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MIXED PERIODIC JACOBI CONTINUED FRACTIONS

YOSHIFUMI KATO

§1. Introduction

Let b, be a positive real number and

a, b,
b,a2b2 — o <a < + oo,

J = b, a, - . 0<b,,
1<i< + oo,

be a Jacobi matrix. We can associate with them a Jacobi continued frac-
tion, which will be abbreviated to a J fraction from the next section, as
follows
by | b b |
lz—a, J|z—a, |z—a,
— 1im Aa(®)
noee Bn(z)
where A,(2)/B,(z) is the n-th Padé approximant of ¢(z). Under a suitable
condition, which is always satisfied if max,{|a;], |6;]} <3IM < 4+ o holds,
¢(z) can be described in a Stieltjes transform
" dp(x)

o Z— X

o(2) =

o(2) =

for some Stieltjes measure dy(x) on the real axis. And the denominators
B,(x), 0 < n < 4+ o, constitute a system of orthogonal polynomials with
respect to du(x).

In the previous papers [2], [3], we investigate what kind of measures
du(x) gives a purely periodic Jacobi continued fraction, that is, a;, vy = a;,
1<i<+4+ o0, bjuy=20b, 0<i< + o, for some positive integer N. In
fact we succeed in showing that such a function ¢(z) can be explicitly
written by means of abelian integrals on special hyperelliptic curves Z#
introduced by van Moerbeke P. and Mumford D. [7]. If N =1, B,(x) is
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essentially the n-th Tschebyscheff polymonial of the second type. But in
case N > 1, we find a new phenomenon related to discrete measures.

This paper is the continuation of the preceding papers and we devote
ourselves to study mixed periodic Jacobi continued fractions. Namely we
deal with the followings

Ma) a,y=a;, for i>M and b,y,=0b, for i>M—1
but ay_ x> Cy_y,
Mﬁ) Qoy =0, biy=0b, for i>M but by .y by_,

where M and N are positive integers. We refer them to be of type M«
and Mp respectively. Our main results are stated in Section three. See
Theorems 3.4 and 3.7. We give there complete characterizations of these
functions and concrete methods to construct them. And the Stieltjes
measures dp(x) are explicitly described. Our work is closely related to
physical problems. Namely some diagonal elements of the Hamiltonian of
a tight binding formalism in solid physics which treat semiconductors or
alloys admit a Jacobi continued fraction. And the measure du(x) repre-
sents the density of energy states of electrons. The non periodic parts
of Ma) and Mp) correspond to the effects of impurities. See, for examples,
Lambin, Ph. and Gaspard, J-P. [4] and Turchi, P., Ducastelle, F. and
Tréglia, G. [11].

The author would like to express his thanks to Prof. Magnus A. for
giving useful comments to the problems which he proposed at the Interna-
tional Symposium on Orthogonal Polynomials and their Applications held
in France. The Proceedings will be published as one of the series of
Springer Lecture Notes in Mathematics.

§2. Purely periodic J fractions

First we recall some preliminary knowledge and notation from ([2]
about purely periodic o fractions. But we slightly change the terminology.

Let
- a, b, —oo<a; < + oo,
b, a, b, 0<b,,
2.1 C= A . ’ Qiey = Ay,
o bN—l bi+N = bi,
by_iay - — 00 <Ii< + oo,
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be a complete IV periodic Jacobi matrix and f=(---,f_,,f /0 --+)* be an
infinite column vector. The matrix C acts canonically on f. We denote
by D the shift operator of degree +1, (Df), = f;,, and set S = D". The
condition that C and S admit a common eigenvector is parametrized by
the following open Riemann surface

Ry = {(2, h) e C X C*| Cf = 2f, Sf = hf for some f = 0}
={(z,h)eC X C*|det|zl — C,| = F(h,h™',2) = 0}.

