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On Some Stochastic Perturbations of
Semilinear Evolution Equations

Anna Milian

Abstract. 'We consider semilinear evolution equations with some locally Lipschitz nonlinearities, per-
turbed by Banach space valued, continuous, and adapted stochastic process. We show that under
some assumptions there exists a solution to the equation. Using the result we show that there exists a
mild, continuous, global solution to a semilinear Itd equation with locally Lipschitz nonlinearites. An
example of the equation is given.

1 Introduction

Let (2,3,P) be a probability space together with the normal filtration F =
{F:,t > 0}. Let P, denote a predictable o-field on Q, = [0,00) x Q and the
restriction of P, to Qr = [0, T] x 2 will be denoted by Pr. Let P, be the product
of the Lebesgue measure in [0, c0) and the measure P. Let Py be the product of the
Lebesgue measure in [0, T] and the measure P.

Let E be a separable Banach space and let B(E) be the o-field of its Borel subsets.
Given a Cy-semigroup S( - ) of linear operators in E, a mapping f: Ry x Q@ X E — E,
a stochastic process 3 on R} and xy € E, we are interested in finding a stochastic
process X on R, such that

(1.1) X(t,w) = S(t)xo +/ St =) f(s,w, X(s,w))ds + B(t,w), >0,
0

for P-almost all w € Q. We fix T > 0 and make the following assumptions:
(i) f:[0,T] xQx E — Eis measurable from ({21 x E, Pr x B(E)) into (E, B(E)).
(ii) There exists an increasing mapping ¢: Ry — Ry such that for some K > 0, for
allw € 9,0 <s < Tandx,y € Esuch that ||x]| < r,|y|]| < r, the following
conditions hold:
@) [[f(s,w, )| < K+@(r) - ||x]],
®) If(s,w, %) = fls,w, | < @(r) - [x =y
(iii) B: [0, T] x  — Eis an adapted, continuous stochastic process.

The main result of this paper is the following.

Theorem 1.1 If (1)—(iil) hold, S(-) is a contraction Cy-semigroup, and

/°° dx B
o Xxp(x)+1 oo
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then there exists a continuous adapted process X determined on [0, T], satisfying (LI).
For each w € € the following estimation of X holds:

sup [ Xi()|| < @7 [@( sup [|B(w)]|+1) + (2 sup [|B(w)]| +1)T],
0<t<T 0<t<T 0<t<T

where

* dt
@(x):/o tp(t) + K

If (1)—(iii) hold for every T > 0, then the solution is determined on [0, 00).

2 Proof of Theorem 1.1

We have divided the proof into a sequence of lemmas. For abbreviation we write /3,
instead of B(t,w), f(s,x) instead of f(s,w, x), and X; instead of X(s, w).

Lemma 2.1 If {XV},{X®},t € [0, T] are continuous processes, (i)—(iii) hold, and
P-a.s.,

t
X = pi +/ St =) f(s. XP)ds, 1 €0,T),i=1,2,
0

then Xt(l)(w) = Xt(z)(w) and for allt € [0, T], for P-almost all w € ().

Proof Fixw € 2 and denote sup{||X\"(w)||,t € [0,T],i = 1,2} by r. Then for
some K(r) we have

XM (w) — XP(w)| < K(r) / XV (w) — XP(w)|| ds, tel0,T].
0

Gronwall’s lemma leads to the desired conclusion. [ |

Lemma 2.2 If (i)-(iii) hold, X is a continuous process such that P-a.s.

X; =0y +/ S(t —s)f(s,Xs)ds, te€[0,T],
0

then X is adapted.

Proof We begin with the additional assumption that f is Lipschitzean. Define
t
X9 = By and X"V = 3, +/ S(t — ) f(s, X!")ds, forw € Q,t € [0,T],n € N.
0
Xt(”) are F,-measurable for t € [0, T] and n € N. Moreover

sup [|X" — x| <C -7 sup ||X" —X"V||  P-as., for some C > 0.
0<t<7 0<t<r
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By LemmaR.llim,, o0 Supy<, <, X" — X,|| = 0 P-a.s., where 7 < min{T, &} We
conclude that X is adapted to {JF;,0 < t < 7}. Now consider equation (1) on the
interval [, 27]:

Xt :ﬁﬂ.t+/TS(T+t*S)f(S,XS)dS+/ Stt—uw) f(r+u, X)) du, t€[0,7].
0 0

Denoting X; = X, and 3, = Br4, + fOT S(T+1t —s)f(s,X;) ds, we have

X, =0, +/ S(t —uw) f(r+u,X,)du,
0

where (3, is F, = F.,,-measurable for 0 < t < 7. From what has already been
proved, X is adapted to {J;,0 < t < 7}. After a finite number of steps we conclude
that X is adapted to {F;,0 < t < T}. We now turn to assumption (ii). Let us
take a bounded, lipschitzean mapping h™: E — E such that h”(x) = x for x €
E such that ||x|| < n. Let X denote a solution to (1) with f replaced by £,
where f(”)(s7w,x) = f(s7w,h(")(x)). Let us regard w € 2 as fixed and let r =
sup{||Xs(w)|l,0 < s < T}
For n > r we have || X;(w)|| < n and consequently

