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Abstract  Asymptotic approximations to the Green’s functions of Sturm-Liouville boundary-value prob-
lems on graphs are obtained. These approximations are used to study the regularized traces of the dif-
ferential operators associated with these boundary-value problems. Various inverse spectral problems
for Sturm-Liouville boundary-value problems on graphs resembling those considered in Halberg and
Kramer’s ‘A generalization of the trace concept’ (Duke Mathematics Journal 27 (1960), 607—-617), for
Sturm-Liouville problems, and Pielichowski’s ‘An inverse spectral problem for linear elliptic differential
operators’ (Universitatis Iagellonicae Acta Mathematica 27 (1988), 239-246), for elliptic boundary-value
problems, are solved.
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1. Introduction

Regularized traces of particular ordinary differential operators have been considered by
Halberg and Kramer [25], Gesztesy et al. [20], Gesztesy and Simon [19], Gilbert and
Kramer [21,22] and Javrjan [28]. The two main theorems of Halberg and Kramer [25,
Theorems 1 and 2] form the foundations for our work; see § 2 for more details. Halberg
and Kramer apply these theorems to the Sturm-Liouville equation

ly = Ay, (1.1)
where 2
L Yy
ly == Epe) +q(z)y (1.2)

on a compact interval with general Lagrange self-adjoint boundary conditions. Javrjan
[28] extended this approach to singular Sturm-Liouville equations, while Gilbert and
Kramer treat various higher-order problems in [21,22].

Belokolos et al. [4], Carlson [10] and Clark et al. [12,13] considered regularized traces
in the context of differential systems.

Bochnek [5,6] and Pielichowski [31, 32] used the regularized trace in the setting of
elliptic partial differential operators to deduce various inverse spectral results. Combining
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the approaches of [25] and [31,32] we are able to prove various inverse spectral theorems
for Sturm-Liouville operators on compact graphs.

We note that the regularized trace of an operator considered here and in [10,12,21,
22,28,31,32] is as follows. If, in a Hilbert space, A is a lower-semi-bounded self-adjoint
operator and V is a bounded self-adjoint operator such that both A and A + V have
only discrete spectrum, say po < p1 < -+ and A\g < A; < ---, respectively (where
eigenvalues are repeated according to multiplicity), with > (A; — p;) convergent, then
this summation is called the regularized trace of A + V with respect to A.

Boundary-value problems on graphs have been studied by many authors, see the special
issue of Waves and Random Media (Volume 12), dedicated to differential operators on
graphs, for a review of some of the activity in this area. We refer the reader to [8] for
an in-depth look at self-adjointness of Sturm—Liouville operators on graphs. Oscillation
theory for Sturm-Liouville problems on graphs was explored in [36]. The eigenvalue
asymptotics and variational formulation of the boundary-value problem used here are
taken from [16] but also appear, under slightly different assumptions, in [2], of which we
were unaware at the time of writing [16].

As regards inverse spectral problems on graphs, the recent paper of Yurko [40] should
be noted for showing the dependence of the potential on (his) Weyl function for Sturm-—
Liouville operators on a tree. The reader should also note [7,9,24,29,33-35,41] for
their consideration of other inverse spectral problems on graphs. The related but dis-
tinct inverse spectral problem for the matrix Sturm-Liouville operators with Dirichlet
boundary conditions has been considered by many authors: see the bibliography in [12]
for an extensive list. Closer to the problem at hand is the inverse spectral problem for
the matrix Hill equation, studied in [11,17] and, notably via regularized traces, by Carl-
son in [10]. For some aspects of the explicit connections between Sturmian systems and
Sturm—Liouville operators on graphs we refer the reader to [15,38].

In this paper we consider a directed graph, G, with finitely many edges, e;, i = 1,..., K,
each of finite length ;. The edge e; is identified with the interval [0, ;]. Here 0 is associated
with the initial point of e; and I; with the terminal point of e;. The focus of our study
is the Sturm-Liouville equation (1.1) on the graph G, where (1.1) becomes a shorthand
for the system of equations

d*y;

 da?

where ¢; and y; denote ¢, and y|.,. Here each ¢; is a real-valued £*°[0,/;] function. It

should be noted that by G we mean the set of nodes of G and by G° the interior of G,
ie. G°:= G\ 0G.

