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ON AN ESTIMATE FOR SOLUTIONS OF NONLINEAR
ELLIPTIC VARIATIONAL INEQUALITIESY

HARUO NAGASE

Introduction

Let 2 be a bounded domain in R™ with the boundary 02 of class C*!
and E be a compact subset (resp. a compact subset on an (n — 1)-dimen-
sional hypersurface of class C*') in 2. We assume that the usual function
spaces C*(Q), CX9Q), L*(2), W"?(2) and Wp?(2) are known.

The first constraint condition is given by the following set:

(1) K, = {ve Wp?(2); v(x)e K(x) a.e. (resp. p.p) x€ E},

where K(x) is a closed convex set in R' depending on «x.
Next let 9,2 and 6,2 be two disjoint open subsets of 92 such that

02 = 9,2U0,2 and 9,2+. We set
C(2) = {ve C(2); v =0 in a neighborhood of 4,2}.

The completion of C},(2) with respect to the norm |ull,,, = ||ul, + [[Fu|,?
is denoted by W3?(©2). The following set K, defines the second constraint
condition:

(2) K, = {ve W5(2); v(x) e k(x) p.p. x€3,2},

where k(x) is also a closed convex set in R' depending on x.
The aim of this paper is to establish an estimate for the solution
u € K, of the following variational inequality:

(3) > a,(x, Tu), ox,(u — V) + (o, ), u — VZ(f, u — v)

for any ve K,
Received March 24, 1986.
® The content of this paper was lectured by the author at the Nonlinear P.D.E.

Symposium, held at Tokyo University from February 24 to 26, 1986.
? For the sake of simplicity we write ||-|lzr2)=]l*|lp and @,u, ,u, -+, 0z, 20)=Fu.
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where we describe the pairing between Wj?(2)(W5r(2)) and its dual by
{ , > and the inner product of L) by ( , ).

At first we note that the norm ||ul|;,, is equivalent to the norm ||[Fu|,
in Wp2(2) or WiP(2) by Poincaré’s inequality.

In the case when K = K, (resp. K = K,) and E = Q2 (resp. 3,2 = @),
many authors obtained a number of results with respect to the properties
of solutions of (3) for operators a, and K(x) (resp. k(x)) of various types.
Here we do not refer explicitly to such cases.

Before stating our theorem, we will refer to results related to our
problems. D. Kinderlehrer ([23]) proved the existence of a Lipschitz con-
tinuous solution in R* under the assumption that a, = a,(y)” satisfies
>ialap) — aN(y;, — n)=v|yp — 7' (#+>0) and E is a segment. In [13]
J. Frehse discussed the continuity of the first order derivatives of solutions
when a, satisfies Y7 ;_,(0a,/09)(é.&;=v|&[(v>0) and E is an (n — 1)-dimen-
sional manifolds. Also G.H. Williams ([38]) proved the existence of a
Lipschitz continuous solution for the case that a, satisfies the inequality

?=l(aj(x, 2, 7]) - aj(x’ Z/’ 77/))(77.1 - 7];) =+ (ao(x’ 3 0) - ao(xa Z’, 77/))(2 - Z’) —Z
Clp — 7F(C>0) and E is a subset in 2. In the above three cases K(x) is
only of the type K(x) = {u(x) = ¢(x)} for a given function ¢(x). Additionally
when n = 2 and 8,2 = (a, b) X {x, = 0} particularly, D. Kinderlehrer ([24])
showed that solutions belong to class C"*(Q2 U3,2) under the same condition
on a, as in [23] and with the assumption that k(x) = {u(x) = ¥(x)} for some
function (x).

Secondly we mention results for the cases when a, degenerate. To
begin with we impose the next conditions on a,; (j = 0,1, ---, n):

30w 2, 7, Z algl? — bzl — I(2),

() Naw 2 DI S algf™ + @iz~ + hx),  j=1,---,n
lay(x, 2, P < dx)[nfP" + e(x)| 2~ + m(x).
Assuming that a, (j = 1, - - -, n) are independent of z and that b, g, A,

and [ equal to zero and that furthermore a, = |2PP~?2, H. Beirdo da Veiga
([35)) obtained the L~() estimate for solutions of variational inequalities
under the constraint condition that u(x)>¢(x) on E, ¢ =1, ---,m). In
[35] the boundary condition is of either Dirichlet, Neumann or Signorini’s

