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Abstract

We begin a study of invariant isometric immersions into Riemannian manifolds (M, g) equipped with
a Riemannian flow generated by a unit Killing vector field £. We focus our attention on those (M, g)
where £ is complete and such that the reflections with respect to the flow lines are global isometries (that
is, (M, g) is a Killing-transversally symmetric space) and on the subclass of normal flow space forms.
General results are derived and several examples are provided.
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0. Introduction

Symmetric and Hermitian symmetric spaces play in important role in real and complex
geometry. The analogs of the last class for contact geometry are the ¢-symmetric
spaces. They form a subclass of the Riemannian spaces equipped with a complete
unit Killing vector field such that the reflections with respect to its integral curves
are global isometries. These last spaces have been introduced and studied from the
global and local viewpoint in [5, 6, 8] and related papers, and are called globally
Killing-transversally symmetric spaces. For the different cases, the corresponding
space forms, that is, real, complex, Sasakian and normal flow space forms [7], provide
classes of particularly interesting examples.

Isometric immersions and embeddings in real, complex and Sasakian manifolds
and their associated space forms have been studied extensively. In this paper we
begin a study of isometric immersions into manifolds equipped with a Riemannian
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flow generated by a unit Killing vector field, thereby concentrating mainly on Killing-
transversally symmetric spaces and normal flow space forms.

In Section 1 we give some preliminary definitions, formulas and results, and in
Section 2 we introduce and derive some results concerning invariant immersions of
manifolds with respect to flows such that the image is tangent to the flow lines. In
Section 3 we consider the case of Riemannian manifolds such that the flow gives rise
to a fibration and study the relation between the total space M and the base space M’,
in particular with respect to congruence theorems for the immersions into M and the
corresponding transversal immersions into M’. Section 4 is devoted to the case of a
normal space form M. Several general results are derived and examples are provided
for the two cases of normal flow space forms considered in flow geometry [7].

1. Isometric flows

Let (M, g) be a n-dimensional, smooth Riemannian manifold with n > 2, which is
supposed to be connected where necessary. Furthermore, let V denote the Levi-Civita
connection of (M, g) and R the corresponding Riemannian curvature tensor with the
sign convention

Ruv = Vw,V] - [VU, Vv]

for U,V € & (M), the Lie algebra of smooth vector fields on M.

A tangentially oriented foliation of dimension one on (M, g) is called a flow. The
leaves of this foliation are the integral curves of a non-singular vector field on M and
hence, after normalization, a flow is also given by a unit vector field. In particular, a
non-singular Killing vector field defines a Riemannian flow and such a flow is said to
be an isometric flow. See [25] for more information.

In this paper we consider and denote by #; an isometric flow generated by a unit
Killing vector field £. The flow lines of .%; are geodesics and moreover, a geodesic
which is orthogonal to & at one of its points, is orthogonal to it at all of its points.
Such geodesics are called transversal or horizontal geodesics.

F; determines locally a Riemannian submersion. For each m € (M, g), let %
be a small open neighborhood of m such that & is regular on %/. Then the mapping
U — U = % /§ is a submersion. Furthermore, let g’ denote the induced metric
on %' given by g/ (X', Y") = g(X™*,Y"™*) for X',Y € & (%’) and where X™*, Y™
denote the horizontal lifts of X', Y’ with respect to the (n — 1)-dimensional horizontal
distribution on % determined by n = 0, n being the dual one-form of & with respect
tog. Thenw: (%, gia) — (%', g') is a Riemannian submersion and we may use the
tensors A and T, introduced by O’Neill in [14] (see also [1, 23, 25]), in our treatment.
Since the leaves are geodesics, T = 0. Furthermore, for the integrability tensor A we
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have

AU& = VUE, AEU — 0,

AxY = (VxY)’' = —AyX, 8(AxY,§) = —g(AxE,Y)

for U € Z (M), and for horizontal vector fields X, Y. Here v denotes the vertical
component.
Next, put

(1.1) HU = -Ay¢

and define the (0, 2)-tensor field h by h(U, V) = g(HU, V), U,V € Z (M). Then
h is skew-symmetric because & is a Killing vector field. Moreover, we have at once

1
AxY = h(X,Y)§ = 5"([X’ Y)§.
So we have
(1.2) h = —dn.

Note that A = 0, or equivalently 2 = 0, if and only if the horizontal distribution
is integrable. In this case, since T = 0, (M, g) is locally a product of an (n — 1)-
dimensional manifold and a line. Furthermore, the Levi-Civita connection V' of g’ is
determined by

(1.3) Vg Y™ = (V, Y + h(X™, Y™)E

for X', Y € Z(U).
By straightforward computations these formulas yield

LEMMA 1.1 ([5]). We have

(1.4) (Veh)(X, Y) = g((V: A)x Y, §) =0,
(1.5) R(X,Y,Z,5)=(Vzh)(X,7Y),
(1.6) R(X,£,Y,&) =g(HX,HY) = —g(H*X, Y)

for horizontal X, Y, Z and where R(X, Y, Z, W) = g(Rxy Z, W).

This lemma yields that the &-sectional curvature K (X, &) of the 2-plane spanned
by X and £ is non-negative for all horizontal X and since H¢ = 0, K(X, &) = 0 for
all horizontal X if and only if the skew-symmetric endomorphism H is of maximal
rank n — 1. In this case, n is necessarily odd and from (1.2) we see that 5 is then a
contact form on M. This leads to
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DEFINITION 1.1. .%; is said to be a contact flow if n is a contact form, that is, if H
is of maximal rank.

In the rest of the paper we will need extensively another special type of isometric
flow #; introduced in a natural way in [5]. We recall its definition.

DEFINITION 1.2. %; is said to be normal if R(X,Y, X, §) = 0 for all horizontal
vector fields X, Y.

Here we note that a Sasakian manifold is a Riemannian manifold with a normal
flow & such that K(X, £) = 1 for all horizontal X (see [2, 29] for more details).
From Lemma 1.1 we then get the following useful criterion.

PROPOSITION 1.1. .%; is normal if and only if
(1.7) (VyH)V = g(HU, HV)§ + n(V)H*U
forallU,V € Z(M).
Furthermore, for a normal flow the curvature tensor satisfies the following identities:

(1.8) Ryvg = n(V)H*U — n(U)H*V,
(1.9) Ry:V = g(HU, HV)E + n(V)H*U,

and for the Ricci tensor p of type (0, 2) we have p(X, &) = 0 for each horizontal X.
Moreover, p(&, &) is a non-negative global constant on M.

Next, a Riemannian manifold (M, g) equipped with an isometric flow .%; is said
to be n-Einstein if p is of the form

pU, V) =ag(U,V)+bnWU)n(V)

where a and b are constants. Then (M, g) is an Einstein space if b = 0.
Using (1.3) we obtain the following relation between the curvature tensors associ-
ated to Vand V':

(1.10) (RyyZ')* =RywynZ"” — g(HY™, Z*)HX"™
+ g(HX/*, Z’*)HY,* + zg(Hx/*, Y/*)Hzl*

forall X', Y', Z' € & (%'). From this we obtain for the corresponding Ricci tensors
P, p":

(1.11) (O (X', Y)) = p(X*, Y") +2¢(HX", HY"™),
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and for the scalar curvatures 7, T’ we get

(1.12) =1+ p,8).