X(@) = Bulw)+ / S(t—3) Fls, 0, Xo(w)) ds = fu(w) + / S(t=3) F) (s, w, X(w)) ds.
0 0

But X\ (w) = Bi(w) + [y St — ) f"(s,w, X" (w)) ds. By Lemma 21} X,(w) =
Xf”)(w) for each n € N, n > r. Since Xt(”) are F,-measurable, for n € N and Xt(") —
X;,n — ocoP-a.s., it follows that X; is F,-measurable. [ |

Lemma 2.3 If B is a continuous, adapted process such that

P{ sup [B®)| <L} =1
0<t<T

for some L > 0, and moreover (ii) and (iii) hold, then there exists an adapted and
continuous stochastic process X, determined on [0, A] for some 0 < A < T, satisfy-

ing (L.I).

Proof Here we apply the idea of the proof of Theorem 1.4 in [1]. Let K > 0 be such
that || f(t,w,0)|| < K fort € [0, T],w € €, moreover let ||S(¢)|| < M fort € [0, T].
Let us regard w € (2 as fixed. Consider the transformation

(Tx)(t) = 5 +/ St —s)f(s,x;)ds, forxe C([0,T],E).
0

Define
1

M[(L+1)p(L+1)+K]

o=L+1, A=
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The mapping T maps the closed ball B(0, ¢) of radius o centered at 0 of C([0, A], E)
into itself, because

t
73] = sup [166)+ [ s(e— 9)f(s. )|
0<t<A 0
< L+AM sup ||f(s,x,)]]
0<s<A
<L+MA sup ([|f(s,X5) — f(s,0)[| + | f(s5,0)]])
0<s<A
< L+MA(p(0) +K) = o.
Moreover,

[Tx—Ty|| = sup ||/ S(t —s)(f(s,x) — f(s,y5) ds|| < MAp(o) - [|x — y||
0<t<A 0

<

eyl forxy € BO,0).

Thus T possesses a unique fixed point x in the ball, being the desired solution to (L)
on the interval [0, A]. [ |

Proof of Theorem[I.1] We begin analogously to the proof of Lemma[23] For fixed w
we have a mapping x € B(0, o) C C([0, A], E), satisfying (LI)) on the interval [0, A].
Let

1
(L+p(L+1)+K’

L= sup ||Bw)|, e=01=L+1, A=A =
0<t<T

Proceeding by induction, we assume that there exists x € C([0,A;], E) satisfying
([@T1I) on [0, A;]. Moreover, we assume that x considered as a function on [A;_1, A;]
is a unique fixed point of the transformation

t
(Tu)(t) = B + S(t — A1) (Xa,_, — Ba,_y) +/ S(t — ) f(s, us) ds,
AV}
A;_; <t < Aj inthe ball B(0, 0;) C C([Ai_1, Ai],E).
We proceed to show that x can be extended to the interval [0, A;;;] with A;y; >
A, by defining x on [A;, Aj41], as a solution to the equation

t

X = B+ St — A)(Xa, — Ba) + / S(t — ) f(s,X,) ds,

A;
A; <t < Aji. For this purpose, we set

1

0iv1 =2L+1+0;,, 61 =——7-——,
a ' " 0ir10(0i1) + K

Aiyp = Aj+ 61, AL =0y
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We consider the mapping

(Tu)(®) = B + St — A)(Xa, — Ba) + /t St =) f(s,u)ds, A <t < Ajy,

i

acting in the space C([A;, Aj41], E). If u € B(0, 0i+1) C C([A;, Ajs1], E), then

|[Tu| <L+ o0i+L+6s1 sup || f(s,u)|| <2L+ 0i +1 = 0i41.
Ai<s<Ajy

Hence T maps the ball B(0, g;11) of C([A;, Aj+1], E) into itself. Moreover, in the ball
we have the following estimation:

©(0it1)

Tu— Tv|| < dip10(0i1) - ||u —v|| = ————————
| 1< bl - u =] oir19(0is1) + K

[[u =]

1
lJu = || <

<
Oi+1 L+1

[l — ]|
Hence T has a unique fixed point £ € B(0, 0i4+1) C C([A;, Aj41], E):

% =0+ St — Ai)(Xa, — Ba) + / S(t =) f(s,%)ds,  Ai <t <Ay

i

The function X is a continuous extension of x, being a solution to (L)) on [0, A;], to
a solution to (1)) on [0, A4 ], because

A; t
%= Bt S(t— A)(Ba, + / S(A; — 5)f(s,x) ds — Ba) + / S(t = 5) (s, %) ds
0 A
A; t
=06, +S(t — A)) / S(A; —5) f(s,x) ds + / St —s)f(s,%)ds
0 A;

A; t
:ﬁ,-f—/ S(t—s)f(s7x5)ds+/ S(t —5)f(s, %) ds,
0 .