3 In place of the operator ajix, u, pu) we consider the function a;(x, z, 7) defined
on QX R'XR".
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type, furthermore the mixed type of these conditions is also treated. More-
over in [36] he established the L=(Q2) estimate and the C*(f) estimate under
the assumption (4) for the constraint condition K = {ve W"?(Q); v(x) =
P(x) on 99, v(x) = Y(x) on I'}. H. Beirdo da Veiga-F. Conti ([37]) proved
that solutions belong to C%(?) when a,(j =1, ---, n) are independent of
2z and q, = 0 in (4), in addition a, satisfies the condition 7., (a,(x,7) —
ax, 7))(n; — 17)>0. Here the constraint condition is of type: u(x)=¢(x)
on E. When b6 =e=g =0 in (4), A. Domarkas ([9], [10]) showed that
solutions belong to C+(Q) for the constraint condition K: K = {ve Wi?(2);
v(x) = ¢i(x) on E; and v(x) < ¢(x) on E} or K = {ve W"?(2); v(x) = (x)
on I'; and u(x) < 4u(x) on I';}. In the above works E and E, are subsets
of 2 and I', I'; are subsets of 92, additionally ¢#,(x), V(x) and +,(x) are
some given functions.

Throughout this paper let p > 2 and let us assume that « > 0if p > n,
0sa<np—-1D/(n—-—p) —1if p<n.

Now we impose the following assumptions on ¢, (j = 0,1, .-, n):

ASSUMPTION A.
(I) (i) a, =a/x,neCl2XR)YNC'(2X(R™ —{0}), a,(x,0) =0,
j=1, .-, n

1=

Gy > %Z-f(x, DEE, = 1 + 7P IEL,
'%(x7 n)‘_g_/l(’f0+l7]\p‘2)y l=17 e, N,
o,

'ﬁg—gl (x’ W)l ._S— A(M‘l’]l + lﬂlpﬂl), k = 11 e, N
M) (1) @ = ax, 2) e C(2 X B) N CHQ X (B — {0)), ayfx, 0) = 0.
i) 9% (x,2) = 0, ]% (x, z){ < Az + 1),
0z 0z

’% (x, Z)'éA(‘zlu+l+1)’ k:l’ DR N
a9x;,

in the above xe 2, ze R' — {0}, e R* — {0} and £€ R*. And r, is a non-
negative constant, ¥ and 4 are some positive constants.

Hereafter we write by the same C all constants independent of u and
f, which appear in (3). We define the following function &(x) in R*:

dis (x, EU2Q) for the case of K = K,

[1)] =
@) {dis (x,09Q) for the case of K = K,
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where dis (A, B) is the distance between A and B.
Our theorem is as follows.

THEOREM. Under the assumption A if fe W»?(Q) (resp. LXQ)) in the
case of ky, = 0 (resp. «,%#0), the following assertions hold for the solution u
of the nonlinear variational inequality (3).

(I) In any case ®(x)ayx,Vu)e W"?(Q), D(x)\Fulr?e WH(Q),j =1, ---,n.
(Il If x, =0,

18-, Ve + 1OCNTul?y < O + [FIe + e+ 2),
AI0) If k,#0, d(x)Vue W"¥(Q2) and

IOl s + 19(-)a (-, Py + IO up?, < CA + IF15),
where B = max(p, a + 2) and p* is the dual number of p, i.e., 1/p + 1/p*
= 1.

In connection to the estimate in our theorem the following results were
obtained by G.H. Yakovlev. He gave first the estimate of ||3,,(9.,%[")||z2c05
for solutions of the variational problem which is derived from the func-

tional of the form I(v) = f {i [0.,07 + a(x)v }dx with the Dirichlet bound-
2

=1
ary condition ([40]). Here 2, = {x € 2; dis (%, 92)>0d}.
In [43] also he obtained estimates of

W1,9%(24)

e, -, w, Vu)llws, oran and “g—z; (-, u, Vu)”

for weak solutions of the nonlinear elliptic equation } % ,3.(a,(x, u, F'u))
= ayx, u, Vu) under weaker assumptions than ours. The method in [43]
is to use the quotient of differentials with the usual parallel transfor-
mation, namely,

h-l[u(xb Xgy =00y Xyogy Xy + hy Xivty = xn) - u(x)] )

which implies that the estimate of the norm is obliged to be restricted in
;. In this paper we use a transformation with weight function @(x), so
we can estimate the norm in the whole 2. Our estimates are very similar
to that of G.H. Yakovlev ([41]), where a nonlinear elliptic equation with
the Dirichlet boundary condition was treated. He prepared the estimate
for smooth solutions and applied the Galerkin’s method, so his technique
can not be applied to our variational inequality.

Finally we refer to the regularity of weak soultions of the nonlinear
elliptic equation. Let us put v =u + ¢ in (3) for a solution » and any
function ¢ in Cy(2\E) (resp. C7(£2)) in the case of K = K, (resp. K = K,),
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then we see that u is a weak solution of the nonlinear elliptic equation

(5) — 2 0.40x, Fw) + alx,u) = f

in NN\E (resp. Q).

dJ. C. Evans ([11]) and J. L. Lewis ([26]) proved that weak solutions of
(5) belong to Ci(2\E) (resp. Ci:(2)) when a; = |Vul?*d,,u and a, = 0.
Besides E. DiBenedetto ([8]) and P. Tolksdorf ([33]) showed the same results
under weaker assumptions on ¢; and @, than those of [11] and [26].