The sectional curvatures are related by

(1.13) K., w) =K, w*)+3(h, ", w*))

where (#’, w') is an orthonormal pair of 7,,, %', m’ = w(m). These equations should
be compared with those of O’Neill [14].

Next, we recall the definitions of locally and globally Killing-tranversally symmet-
ric spaces. Therefore, consider an (M, g) equipped with a flow #; and let m € M.
By o we denote the flow line through m. A local diffeomorphism s,, of M defined in
a neighborhood % of m is said to be a (local) reflection with respect to o if for every
transversal geodesic y (s), where y (0) lies in the intersection of % and o, we have
(sm 0 ¥)(s) = y(—s) for all s with y(Ls) € % and where s denotes the arc length.
Then S,, = s, (m) defines alinear isometry on 7,, M givenby S,, = (—14+2nQ&)(m).
Furthermore, since & is a Killing vector field, s,, satisfies s,, = exp,, oS, o exp,'.

DEFINITION 1.3. A locally Killing-transversally symmetric space (briefly, a locally
KTS-space) is a Riemannian manifold equipped with an isometric flow %; such that
the local reflection s, with respect to the flow line through m is an isometry for all
meM.

The two following propositions provide useful characterizations for locally KTS-
spaces.

PROPOSITION 1.2 ([5]). (M, g, %) is a locally KTS-space if and only if % is
normal, and moreover we have (VxR)(X, Y, X, Y) = 0 for all horizontal X, Y.

PROPOSITION 1.3 ([5]). Let #; be a normal flow on (M, g). Then (M, g, %) isa
locally KTS-space if and only if each base space %' of a local Riemannian submersion
.U — U = U/§ is alocally symmetric space.

So, according to the terminology used in [26], (M, g, %;) is a locally KTS-space if
and only if %, is a normal transversally symmetric foliation.
Now, we return to the global case.

DEFINITION 1.4. Let (M, g) be a Riemannian manifold and £ a non-vanishing
complete Killing vector field on it. Then (M, g, %) is said to be a (globally) Killing-
transversally symmetric space (briefly, a KTS-space) if and only if for eachm €¢ M
there exists a (unique) global isometry s,,: M — M suchthats,,,(m) = (—I4+2n®&),,
onT,M.
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The isometry s, is called the reflection of M at m with respect to the flow line of
& through m. Since it reverses the transversal geodesics through m, s, is the unique
extension of the local reflection at m to the whole of M. Hence, it follows that a
KTS-space is a locally KTS-space. In [6] it is proved that, conversely, a complete
simply connected locally KTS-space is a KTS-space.

Furthermore, consider an (M, g, %;) and let A(M) denote the group of all iso-
metries of (M, g) which leave £ invariant. Then .%; is called a homogeneous flow if
A(M) acts transitively on M. In [6, 8] it is proved that the flow %#; on a KTS-space
is always homogeneous and moreover, in the simply connected case, the manifold
(M, g, %) is a naturally reductive space.

Finally we give the following definition (see [22] for the details and terminology).

DEFINITION 1.5. An isometric flow #; on (M, g) is said to be fibrable if the
following conditions are satisfied:

(i) & is a complete, strictly regular vector field;
(ii) the quotient topology for the orbit space M’ = M /¢ is Hausdorff;
(iii) if the flow lines are closed, then they have the same length.

Here ‘strictly’ means that all integral curves are homeomorphic and ‘closed’ means
periodic. Furthermore, note that when M is compact, then (i) and (ii) reduce to the
regularity of & (see [22, p. 22, Corollary 5]).

It follows from (i) and (ii) that the orbit space M’ = M /& admits a unique structure
of differentiable manifold such that the natural projection 7: M — M’ is a submersion
[22, p. 19, Theorem VIII and p. 28, Theorem XIV]. Moreover, M is a principal G'-
bundle over M, where G' denotes the one-parameter subgroup of global isometries v,
generated by & [15]. G' is isomorphic to either the circle group S' or to R depending
on whether the integral curves of £ are closed or not. Here, we identify S' with the
set {e™, t € R}. If G! is a circle (which occurs when M is compact), then the right
action of S' on M is given by

(1.14) m o e™" = ¥, (m)

for each m € M and where / denotes the length of the integral curves of £. When G!
is isomorphic to R, we identify the action of # € R on M with that of ¥, € G'. For
G' = §' the corresponding fundamental vector field ¢ generated by d/dt is given by

d .
(1.15) s(m) = — lizo (moe™™) =g,

and in that case /~'n defines a connection form on M. For the case G! ~* R, ¢ = &
and then 5 is a connection form. Moreover, in the first case, using (1.2) and the fact
that S! is Abelian, the usual structure equation takes the form Q = ["'dn = —I~'h,
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where 2 is the curvature form. Now, let 4’ be the (0, 2)-tensor field on M’ defined
by (X', Y') = g(H'X',Y") for all X', Y’ € & (M’) and where H’ is the tensor
field determined by H'X’ = &, (H X"*). Then we see that H' is skew-symmetric with
respect to g’ and & = w*h’. The characteristic class e, (M) € H*(M', Z) of M over
M’ (see [10]) satisfies

(1.16) en (M) = [—;h’].

In the next sections we shall consider (M, g, #;) where %; is fibrable as a principal
bundle over M’ = M /£ with the description given above. Our main motivation for
this is the consideration of (globally) KTS-spaces (M, g, %#;). Indeed, such spaces
are fibrable. To prove this we first recall that .%; is homogeneous. So, if £ is regular,
then it is strictly regular. Now, it is clear that £ is always regular on a KTS-space
because if not, it is impossible to extend the isometric local reflection s,, to a globally
isometric one since every point on the flow line ¢ through m has to be fixed for
the corresponding global isometric reflection. Furthermore, the regularity implies
that each flow line is a closed submanifold of (M, g) [22, Theorem VII]. Finally,
M’ = M /¢ is Hausdorff because otherwise there exist, since £ is also a Killing vector
field, two ‘different’ flow lines on (M, g, .%;) such that the distance between them is
everywhere smaller than each ¢ > 0 and this is impossible because the flow lines are
closed submanifolds.

Note that when %; is a contact flow, then this result also follows from the well-
known Boothby-Wang theory for homogeneous contact manifolds [3]. In this context
it is worthwile to mention that it follows from [6] that a KTS-space (M, g, %) has a
contact flow % if and only if it is locally irreducible. Moreover, a locally reducible
KTS-space is locally isometric to a product of a contact KTS-space and a symmetric
space.