A;

A; <t < Ay and %A, = xa,. Thus we obtain a solution to (II]) on the interval
[0, A), where A = Y77, §;. Theorem[ITwill be proved once we show ., §; = occ.
It is easy to see that o; = L+ 1+ (i — 1)(2L + 1),i € N. Since ¢ is increasing and
0; < i(2L+1),s0

oo (oo}

oo 1 I
;5" =2 (o) TK 2 IO DGO TR

i=1 i=1

B o0 i+l dx
N 2_1:/ i2L+1)p[i(2L+1)] + K

oo i+1 dx
= ;/1 x(2L+ Dep[x(2L+1)] +K

B ° dx B > dt B
_/1 x2L+ De[x2L+ 1] +K /2L+1 [(tp(t) + K](2L+1) >
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Denoting

* dt
(I)(x):/o tot) 1K’

it is easy to see that

N N+1 dx
;51' = /1 L+1+x— 1)L+ D)]p[L+1+(x— DL+ 1)]+K

! / dt L (@(ons1) — ®(01)).

2L+1 J,  [(tp(r) +K]  2L+1

We have

(@(on+1) — P(01) = T <= on+1 = @7 1(@(01) + QL+ 1)T).

2L+1

Since L = supy, < ||3;(w)|, we obtain the following estimation of the solution:

sup [ Xi(@)|| < @7 [@( sup [|B(w)]|+1) + (2 sup [|B(w)] +1)T],
<I<T 0<t<T 0<t<T

0

w € Q. [ |

3 An Application

Let E = H and U be separable Hilbert spaces, Q be a bounded, self-adjoint, strictly
positive operator on U such that Tr Q < oc. Denote by Uy the subspace Q'/(U) of
U equipped with the inner product (u, v) = (Q~'/2u, Q= 1/?v).

Let W be a cylindrical Q-Wiener process with respect to IF on an arbitrary Hilbert
space U; such that U is embedded continuously into U; and the embedding of U,
into U, is Hilbert-Schmidt. Let LY = L,(Uy, H) be the Hilbert space of all Hilbert—
Schmidt operators acting from Uy into H, with the norm [|®[[;0 = Tr[®Q®]. Let
N/ (0, T,L9) denote a Hilbert space of all L) predictable processes ® such that
]E(fOT |D(s)] i(zr) ds) < oo. If S(-) is a contraction semigroup and ® € Ng, (0, T, L9),
then the process

ﬁt:/ S(t — s)®(s)dW,, te€[0,T]
0

is adapted and has a continuous modification [2, Theorem 6.10]. Hence by Theo-
rem[L.T]we obtain the following.

Corollary 3.1 If (i)—(iii) hold, S(-) is a contraction Cy-semigroup, and

/°° dx Cx
o Xxp(x)+1

then there exists a continuous and IF-adapted process {X,,0 < t < T} such that P-a.s.

t

(3.1) Xy = S(t)xg +/ S(t — s)f(s,Xs)ds+/ (St —s)P(s)dW,, 0<t<T.
0 0

The process is unique, up to indistinguishability.
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To obtain global existence of a unique solution to (3.I)) in C([0, oo], H) it is suffi-
cient to assume that conditions (i)—(iii) hold for every T' > 0.

Example

Let D be an open subset of R? and let H = L?(D). We will show that F: H — H,
given by the formula

(F())(€) = x(&) - In(1 + ||x]*), x€H,&€D,
satisfies (ii). Let ej, j € N be a complete orthonormal system in H and let x; =
(x,ej),x € H, j € N. Then

oo

(3.2) IFG) = F(I” = > In(1 + [[x]) = y;In(1 + [|y]))*,x, y € H.

i=1

Let us fix n € N and consider the mapping ®(x) = x - In(1 + ||x||?), for x € R". It is
easy to see that

'(x) =In(1+|x]|*) T+ —— A R"
(9 =InC1+ o) T A xR
where I = [6;;]uxn and A = [a;;],x, With a;; = x;x;.
Since ||Au|| = ||x|| x |{x,u)| for u € R", it follows that ||A|| < ||x||* and

®'(x) <In(1+|x|*) +2, forxeR"
Hence for x, y € R” such that ||x|| < rand ||y|| < r we have
n n , n , 211/2
|D(x) — @(y)|| = {Z(len(l +ij) — yjln(l +Zyj)) }
j=1 j=1 j=1

n

< (36— p7) M2 ema 2,

j=1

Consequently, for x, y € H such that ||x|| < rand ||y|| < r and for each n € N we

have
n n n 21 1/2
[Z(len(l +Zx§) — yjln(l + Zy?)) }
j=1 j=1 j=1
o 1/2.
< (Z(xj _ y]-)z) (2 +1In(1 + 1))

j=1

and (ii) is shown, letting n tend to infinity. Moreover, | loo m = 00. Hence

there exists a global, continuous, mild solution to the equation
dX = (AX + F(X)))dt + ®(t)dW,
for A and @ satisfying assumptions of Corollary[3.I} and F given by (3.2)).
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