The boundary conditions at the node v are specified in terms of the values of y and
1y’ at v on each of the incident edges. In particular, if the edges that start at v are e;,
i € As(v), and the edges that end at v are e;, i € A.(v), then the boundary conditions
at v can be expressed as

Z [vijys + Bijy';1(0) + Z [vigys + 0y ;1) =0, i=1,...,N(v), (1.4)
jeAS(V) jeAE(V)

-l—qz(x)yz:)\y,, x € [O,li], i=1,..., K, (13)
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where N (v) is the number of linearly independent boundary conditions at node v. The
boundary conditions at each node are assumed to be formally self-adjoint, i.e. the system
is Lagrange self-adjoint in the sense that

(If,9) — (f,1g) =0 for all f, g € C*(G) obeying (1.4).

A consequence of the formal self-adjointness is that (1.4) imposes 2K linearly independent
conditions, i.e. >~ N(v) = 2K (see [8,30] for more details).

After a rescaling of the edges to length 1, the boundary-value problem (1.3), (1.4) is
equivalent to a weighted Sturm-Liouville system on [0, 1] (see [15,38]). Hence properties
such as self-adjointness, lower semi-boundedness and compactness of the resolvent follow
from standard Sturmian systems theory (see [3,30,37,39]). In addition, we require the
boundary conditions to be of co-normal type (see Definition 5.2) in order to ensure a
suitable variational formulation of the boundary-value problem.

The boundary conditions at a node, v, are said to be of Kirchhoff type if they are of
the form

y:(0) = y;(0) = yr(l;) = ys(ls) foralli,j e A (v), r,s € Ac(v),

Z ylj(lj)_ Z y/j(o):O'

jeAﬂ(l’) jGAS(V)

We say that the node v has boundary conditions of Neumann type if the boundary
conditions are of Kirchhoff type and #A,(v) + #A.(v) = 1.
The boundary conditions at v are of Dirichlet type if they can be expressed as

yZ(O) = 0 fOI‘ all Z S AS(V)7
y;i(1;) =0 forall j € A (v).

It is easily verified that Dirichlet and Kirchhoff boundary conditions are of co-normal

type.
In §6 we prove our main theorem.

Theorem 1.1. Consider the boundary-value problem on the graph G consisting of
(1.3) and boundary conditions that are of Kirchhoff type at each node v of G. Let A
be the operator generated in L?(G) from this boundary-value problem with q € C*(G),
and let A be operator generated from this problem but with ¢ = 0. If Ay = po and
> (An — W) converges, where po, pi1, ... and Ao, A1,... are the eigenvalues of A and A,
respectively, listed in increasing order and repeated according to multiplicity, then q is
identically 0 on G.

2. Preliminaries

A compact self-adjoint operator C' on a Hilbert space is said to be of trace class or ‘nuclear’
if the sum of its eigenvalues, i.e. its trace, denoted tr(C) (with repetition according to
multiplicity), is absolutely convergent (see [23, pp. 95-106]).
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Let T, a self-adjoint operator on Hilbert space H with domain D(T'), be semi-bounded
from below and let (T — uI)~! be of trace class for u < M, for some M < 0. Denote the
eigenvalues of T' by po < p1 < - - -, where eigenvalues are repeated according to multiplic-
ity. Associate with this sequence of eigenvalues a corresponding complete orthonormal
sequence of eigenfunctions ¢g, ¢1,. ... In this context, Halberg and Kramer [25, Theo-
rems 1 and 2] prove the following theorem, on which this paper relies.

Theorem 2.1 (Halberg and Kramer). Let V be a bounded operator defined
on D(T) such that the operator T 4+ V has a denumerable sequence of real eigen-
values A\g < Ay < --- having the property that Y.~ (A, — pyn) is convergent. Then
(T — pu)=*V(T — pI)~! is of trace class for p < M, and

o}

SO = p) = lim i al(T = u) V(T — ) 7). (2.1)

n=0

If, in addition, Y~ (Vn, ¢n) is convergent, then

Z()‘n - Mn) = Z(V@m ®n)- (2.2)
n=0 n=0

It should be noted that in order to obtain (2.1) from the above theorem, we need to

verify the following conditions on the self-adjoint operator 7" and the bounded operator
Vin H:

(a) T is lower semi-bounded;

(b) there exists M < 0 such that (T'— uI)~! is of trace class for u < M;
(¢) T+ V has a denumerable sequence of (real) eigenvalues;

(d) >0 o(An — ) is convergent.

Here (d) will hold by assumption. In order to obtain (2.2) we, in addition, need V' to be
a trace class operator in £2(G).