We also recall that when (M, g, %) is a KTS-space, then (M’, g’) is a symmetric
space [6].

2. Invariant immersions with respect to a flow

Let f be an isometric immersion of a n-dimensional Riemannian manifold (M, g)
into an n-dimensional Riemannian manifold (M , ). In what follows, and if the
argument is local, we shall always identify M with its image under f to simplify the
notation. Next, let V and V denote the Levi-Civita connection of (M, g) and M, g),
respectively, and let R, R be the corresponding curvature tensors. The Gauss and
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Weingarten formulas are, respectively:

2.1 VyY = VY + B(X,Y),
(2.2) VxU = —CyX + V3U,

where X, Y ¢ (M), U € Z (M)* and V* is the connection in the normal bundle
T+-M. Here B and C denote the corresponding second fundamental tensors and are
related by g(B(X,Y),U) = g(Cy X, Y).

Next, we recall the fundamental Gauss, Codazzi and Ricci equations:

2.3)
R(X, Y,Z,W)y=R(X,Y,Z, W)+ g(B(X, W), B(Y, 2))
— 2(B(X, Z), B(Y, W)),
2.4) (Rxy2)* = —(VxB)(Y, Z) + (Vy B)(X, Z),
2.5)

R(X,Y,U,V)=R"(X,Y,U,V)—g(CyX,CvY) + g(CyX, CyY)

for X,Y,Z, W ¢ M), U,V € Z(M)* and where R' denotes the curvature
tensor of VX, VB is defined by

(2.6) (VyB)(Y, Z) = Vi (B(Y, Z)) — B(VxY, Z) — B(Y, VxZ)

forall X, Y, Z € & (M). The immersion f is said to be rotally geodesic if B = 0,
parallel if VB = 0 and minimal if tr B = 0 on M.

Now, let #; be an isometric flow on M, g) and let H be the tensor field defined
in (1.1). Then f is said to be tangent if £ is tangent to f(M). In this case we shall
denote by & the vector field on M given by f.& = & o f. In what follows we will
consider a special kind of tangent isometric immersions which we define now.

DEFINITION 2.1. An isometric immersion f of (M, g) into (M, g, Fz)is said to be
invariant (with respect to the flow #;) if f is tangent and invariant with respect to H;
thatis, H f,T,M C f.T,M forallm € M.

For invariant immersions we have H( f.T.M)t C (f.T,,M)* and the tensor field
H on M related to H by fioH = Ho [ coincides with the one defined via (1.1) for
the flow %, on (M, g). Moreover, since f is tangent, we have HX = HX — B(X, &)
for any X tangent to M and so we get

2.7 B(X,§) =0, Cut =0

forall X € Z(M)andall U € & (M)*.
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We note that if %; is a contact flow on (M, g), then %; is a contact flow too, and
hence M is also odd-dimensional.

The notion of an invariant immersion corresponds to a similar one in Sasakian
geometry and many properties about these immersions may be proved easily in our
case. We give some examples.

PROPOSITION 2.1. Let F; be a contact flow on (M, g) and f : (M, g) - (M, §)
an isometric immersion. If HX is tangent to f(M) for all X tangent to M, then f is
tangent and hence invariant.

PROOF. First, suppose & o f is normal. Then A(X,Y) = 17([X, ¥]) = O for all
X, Y € & (M) and so H cannot be of maximal rank.

So,put& o f = &7 + £" where £7 and £V denote the tangential and normal part of
£ along M, respectively. Since HET = HE" = 0 and since F; is contact, we obtain
that & is tangent to f (M) along f(M). This proves the required result.

Next, we obtain easily

LEMMA 2.1. Le_t fi(M,g) > M, 8) be an invariant immersion and let %; be a
normal flow on (M, g). Then % is also normal and moreover, we have

(2.8) (VxH)Y = (VxH)Y,
(2.9) B(X,HY)=HB(X,Y)=B(HX,Y),
(2.10) HCyX = —CyHX = CiyX.

From this we then get

PROPOSITION 2.2. Let #; be a contact normal flow on (M, g) and f an invariant
immersion of (M, g) into (M, g). Then f is minimal.

PROOF. For each m € M we can choose an orthonormal basis {uz_;, uy; &; vo5-1,

vi=1,...,n=1/2, j=1,..., (fl—n—1)/2}0fT,,,M,where(u,, cee UG E)
span T,,M and (v, ..., Vi_,—1) Span TmLM, and positive numbers A;, ; such that
Huy g = Ajuy;, Huy = —Ajusiy,
I'_Ivzj—l = HjV2j, Ev2j = —UjVzj1.

Then tr B,, = 0 follows at once by using (2.7) and (2.9).

Next, we focus on the sectional curvatures and prove
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PROPOSITION 2.3. Let f: (M, g) — (M, g, %)) be an invariant immersion. Then
foreach X € & (M) and orthogonal to & we have

i) K(X.&)=K(X.&); )
(i) if F; is normal, then K (X, HX) < K(X, HX). Moreover, if %; is also
contact, then equality holds if and only if f is totally geodesic.

PROOF. (i) follows immediately from (2.3) and (2.7). To prove (ii) one just uses
the following consequence of (2.3) and (2.9):

R(X,HX,X,HX)=R(X,HX, X, HX) + 2g(HB(X, X), HB(X, X)).

Furthermore, we have

PROPOSITION 2.4. Let F; be a normal contact flow on (M, g) and f an invariant
immersion. If f is parallel, then it is totally geodesic.

PROOF. From (2.6) and (2.9) we obtain
0= (VxB)(Y,&) = B(Y, HX) = HB(X, Y).

Now the result follows at once since H has maximal rank.

This result shows that the notion of a parallel invariant immersion is very restrictive.
Therefore, we introduce the notion of an n-parallel immersion. Let #; be an isometric
flow on (M, 2) and let f be a tangent isometric immersion of (M, g) into (M, ).
Then f is said to be n-parallel if (VxB)(Y,Z) = Oforall X,Y,Z € & (M) and
orthogonal to §. Then we have

_PROPOSIHON 2.5. Let f be an n-parallel invariant immersion of (M, g) into
(M, g, F). If (M, g, F) is a lo-cally KTS-space, then (M, g, F;) is also a locally
KTS-space.

PROOF. From (2.3), (2.4) and (2.6) we get

(VxR)(X, Y, X,Y) =(VxR)(X, Y, X, Y) — g((VxB)(X, X), B(Y, Y))
+ 8(4(VxB)(X,Y) — 2(VyB)(X, X), B(X, Y))
+ 2Q(VyB)(X, Y) — 3(VxB)(Y, Y), B(X, X)).