We denote by C, the N X N matrix

a b, - - - bh!
b, a; b, .
(2.2) Ch=| e,
. by,
byh - - - by_, ay
and hence
z—a, —b —bht
—b, z—a, —b, .
2.9 d—c, =| @ Th )
. . C—by,
—byh - - - —by_, 2 — ay

An easy calculation provides
(2.4) Fh,h™',2) = — A(h + h™") + P(2)

where A = [[,b, and P(2) is a monic polynomial of degree N with real
coefficients as follows

z2—a, —b [ z2—a, =—b,
—b, z—a, —b, i —b, z—a, —b,
@5 P@-=| "t . —w T :
' "“bN-l ' . . "bzv—2
—by.1 2 —ay —by_, 2 — ay_,

From (2.4), we have

@6 @) = 5 PO+ VPG — 4%} = 1 .
“ L@ F VPG - aay

The expression (2.6) implies that we can easily compactify %, by adding
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two points P, whose A = oo, and @, whose A = 0, over z = . The curve
R = R, U {P, @} becomes a hyperelliptic curve of genus g = N — 1 branched
at the 2N zeroes 2, 4, - -+, 4,y of the polynomial P(z)* — 4A% As is ex-
plained in [2], they are all real and we can arrange them in increasing
order

(2-7) 21 < 22 é /23 < 24 S tre S 221\/-3 < 221\/-2 S XzN—x < Z21\7 .

The interval [Ay_, 4], 1 < kB < N, is called the k-th stable band and the
interval [Ay, A.i), 1 < B < N — 1, called the k-th finite unstable band. The
infinite interval (— oo, 4,] (resp. [A.y, + o0)) is the left (resp. right) exterior
unstable band.

Remark 2.1. 1) Hereafter we denote by +/P(2)* — 4A? the radical of
P(2)* — 4A* which is approximately equal to P(2) near the infinite point
corresponding to Q.

2) Assume that we choose a real positive number A and a monic
polynomial P(2) of degree N with real coefficients such that the zeroes of
P(2)* — 4A* are all real. Then conversely the hyperelliptic curve Z being
defined by (2.6) comes from some complete N periodic Jacobi matrix C,
(2.1). This fact is derived from the general theory of van Moerbeke, P.
and Mumford, D. [7].

We decompose Z into three parts

R=R, UZp U Z%_

where

2, ={peZ||hp)|>1},
Zr ={pe Z||Mp)| =1},
Z. ={peZ||hMp)| <1}.

The point P belongs to £, and @ belongs to #Z_.. If we project %, and
Z_ onto the z-plane, both of them become biholomorphic to the domain
{z-plane} U {oo} — Ui-1 [Ak_1; ). Therefore for any element 2z, in this
domain, we can lift it up to two points zf € #, and z; € Z_.

Let f=(-,f-0,f0fis - ) be a common eigenvector of C and S under
the normalization f, = 1. Then f;,, — oo <i < 4 oo, become meromorphic
functions on Z# and it follows that fy = A, fi.y =fi-fv = fi-h. If we put
f=(. . fo)=(, -, h) then (2I — C,)f =0. So we have
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(2'8) fz: ’."ij ]-gi,j’ng’

where 4, ; denotes the (i,j) cofactor of zI — C,. The cofactor 4, , is a
monic polynomial in z of degree N — 1 whose zeroes are all real. If we
arrange them in increasing order g, < g, < -+ < pgy_,, each g, lies on the
k-th unstable band. Hence if we denote by +/P(x)* — 4A® the limit

(2.9) lim vP(x + ie) — 4A4%, xe Ay, x+iced_,
el 0
the form
(2.10) 1 VP(x) = 4A® d
2ni Ay 1(%)

gives a positive measure on each stable band.
Under the same assumptions until now, we obtain the following fun-
damental lemmas. See the proof in [2].

LEMMA 2.2. Let

2 | 2 1 Pl

(2.11) o= O 1 b b |
lz—a, |z—a |z—a

iy = Qi 1<i< + oo,

bi+N:bi, 0§i<+00,

be a purely N periodic J fraction. Then after an analytic prolongation,
¢(2) coincides with b,-f,. The analytic prolongation is possible from the
neighborhood of Q.