1.

The existence of a unique solution for the variational inequality (3)
is derived from Lemma 1.2 in this section.

First we will prepare the following lemma which will be frequently
used in this paper:

LeEmma 1.1. Under the assumption A the following assertions hold:
(i) e;(j= 0,1, ---, n) are estimated in such a way that

(L.1) lajx, PI=Cley + 9P yl,  j=1,---,n
(1.2) la(x, 2) = C(1 + [2])|2|.

(i) (P. Tolksdorf [33, p. 129] and P. Lindqvist [28, p. 310]) There exists a
positive number ¥, depending only on 7 and p such that

(1.9 3 (ay(x, 1) = ay(e, o ) (s = 7))
= Tolko + [P~ + 17 P — 7',
(L4) (ai(x, 2) — ai(x, 2) (z — 2) 2 0.

Here xe 2, y, Y € R* and z, 2’ € R\

Proof.

(i) The estimates (1.1) and (1.2) are derived from (I)-(ii) and (II)-(ii)
in the assumption A and the equalities

1 n 1
a(x, 1) = j > %;’.f_ %, tndt,  ax, 2) = L _aaiz (x, t2)z dt.
= %

(i) Without loss of the generality we may assume that |y| < |y/|.
According to simple calculations and (I)-(ii) in the assumption A, we see that
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(1.5) z (ay(x, 1) — a)(x, 1)) (o, — 7))

n 1 d , )
- ;‘_-jxjo 5 0t + Q= 0) (g — 7f)dt

v

1/4 n
j " 98 (x, tg + (1 — o) (g, — 1) (n, — m))dt
7=1 01,

1/4
=7 [ "+ 1tn + (= 0P — 7Pt
On the other hand it holds that

(1.6) ltp + 1 — | =@ — Dly'| — tln]
= (3/4 — Dly'| — ¢ + 1/4)In| + 1/4(7'| + 19D
=+ 1) (n'| = 9D + /47| + |)
= YA(7'| + |9D,
for all t€ [0, 1/4]. The inequalities (1.5) and (1.6) imply (1.3).
(1.4) can be proved more easily.

The estimate

Remark. In (1.6) we note that the estimate |ty + (1 — &)y/| = (1/4)-
|7" — 7| holds for all £€[0,1/4]. Thus we have the following estimate in

place of (1.3):

%)) g(aj(x, 7 — ax, 7)) (), — 1) = Toleo + 1p — 9Py — 7'f.

This is due to K. L. Kuttler Jr. ([25]).

Lemma 1.2. For u, ve Wpn(Q)(Wii(2)) we define the operator A in
such a way that (A(u),v) = 3 1= <{a)x, Vu), 3,v) + (ayx, u), v), then the
operator A is pseudo-monotone and coercive from Wp?(Q)(W5P(2)) to its

dual space.

Proof. We write Wpa(Q) (Wi#(2)) simply by V and its dual space by

V.

In order to prove the pseudo-monotonicity of the operator A, it is
enough to show that the operator A is (i) bounded, (ii) hemi-continuous

and (iii) monotone (J.L. Lions [29], p. 179).
(1) Boundedness.
According to the definition

(1.9) I(A®), v)| < >: [Ka(x, 7u), 3,0 + |(an(z, w), v)].
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We estimate each term on the right-hand side of (1.8).
At first we obtain
(1.9) Kay(a, Pu), 3,09 < C| (s + IPup=IPul- 7| dx
= C(IPullPoll, + IPulp- Pl ,

by (1.1) and Hoélder’s inequality. Since p =2, p and p* satisfy 1 <p* <
2 < p. Thus the inequality |Ful. < C|Vul, is verified. Therefore from
(1.9) we deduce the estimate

(1.10) Kax, 7w), 3.,031 =< Clully + llulp=)vlly .

On account of Lemma 1.1 and Hdélder’s inequality, we obtain similarly
the inequality

(1.11) I(ao(x, ), v)| = {Cllullpllvl, + ([l ]}
By Poincaré’s inequality, we get

(1.12) ullx = CliVullx = CliVul, < Cllully,
(1.13) Ivl, = ClPvl, = Clolly -

And Sobolev’s imbedding theorem yields the inequality

(1.14) el = Cllulli,ps

because 0 < o« <nlp — 1)/(n — p) — 1 for p < n. From (1.11)-(1.14) it fol-
lows that

(1.15) I(au(x, u), v)| £ C(lully + [ully Dol .