The following function spaces provide the setting for our work. The first three are
Hilbert spaces when given Sobolev norms:

K
L(G) =P L*0,1),
i=1
K
H(G) = P HIO,L), m=0,1,2,...,
1=1

K
H™G) = EPH™0,1:), m=0,12,...,
=1
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K
c¥(G) = @Pce([0.L]), w=00,0,1,2,...,
=1

K
CL(G) =EPCe(0,l), w=00,0,1,2,....
=1

The inner product on H™(G) and HI'(G), denoted (-, )., is defined by

Fgm =33 / ADgD at = 3 /G FOgo at. (2.3)
0 =0

i=1 j=0

or (£, g)o and |[f|| for [[flo-

Let £, := (f, f)m. We will write (f, ) f
.4) on G can be formulated as an operator eigen-

The boundary-value problem (1.3), (1
value problem in £2?(G) by setting

Af = —f" 4+ qf (2.4)
with domain
D(A)={f | f,f € AC, Af € L*(G), f obeying (1.4)} (2.5)

(see [2,8,16], and for systems formulations of (1.3), (1.4) see [15,38]).
Note that since ¢ € £L>(G) an equivalent definition of D(A) is

D(A) = {f € H*(G) | f obeys (1.4)},

which is clearly independent of ¢q. The operator A thus defined is a lower-semi-bounded
self-adjoint operator with compact resolvent in £?(G) (see [27,30,39] or [37, Chapter 7]).

Set A to be the principal part of A and let V},, for each real-valued p € £L>(G), denote
the multiplier operator

V,f =pf forall feL*G). (2.6)
Observe that A = Ay + V, and that V, is a bounded self-adjoint operator in £2(G) for
each real-valued ¢ € L>(G).
3. Green’s function

Formulating (1.3), (1.4) as a second-order system with separated boundary conditions
(see [15]) gives directly that the boundary-value problem has a Green’s function and
that the Green’s operator is a compact operator. Denote the iterated Green’s function
by ¢*(z,y,)\), k € N, i.e. the kernel of the operator G¥ := (4 — A\I)7*. We give an
analogue of [18, § 3] for iterated Green’s functions on a graph: Lemma 3.1. In particular,
for p > 0 large,

Gli,ﬂf(y) = /ng(y,a:,—pz)f(x) dz for all f € L3(G), (3.1)
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and
(1+p*)FGE of = f forall f € L2(G), (3.2)
G_p2(l+p*)f=f forall feD(A). (3.3)

For x # y,
(e + p*)G _p2(x,y, —p°) = 0, (3.4)

where [, denotes [ operating with respect to the variable x, with y held constant. As the
boundary-value problem is self-adjoint,

G_p2(y,x,—p*) = G_2(z,y,—p°), (3.5)

for p € R.

Let A denote the operator A generated when (1.4) is replaced by Dirichlet bound-
ary conditions at all nodes, and denote by I' and v the Green’s operator and function
corresponding to A.

Lemma 3.1. Let k € N, g € C**~1(Q) be real valued, and let U C G be open with
Uc G Ifr = £ dist(9G,U), then

c)

erZTp

|gk(y,z,—p2) _’yk(ya'zv—pzﬂ < for Y,z € Uv

where C(U) > 0 is independent of p and y, z

Proof. The sesquilinear forms generated by g¢*(z,y,—p?) and ~*(x,y, —p?) will,
respectively, be denoted by

GH(f,h) //f 2,9, —p?)h(y) de dy,

and
r*(f,9) //f b2y, —p)g(y) du dy,

for f,h € L%(G). Now Ao(g,9) < (Ag,g) for all g € D(A), and consequently (p? +
X0)(9,9) < ((A+ p?)g,g), from which it follows that, for all p? > Ao,

0< (Ao +p)gll” < A+ p)gll llgll.

Thus
0< (Ao+p)lgll < 1A+ p*)gl  for all g € D(A).

Let h € £2(G) and g := G,h, then the above display gives

([l
Ao +p?’

1G,R <
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from which it follows immediately that

G, < for all p* > \o.

1
Ao + P2
Hence there exists k > 0 such that, for p > 0 sufficiently large,
k Iﬂ‘/
G, < o
and thus, for £ € N and p > 0 large,

K
G (f, )] < ﬁ”f” ]l for all f,h € L2(G), (3.6)

with a similar bound holding for I’ 5. Now let

From (3.6) and its analogue for I'¥, there exists a constant £1 > 0 such that, for large
p>0,

|Ck|| = sup —t = = sup <= (3.7
P pgecziongy 19l rgecz@noy I1Hgll p?*

Thus [|[C5] = O(p~F).
Since
H2K(GQ) € D(A) ND(A),

it follows that
ARh = AFh = 1"k for all h € H?*(G).

Let
kp . 2Nk __ 2\k1, __ 2\k 2k
byh == (A+p°)"h = (A+p°)*h = (1+p°)*h for all h € H"(G).