Now the result follows from this relation by using Proposition 1.2 and Lemma 2.1.
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3. Fibrations and congruent immersions

Let f be a tangent isometric immersion of (M, g) into (M, g, &%) and suppose
that #; and the induced flow &#; on M are fibrable. We denote by (M, M', ) and
(M, M', ) the corresponding fibre bundles. Then there exists an isometric immersion
f:(M', g - (M, g') satisfying f' om = 7 o f. Specifically, f'(m’) = 7 f(m)
with m’ = w(m), m’ € M'. This f' is called the tranverse mapping of f. Note that
when f is one-to-one, then also f’ is one-to-one. Moreover, since 7 is an open map
[22, Corallary 3], it follows that if f is an embedding , then also f’ is an embedding.

Now, let V' and V' be the Levi-Civita connections of M’ and M’, respectively, and
denote by B’, C’ and V'* the second fundamental tensors and the normal connection
of the transversal mapping f’ of f. Then, from (1.3), (2.1) and (2.2), we get

3.1) (B' (X', Y)* = B(XX™, Y™,
(3.2) (Cp. X" =Cy-X" — g(B(X",§), U7,
(3.3) (VeU) =V3.U"

for X',Y' e (M) and U’ € Z (M')*. Moreover, from (2.6), (1.3), (3.1) and (3.3)

we obtain

(3.4) (Vx+B, (Y, Z™) =((Vy. BYWY', Z')) — g(HX"*,Y")B(&,Z")
~g(HX",Z"B(,Y™).

From this immediately follows

PROPOSITION 3.1. Let f be an invariant immersion. Then we have
(i) f is n-parallel if and only if ' is parallel;
(i) f is totally geodesic if and only if f' is totally geodesic.

In the rest of this section we focus on congruent isometric immersions.

_DEFINITION 3.1. Let f;, i = 1, 2, be tangent isometric immersions of (M;, &) into
(M, g, %). Then f, and f, are said to be A(M)-congruent or briefly, congruent, if
there exists an element ¢ of A(M) and an isometry ¢ of M, into M, satisfying

3.5 go fi=frop.

Note that in this case ¢,& = & where &, i = 1, 2, denote the induced Killing vector
fields on M;. Moreover, it is easy to see that if one of these immersions is invariant,
then also the other one is invariant. In that case the isometry ¢ satifies g, 0 Hy = H,0¢,
where H;, i = 1,2, are defined as before. Furthermore we have: If each f; is an
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embedding, then they are congruent if and only if there exists a ¢ € A(M) verifying
(fiMy) = foiM,. B )

Next, let A(M’) denote the group of all H’-preserving isometries of M’. Since it
is a closed subgroup of the full isometry group of (M’, ), it is a Lie transformation
group of M'.

PROPOSITION 3.2. Let f; and f, be congruent immersions into (M, g, F;) and
suppose that Z;, F;, and Fy, are fibrable. Then the transverse isometric immersions
f are A(M’)-congruent .

PROOF. The definition of the congruence implies that ¢ and ¢ preserve the corre-
sponding flows. Therefore, we can define the mappings ¢’ and ¢’ as follows:

' om =moep, gomr=mo¢@

where m;, i = 1,2 and 7 denote the projections of M, onto M, and M onto M/,
respectively. These mappings are isometries and ¢’ preserves H'. Moreover, we have
gofi=rfiod.

THEOREM 3.1. Let (M, &, F5) be a simply connected KTS-space and f;, i = 1,2,
tangent isometric embeddings of M; into M such that the induced flows Z;. are
fibrable. Then f, and f, are congruent if and only if the transverse embeddings f/
are AMM "Y-congruent.

PROOF. The necessity follows from Proposition 3.2. So, suppose that f, and f,
are A(M’)-congruent. Then there exists a ¢’ € A(M’) verifying o'(fiM) = LM,
Using the proof of Proposition 2.7 of [6] with slight modifications, we can guarantee
the existence of an element ¢ of A(M) such that ¢’ o # = 7 o @. Then, since
flom =mo fi,i =1,2, wehave 7 (¢( fiM,)) = 7 (f,M,). Taking now into account
the completeness of £ and &, it follows that ¢(f; M) = f,M, and so f; and f, are
congruent.

PROPOSITION 3.3. Let F; be a fibrable flow on (M, g) and let f':(M',g') —
(M’ = M/E, ') be an isometric immersion. Then there exists a Riemannian man-
ifold (M, g) equipped with an isometric flow %; fibering over M’ and an isometric
immersion f of M into M such that f.E = E o f with f' as associated transverse
mapping.

PROOF. Let M be the regular submanifold of M’ x M given by

M={(p,g) e M x M/f'(p) =7(q)
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Then M is a principal G!-bundle over M’ where G' denotes the one-parameter
subgroup generated by €. The projection 7 and the action of G' are defined by

n(p.q) = p, (p,q)-s=(p,q-5).

Let f: M — M be the mapping (p,q) — g. Then f is an immersion, f' o7 =
7o fand f,¢ = &, where ¢ and ¢ denote the corresponding fundamental vector
fields generated by d/dt of the G'-bundles (M, M’, =) and M, M, ), respectively.
Moreover, if @ is a connection form on M, then & = f*@& defines a connection form
on M. Putn = f*5. If G! is isomorphic to R we put £ = ¢ and 7 is a connection
form on M. If G' is isomorphic to S' and [ is the length of the integral curves of £ on
M, weput & =I~'¢ and then /"7 is a connection form on M. In both cases (&) = 1
and f,6 =& o f.

Now, on M we consider the unique Riemannian metric g such that g(£,&) =1, ¢
is orthogonal to kern and m: M — M’ becomes a Riemannian submersion. Then &
is a unit Killing vector field on M and the length of its integral curves is precisely / if
they are closed. Since 7(f/X™*) =0 for all X' € Z(M’), we have f,X"* = (f.X)*.
Hence, taking into account that the G'-bundles are Riemannian submersions and f’
is an isometric immersion, it follows that f is also an isometric immersion.

REMARK 3.1. If (M, 3, &) in Proposition 3.3 is a simply connected KTS-space,
then it follows from Theorem 3.1 that (M, f) is unique up to congruence. Therefore
we shall denote such a manifold by ((M’, f'), 7).

Then we have

PROPOSITION 3.4. Let (M, 3, F;) be a simply connected KTS-space with non-
vanishing constant &-sectional curvature and let (M', ') be a Kdhler submanifold
embedded into(M' = M /E ,8). ThenM = (M', f'), ) is an invariant submanifold
embedded into M.

PROOF. Theorem 3.2 of [6] implies that the orbit space ™, g’) is a Hermitian
symmetric space with J = ¢~'H'’ as a Hermitian structure, where c? denotes the
&-sectional curvature of (M, g). Now, letm € M, X € T,M and U € (f,T,M)".
Since f’ is a Kihler immersion, we have

gHLX,U)=gHALX, 7U) =g H fin.X,7,U)
=cg'(Jfim X, mU) =0.

Hence, M is invariant.

From this and from Theorem 3.1 in [6] we obtain
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COROLLARY 3.1. Let (M, g, F;) be a simply connected contact KTS-space fibering
over an irreducible Hermitian symmetric space M =M /&, g') and let (M', ") be
an embedded Kihler submanifold of (M, g). ThenM = ((M', f'), =) isaninvariant
submanifold embedded into M.