Combining (1.8), (1.10) with (1.15), we derive the following estimate
from the definition of the dual norm of A(x) in V':

(1.16) [A@)y = Clulp™ + luly™ + lluly).

(i) Hemi-continuity.
Let us suppose that |2} < 2. For u, v and we V, it is valid that

117 (A(u + ), w) = jg{é a(x, V(u + 2)o,,w + afx, u + Zv)w}dx ,

by the definition of the operator A. Applying the inequalities (1.1) and
(1.2) to each term of the integrand in (1.17), we have
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lay(x, F(u + w)d,w| < Cle(Pu| + Vv + (Fup~ + B-47vp-irw|,
lao(x, w + Ww| < C{(u| + L)) + [u[**" + 5+ vl Huwl.

By the same way as in the proof of (i), we can prove that each term on
the right-hand sides is integrable. Hence (A(u + Av), w) is continuous
with respect to 1 by Lebesgue’s convergence theorem.

(iii)) Monotonicity.

From the remark after Lemma 1.1, it holds for any u, ve V that

(1.18) (A(w) — A@), u — v) 2 Ty&llF(w — V) + 7@ — V)5
=0.

Consequently, we have shown the pseudo-monotonicity of the operator A.
Finally we prove that the operator A is coercive. Setting v =0 in
(1.18), we have

(A®), w) = 1w Pully + IPullp) .

Hence
%ﬁ’”) > Crlulfi—> oo as [luly—> oo
ully
Therefore the operator A is coercive. Q.E.D.

As we have mentioned at the beginning of this section, a solution of
the variational inequality (3) exists for any fe V'’ (J. L. Lions [29, p. 247]).
The uniqueness of solutions follows immediately from (1.18).

The estimate for the gradient of the solution u is carried out in the
next lemma.

LEmMA 1.3. Under the assumption A if fe LP(Q) (resp. L*(Q)) and &,
= 0 (resp. k,#0), the gradient of the solution u of the variational inequality
(8) is estimated as follows:

(1.19) wollPull + Pulp < CA + [l (resp. CQA + [IfIE) -

Proof. We denote by u, the particular solution of (3) for f = 0. We
easily see that

(120) 35 Cay(x, Pu) — a6, ), 8,1 — )y + (0, 1) — ax, w), u — u)
é (fy u— ut))'

Applying the inequalities (1.4) and (1.7) to the left-hand side, we get
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(1.21) TPy — V|l + Wu — Fullp) < |(f, w — w)].

Using Hoélder’s inequality and Poincaré’s inequality for the right-hand side
of (1.21), we obtain the estimate (1.19). Q.E.D.

We give a sufficient condition to assure that a sequence of functions
converges weakly in L(0).

Lemma 1.4. Let u be a distribution in 2 and let {u,}>., be a sequence
in LYQ) (1 <q < o) such that the norms ||u,|, are uniformly bounded. If
for any ¢ e Cy(9),

(u,, ) — (u, ¢) as y—->o0,
then u belongs to L(Q) and the sequence u, converges weakly to u in LU(%).

Proof. From the assumption it holds for any ¢ e C7(9),
(1.22) |(w, §)| = (lyi?f sl Bllge -2

For arbitrary ve L7(2) we take a sequence {¢.}r., in C7(£2) such that
¢ — v[|x— 0 as kE—> o0, then from (1.22) the sequence {(¥, ¢,)}r-, is a Cauchy
sequence. Accordingly, lim,.. (u, ¢,) exists and from (1.22) it is trivial
that the limit depends only on v and does not depend on any choice of
the sequence. Hence we can express lim,_. (¢, ¢,) = [,(v). It is easy to
verify that [, is a linear functional on L7(£), so there exists an element
L, in LY(Q) (=(L*(2))) such that [,(v) = (L,, v) for all ve L*(2). The de-
finition of /,(v) ensures the equality (u, ¢) = (L,, §) for any function ¢ in
Cy(9), which is dense in L%(2). Thus we can conclude that v = L, and
therefore u e L2). The remainder of the proof is due to Theorem 3 in
[44, p. 121]. Q.E.D.

2.

We introduce a coordinate transformation with the weight function
@(x) and prepare some results with respect to it. We refer to some lemmas
in [20].

Let & be a non-zero vector in R™ with the length A = |h|. Hereafter
h is assumed to be sufficiently small. As mentioned in the introduction
we put O(x) = dis (x, 902 U E) (resp. dis (x, 92)) for K = K, (resp. K = K,) and
we consider the transformation of the coordinates:

4 g* is the dual number of ¢, i.e., ¢¥*=¢q/(¢—1).
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2.1) Q,: y=x+ O(x)h.
We write & = (hy, by, -+, h,) and J = 0y, ¥, - -, Y)0(%s, Xy, -« -, X,), then
we have
1+ ho,9 ho, @ --- h,,0
2.2) 7= hlé?xzdi 14 _hza,p_- .- h,,a‘,zq)

hos®  hd,® -1+ h,d,0

Let us put e = h™'h and let e be arbitrarily fixed. Noting that |3,,9|
< 1 ([20, p. 57]), we see that the determinant J of J is not zero for suffi-
ciently small A, therefore the mapping @, and its inverse @;' are both

one-to-one from R onto itself. If we set ¥(y) = — O(x) (= — O(P;*(»))),
it is written
2.3) ;' x=y+ V(.