From the definitions of ¢*(x,y, —p?) and v*(z,y, —p?),
k(g pk kpk kpk k(g 1k
Go(f,bgh) = (f,Gpbph) = (f.h) = (f, I, bsh) = I,(f,byh)
for all f € £L2(G) and h € H?*(G), and thus, for all such f and h,
k(g pk k(g pk k(g 1k
C,(f,b,h) = G, (f,byh) — I (f,byh) = 0. (3.8)
Let Uy, Us be open subsets of G with
UCU1C01CU2C[72CGO.
Let ¢ € C°(G) with ¢|y, =1 and ¢|g\p, = 0. For y € Uy let
pey, @) = bp [ (g, 2, —p*) (1 = ()] forall z € G. (3.9)

Then, for y € Uy, p’;(y7 x) vanishes everywhere except possibly for z € Us \ Uy.
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For each y,y* € U; let
Ky yt —p%) = CE(h(y, ), ph(y*, )
:/G/Gpﬁ(y,x)[gk—vk](x,w, —p*)pj(y*, w) dz dw,

and, for each f,h € £L?(G) with support in Uy, i.e. f = xp, f and g = xv, g, where xr,
is the characteristic function of Uy,

//f (v, 4", —p*)h(y*) dy dy*.

From the continuity of p’; and c’;,

//f (y,y*, —p*)h(y") dy dy*
= [ L1 sttt =2t | [ bt oty dwas
= Cf([/cﬂy)p’;(y,-)dy], [/Gpﬁ(y*,-)h(y*)dy*}

= CE[(1— )Ty f1,bE[(1 — @) T R])
= Ch(f = bEoly f,h = bl h),

for f,h € H?*(G) with supp(f),supp(h) C Uy.
Since @F,ff, @th € H2k(@), by (3.8),

CR(f,bhoI¥h) = Ch(hoIy f,h) = CR(bEQTF 50T h) =0
and
CE(f,h) = cE(f.h).
Thus
GE(f,h) = TF(f,h) + cE(f.h), (3.10)

for f,h € H?*(G) with supp(f),supp(h) C U;. By continuity of the forms C];, G’; and
Fp’“, (3.10) holds for all f,h € £L2(G) with supports contained in U;. Consequently,

gk(ZaU%*PZ) :7k(zaw77p2> +Ck(sza 7p2)? (311)

almost everywhere for z,w € Uy, and, since ¢* (2, w, —p?), v* (2, w, —p?) and c*(z, w, —p?)
are continuous with respect to z,w € G, (3.11) holds for al2l z,w € Uy.
From (3.7) it follows that, for large p > 0 and y,y* € U,

K K2 K k
*(y, v, —p?)| < pﬁ\\pp(yw)ll 195 ().
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Let y € U, then

2k—1

I} (v, )|l < K(p) sup
’ ; z€Uz\U;

ai,.yk (ya Z, 7p2)
Oxt ’

and, by Corollary 6.3,

1P}y, )l < Clp) sup e Plemvlph=t,
$EU2\U1

where K () and C(¢) depend on ¢ and its derivatives.
Let r = dist(Us \ Uy, U), then from the above bound and Lemma 6.2 there is a constant
C(¢) > 0 such that for y € U

o (y: )l < Cp)e™Pp"
Hence for all y,y* € U

6721“,0

p

¥ (y, %, —p°)| < K2C?(p)—5—,

from which the lemma follows directly. O

Combining Lemmas 6.2 and 3.1 yields the following corollary.

Corollary 3.2. For A < —|X¢|, where Ag is the least eigenvalue of (1.3), (1.4), and
q € C*(Q), the iterated Green’s function g*(z,y,\) of (I — \) with (1.4) satisfies

lim p*¢*(z,2,—p*) =% for each z € G. (3.12)

p—00

This limit holds uniformly on compact subsets of G°.

4. Regularized traces

In this section we develop the theory of regularized traces for differential operators on
graphs. Regularized traces of partial differential operators on regions with smooth bound-
aries and compact closures were studied in [5,28,32].

If A and A are lower-semi-bounded self-adjoint semi-simple differential operators with
eigenvalues A\g < A; < --- and 5\0 < 5\1 < --- listed in increasing order and repeated
according to multiplicity, then the regularized trace of A with respect to A is (A — /N\j)7
if this summation converges. This summation is termed the regularized trace of A with
respect to A (see [25]) since neither A nor A need necessarily have finite trace for the
regularized trace to be defined.

Lemma 4.1. Let A and V), p € L>(G), be as defined in (2.4)—(2.6) and let po, p1, . . -
and Ao, A1, ... be the eigenvalues of A+ V), and A, respectively, listed in increasing order
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and repeated according to multiplicity. If 300 (ttn, — \n) is convergent, then V,A}? is
a trace class operator and

AEIPOO A2 tr(VPAKQ) = ZO(M” =), (4.1)

where Ay = A — M.