We denote the residue of ¢(2) at y;7 e Z_. C Z by
* = Res,-¢(2) = Res,-b,f)
and put
(2.12) S=8@={r=x0c{,2 -,N-—1}.
And we associate with it a divisor
(2.13) Ds= T+ X 4

LemMma 2.3. We have
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VP — A&

@214 1) r= or >0.
H‘ )
J#T
2) From (2.10), (2.14), by putting
(2.15) dux) = dps,a(x) + dpe(x)
where
(2.16) dps (%) = 2 'o(x — p)dx, discrete measure,
1€S
2.17) dp@) = 3Lty anVE@ — 44T gy
=1 2mi AN,N(x)

continuous measure ,

we obtain a Stieltjes measure. Then ¢(2) is the Stieltjes transform of it

(2.18) oz) = [ 3
o Z— X
LemmaA 2.4. The following three conditions are all equivalent up to a
nonzero constant factor.
1) ¢(2) admits a purely N periodic J fraction expansion.
2) o(2) is the first component f, of the common eigenvectors of C and S.
3) ¢(2) belongs to L(9s + P — Q).

For any other subset S” C {1, 2, - - -, N — 1}, there corresponds another
purely N periodic of fraction. We can calculate it from ¢(z) by a standard
method. See Appendix. Hereafter when we want to emphasize the depend-
ence of ¢(2) on S, we denote it by ¢4(2).

By use of Lemma 2.2 and (2.8), we can rewrite ¢(2) = ¢s(2) as follows

ooy — o | b [ b [
lz—a, |z2—a |z—a
= bofx
| 2—a, —b,
—b, z2—a, —b,
(2.19) —b, -
—bys
= Ah + bg;, _—bNr—Z;z Ay-1
AN,N(x)
_ 1 A2 — VP(z)! — 4A®
2 I'(2)
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where we put

(220) Fo(z) = AN,N(Z) s
z—a —b | z—a, -—b |
—~b, z—a, —b, i —b, z—a; —b
@) A= "% . . im TH
L _'bN_li ' .
—by., z2—ay i —by,z—ay, |
=2V 42V 4 ..
Here ¢ =a, + a, + --- + ay5. Notice that ¢ coincides with the coefficient

of 2" in P(2), so it is fixed by the hyperelliptic curve #Z and is inde-
pendent of p;, 1 <i< N —1. If we compare Lemma 2.4. 3) and (2.19),
we have

— VP(Y — 1A if ieS
(2.22) Afp) = { ,,,,,,,,,,,,,,, _ .

+ & P(p; ) — 4A* if ieSe°.
From (2.21), (2.22), 4,2) is uniquely determined by use of Lagrange’s in-
terpolation. The importance of the following fact is pointed out by Prof.
A. Magnus.

CoroLLARY 2.5. I'(2) divides the polynomial A(z)* — P(2)* + 4A%

§3. Mixed periodic J fractions

In this section we study mixed periodic J fractions. We represent
them as follows

By By, B | B |
B Yy = L — wer oo B 1 B ]
" |z_AM—I 2 — Ay, \Z—Ao 12—
BN S B N D
z—a |z—a

where a,,y = a;, b,y = b, 1 <i< + co. According to the number B,
we distinguish them into two types

3.2) Me) B,=b, but A, ay,
(3.3) Mp) B, =xb,.

If we denote the purely N periodic part by
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by ' b | b

—
—a, |z—a, |z-—a

(3.9 o(2) = ps(2) =
| 2

we can write
B, B, |_ .. _ B J
z— Ay 2 — Ay, z— A, — (%)2 o(2)

0

(3.5) Vu(2) = !