Finally we prove

PROPOSITION 3.5. Let (M, g, F;) be a simply connected contact KTS-space fiber-
ing over a Hermitian symmetric space (M' = M| x --- x M!, g, J) where each M|,
i =1,...,r is an irreducible Hermitian symmetric space. Let f/,i =1,... ,r be
Kdhler embeddings of Kdhler manifolds M| into M,.’ andlet f' = f{ X --- x f] be the
product embedding of M' = M| x --- x M/ into M'. Then M = (M, f'), ) is an
invariant submanifold embedded into M.

PROOF. Let X € T,M, m € M. Then f,7.X can be decomposed as f,m.X =
Yoo fi.Xi, where 1. X = 3"_ X;, X; € Ty(mM,. From [6, Theorem 3.2] we may
conclude that there exist real numbers ¢, . . . , ¢, such that H’ fim X = Z,;] alJf X
Since f’ is a Kihler embedding, this relation implies that f is invariant.

4. Invariant submanifolds in normal flow space forms

A Riemannian manifold (M, g) equipped with a contact flow .%; is said to be a flow
space form if the H-sectional curvature is pointwise constant, that is, the sectional
curvature of a two-plane {X, H X} for horizontal X € T,,M is independent of X for
each m € M. Normal flow space forms have been studied in [7], where two cases are
considered, according to whether the £-sectional curvature is constant or not. Now
we shall treat invariant submanifolds in normal flow space forms for both cases.

I. Normal flow space forms with constant £ -sectional curvature ¢’ In this case
it has been shown in [7] that for dim M > 5 the H- sectional curvature is a globally
constant k. In what follows we also suppose k to be globally constant for dim M = 3.
Then the normal flow space form is a (locally) KTS-space.

In what follows we shall denote such a space by M>"+!(¢c2, k). Note that ¢*> = 1
corresponds to the Sasakian space forms M%**!(k). For each (c?, k) the normal flow
space form is locally isomorphic to one of the following model spaces: (§2"*! =
SU(n + 1)/SU(n))(c?, k) for k + 3¢ > 0, H(n, 1)(k) for k + 3¢ = 0, where
H(n, 1) is the (2n + 1)-dimensional Heisenberg group, and (U(1,n)/U(n))~ =
(SU(1, n)~/SU (n))(c?, k) for k + 3¢ < 0, where ~ denotes the universal covering.
See [7] for more details.

We firstly consider the case k + 3¢ < 0.
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PROPOSITION 4.1. Let (M, g) be a 2n + 1)-dimensional locally KTS-space invari-
antly immersed in M*®0+V(c2, k). Ifk + 3¢ < O, then f is totally geodesic.

PROOF. Foreachm € M we choose sufficiently small open neigborhoods % and %
of m and f(m), respectively (where f denotes the immersion), such that £ is regular
on % and £ on % and let f’ denote the transverse mappmg of fiu. On %' = U JE,
J = ¢ 'H’ defines a complex structure, and (?/ . g, J) is a Kihler manifold of
constant holomorphic sectional curvature k+3¢2[7]. It follows from Proposition 2.3
that the £-sectional curvature of M is constant and equals ¢2. Then %", equipped with
the complex structure J = ¢~'H’, is a locally Hermitian symmetric space (Lemma
2.1, Proposition 1.3 and [5, Theorem 3.2]) and f’ is a Kéhler immersion. Using [13,
Theorem 3.2] it then follows that f' is totally geodesic. Finally, this and Proposition
3.1 yields that f4 and hence f is totally geodesic.

Using Proposition 2.5 we then get

COROLLARY 4.1. Let M be an (2n + 1)-dimensional invariantly immersed sub-
manifold of M*™*"+1(c?, k) with n-parallel second fundamental form. It k + 3c? is
non-positive, then M is totally geodesic in M.

COROLLARY 4.2. If M**1(c%, k) is invariantly immersed in M2+ by and if
k +3c? <0, then M is totally geodesic in M and k = k.

The argument used in Proposition 4.1 indicates that there is a (local) correspondence
between the theory of invariant submanifolds in (M, g) equipped with a normal flow of
non-vanishing constant &-sectional curvature and the theory of Kihler submanifolds.
This yields that several results about Kihler submanifolds may be translated directly
to similar results about invariant submanifolds. We illustrate this by giving a series of
examples. Their proofs, which we omit, are based on results for Kihler submanifolds
given in {18-21, 24] and a similar reasoning as for Proposition 4.1.

PROPOSITION 4.2. Let M**'(c, k) be invariantly immersed in M2+ (c2, k) for
r < n(n 4+ 1)/2. Then the immersion is totally geodesic.

PROPOSITION 4.3. Let M+ (c2, k) be invariantly immersed in M 2"‘*_”“ (2, k). If
k+3c* > 0, then either k = k and the immersion is totally geodesic, or k > 2k + 3¢2.

PROPOSITION 4.4. Let M+ (c2, k) be invariantly immersed in M*™0+ (¢ k). If

the second fundamental form is n- parallel, then either k = k and the immersion is
totally geodesic, or k = 2k + 3c¢?. This latter case arises only when k + 3¢* > 0.
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PROPOSITION 4.5. Let M*+'(c?, k) be invariantly immersed in M*"*"+1(c2 k).
If r = n(n + 1)/2, then either k = k and the immersion is totally geodesic, or
k = 2k + 3c>. The latter case arises only when k + 3¢* > 0.

PROPOSITION 4.6. Let M3(c?, k) be invariantly immersed in A_lz”“(_cz, k). If M
cannot be immersed in any proper totally geodesic submanifold of M, then k =
3c2(n — 1) + kn.

Further, by using (1.11), (1.12) and (1.13) and the papers cited above, we also get

PROPOSITION 4.7. Let M**+! be invariantly immersed in M**3(c*, k). Ifn > 2
and if M is n-Einstein, then either the immersion is totally geodesic or p(X,Y) =
2-Yn(k + 3¢?) — 4c*)g(X, Y) for all horizontal X, Y on M. The latter case arises
only when k + 3¢ > 0.

PROPOSITION 4.8. Let M***! be a complete invariantly immersed submanifold of
M2+ (2 k) where k + 3¢* > 0. If the H-sectional curvature K of M satisfies
K > (k — 3c%)/2 and if the scalar curvature of M is constant, then the immersion is
totally geodesic.

Note that some of these results have been proved in a different way for the Sasakian
case (that is, ¢ = 1). See, for example, [11, 12]. Moreover, the above list of results
is not exhaustive. More results may be obtained using other papers as, for example,
[16, 17].

Now we return to the case k +3¢? > 0 and give some results based on [13] and [4].