Here we remark that from (2.2) we can put J =1 + hJ, and the deter-
minant J-' of the Jacobian J~' connected with the inverse transformation
@;* can be described in the form J' =1 + hJ,, where J; and J, are uni-
formly bounded in x€ 2 and 2e R*. Furthermore the transformation @,
maps x€ 2 to ye 2 and xe 2° to y e 2° respectively, so it is a one-to-one
mapping from £ onto itself.

Now we define

(S)(x) = u(x + O(0)k), (Tw) (y) = w(y + T(y)h),
(2.4) (Pru)(x) = h ' [(Syu)(x) — u(x)],
(@u)(y) = A [(Thw)(y) — u()].

Hereafter we write simply by S,u, Thu, - - - the functions (S,u)(x), (T,u)(y),
..., respectively.

Lemma 2.1 ([20, p. 58, 59)).
(i) We have
V(Spuw) = SV u + h(e- SV u)V @,
2.5) V (Tw) =T u+ hle- TV uyW ¥,
V(Pyu) = PV.u+ (e SV uyW 0,
V(@) = @F u+ (e T ulV .

() If ue W"(2)(1 < q < ), there exists a constant C independent
of k and u such that
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(2.6) 1Pauelley  [1Quuell, < ClIPuf, .

We do not repeat the proof of the above lemma, since it is parallel to
that of [20].

The following lemma is as important as Lemma 1.4 for the proof of
our theorem.

LemMa 2.2, If ue LU(2)(1 < q < =), then for any function ¢ in Cy(Q2)
it holds that

@.7 (Pyu — Jyu, ¢) —> ((e-V) (Du), ¢) as h—>0,

where the derivative (e-V)(Qu) of Qu is in the sense of the distribution.
Proof. For any ue L%(2) and ¢ e L7(2) the formula

(2.8) (P, ¢) — (Lo, ¢) = — (Spu, Prg)

holds. The function ¢ belongs to Cy(£2) in this case, so we can prove the

following convergence by the similar technique as in [20] (Lemma 5 in p.

59):

(2.9 P,p—> D(e-V)¢ in L(2) as h—>0.

On the other hand it is an immediate consequence that

(2.10) S,u—>u in LY(Q) as h—0,

from the fact that u e LY0). Therefore the right-hand side on (2.8) tends
to — (u, D(e-V)¢) by virtue of (2.9) and (2.10). In this way we arrive at
the assertion of this lemma. Q.E.D.

3.

This section is devoted to the statement and the proof of the main
proposition in this paper. It is very important for the proof of our
theorem.

PrOPOSITION. Let us assume the assumption A. Then the following
estimates hold for the solution u of the variational inequality (3):
(i) If k, = 0 and fe W (Q),

IS ul?-22P P ully + [[Pul® 2 Pl uly < C(L + [fI: + A7),

(@) If x # 0 and fe L}(Q),
IPaPull + 1S u|® PP ull + [Pule Py uls < CA + |IfIE)
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where B = max (p, a« + 2).

Proof. From now on we write simply d,, = 9, or 3,, =3, and we ab-
breviate the notation of sums.

As S,u and T,u belong to K, (i =1 or 2) (see p. 60 in [20]), so we
can put v = S,u and T,u in (3). Hence we obtain the inequalities

{ay(x, V), 3 (u — Suu)y + (alx, w,u — Suu) < (fiu — Su),
<aj(y7 Vu), aj(u — Thu)> + (a(y, w), u — T,u) < (f,u — Tu).

Adding these two inequalities, we have

(31) <aj(x7 Vu)7 a](u - Shu)> + <aj(y’ Vu)’ a](u - Thu)>
+ (ax, w), u — Suu) + (a(y, w), u — Thw)
S (fiu— S+ (f,u— Tw.

Denoting each term on the left-hand side by I, (j = 1, 2, 3, 4) in turn from
the left, we write I, and I, as follows by Lemma 2.1:

I, = {a)(x, Vuw), 0,u — S;o;u) — ha,(x,Vu), (e-SFu)a,®),
I = {1 + hd)S,a,(x,Vu), S;d,u —o,uy — hlay,Vu), (e- TFu), T .

