � 1 j g 2 Gg. Then GÊ is a subgroup of RŽ which is isomorphic with G. Hence
G ≤ GÊ is locally nilpotent by Theorem D.
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