Examples of Einstein-Kihler submanifolds embedded in complex projective space
CPY are described in [13]. These manifolds are compact irreducible C-spaces with
dim H%(M, R) = 1. C-spaces are closed, simply connected complex homogeneous
spaces and are studied in [27]. All compact irreducible Hermitian symmetric spaces
are C-spaces. Following the same notation as in [13], for every arbitrary complex
simple Lie algebra g with rank / and with fundamental root system {«;, ...} there
are constructed compact C-spaces of the form M = G,/H,;,i = 1,...,l, where the
Lie algebra of the connected Lie group G, is a compact real form g, of g and the center
of the Lie algebra h,; of H,; is one-dimensional. Moreover, dim H2(M,R) = 1.
Furthermore, each compact irreducible C-space M with dim H*(M, R) = 1 can be
given in this way; and for each positive integer p, M, admits a full holomorphic
embedding p/ into a CPYP for some N(p) such that the induced Kihler metric
g/ is Einsteinian. (Here, a full embedding is an embedding such that the embedded
submanifold cannot be embedded in a proper totally geodesic submanifold of CP¥).)
We refer to {13] for more details.

Now, using Corollary 3.1, we can obtain an invariant embedding t/ of M/ =
(M, pP), ) into SN2 k), k + 3¢® > 0, by using the Hopf fibration 7. We
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shall call 7 the p-canonical embedding of M/ into S?V®*!, For p = 1 we call it the
canonical embedding. It follows from [13, Theorem 4.3] (see also the local rigidity
theorem [4, Theorem 9]) and Theorem 3.1 that all invariant embeddings of every M’
into §*¥®)*+! are congruent to the p-canonical embedding /.

Furthemore, let H, ; be the connected subgroup of G,, the universal covering of
G,, associated to the Lie algebra b, ;. Then M| may also be written as G, / I-?u,,-, where
Gu is again compact. Since fI,,,,- is compact, I~1,,',- is locally the direct product of S! and
a connected semisimple closed subgroup IE’,‘,,'. Hence, M; = G,/K,,; is a principal
fiber bundle over M, with structural group S’ = I-1,,‘,- / I?,,,i. From [10, Theorem 11] it
follows that there exists an integer g such that M = gM; = M;/ G, where G, is the
cyclic subgroup of S! of order g.

Now, suppose that M| = G,/H,; is a compact irreducible Hermitian symmetric
space. From Proposition 2.3 it follows that the & -sectional curvature on M7 is constant,
say ¢, and from [6, 9] we may conclude that M’ is a KTS-space. In particular, it is
a homogeneous space. Denote by (g/, &) the structure tensor fields on M/ obtained
from Proposition 3.3 for each p;. Since the tensor field H' on M; is givenby H' = ¢J
and since (M, g7) is Einsteinian, it follows that (M?, g7, £7) is an n-Einsteinian
manifold. We thus have

PROPOSITION 4.9. Let M| = G,/ H,; be a compact irreducible Hermitian symmet-
ric space. Then (M}, t}) is an n-Einstein invariant submanifold.

Furthermore, let g, = h,; @ m~ be the canonical decomposition of g,. Since all
G ,-invariant Riemannian metrics on M/ coincide up to a constant factor, we have that
the Riemannian metric g7 on M under the identification of m~ with 7,M, o being the
coset H, ;, is given by B/ By,- where B is the Killing form of g, and 87 < 0. Moreover,
there existsa Z, € Z(f, ;) suchthat J, = adm- (Z,) defines the corresponding complex
structure J on M|. (Here Z denotes the center.)

Let 87 < 0 be the scalar such that the Kéhler form ®¢ for 87 Bn- on M; satisfies
em (M,») = [—(Q2m) ' ®?] (see [6]). Then the length I of the integral curves of the
induced vector field £” under t7 on (M, g7) satisfies I’ = |2/ /qB?]. On the other
hand, considering S?¥®"+! = SU(N(p) + 1)/SU(N(p)) and CP¥P = SU(N(p) +
1)/S(U(N (p)) x U (1)), the scalars 8 and B° for : SN ®+1(c2 k) — CPVP (k+3c?)
are

-1 - -1

4.1 R — ° = .
@b P (k +3c)N(p) P 4N(p)

Hence the length [ of the integral curves of & in S2V(+!(¢2, k) satisfies

. ’2ncﬁ
= —,5"

‘ 8mc
k + 3¢
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Taking into account all this information and the fact that / and I? have to be equal, we
have proved

THEOREM 4.1. All invariantly embedded submanifolds in spheres, fibering over a
compact irreducible Hermitian symmetric space M; = G,/H, ; are, up to a congru-
ence, of the form (M, t/) for some positive integer p. Moreover, M, P is isomorphic
10 the S'-bundle M;/ G, over M. where M; = G,/K,,, K, being the commutator
subgroup of H,,,,. F urthermore, q is given by

4.2) g = (+3c0)pP /4

where g7 = B} Bw- is the G ,-invariant Kéihler metric on M induced from the Fubini-
Study metric on CPNP (k + 3c?) and f8 is the negative scalar such that the corres-
ponding Kahler form ®; on M] verifies ey (M;) = [-®°/27].

COROLLARY 4.3. Let M¥+'(c2, k) and M*"+"*1(¢c?, k) be complete, simply con-
nected normal flow space forms. If M is invariantly immersed into M, then k = k
and so, the immersion is totally geodesic.

PROOF. For k + 3¢ < 0 the result follows from Corollary 4.2. So we suppose
k +3c* > 0. Then M?™+)+(¢c? k) is isomorphic to the sphere S2*+)+1(c2 k)
which fibers over CP"* (k + 3¢?). M**'(c2, k) fibers over a complete and simply
connected Kihler manifold of constant holomorphic sectional curvature k + 3c?, say
M (k+3c?). Then M'*" (k+3c?) is a Kihler submanifold immersed in C P**" (k+3c?)
and moreover, using [4, Theorem 11], M 2" 3s isometrically embedded. Now, it follows
from [4, Theorem 13] that k 4+ 3c* = p(k +3c?) for a positive integer p, and so, taking
into account (4.1) and (4.2), we have g = p = 1. Then the total geodesic property
follows from Proposition 2.3.

In [4] Calabi proved that for each p € N, CP"(h) can be isometrically embedded
in CPVP(ph) where N(p) = (":” ) — 1. The totally geodesic case corresponds to
p = 1. Hence, using also Theorem 4.1 and [13], we have

PROPOSITION 4.10. Let M***! be an invariantly but non-totally geodesically em-
bedded submanifold of S*+'(c?, k) which fibers over CP". Then M is a normal flow
space form M(c?, k) where k = 3c*(p — 1) + pk and N = N(p) = ("“;”) — 1 for
some p > 1. Moreover, M is isomorphic to the quotient manifold S*+' /G, and the
embedding a?: S**' /G, — S™M*! is induced by the mapping of C"*+! into C¥*! given
by

!
4.3) (zO,...,zn)l—»(z{)’m/ﬁz(i’”lzh---’ ;TI)_‘|23°~--z;’,‘",...,z,’.’),

ol a,!
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where Y 7_o; = p.