For 1 << M -1, we use the notation

B } 2, 2 |
(3.6)  Pu(z) = v By | By |
i ‘2’——14],,_l ‘Z-— Ay, |2-— Ay — Vy_(2)

From the expression (3.5), V4(z) is also a meromorphic function on the
hyperelliptic curve #Z and the J fraction expansion is significant in the
neighborhood of @ € Z.

Let I'(z) be a monic polynomial with real coefficients and decompose
it into
3.7 ') = H1 (z — pi)]]:]1 z—2¢y ]Hl z—-2),

r+ 2s =degl'(2).

Here »; <y, < ... <y, denote real zeroes and {;, Im{; >0, £;, 1 <j <s,
denote the others. Since the case of multiple zeroes can be considered

as limit case, for the sake of simplicity, we take the assumption that they
are all distinct.

DerintTioN 3.1. For a polynomial I'(2), (3.7), we put the set of zeroes
as follows

Z(I') = Zpo (I U Ziny () U Zin (1)
where

Zpo(I') = {v;| real, 1 <i<r},

Zi(IM) =1{;1Img; >0, 1<j <8},

Z (D) ={{;] Im{,; <0, 1 <j<s}.

Lemma 3.2. Let us take a polynomial I'(2), (3.7), and a non zero real
constant ¢. For any x e \JY_, [Au_1, Aoil, we denote by «/ P(x)? — 4A°* the value

lim v/ P(x + ie)* — 4A?, x+iee ..
el0
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Then if

0< © VPG —44" ¥
= 2ri F(x) < + o, xekL:Jl ['IZk—h o]

holds, we have

1) v, eZy (I') cannot belong to the interior of any stable band.

2) At least one of the elements v, € Zy, (I') must belong to each finite
unstable band. Especially r > N — 1.

Proof. If we note that the sign of v P(x)* — 4A* changes on the real
axis as follows

N: even + —1 — +1 . .
N:iodd —  4i o+  —i T T
‘_‘——M—M%
14 22N—3 22N 2 22N—1 22N
VA : stable band,

these statements are bvoious.

Remark 3.3. Under the same assumptions as in Lemma 3.2, if the
integrals are finite

L e/ P(x)* — 4A°
lim ¢ _J VA
k=1 lFO! 2x1 Jaioa-e F(x) Sdr s <
the form
(38) o — c «/P(”CY —_ AA2d
2ri F(x)

gives a positive Radon measure on each stable band [2,,_,, 2], 1 <k < N.

DeriniTioN 3.3. For a pair ¢, ['(2), we put

B9 D reN=—c o YPeF-aA
H(” ‘VA)H(U —Cj)l_[(vi—w)
YV, c ZRe(F) ’
(3.10) 2) P, T) = (i1, T) > 0} .

Examvpie 3.4. Let N =3 and deg/'(z) = 6. And the pair ¢ % 0, ['(2)
satisfy the condition in Lemma 3.2. Then the following cases occur. Here
the circles colored black represent the points v, ie £(c, I').
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I) ¢>0.

D

r=~o.

W

L7772 { Zg

2) r=4.
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3) r=2
Iy c¢<o.
1) r=86.

VLA YL 73 (A IS, -

2) r=4.

7777 777773

4
N

Lemma 3.3. Let @(2), ¥'(z) be meromorphic functions on # which satisfy
the relation
(3.11) Ve = B <A< 4w, 0<B.

z— A — O(2)

Then we have

1) Let P and @ be zeroes of WU(z) of first order. Then ¥'(z) has [ + 2
poles in Z — {P, Q} if and only if ®(z) has I poles in Z — {P, Q}.

2) Let @ be a zero of U(z) of first order and P be neither a zero nor
a pole of it. Then ¥(2) has | + 1 poles in Z — {P, Q} if and only if &(2)
has [ poles in # — {P, Q}.

