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1. Introduction
Let

(1) w= / ( z ) =
n = 2

be regular and univalent in the unit disk D and map D onto a region R. A point
woeR is called a star-center point of/(z), or of R, if tf(z) + (1 — t)woeR for
zeD and 0 ^ t ^ 1. In this paper we consider only functions of the form (1)
where w = 0 is a star-center point, i.e., those functions that are starlike with respect
to the origin.

Given w = /(z) as in (1), we define the index of starlikeness of w = /(z)
to be

S = sup{r |/(z) is a star-center point of f(D) whenever | z | ^ r} .

We denote by Ss the class of all starlike functions whose index is equal to <5,
0 £ ^ l .

From the definition it follows that So and S, are the classes of normalized
starlike and convex univalent functions respectively. In this note we obtain
estimates for \an\, | / (x) | and Re[z/'(z)//(z)] when w=f(z)eSd.

NOTATION : Let Dr denote the disk | z | < r. Let <f>(z, a, a) = el"(z - a) (1 — dz)~l,
where —n<tx^n and | a \ < 1.

2. Preliminaries

In this section we give some necessary and sufficient conditions for a function
to belong to the class Sa.
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LEMMA 1. Let w = / ( z ) be of the form (1). Then w = f(z)sSs if and only
if the function

(3) F(z) = tf(z) + (1 - t)f(8z4>(z, a, a))

is subordinate to w = / (z) in D for —n <a — n, | a | < 1, 0 = t ^ 1.

PROOF. If W = / ( Z ) e Sd, then the subordination holds because 10(z, a, a) | < 1.

Suppose the subordination holds. For <5 = 0 the result is well-known, so we
may suppose 8 > 0. Given z 0 , | z0 | < 5, we show /(z0) is a star-center point of
f(Dr) for r > ^ - 1 | z 0 | . For each z, |z | > 8'1 \z0 \, let

(4) A = S-1^-1^, a = Arg(l - Az)(l - Az)~\ a = -(A-z){\-Az)-1.

Then z0 = Sz(j>(z, a, a) and (3) yields tf(z) + (1 - 0/(z0) = / ( 0 for some C in I>.
By well-known properties of subordination, | £ | < | z | , (see [1, p. 227]).

LEMMA 2. The function w =f(z)eSs, <5>0, i/ and only if

for \C\<5, | C | < | z | < l .

PROOF. Choose e > 0 so that | C | + e < 8, and r > 0 so that \^\8~l <r<l.
Since / ( / ) a ) is a convex set, (5) holds for | z | = | £ | + e. By Lemma 1, (5) also
holds for | z | = r. Using the, minimum modulus principle for.harmonic func-
tions (5) follows upon letting s -» 0 and r -+ 1.

LEMMA 3. The function w = / ( z ) , eSd if and only if

/ i a s positive real part for | z | < 1 , | a | < 1 , —n<cc^n.

PROOF. For 8 = 0 the result is well-known. If 8 > 0, then given z 0 , | z0 | < 8
and z , | z | > (5"11 z0 | , we use (4) to find a function 4>(z,a,<x) that satisfies the
equation 8z(j>{z, a, a) = z 0 . For £ = z 0 , (6) follows from (5).

3. Distortion theorems

THEOREM 1. If w =f(z)eS3, O g ^ l , t/ien

1 - | z | zf'(z) 1 + | z |
( ? ) R

equality holding in the cases 8 = 0 and 5 =
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PROOF. By a well-known theorem (Nehari (1952); page 173),

(8) [Re G(0, <£)] ^ - W ^ Re G(z, <f>) = [ReG(0, 0)] i i l i J ,
1 + | z| 1 — |z |

which becomes

(9)
r 1 i 1 - 1 z I zf(z)
Re^—-ir-F i = R e „ N ,,« Y , — :

L l + e aoj 1 + z j(z) — j(pz<p(z,a,<x

1 + ema8] 1 - | z |

Letting a = — arg a + n and z = a on the left side of (9) we obtain

1 - 51 a | 1 + | a | ~ /(a) '

which is equivalent to the left side of (7). The right hand side of (7) is obtained
similarly.

It is interesting to note that for <5 = 1, we obtain the well-known result
that Re [z/ ' (z)/ /(z)] ^ (1 + | z | ) - 1 ; see (Strohacker (1933)) or more recently
(Suffridge(1940));

THEOREM 2. / / w = f(z)eS5, then

equality holding in the cases 6 = 0 and <5 = 1.

PROOF. Using the identity

(11) —^.log J— = - *- D - Z ^ ' ( Z ^

(10) is obtained upon integrating (7).

4. Coefficient estimates

We wish to give coefficient estimates for the expansion (1) when w = / (z) e S6.
If w =f{z)eSs, then

^ l f c ) > 0

for z e D. This is so because (5) holds for all £, | C | < 8 • If z is any point in D
(5) holds for f = Rz where -8 < R < 5. Letting R -> -5 we obtain (12). Equa-
tion (12) also holds when 8 = 0. If we let
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then \cn\ g 2Rec0 = 2(1 + 5)"1; (see (Robertson (1945))). We have the following
theorem:

THEOREM 3. / / w = f(z)eSs, then

e q u a l i t y h o l d i n g i n t h e c a s e s 5 = 0 a n d 5 = 1 .

PROOF. Equation (13) gives the following relationship between the coeffi-
cients of w = /(z) and F(z)

(15) (n-co(l-(-6yan = "^ ckan.k(l-{-5)n-k),
k = l

equality holding in the cases 5 = 0 and 5 = 1.

Let

Pk = k+ ZpJ",
j=o

k-l

Qk = Z {k—j)p\ k = 1,2, •••.

Let St = (1— p), and define Sn recursively by
i _n it—1 p

" " - 1 ( 1 - p ) " - 1

Set

7P n =

in "(I-P)- 1 2 Me,-

We will prove the following identity;

(16) S, = T . , n = 1 , 2 - .

Assuming (16) for n = m — 1, we have

m - 1

= Tm.

Since (16) is easily verified for n = 1, (16) follows.
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Let p = —5. We will prove that

07)

These estimates are obtained from (15) by induction when we use c0 = (1 + S)'1,
the bounds \cn\ ^ 2(1 + 5)"1 and the estimates for |an_i |, | <an_21, etc.

For n = 2, (15) gives a2 = cx(l + S)(2 - co(l - S2))'1. Hence \a2\ £
2(1 + 5)'1, which gives (14) for n — 2. Assume now that (15) holds for k :g n — 1.
Then (15) gives

Hence,

By the induction hypothesis and (16) we have

i i ^ 2Sn_! 2TB_1 1 n

and (17) is satisfied.
We now show that (17) is equivalent to (14). Note that

Pk =

and

Hence,

If we combine (17) and (18) we obtain (14).
We conclude with an example. It has been suggested that if w = /(z) e St,

then there may exist some /J > 0, depending on 6, such that

z/'(z)

The functions
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serve as a counterexample in the following sense. As /? varies in the interval [0,1],
ffi(z) has an index that decreases with respect to /? in the interval [0,1]. Further-
more

for all yS, 1 ^ $ g 2 .
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