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1. Introduction
Let

€)) w=f(2)=z+ 0E‘.a,,z"
n=2

be regular and univalent in the unit disk D and map D onto a region R. A point
wo € R is called a star-center point of f(z), or of R, if tf(z) + (1—f)wye R for
zeD and 0 £t £ 1. In this paper we consider only functions of the form (1)
where w = 0 is a star-center point, i.e., those functions that are starlike with respect
to the origin.

Given w = f(2) as in (1), we define the index of starlikeness of w = f(z)
to be

é= sup{r| f(z2) is a star-center point of f(D) whenever |z| <r}.

We denote by S, the class of all starlike functions whose index is equal to d,
0<d=1.

From the definition it follows that S, and S, are the classes of normalized
starlike and convex univalent functions respectively. In this note we obtain
estimates for la,,l, lf(x)l and Re[zf'(z)/f(z)] when w = f(2)e S;.

NorATioN: Let D, denote thedisk | z| < r. Let ¢(z, a,@) = €*(z—a) (1—dz) !,
where —n<a < 7 and |a|<1.
2. Preliminaries
In this section we give some necessary and sufficient conditions for a function

to belong to the class S;.
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LEMMA 1. Let w = f(2) be of the form (1). Then w = f(2)€ S; if and only
if the function

(3) F(z) = tf(2) + (1 =0 f(0z¢(z, a, ®))
is subordinate to w = f(z) in D for —n<a < m, |a| <1,0=t<1.
PrOOF. If w = f(z) € S;, then the subordination holds because | ¢(z, a,®) | < 1.

Suppose the subordination holds. For § = 0 the result is well-known, so we
may suppose 6 > 0. Given z,, |zo| < 8, we show f(z,) is a star-center point of
f(D,) for r>6="|z,|. For each z, |z| > 57"z, ], let

4 A=06"12"%,, a = Arg(l — A2)(1 ~ A2)~', a = —(A—-2)(1—-A2)-'.
Then z, = 6z¢(z, a, ) and (3) yields tf(z) + (1 =8 f(zo) = f({) for some { in D.
By well-known properties of subordination, |C| < |z !, (see [1, p. 227)).

LEMMA 2. The function w = f(z2)e S;, § >0, if and only if
zf'(2)
® Re -7 "
for |¢] <8, ] <]|z|<1.

PROOF. Choose &> 0 so that ||+ &< §, and r > Oso that [{[6~' <r<1.
Since f(D;) is a convex set, (5) holds for |z[ = [C| + ¢. By Lemma 1, (5) also
holds for |z| = r. Using the, minimum modulus principle for_harmonic func-
tions (5) follows upon letting ¢ » 0 and r — 1.

LEMMA 3. The function w = f(z), €S, if and only if

zf'(2)
(6) G(Z’ ¢) = f(Z) _f(52¢(2,a,a))

has positive real part for |z|<1, |a|<1, —ar<oa = 7.

PrOOF. For § = 0 the result is well-known. If § > 0, then given z,, |z, | < &
and z, |z| >6! ]zo | , we use (4) to find a function ¢(z,a,«) that satisfies the
equation 8z¢(z,a,a) = z,. For { = z,, (6) follows from (5).

3. Distortion theorems
THEOREM 1. If w = f(2)eS;, 03 £ 1, then
1—|z| | gRerl(z) 1+|z|
(1=68]zp+|z) f@ T A+s]zha—|z
equality holding in the cases § =0 and §d = 1.

(7

lIA

)’

https://doi.org/10.1017/51446788700034522 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700034522

[31 Starlike functions 507

Proor. By a well-known theorem (Nehari (1952); page 173),

® [Re GO, $)] { Il ‘ < ReG(s. ) 5 [ReGO, 4] ||Z||
which becomes

1 11~z 2f'(2)
© [R 1 +e'°‘a5] Py = Re e 6o a.d)

S[Re 1. ]1+|Zl.
- 1+ é%ad 1—|z|

Letting « = —arga + 7 and z = a on the left side of (9) we obtain

1 1—|af af'(a)
=< Re s
1—6la| 1+]a]| = f(a)
which is equivalent to the left side of (7). The right hand side of (7) is obtained
similarly.
It is interesting to note that for 6 = 1, we obtain the well-known result

that Re[zf'(2)/f(z)] = (1 + |z|) ~1. see (Strohdcker (1933)) or more recently
(Suffridge (1940));

THEOREM 2. If w = f(2)e S;, then
_ 5|Zl)(1—a)/(1 +8)
(1 + |Z|)2/1+6

A+ [ z l)(l'é)/(l +9)
(1 — ‘Z |2/1+6 ’

1
ORREL < @) = |2

equality holding in the cases 6 = 0 and 6 = 1.