Proof. Assume that > 7 (un — An) is convergent. Let {4, } be an orthonormal fam-
ily of eigenfunctions of A corresponding to the eigenvalue sequence {\,}. Then

- 2 [ Vall
S 1(VoAT 2 0n, 0n) ZIA W S

n=0
since there exist constants 0 < K; < Ky such that, for large n, Kin? < A\, < Kon?
(see [15]). Therefore, V,,A;? is a trace class operator. From Theorem 2.1,

oo

- 1
Z|(A>\1S0m§0n ZP‘ W \Zm

n=0

Now, since A and A+ V,, both have only discrete spectrum, Theorem 2.1 can be applied

to give
. 2 —1y, 4-1y _
)\EIPOOA tr(A VA7) = 570<Mn_)\n). (4.2)

The lemma now follows upon noting that, for A < Ao, the self-adjointness of A gives

(Aglvagl‘pna SDn)

]38

tr(Ay'V, ALY =

3
I
=

(VpAXISDnv AXISOn)

M

3
Il
=3

(Vopn: n)
(>‘n - )‘)2

M

n=0

oo

= Z(VPAXQQQn,cpn).

n=0
O

As in [32], the Mercer expansion, together with Corollary 3.2 and Lemma 4.1, shows
that the convergence of the regularized trace of A + V,, with respect to A implies that
the mean value of p is 0. More precisely we obtain the following theorem.

Theorem 4.2. Let A, V,,, p € C*(G), be as defined in (2.4)—(2.6) and let jig < p1 <
and Ao < A; < --- be the eigenvalues of A+ V,, and A, respectively, repeated according
to multiplicity. If Y (ftn — M) is convergent, then [, p(z)dz = 0.
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Proof. Mercer expansion of g%(z,y, \) gives

xy, Z(pn

where {¢,} is an orthonormal sequence of eigenfunctions of A corresponding to the
eigenvalue sequence {\,}. In particular

o0

x:c)\ Z

n*O

where the summation
Z - MQ

converges both almost everywhere pointwise and in £(G) as there exist constants 0 <
K1 < K3 such that, for large n, K1n? < A\, < Kan? (see [15]). Thus b(x) max |p(z)]| is
an L1(G)-bound for the pointwise-convergent sequence of partial sums

N
{ Z o (@)p(z) }
— )2 [
n=0 ()\n )\)
Hence Lebesgue’s dominated convergence theorem can be applied to give

/Gg (z, 2, A)p(z) do = Z/ ea()p(z) dz = tr(V,A}?).

Now, as Yo" (tn — An) converges, from Lemma 4.1 we obtain

lim A3/2tr(V, AV?) = /\lim M tr(V, A7) Alim A2 =,
——o00 ——00

A——00

Hence
0= )\Elzloo A3/2 tr(V,A5%) = lim N262 (2,2, Np(z) da.

A——o0 G
The uniformity on compact subsets of G° of the limit in Corollary 3.2 allows us to
interchange the limit and the summation above, giving

0:/GAEIEIOO(*)\)3/2g2(I,x,)\)p(:1:) d:z::i/ap(x) d.

5. Inverse spectral problems

In this section we apply Theorem 4.2 to inverse spectral problems for second-order oper-
ators on graphs. The first theorem gives a simple consequence of Theorem 4.2 while the
second result uses the variational reformulation of (1.3), (1.4) to give a somewhat deeper
result.
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Theorem 5.1. If A, V,,, {\;} and {u;} are as defined in Theorem 4.2, then for
> (15— X) (5.1)
§=0

convergent and p of constant sign on G we have that p = 0 everywhere on G.

Proof. From Theorem 4.2, [, p(z)dz = 0, making p = 0 almost everywhere and thus
identically 0, as p € C(G). O

The eigenvalue problem (1.3), (1.4), or equivalently the operator eigenvalue problem
associated with A, has a variational or weak H!(G) formulation and this was studied
in [16]. Without loss of generality, we assume the boundary conditions (1.4) to be of the

form
K
Z[aijyj(O) +79(1;)] =0, i=1,...,J, (5.2)
J=1
K
> iy (0) + By (0) +vijui (1) + 05951 =0, i=J+1,...,2K, (5.3)
j=1

where y; = yl., and J is maximal, i.e. no conditions independent of y’(0) and yj(l;) can
be extracted by linear operations from (5.3).
Let F(z,y) be the sesquilinear form given by

Fla)= [ fai+ /G (25 + zqg) dt, (5.4)

with domain
D(F) = {y € H'(G) | y obeying (5.2)},

where
K

/8(;yd0 = Z[yz(lz) —4;(0)] = /Gy dt.