Proof. First let us prove 1). From (3.11), besides at the two points
P and Q, ¥(z) takes zeroes at the points in Z — {P, @} where 0(2) takes
poles and vice versa. Therefore if @(z) has [ poles in Z — {P, @}, ¥(2)
has [ + 2 zeroes. Hence ¥(z) must have [ + 2 poles being contained in
Z — {P, @}. We obtain the proof of 1). We can prove 2) similarly.
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TueoreM 3.4. Up to a nonzero scalar factor, the conditions 1. 1.M) +
2.Mc), (resp. +2.Mp)) and II. 1.M) + 3.M) + 4.M) + 2.Ma), (resp. +2.Mp)),
1< M < 4 oo, are equivalent, where the conditions I and II are
I. 1.M) +,(2) can be expanded into a mixed N periodic J fraction as

follows
By | By | B | B |
3.12 = M P 0 1 _ 0
( ) ‘!’M(Z) 12-—AM_1 }Z—AM_Z ’z—AO ‘z_al
_bk b
z—a |z—uq

where a;,y = a;, b,y = b;, 1 <1 < + oo,
2.Mx) B,=b, but A, = ay.
2.MpB) B, x b,
II. 1.M) +(2) can be described as follows

Va@) = Cu Au(@) = VPR — 44°

3.13 VIR T A
( )III 2 FM(Z)
where ¢, is a non zero real number and both I ,(2) and A,(2)
are polynomials with real coeficients. Further I',(2) is monic.
deg I',(2) = N,
0. M) eg I'y(2) ‘ '
deg 4,(2) = N and A,(z) is monic.

{deg[’,,,(z) =2M+ N — 2,
degA4,(2) =2M + N—3, 2 < M < + oo.

2. Mp) deg I"')(z2) = 2M + N — 1,
' deg Ay(z) =2M + N — 2,1 < M < + oo.

3.M) The form

cu VPGY — 44"y

(3.14) _
" T o I

gives a positive measure on each stable band [Ay,_y, 2], 1<
k< N.
4.M) If we decompose

(3.15)u T2 = [T & = vud) [ (e = G ] (2 = L)
i= j= J=
then for some subset S C F(cy, ['y) C{1,2, -+, ry}, we have
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 VPGR P —dA  ifieS
(3.16) Ay ) = { J&) I lf l ©
+ v/ P(yy )’ — 4A* ifieS*={1,2---,ry}— S

and

(3.17), AM(CM,]') = JP#(C;;P — 4A° for Cu,j € Ziw (L),

AM(&M,J’) = ZM(CM,]‘) = Py (5;4;)214;‘42 for zﬂ[,j €Zim ().

Remark 3.5. From II. 2M), (3.16),, and (3.17),, 4,(2) is uniquely de-
termined by Lagrange’s interpolation. Therefore if we fix the pair c,,
I'y(2), there still exist 2¢, where X is the number of the elements in
Sy, I'y), ambiguities to fix [',(2). Indeed if we know the J fraction
expansion of ,(2), (3.12);, which corresponds to S, we can calculate all
the other expansions. See Appendix.

Proof. Let us divide the proof from I to II into two steps.
Step 1. We prove the following assertions.
(%)y: L 1LM), 2.M)=—11. 1.M), 2.M),

(x)y: L 1.M), 2.M) =—> I',(2) divides the polynomial
A2 — P(2) + 4A%,

by induction on M. Let M = 1. Then we have

B2
P(2) = : “
B,\?
z— A, — (E) o(2)
R | (B 440 = VPG ~ 4
0 2 \ b, I'(2)

- BT (2){(z — A=) — H(Bolby)*Ai(2) — 3(By/by’y P(2) — 4A%)

(2 — AJT @) — (Byb)(z — A (2)42) + H(Bybf(A2F — P(2) + 44%)
By virtue of Corollary 2.5, (2.5) and (2.21), we can decompose as

A2} — P(2) + 4A* = I'()['i(2) ,
deg I'§(z) < N — 1.

Therefore we obtain the expression

_ d4E) = VPGF — 44
YO= T e
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where we put

,_ (BOB,)Z
o= ("=,
b,

rﬁﬁ=@—Amm®—(%Y@—A@M@+%{%fﬁ@

0 )

bgf::@»z”“ + {terms of lower degree}
= . ,
0
b 2
4@ = 2(2) 2 = A2 — Af2)
B,
265 —

2
2 2V + {terms of lower degree} .