Consequently, we get

3.2 I + I, = {(S,a; — a;, Syd;u — d;uy + h{J,S,a;, S;0,u — o,u)
— Wa,, (e-TVwa, ¥y — hla,, (e-SFu),0).

After putting the right-hand side of (3.2) by >%_;I,, we estimate each
term I,, We rewrite I, in the form

(3.3 I, = (a/(Sux, SVw) — a,(x, S,Fu), S,0,u —o,u)
+ La,(x, SFuw) — a,x,Vu), S;d,u —ouy.

For the first term in (3.3), the following estimate holds:
(3.4) |{a (Spx, SFu) — ax, SFu), Sio,u — o,udl
< CR? L(,co( S ul-|PFu| + |SFul-| Pl uldx
< Chi(e|[Vulbl P ull + Pullp” | S ul® " P ul,) .
Here we have used the equality
a,(Sux, S u) — a,(x, SiFu) = ﬁ kz % (x + 00k, SFwW)hD(x)do

and the inequality in the assumption A.
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Secondly the remainding term in (3.3) is estimated from below by (1.3)
as follows:

(3.5) <(ay(x, SFu) — a,(x,Vuw), S0,u — o;u)
Z el PV ul; + 11SFul? PV ull; + |[|[Ful " Pl ul} .
In this way (3.3), (3.4) and (3.5) yield that

36 Lz Lf‘ (Rl Pull; + IS u|®2" Pl ull + [\Pul " Pl ulz}

— CR (kP ully + 17 ull) .

Next we see by Lemma 1.1 that

37 |Ll< Cr L (ks + |SF Ul S| P u| da
< CR{IPul | PV ull, + [P ulb? | S w2~ P wll} .

Before proceeding to successive terms I, and I;, we note that we can
write V¥ =V ¥(J") = — ., 0)({ + hH), where I is the unit matrix and
each component of the matrix H is essentially bounded (see p. 64 in [20]).
Consequently, it is seen that

38 L+ 1= — hia, (- Tu) [(— V.0@) (I + hH)],)
+ <@y, (e S u)3, 03}
= — M{—{ + hd)S,a;, (e-Vu)o, @) + {a,, (e-SFu)a,P)}
+ h¥a,, (e- TWw) 7 ,9H),>
= h{{Sua;, (e-V1)0,0) — {ay, (e- SFu)d; 03}
+ W J\Ssa;, (e-Vu)a, @) + h¥a;, (e- TV w) V. 9H),) .
Again we write I, + I, = > V., I, in (3.8). We rewrite [, in the same way
as in (3.3), i.e.,
3.9) I, = h{a(Syx, SFu) — a,(x, S;fu), (e-Vu)o, D>
+ hla(x, SFu) — a,x, Vu), (e-Vu)o, D)
+ Wa(x,Vu),e-Pu — SFu)d, @) .

By applying the similar technique as in (3.4) to the first term of (3.9), we
get the inequality

(3.10)  Aa,(Sux, Su) — a,(x, SFu), (e-Fw)a,Dy| < CB (rl|Ful} + [|Ful2).

® We write the j-th component of a vector U by Uj.
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The second term of (3.9) is estimated as follows:
(3.11) hKax, SFu) — a,(x, Vw), (e-Vu)o,D)|

< k2 f e+ PP+ S up ) PP ulPulda

< Ch{wlPull| Pl ulle + IV ulp (|7 u|® " P ull,
+ 1S u| "= P uly,)} -

In the above estmiates we have used the assumption A and the equality
a,(x, SFu) — a(x, V) = :Zl g% (%, 0w + (1 — O u)(Sid.u — 3,u)dF .
According to Lemma 1.1 the last term of (3.9) is estimated as follows:
(3.12)  hKa, e-(Fu — SFuwa,0) < Chz_[,, (ko + \PulP O ul-| PV u|dx
= CR(k [Pl |1 Pl + Wl [P ul®-2" Pl ull,) .
By virtue of (3.9)-(3.12) we get

(3.13) \L! = CR{e|Pulll P ull, + mollPuls + ([Fulp
+ WPulp*((\Vul =2 Pl ull, + 1S ul® " Pl ul.,)} .

On the other hand by Lemma 1.1, I, and I, are immediately esti-
mated, that is,

(3.14) |Lol, | [n| £ CR (&P uelfs + (1P ul)
Consequently (3.8), (3.13) and (3.14) yield that

(3.15) \L: + L = CRe(IVull| Pl ull. + IPull) + 17wl
+ WPulp (17w |?=2 2P ull, + (S ul® " P ull)} .