=1

Definition 5.2. The boundary conditions on G are co-normal with respect to [ if
there exists f defined on G such that « € D(F) obeys

/ frydo = / r'ydo  for all y € D(F),
oG oG

if and only if z obeys (5.3).

Most physically interesting boundary conditions on graphs are of co-normal type. In
particular, Kirchhoff boundary conditions are co-normal. Observe that if node v has
Kirchhoff boundary conditions, then f(x) = 0 for all € v and this node contributes the
domain conditions y(x) = y(z) for all z,z € v.
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If each node of G has boundary conditions of Kirchhoff type, let Ax denote the col-
lection of nodes of G. Then

D(F) = {y € H'(G) | y(z) = y(2) for all z,z € v, for each v € Ak}, (5.5)

and f is the constant 0 function on 0G.

In [16] it was shown that if (5.2), (5.3) are co-normal boundary conditions with respect
to 1, then u € D(F) satisfies F(u,v) = A(u,v) for all v € D(F) if and only if u € H?(G)
and u obeys (1.1), (5.2), (5.3).

Proof of Theorem 1.1. From Theorem 4.2 with p = —q, we obtain that
Jo a(x)dz =0.

Let F and F' denote the sesquilinear forms corresponding to the eigenvalue problems
for A and A, respectively, and let D(F) = D = D(F) denote their domain as given in
(5.5). Observe that

Pa.y) = [ @5+ ap)
G
and
F(x,y) :/ 2y dt.
e

Hence F' is positive definite on D, making A¢ > 0. In addition, from the definition of D
it is apparent that the constant 1 function 1 is in D. Also F(1,1) = 0 and thus, from the
variational formulation of the boundary-value problem in [16], 0 is the least eigenvalue
of A and has eigenfunction 1. The hypotheses of the theorem now enable us to conclude
that 0 is also the least eigenvalue of A making F positive semi-definite on D. But the
definition of F', along with the mean value of ¢ being 0, gives

F(1,1) :/ qdt =0.
G

Hence 1 is an eigenfunction of A with eigenvalue 0, from [16].

In [16] it was shown that the eigenvalue problem for the operator A and the boundary-
value problem (1.3), (1.4) are equivalent. Consequently, 1 is an eigenfunction of (1.3),
(1.4) for the eigenvalue 0 and so g =—(1)"+¢-1=0-1=0. O

6. Appendix

If we impose Dirichlet boundary conditions at each node on the graph G, i.e. the con-
dition that y;(0) = 0 = y;(;) for all i = 1,..., K, then, from a boundary-value-problem
perspective, the graph can be considered as a disconnected graph composed of the disjoint
union of the edges e; each with Dirichlet boundary conditions at both ends.

Equation (1.3) with Dirichlet boundary conditions at each node has operator represen-
tation A, where D(A) = H?(G) NHL(G) and has a particularly simple Green’s function.
Denote the iterates of this Green’s function by +*(z,y,)), k € N, i.e. the kernel of

=(A—-\)7F
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For p > 0, denote VA = ip.
Lemma 6.1. The iterated Green’s function v*(z,y, \) of

d?g
(I=XNg= 2 T

with Dirichlet boundary conditions at each node, is given by

Vi, y, \) = {0’ T € ey, Y € e;, wherei # j,

75(1772%)\)7 T,y € €,

where vF(z,y, \) is the iterated Green’s function of (I — \) on the edge e; with Dirichlet
boundary conditions at both ends.

Proof. If f € £?(G) and x € ¢;, then

I
(A— ) /G Ay, N ) dy = (1= A) / i, N fily) dy = f(a).

Also, for z € e; and f € D(A) we have

l;
/ V(@ y, ) (A= A) f(y)dy = / Yi(z,y, V(= A) fi(y) dy = f(z),
G 0

thus proving the claim for k£ = 1.
Assuming the result for k and letting = € e;, bootstrapping on the above case, we
obtain that

l;
P ) = [ 2em A e Nz = [z e N e
0
But the hypothesis that the result holds for & gives, for z € ¢;,