REMARK 4.1. Using the local rigidity theorem of [4] and Theorem 3.1, it follows
that a” coincides with the p-canonical embedding t for M = CP",i = n.

In [13] another example of an embedded Kihler submanifold in CP¥ is given.
Namely, let f’ be the mapping of CP™ x - - - x CP™ intoCPN, N = (n;+1)--- (n, +
1) — 1, given by

4.4
(Z(g"" ,zil’-" ’267"' 9Z;r) ’_)(Z(g"'zay"' ’Zill"'zlia"' »Z,I,I"'Z,’,r);
i,=01,... ,n,, a=1,...,r,
where (z5, ..., z; ) are homogeneous coordinates of CP"™. Then f’ is a Kéhler
embedding of CP" (h;)x---xCP" (h,) into CP" (h)ifandonlyifh=h, =-.-=h,.

Hence we can consider the Riemannian manifold ((CP" (h)x- - -xCP™ (h), f'), )
as an invariant submanifold embedded into S2¥*+!(c2, k) for h = k + 3¢®. Then
((CP™(h) x --- x CP™(h), '), ) equipped with the induced flow % is a KTS-
space with constant &-sectional curvature equal to ¢>. From [10, Theorem 11] it
follows that there exist non-vanishing integers q, . . . , g, such that the above space is
isomorphic to the quotient manifold

M — ((S2n|+l/Gq]) X e X (S2n,+l/qu)) /Tr—l

where T"~! denotes the (r — 1)-dimensional torus and the action of 77~ on ($%"+! /Gg,)
x -+ x (§2*/G, ) is defined by

-1 .
my, ..., m)s,...,s)= (mlnfzzs,-,mzs2 s vy M) )

From [6, Theorem 4.2} and taking into account that the lengths of the flow lines on M
and SV*1(c2, k) coincide, we have

Bl _  _aB _P

:BI ﬁr ﬂ
where 8;, B°, i =1,...,r, B, B°are the scalars given in (4.1) for the fiber bundles
2+l — CP" and §*M+! — CPY,respectively. Hence, thisimpliesq; = --- = ¢, =

1. So, the KTS-space ($**! x --- x §**1) /T~ over CP" (h) x --- x CP™(h)
is an invariant submanifold in S2V+!(c2, k) with h = k + 3¢*. Furthermore, since
CP™"(h) x --- x CP™(h) is Einsteinian for n; = - - - = n, and using (1.11) we have

PROPOSITION 4.11. The quotient manifold M = (S *' x - x §**1) /T is an
invariant submanifold embedded into S*™*'(c?, k), where N = (n, +1)---(n, + 1)
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— 1. Moreover, M is a KTS-space with its induced structure (g, %) fibering over
CP"(h) x --- x CP™(h) for h = k + 3c® and M is n-Einsteinian if and only if

n=- =n,.

REMARK 4.2. The embedding in Proposition 4.11 of M into S?¥*! is induced by f’
given in (4.4) considered as a mapping of C" into C¥*!, wheren =r +n; +---+n,.

Finally, using Propositions 3.1, 4.10, 4.11, Theorem 4.1 and [13, Theorem 7.4] we
have the following classification theorem.

THEOREM 4.2. Let (M, f) be a non-totally geodesic complete invariant submani-
fold embedded into S**'(c?, k) where f is full and n-parallel. Then (M, f) is, up to
congruence, one of the following submanifolds:

(i) the normal flow space form M = (S***'/G,) (¢, k), where k = 3¢* + 2k and
N = N(@2) = ("*?) — 1. The embedding of M into S*™*' is induced by the mapping
of C**! into CN*! given in (4.3) for p = 2.

(ii) the KTS-space M = (§™+! x §22+1) /S over CP™ (h) x CP"(h), where
h=k+3?and N = (n, + 1)(n, + 1) — 1. The embedding f is induced by the
mapping of C*"*2 into C¥*! given in (4.4).

(i) M = M' = (M, p"), 7) where M’ is a compact irreducible Hermitian
symmetric space of rank 2, that is, a complex quadric Q,(C), a complex Grassmann
manifold G,,(C) = SUR +r)/SWUQR) x U@r)) withr > 3, SOQ0)/U(S) or
Eg/ Spin(10) x S'. In this case f is the first canonical embedding and N = n + 1,
("*?) — 1, 15 or 26, respectively.

I1. Normal flow space forms with non-constant £ -sectional curvature and globally
constant H-sectional curvature This second class of normal flow space forms
has been treated in detail in [7]. We recall here some useful facts. Such a space is a
(locally) KTS-space. Furthermore, in the complete case, M, g, %;) admits smooth
distributions % and 4 such that for each m € M, (1) = () ® S (m) is
an H-invariant decomposition of the horizontal subspace (/) and each sectional
curvature K (5%, &), i = 1,2, is a positive constant &? (¢ > ¢%). Furthermore,
such spaces are precisely the Riemannian manifolds (M2¥*!, ) equipped with a
normal contact flow %; which is transversally modelled on the Riemannian product
CPM(hy) x CHM:(h,) where |hy| < h;, N, + N, = N and the £-sectional curvatures
¢;,i =1, 2, are given by

) b= h
4.5 2 — (=)t 2
@) =D Ty
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In what follows we denote this flow space form by M (N1, N3; hy, hy). The H-sectional
curvature k is a strictly negative constant given by

= p_mh

4.6 —_—.
(4.6) hh

Now we have

PROPOSITION 4.12. Let f be an invariant immersion of a Riemannian manifold
(M**!, g) into a complete normal flow space form M(Nl, Ny; hl, 2). If the &-
sectional curvature on M is a constant c*, then c? is either ¢ or ¢2 and then for all
meM, f,T,M C %”(f(m)) or C %(f(m)) respectively. Hence M is locally
transversally immersed into CP¥'(h,) or into CH™(h,), and so n < max(N,, N,).

PROOF. For a horizontal vector field X € T,M, m € M, we put £,.X = X, + X,
where X; € JZ(f(m)) fori = 1,2. Since H*X = —c*X and H>f,X = —&X, —
¢2X, it follows, taking into account the invariance of f, that ¢? = & fori = 1 or 2.
So f.T.M C H(f(m)) for some i € {1,2}.

Now, we can choose small neighborhoods % and % of m and f(m), respectively,
such that § on % and £ on % are regular and the transverse mapping f: %'
UJE — U = U JE is well defined. Then %’ can be written as %’ = %', x % 2
where %';, i = 1,2, are connected open subsets of CP¥ and CH™, respectively.
Finally, it follows easily that f ’(@ N C u '; for some i.

From this, by using Proposition 4.1, we have

COROLLARY 4.4. Let M***! be a locally KTS-space with constant &-sectional
curvature c* invariantly immersed in a complete normal flow space form M(N,, N;
hy, hy). If ¢* = &3, then M is totally geodesic.

COROLLARY 4.5. If M**'(c*, k) is invariantly immersed in M(N,, Ny; h,,
h,) and ¢* = c3, then the immersion is totally geodesic.