With the aid of (3.2), (3.6), (3.7) and (3.15) we obtain the inequality
2
(3.16) Lo+ Lz T (w| P ulf + || Sul>-or Pl
+ [\Pul® 2P ulf} — ChY (kP ull; + [IFulf) .
Now we estimate the sum of I, and I,. It is written in the form

B17N) L+ I = (4, u — Siu) + (L + hd)Sa, Siu — w)
= (a(Spx, Spw) — ay(x, Syu), Syu — u)
+ (a(x, Suu) — ay(x, w), Spu — u) + M, Spay, Siu — u).
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Similarly as in (3.4) we can estimate the first term of (3.17) as follows:
(3.18) [(a(Spx, Spu) — ay(x, Spu), Syu — u)l
< OB [ (1+ |Suup )| Puldx
2

< CRY||Paul, + [ Patellp(ll wllasp)* '}
= CR(Pull, + IPul*) .

Here we have used Lemma 2.1 and (1.14).
Because of Lemma 1.1 the second term of (3.17) is non-negative, i.e.,

(3.19) (ay(x, Spu) — ay(x, w), Spu — w) = 0.
For the last term in (3.17) we attain the following estimate from Lemma
1.1 and Holder’s inequality:
(3.20) R\(J,Syte, Sute — w)] < CR? [ (L + 1SulIS,ul | Puld
< CRY{| Pyl Suusllpe + 1Pl (1 St llias o)} -
Similarly as in (3.18) we obtain the following inequality from (3.20):
(3.21) RIS Sie, S — w)| < CRE((Pull; + IPul;) .
In this way we arrive at the inequality
(3.22) L+ 1Lz — CR(IPull;™ + [Vull, + IPul})

from (8.17), (3.18), (3.19) and (3.21).
Finally we estimate the right-hand side of (3.1). By simple calcula-
tions it holds that

(3.23) (f, u — Thw) + (f, u — Spu) = PH{(P.f, Pyu) + (J,S,f, P,w)} .

Let us suppose that r, = 0. From (3.23) and (ii) in Lemma 2.1 we have
(3.24) | the right-hand side of (3.1)| < CR}||Full,|Iflls,px -

Combining (3.1), (3.16), (3.22) with (3.24), we deduce that if «, = 0,

NS u|® 2 P ully + ||| u|?=2 Py ull
< CUPully + IPullz*® + WPull, + 17ulf + [f1E) -

Therefore if k¥, = 0, our proposition is correct in virtue of Lemma 1.3.
Secondly we suppose that x, = 0. In this case we transform thefirst
term in the brackets on the right-hand side of (3.23) into the following
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form by the expression (2.8) in the proof of Lemma 2.2:

(Bof, Pyu) = — (Suf, PuPyie) + (of, Ppu) .
Taking account of (8.23) and (ii) in Lemma 2.1, we obtain the inequality
(3.25) | the right-hand side of (3.1)| £ CR||fll. (| P ull, + P uly).
Hence from (3.1), (3.16), (3.22) and (3.25) it follows that

Tkl PV ully + 1S ul =2 Pl uly + [\Fu|*~>"~Py u|z}
= CleollPully + Wullfy + Wullp*® + IFul, + IPull + 171 -

Thus the proof of our proposition is accomplished by the straight-forward
application of Lemma 1.3. Q.E.D.
4,

In this section we prove our theorem.

At first we show that @(x)a;(x, Fu) belongs to W"?*(2) and we estimate
its Wh?(2) norm. Considering Lemma 1.4 and Lemma 2.2, we first give the
uniform L*(2) estimate for the sequence {P,(a,(x,Vw)) — J.a,(x, V)}rso,
where h is sufficiently small. We write P,(a,(x, Fu)) in the form

4.1) Pya,(x, Vu)) = [a,(Syx, SV u) — a,(x, SiFw]h™
+ [a;(x, SFu) — a,(x, Fu)lh™.

Similarly as in (3.4) we see that
42)  |la(Swx, SPu) — ay(x, STWIh 5 < CG IPullpe + [17ulf) .
For the second term of (4.1), we get the inequality
4.3)  |lax, SVu) — a,(x, Fu)lh~"|2:

=C {Icé’*IIPhV ulf + L (Pl ul|Sul™ e + P ulp ul"*‘p‘”)dx}
by the same way as in (3.11).

Because of 1 <p* <2< p, we have |PJul, < C|PFul,. And the
integral terms are estimated in the following way:

j \Pul|S,7ule-dx
2

1-p%2)

< [[ {iprariszuross) ™ as] ™[ |spupoe-nmo-sera]
2 2
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I

<I lPhVu\Zl ShVu‘p—zdx)p*/Z( lShVulpdx)(l_p*/g) )
< C{ISFul* P ult + [Ful)

where we use Hoélder’s inequality and Minkowski’s inequality. Another
integral term is similarly estimated.

Hence we conclude from (4.3) that

(44) “[aj(x3 ShVu) - a’j(x; Vu)]h_lngi
= CIIPFull + IPulll + (ISP u| "> Pl uly + [[Fu|? 2 Pl ulp)} .