0, y € e;, where i # j,
’sz(zaya)‘)a ye €4,

Yz, ) = {

and hence
0, y € e;, where ¢ # j,

k"rl( 1;
/ ’}/Z(.’IJ,Z,)\)’)/Zk<Z7y,/\) dZ7 Y € €,
0

Yy, A) =

from which the result follows for k£ + 1 upon noting that

L
%kﬂ(x,y,)\) :/ 'Yi(l‘,Z, )‘)’yzk(Z)yv)‘) dz.
0

The theorem now follows by induction. O
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Lemma 6.2. For g € C2*=1(Q) let ¥ (x,y, —p?) be as defined in Lemma 6.1. Then
7% has the following asymptotics approximations:

efplmiy‘
O @,y —p?) (e Pl
i — 2
5 (=), (62
) e—rlz—yl ( (1))
iz, y, — =—I[14+0(-)), 6.3
Yi(w,y, —p°) % P (6.3)

—~

6.4)

tn= S ear+0(2) 4 +0(2)

where (6.1) and (6.2) hold uniformly in x and y as p — 400, while (6.3) and (6.4) hold
uniformly for (x,y) on compact subsets of ef x e = (0,1;) x (0,1;) as p — +o0.

Proof. By Lemma 6.1 we need only consider the case of x,y € e;. We proceed by

induction on k.

k = 1. Let S(z, p) be the solution (I + p?)S = 0 on e = (0,1;) having S(0,p) = 0 and
S’(0, p) = 1, then, from the appendix of [26],

sinh px (epx)
S(z,p) = +0| — |, 6.5
(z, p) 5 e (6.5)
eP*
S'(z, p) = cosh px + O(p). (6.6)

Let o(x, p) be the solution of (I+ p?)o = 0 on e; with o(l;, p) = 0 and o’(l;, p) = 1, then,
again from the appendix of [26],

oz, p) = Shelz — L) (px L) <el;2x > (6.7)
o (2, p) = cosh p(z — 1;) + o<el:w). (6.8)

In (6.5)—(6.8) the approximations are uniform in z as p — +oo.
The Green’s function +; can be explicitly expressed in terms of the solutions S(z, p)
and o(z, p) by

Sz, p)aly,p) y
. o Wie,S] = 7 7
’Yl(xvya P )* (69)
a(@,p)Sy:p) o
Wio, 5] ZY

(see [14] or [30, pp. 35-37]). Here W{o, S|(p) denotes the Wronskian of o(z,p) and
S(z, p), which has the argument 2 omitted as it is independent of x (see [14, p. 82]). It
should be noted that ~;(z,y, —p?) is a continuous function of z and y (see [30, p. 29]).
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Combining (6.5)—(6.8), direct computation gives

Wio, S1(0, p) = e;: (1 + o(i)) (6.10)

as p — +00.
Substituting (6.5), (6.7) and (6.10) into (6.9) gives

—ply—=|
Vi(x7ya _p2) = O(ep>

uniformly in z and y for p — +o0. Also, uniformly for (z,y) on compact subsets of
e; X e; =(0,1;) x (0,1;) as p — 400 we have the more precise estimate

) e—plr—yl ( (1))
iy, —p)=—(1+0(=)).
vi(z,y,—p~) % P

We have thus established (6.1) for k =1 and (6.3).
Differentiating (6.9) with respect to y yields

S(z,p) do(y,p)

v <y,
dy o@.p) dSw.p)
Wio,S)(p) dy ’
for all x # y and p > 0 large. Substituting the estimates (6.5)—(6.8) into (6.11) we obtain
9i(z,y, —p?) ol
= = O(erle=vl 6.12
2 (o) (6.12)

uniformly in z and y for p — +o00, thus proving (6.2) for k = 1.

The induction step. For the remainder of the proof we assume that the lemma is
true for k. We begin by considering (6.1) for k + 1. From the definition of 'ny it follows
that

li
'Yf+1(xvy7 _p2) = / %k(xvzv _pQ)IYi(Zﬂyv —pz)dz. (6.13)
0

The induction hypothesis and (6.1) for the case of k = 1 applied to (6.13), where the
uniformity of the approximations is noted, gives

li g=plz—2z] o—ply—2|
e e
v @y, —p?) = O(/ dz>-
0

p* p

Since |z — z| + |z — y| = |y — x|, the above equation yields
—plz—yl
k e’
Vi +1($, Y, *PQ) = 0< pk-‘rl )

uniformly in z and y as p — +o0o, thereby proving (6.1).
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The proof of (6.2) follows from (6.1) and the case of (6.2) for k = 1 since

8'Yk+1($7ya _p2) /li k 2 8%‘(%% _p2)
—— = Vi \ Ty 2, =P —F—dz
dy 0 ( ) dy

li \—plz—2
20</ ¢ ﬂlz le—p\y—zl dz>,
0 p

from which it follows, as in the case of the iterates of ;, that

O @y, —p?) _ (e
dy I

uniformly in 2 and y as p — +o00, thereby proving (6.2).
We now progress to the proof of (6.4). From (6.5), (6.7) and (6.9), observe that for
<Yy