B;

According to B, = b, or B, > b, we put

S
¢, = =2
t®=lMA
d;

where d, is the coefficient of zV in I'j(z), and

CIZC{ R
{ bi— B b — B

b} ,
FI(Z) = b% __()ngl(z) ’

we get the assertion (x);. Notice that if B, = b, and d, = 0 then it is the
special case A, = ay being excluded. Next let us prove (x)’. Let B, = b,.
Then if we use Lemma 3.3. 1), we can show that ,(z) must have N + 1
poles in Z — {P, Q}. But from the expression (3.13),, for any zero z,¢
Z(I)), at least one of the two lifted points z;, 2; has to become a pole
of (2). Since the degree of I',(z) is equal to N -+ 1, this means that

Az) = VB ) — 447,

or

A(z) = ¥ P(zf)F — 4A* = — VP(z;)) — 4A?

holds. Hence (x)” follows. In case B, = b, but 4, = a,, Lemma 3.3. 2) is

applicable and we can prove (%)’ similarly.

By use of induction, since we can rewrite
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" - B
a-s(2) z— Ay, — ‘.”Jl(z)
- B
AL e A& = VPEY — 4k
(3.19) T g I (2)

By I 4(2) {(z — ANTE) = G @) — VP - 4A2}

2

(z— A)T (2 — ez — AT H{(2)A:(2) + (’02‘[) (U (2) — P2y + 44°) ’

the rest we must do is to show that (x)j follows from (), and ().
For M > 2, we can write

\]r)[(Z) = . 7323[7—
(3.20) z— A, — ‘.[’31-1(2)
— S A 11(2) _7\/?@}%)2_7414’
2 I'y(2) ’
and use Lemma 3.3. 1). The number of poles in # — {P, @} of ,(2) is
equal to
(3.21) 2M 4+ N—-1 if B,=b,,

2M + N—2 if By=b5b, but A,=ua.,

and it coincides with the degree of I',(2). But (3.20) implies that for any
zero z,¢ Z(I'y), at least one of the two lifted points z;, z; must be a pole
of W, (2). Therefore

(3.22) A (z) = VP(z5) — 4A*
or
= v/ P(z;) — 44° = — VP(z;) — 44"

holds and we obtain the assertion (x)7.

Step 2. Let us prove 3.M) and 4.M). Since () admits the J frac-
tion expansion, (3.12),, it is expressible in a Stieltjes transform

(3.23) b (2) = J” dp(x)

- Z— X

for some Stieltjes measure dp(x). In particular, +,(z) is holomorphic in
the domain #_ — {real axis}, so (3.17), must be satisfied.
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Lemma 3.6. Any real zero vy € Zy, (I"y) cannot belong to the interior
of stable bands [A, _;, ], 1 < k < N.

Proof of Lemma 3.6. If v, , lies there, it follows that
AM(VM,i) = 17(5717)2_—_ 4A*
or
— v/ P(vy)f — 4A°.

Then the left hand side is real but the right hand sides are both pure
imaginary This is a contradiction.
Let Cand C,, 1 <k < N, be anti-clockwise contours in #Z_ as below

where the contour C contains all stable bands and all zeroes of I',(z) in-
side. Then for any element z in the outside of C, we can write

V) = 5§ P gy

2ni Jo z— x
(3.24) = Ty 15 § V(%) 4.
=1z — vy 2ni 7=1deo; z — x
LY Tas e f [ VPG Ay,
iz — vy, 21 =1 15-1 (2 — %) ,(x)
where
Ta,y = Resvﬂ’j Vul(2)
(3.25) . P/ = N2 A Az
_ {Tj(c}b I'y) if AM(”M,j) = — \/P(”M,j) — 4A°%,
0 if Ay(y,) = + VP (DJTI,]')_S“__ZLZE .
And we put
(3~26) S = {JI AM(”M,j) = - \/P(V;{,j)z - 4A2} .