Because of (4.1), (4.2) and (4.4) it holds that

(4.5) 1 Plas(x, VW)l < Clet"(IPullys + [PV ul) + 17wl
+ (ISP u|" 7Pl ul; + [|Fu|* " P ul3)} .

Therefore if x, = 0,
1 Pu(ay(x, Pupli: < CQA + [IfliEy + [fllger®/ @

from (4.5), Proposition and Lemma 1.3. We write the right-hand side by
Cr%. Moreover if &, #+ 0, we have similarly

1P, (x, Pulpe = CQ + [IfIE77),

where 5 = max(p, « + 2). The right-hand side is written by C7,.
On the other hand the functions J, are uniformly bounded in x and
h. Thus by Lemma 1.1

(4.6) llha(x, V)llfs < CCe Pz + |1V ulp

Applying the estimate for Fu in Lemma 1.3 to each term on the right-hand
side of (4.6), the L*(2) norms of the functions J,a,(x, Fu) are estimated as
follows: if x, = 0 (resp. k, == 0),

llhoa(x, Pu)je < C1Y (resp. Cr)).

From the above the L*(£) norms of the sequence {P,(a,x,Vw)) —
Jya(x, Vu)},s, are estimated. That is, if x, = 0 (resp. &, % 0),

“.7 | Pa,(x, Vu) — Jya,(x, Fwp: < CrY (resp. C1)).

Because a,(x, V'u) € L*(2), we conclude on account of Lemma 2.2 that
for any ¢e C5(Q)

 © Indeed, (p*(p—2)/2)1—p*/2)'=p.
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(Play(x, Tw) — Ja;(x, Fu), §) —> ((e-V)(Pay(x, Vw)), ¢),

as h—>0.

Hence Lemma 1.4 yields that the distribution (e-V)(@a,(x, Fu)) belongs to
L*(Q) and that

4.8)  Pya,(x,Vu) — Ja)x, Vu) — (e-V)(Da,(x, Vu)) in L”(Q),
as h—>0,

ee 2

where “——"" means the weak convergence.
Therefore from (4.7) and (4.8) we derive that if x, = 0 (resp. &, % 0),

(4.9 (e 7)(Da,(x, Pu))|z < CT° (resp. Cr1)).

The assertion with respect to @(x)|Ful”* can be treated more easily.
By simple calculations we deduce the inequality

|P(Pul?)| < CIPY ul( S u|®=2” + [Fu|®=>7).

From this inequality and the estimate in Proposition we have for the case

of x, = 0 (resp. £, = 0)
P\ FupP? < Cry  (resp. Cr)).

Since the functions ¢/, are uniformly bounded, we get from Lemma 1.3
SPup?f < Cry  (resp. Cr,),

if £, = 0 (resp. &, # 0).
Thus the L) norms of the sequence {P,(|Fu|P”®) — J\Ful’*},,, are
estimated as follows: if x, = 0 (resp. &, == 0),

(4.10) | PP ulr® — J\Pup?; < Cry  (resp. Cry)).

With the aid of a priori estimate (4.10) we can select a sequence {Ah,},
with h,—0 (v-— o) and choose a function ve LQ2) such that

(4.11) P, (\Fup? — JjFulf? —v in L¥(Q) as v—> oo,
and besides if x, = 0 (resp. &, # 0),
(4.12) lolt< Cry (resp. CT)).

By Lemma 2.2 we see that for any function ¢ in C§(2)

(4.13) (PP ulr?) — TP ul”, §) —> ((e-V)(D |V ul”), 4)
as h—>0.
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From (4.11), (4.12) and (4.13) it holds that v = (e-V) (@|Fu|*) and if x, =0
(resp. £, = 0),

(4.14) l(e-P)(@Ful?|; < Cr'% (resp. C7;).

By virtue of (4.9) and (4.14) we have proved the required for @(x)a,(x, V'u)
and @(x)|Ful?. And the proof of the part for @(x)lu is left. We briefly
explain it. On account of the estimate (i1) in Proposition, ||P,ul,. are
uniformly bounded in A, more precisely,

[ Ppuell . < CTY2,

if x, £ 0.

Accordingly there are a sequence {h,};., with A,—0(x— o) and an
element w in W"%(2), to which the sequence P, u converges weakly in
WQ) as p— co. On the other hand the sequence P, u converges strongly
to @(e-V)u in L*(0) as p— oo, which is shown by the same way as in
Lemma 5 in [20]. Consequently we have that w = @(e-F)u and

|B(e-Pul,, < CT2.

Thus the proof of our theorem is finished. Q.E.D.

Remark. The same conclusion is obtained if we replace a,(x, Fu) by
\FulP-*9,u or |3,ul’*,u in our theorem.
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