1072 (@, y, —p%)

l;
= ip2€2pli / Yi ((E, Z, _p2)’7i (Zv Y, _p2) dz
0

z ) ep(22+2li7mfy)
= / (sinh p(x —1;) sinh® pzsinh p(y — I;) + O (p)) dz
0
Y ep(2li+z*y)
+ / (sinh pxsinh p(z — 1;) sinh pz sinh p(y — 1;) + O (p)) dz

b oP(2li—2z+a+y)
+ / (sinh pxsinh? p(z — ;) sinh py + O ()) dz
p
y

inh 2
= sinh p(x — [;) sinh p(y — 1;) ( — gzt Sln4px>
0
B sinh p(2y — I inh p(2z — I;
+ sinh per sinh p(y li)<— y—x cosh pl; + sin pipy ) _sin pipl’ ))

; — sinh 2p(1; —
+ sinh pzsinh py | — li—y 4o p(li —y)
2 4p
ep(QlH-z—y) ep(211,+:6—y)
0 ( ——— tlz - yl)
P p

uniformly in x < y as p — 4o00. If we relax the uniformity of the above estimates to
uniformity in (z,y) on compact subsets of ef x ef = (0,1;) x (0,1;) and use the symmetry
of v;, the above expression can be simplified to

tn = (1+0(1)) (o)

thereby proving (6.4). |

The following corollaries follow from Lemma 6.2.
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Corollary 6.3. If ¢ € C?*=Y(G) and vF(z,y, —p?) is as defined in Lemma 6.1, then

o K _ .
%’Yf(‘ra?ﬁ _p2) < pk*je Ple=yl (614)

uniformly in x and y as p — oo for 0 < j < k, k € N, and K a constant.

Proof. By Lemma 6.1 we need only consider z,y € e;.
As in the proof of Lemma 3.1, let b’;ﬁz := (A+ p*)F, where x denotes the variable with
respect to which A is operating. For f € D(A7) D C5°(G) we have
kpjp _ pk—j
Lo f=1;"f

Thus

li b ;
/ (@, y. =)0, (y) dy :/ % @y, —p%)e(y) dy
0 0

for ¢ € C§°(e;).
Since the boundary-value problem is formally self-adjoint with ¢ € C2*~1(G) and
since ¢ € C§°(e;) we obtain from the above equation
/ b, e (@ y, —p?)p(y) dy = / v @y, —p?)e(y) dy.
0 0

Therefore, making
WA (@, y,—p?) =~ for 0<j <k
b2 (@Y, —p7) = Y (x,y) for0<j<
and
bk A (g, —p%) =0 for = # y.
We now prove that the inequality

Bl Kij o
%’sz(xayv _p2) < pT]i;e Ple=yl (615)

holds for all 0 < j < 2k — 1, where K}, ; is a constant.

Lemma 6.2 gives immediately that (6.15) is true for k =1, 2.

Suppose that (6.15) is true for all 1,2,...,k, then by Lemma 6.2 we have that for k
replaced by £+ 1 and j = 0,1, (6.15) holds, i.e.

k+1

Kiy10 _pjae
Yt (@, y, —p%)] < 1 © diad

and

K1, —plz—y|
St ¢

8 2 2
52 i (z,y,—p°)

for Kj41,0, Kiy1,1 constants.
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Now assume that _
o k+1 2 Kk"rLj —plz—y]|
‘M%‘ (z,y,—p7)| < We
is true for all j =0,1,...J, where 1 < J < 2k — 2.
Then, using Leibnitz’s rule (see [1, p. 9]),

oM 9 971 -
OxJ+1 Vi (x,y, —pP ) = W(_bp,z + qi(x) +p )'yi (3;,:% —02)‘
871 . , i 2
o571 A ) ) o971 i1 ,
| a1 (@9, =p") +p oI —1 Vi (z,y,—p°)
m omgi(x)\ o7 1mm L ,
2 () () gt e

K 5 K _ 1
—plz—y| k,J—1 k+1,J—1
Se vy <ka+1 + k=T +O<pktl+2))

1
— epzylo( >
ph=T

e_p‘z_y|
< Kk+1,J+1W

for Ky j—1, Ki41,7—1 and Kj41, 741 constants. Hence the lemma now follows. O

Corollary 6.4. If ¢ € C3(G) and y2(x,y, —p?) is as defined in Lemma 6.1, then

2z —p?) = 1

uniformly for x on compact subsets of e; = (0,1;) as p — +o0.
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