Proor. Using the identity
l f(@) zf'(z) _

(11) lzliR e 1!,

6[ l
(10) is obtained upon integrating (7).

4. Coefficient estimates

We wish to give coeflicient estimates for the expansion (1) when w = f(z) € S;.
If w=f(2)eS;, then

zf'(z)
12 Re —————
12 F@-1(=82)
for ze D. This is so because (5) holds for all {, IC [ < 6. If z is any point in D

(5) holds for { = Rz where —8 < R < §. Letting R - —§ we obtain (12). Equa-
tion (12) also holds when 6 = 0. If we let

>0
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S0 =
e e A

then |c,| < 2Reco = 2(1 + 8)~*; (see (Robertson (1945))). We have the following
theorem:

(13) F(z) =

THEOREM 3. If w = f(z)e S;, then

"l k(1 +8)+ 1 — (=8
(14) @l Il iy v 1r o

equality holding in the cases $ = 0 and 6 = 1.

Proor. Equation (13) gives the following relationship between the coeffi-
cients of w = f(z) and F(z)

n—1
15 (n=co1=(=8)a, = X ca, ((1-(=8"""),
k=1
equality holding in the cases § = 0 and § = 1.
Let
k-1 .
Pk = k + z pJ,
i=0
k=1

0= X (k—jpl, k=12,
ji=0

Let S; = (1—p), and define S, recursively by

l—p" ank

Sy = Sp-1 + e
! (1 - P) a=pr-t =1 Qn

—=, n=23,:

Set
1

=P
n-gmy 7 g
We will prove the following identity;
(16) S;=T,,n=1,2...
Assuming (16) for n = m~—1, we have

m

1 Qm 1
S =
" H1 Qk ( )"‘"

(I-pm3 2

w1 H P/Qy

]

1-p"
o[ =0 /Pa+ K20 Py | = ..

Since (16) is easily verified for n =1, (16) follows.
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Let p = ~6. We will prove that

1 =1 p
l“nlémﬁﬂ =%,

k=1 ¥k

an = 2,3,

These estimates are obtained from (15) by induction when we use ¢, = (1 + )71,
the bounds |c ' < 2(1 + 8)~" and the estimates for ]a,,_1 |,]a,, 2| etc.

For n =2, (15) gives a, = c,(1 +8)(2 — co(1 — 6%))~'. Hence la2|
2(14+0)-1, which gives (14) for n = 2. Assume now that (15) holds for k < n—1.
Then (15) gives

1 "

a, = mk}: Cun- (1—=p"75).
Hence,
lan|§22{;f|ak|(1—;ﬂ)") 2% a, I(I_P).
n(l-p)—(1-p") (1=p)*Qu-1
By the induction hypothesis and (16) we have
28,- 2T, .. 1 nt
R e ol ce il (el L R

and (17) is satisfied.
We now show that (17) is equivalent to (14). Note that

P, = k+(1—p%/(1-p)

and
(1=p)Qi = k ~ p(1—p"/(1-p).
Hence,
(1% T(TP;—)QT = [k(l=p) + 1=p ] [k(1—p) + p + p*+1] 1.

If we combine (17) and (18) we obtain (14).
We conclude with an example. It has been suggested that if w = f(z)e S;,
then there may exist some > 0, depending on 6, such that

()
infRe Ty > P

50 = gl (=
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serve as a counterexample in the following sense. As 8 varies in the interval [0, 1],
J3(2) has an index that decreases with respect to § in the interval [0,1]. Further-

more
inf Re 2fs(2) =0
zep  J3(2)
forall B, 1 £ p=<2.
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