Since the Stieltjes measure dy(x) is uniquely determined, we have
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(3.27) dp(x) = dp(%) + dpn(%)
where we put

du(x) = 27y ;- 0(x — vy, )dx, discrete measure,
JjES
Y v P(x)* — 4A>
d AX) = CJLX A2j—1,42 X)) e — dx 5
A A ¥
continuous measure.

Then the positivity of du(x) implies II. 3.M) and 4.M).

Now let us prove the converse II to I. If we assume II then +,(2)
can be expressed in the Stieltjes transform of the measure defined by (3.27)
for some subset S C S(cy, I'y). Therefore it admits a J fraction expansion

Yule) = Cx Au(2) — VPEY — 44°

2 I'y(2)
(3.28) _ B _ By, ! _ B
2= Ay 2 — Ay, z— A,
B b [
Z2—a 12— a,

At this stage, we do not know the periodicity. But since we can de-
compose as

“2»‘1 (U2t — P(2) + 4A%) = (;»2 T2) Ty (2),

M-1

I'y_(2) is monic,

we have
1

3.29 Vr(2) = , o
(029 O = et + VPG — 449

G U@y — PR + 447

1
3.30 - 1 ,
330 az + b — Chi Ay-s(2) — VP2 — 4A°
2 Iy_y(2)

Here we draw the linear part az + b so that deg ., _,(z) satisfies the con-
dition 2.M-1). If we compare (3.28) and (3.30), we have
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B, = */‘—1-‘»— y Ay = — —b— y Cy_qy = Cur=r
N a a a
and
ot Ay () — VPG — 44
2 I'y_i(2)
2 2 2
(3.31) - B, ' By, _ . _ B
2 — Ay, 2 — Ay z— A,
B b
z—a |z2—a,

If we use Lemma 3.3 and note the J fraction expansion (3.31), the con-
dition 3. M-1) and 4. M-1) are also satisfied for this function. Since the
conditions of the case M = 0 coincide with those of purely periodic o/
fractions, we can obtain the proof from II to I by induction on M.

We have already given the proof of the following theorem.

THEOREM 3.7. Let \ry(2) = Yy s(2) be a mixed N periodic J fraction
(3.12),, in Theorem 3.4 corresponding to some subset Sc Py, I'y). Then
1) )y s(2) can be described in the Stieltjes transform of the measure

d/ls(x) = d#s,d(x) + d/«lc(x)

where

d,/—l.s.d(x) = Z:l;rnl,jg(x - Vﬂl,j)dx ,
i€

dp(x) = %_: £‘"—rX[12j_w._m(x) «/P(ic)i: 4A2dx .

i=1 2mi I (x)
2) For any two subsets S, S’ C H(cy, 'y), we have the relation as
follows
(3.23) Vus(2) = Uy sl + 25 - Ty _ >
JEST-8 2 — vy, keS=s’

§4. Appendix

We take an arbitrary oJ fraction ¢(z) and expand it at the infinity

- B Bk
'z — a |z —a, z— a,

C C C,
2 2 -4
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Then the coefficients a,, b, are calculated from the moments ¢, by the
following formulae

’ ’
a —_ 1 (Hn~—2H7l——l + Hn—lHn-—B)
nT Ty, H | R )
n-2 n-1 Hn—Z
b — Han—z
e )
Hn—l
with
Cop Cpovvvee C, c Cypevve e Cpoy |
¢ G Cru1 , C; Gy Cpiz |
H = oy He=looo Lo
. ]
Cp Covr® " Cop | icn+1 cn+2""CZn+ll‘.

and by definition H , =0, H., = H_, = 1.
If we expand the right hand side of (3.32) at the infinity and use

these formulae, we can calculate the J fraction expansion of  ¢(2) from
that of v, s(2) at finite steps.
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