Note that for an invariant submanifold M of M(N,, N,; hy, h,) with constant &-
sectional curvature ¢7 we may formulate a list of results similar to the ones given in
Propositions 4.2—4.8 making only slight modifications. We omit the details.

Now, let M be a complete normal flow space form fibering over CPY (h|) x
CH™:(h,). Then M is isomorphic to

SU(1, N)~
2N +1
(S /Gq)X( SUN,) /Z[l])

Sl

@7
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for some g € Z and where | = |87¢,/qh,| denotes the length of the flow lines. For
each point m’ € CP"'(h;) x CH™(h,) the inclusion mappings i}, i} of the totally
geodesic submanifolds CP™ (h;) and CH™:(h,) through m’ into the product define,
using Proposition 3.3, totally geodesic submanifolds M, and M, of M(N,, N,; h,, hsy)
fibering over CPVi(h,) and CHM:(h,), respectively. Comparing lengths of the flow
lines, such submanifolds are precisely

2N +1

G,

SU(1, Np)~

M] P
SU(N)

@&, k), M, = ( /Z[l]) G5}

These considerations lead to the following global version of Proposition 4.12.

THEOREM 4.3. Let M be a complete normal flow space form fibering over CPV: (h;)
x CHM:(h,) and let f be an invariant embedding of an (M, g) into M. If the induced
flow F is fibrable and the & -sectional curvature on M is a constant ¢*, then c¢* equals
ctor C3. Moreover f is an invariant embedding of M into M, or M, respectively.

REMARK 4.3. From the given theorem it follows that the invariant submanifolds
with constant &-sectional curvature which are non-totally geodesically embedded in a
complete normal flow space form fibering over CP" (h,) x CH™:(h,) are essentially
the non-totally geodesic invariant submanifolds of M, = (§?"'+!/ G,)(, k), for some
q € Z, which have been treated in 1.

It has been proved in [6] that each complete contact locally KTS-space (M, g, %;)
is locally transversally modelled on a simply connected Hermitian symmetric space
M'. Let M’ = Mj x M| x --- x M/ be its de Rham decomposition with Euclidean

part M, = E P (xy, ... X »). Then we can consider each local submersion 7: % —
%' = % /§ as a mapping into an open subset %' = % x U x --- x ¥, where u/,
j=0,1,...,r,is a connected open subset of M;. There exist r + p real numbers
Ciy-o s Cry Hi, ..., 4y and smooth distributions %, 9, ... , % on % ,obtained by

taking the horizontal lifts of the tangent vectors of M 7, such that, for eachm € %,
H(m) = G(m)®Y, (m)D- - -®Y,(m) is an H-invariant orthogonal decomposition of
the horizontal subspace .7’ (m) and each sectional curvature K (4, £),l = 1,... ,r,is
a positive constant ¢;. Moreover, {(3/3x,)*, ..., (3/ 0x,,)*} is an orthonormal frame
field of %, which satisfies K ((3/9x,)*, &) = K((3/3x,04)*, &) =i, k=1,...,p.

Now, let f be an invariant immersion of (M, g, %) into a complete normal flow
space form M(N,, Ny; h,, h,). Using a similar argument as in the proof of Proposition
4.12 we have that each ¢} andeach 2,1 = 1,...,r, k = 1,..., p, is either ctor
¢3. We denote by ##(m), i = 1,2, the subspace of #(m), m € M, such that the
sectional curvature K (%, &) equals ¢2. Then it follows that f, € (m) C J#( f(m)).
Moreover, it can be proved that J# and 7% determine global distributions (see the
proof of {7, Theorem 4.1]). Hence, we have

https://doi.org/10.1017/51446788700001026 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001026

312 J. C. Gonzilez-D4vila, M. C. Gonzélez-Ddvila, L. Vanhecke [23]

PROPOSITION 4.13. Let (M, f) be a complete locally KTS-space and invariant
submanifold immersed in a complete normal flow space form M(Ny, Ny; by, hy).
Then there exist smooth distributions J¢ and 7% on M such that for eachm € M,
H(m) = A (m) & s€m), (it may occur that 3¢ = H| or ' = F%) is an H-
invariant decomposition of the horizontal subspace F(m), the sectional curvatures

K(3£,8) = & and f, 7 C H foreachi = 1,2.

Hence, using [6, Theorem 3.2] and [13, Theorem 3.2] we obtain

THEOREM 4.4. Let M be a complete normal flow space form fibering over CP" (h,)
x CHM:(h,) and let f be an invariant embedding of a KTS-space (M**!, g, ;)
with non-constant &-sectional curvature, into M. If the orbit space M' = M/E is
simply connected, then we have:

(i) M’ is a Riemannian product M'' x CH"(hy), n\ + n, = n, where M'| is
a Hermitian symmetric space and the (1, 1)-tensor field J = ¢'H] + ¢;'H, is a
Hermitian structure on (M’, g') where H) = H'op,,i = 1,2, and where p;: M' — M;
denotes the projection of M’ onto M| (for M, = CH">(h,)).

(i1) the transverse embedding ' of f is a product embedding f| x f, where f is
a Kihler embedding of M; into CP"'(h,) and f; is a totally geodesic embedding of
CH" (hy) into CHM:(h,).
The corresponding local version also holds.

Using Proposition 3.5 we can provide many examples of invariant submanifolds in
a complete simply connected normal flow space form M (N;, No; k), hy). In fact,
we obtain a full invariant embedding f of ((M; x CHM(hy), p/ x id), 7) into
M(N,, Ny; hy, hy), where M, = G,/H,; is a compact irreducible Hermitian sym-
metric space, p; is the p-canonical embedding of M; into CP™, 7 is the fibration of
M(Ny, Ny; hy, hy) onto CPY x CH™ andid: CH™ — CH™: is the identity mapping.
In particular, for M given as in (4.7), we obtain the following families of invariant
submanifolds:

(1) For each positive integer p, the quotient manifold

((S / G”")X( SUN,) )/Z[”)/ S

where N, = N;(p) = ("‘:”) — 1, is an invariant submanifold embedded into M and
fibering over CP™ (h; p~') x CHM:(h,). The corresponding transverse embedding is
the product p? x id where the p-canonical embedding p;” of CP™ into CP™ coincides
with that one given in (4.3) in terms of homogeneous coordinates of CP"'. Note that
in this case, f is n-parallel only when p = 2.
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(ii) The quotient manifold

241 L (g SU(1, Np)~ )) ,
((S /Gg) X -+ x (ST Gy) x ( su,y /HA) )T

is an invariant submanifold embedded into M which fibers over CP™ (h;) x - - - X
CP™(h)) x CHM(h,) where N, = (n; + 1) - - - (n, + 1) — 1. Here the full transverse
mapping is the product embedding of the mapping given in (4.4) and the identity
mapping id: CH" — CH™:. Forr = 2, f is n-parallel.
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