
INTEGRALS OF ^-FUNCTIONS EXPRESSED IN TERMS OF
^-FUNCTIONS
by F. M. RAGAB

PAET I

(Received 8th August, 1953)
§ 1. Introductory. In § 2 the following two formulae will be established.
If, when^Sgg + l, R(a.r + &)>0, r = l, 2, ... , p and [ amp z \<TT,

dXrw
e-A Afc-i E(p ; ar : q ; ps: Xz)

J o
77 (E(p;a.r:77 (E(p;a.r:lk,Pl,...,pq:e^z) \

sin kir\ -z~kE(p ; ar +k : 1 +k, Pl+k, ... , pq + k : e±ilTz) j
, the result holds if the integral is convergent.

If when p^q + 1, l^m + l, R(xr + k)>0, r = l, 2, ... , p, R{pt-k)>0, t = l, 2, ... , I, and
| amp z | <7r,

f V - 1 ^ (p ;a.r:q;Ps:X)E(l;pt:m;ou: a/A)

s i n | _ ^ j

For other values of p, q, I, m the result holds if the integral converges.
In § 3 some particular cases will be considered.
In Part II a further integral formula is given, and from it is deduced the discontinuous

Integral of Weber and Schafheitlin (c/. Watson's Bessel Functions, p. 401.).
The following formulae will be required in the proof.

f e-'f+^Efr ;ocr:q;Ps: z//*) dn=E(p + l ; ar : q ; p,: z) (3)
J o

; a, : g ; /»,: fc) d f = ^ ( p ;-ar: g + 1 ; P s : z) (4)

where the contour starts at -oo on the f-axis, passes positively round the origin and returns
to -oo on the |-axis, the initial value of amp I being -IT.

1fB(P)>0,

1 0 <*, (3 "

§ 2. Proofs of the Formulae. In formula (5) replace a. by av /J by & + a1; and 2 by 1/z, and
it can be written

where
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Assuming that | amp z | <TT, this can be written

/•oo

Jo
• {E(ax : 1 - k : e±faz) -z~kEfa+k : 1 + k : e±faz)},

Sllli

where -R^j + &)>0.
This is a particular case of formula (1). On replacing z by zjfj, and applying

formula (3) repeatedly ; and then replacing z by £z and applying formula (4) repeatedly, the
general case is obtained.

Next, in (1) with p^q +1 replace A by A/z, where for the moment z is taken real and posi-
tive, and the formula can be written

rXk-iE(p;«r:q;Ps:X)E(::zlX)dX
J o

TT fzkE(p ; ar : 1 -k, Pl, ... , Pa : e±*
sin kn\ -E(p ; ar + k : 1 + k, Pl + k, ... ,

where R(<xr+k)>0, r = l, 2, ... , p, and we can take | amp z \<n. This is a special case of
formula (2), and the general case can be deduced in the same manner as was that of formula

§ 3. Special Cases. In (1) take p =0, q = l, with Pl = n +1 ; then, since

E{ :n + l :z)=zinJn{2/Jx), (6)

dX = -

Next, in (2) takep=l = 0, q = m = l, put Pl=m + l, a1=n + \, replace z by 16/«2, A by 4A8

and k by \(p -m+n) ; then, from (6), if-fi(w -/>)> -f, ^(/> + » ) > -f,

This formula was given by Hanumanta Rao [M ess. of Maths., XL VII. (1918), pp. 134-137].
Again, in (2) takep=2,q = Q, a.x=\+n,a2 = % -nand replace A andz by 2A and 2z ; then,

from the formula
coanirE($+n,%-n: : 2z) =J(2nz)e*Kn(z) (9)

it follows that , if R(k±n)> -\,R(pt-k)>0, t = l,2,...l, tem +1,

r\k-le*Kn(\)E(l ;Pt:m;au : z/A) dX
J 0

\zEfi+n'i~n' ^'k' ->Pi-k: 2e±"z

TT\ COSmr \ \l-k,a1-k,...,um-k
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194 T. M. EAGAB

In particular, from (6), if I = 0, m = 1 and <rx is replaced by m +1 ;

_ ^ (z"E(\+n, \-n : 1 -A,m + 1 -A : 2e±*"z) "1
2 \-2-*JE

r( |+w + /fc, | - w + ft:l+ft,w + l : 2e±'"z)J ( '

where B( ±w - §)<£(A)<-BUrn + | Y

Next, in (10) put Z = l, m = 0, j81 = )8 and get

f*A*-*(A+2)-^eAZB(A)dA
Jo

n, \-n, ft-ft: l - f c :
, | -w +ft, 3̂ : 1 +ft : 2e±»z)J ( ^

where i?( ± w - \)<R(ft) <i? (̂ 3) and | amp Z\<TT.

Finally, in (10) take 1 = 2, m=0, put /81 = | + w , /?2 = | -»w and replace z by 2z; then,
from (9),

osm7r cos nn ((2z)kE{\+n, \-n, \+m-k, \-m-h : 1 -ft : 4e±*"z) "1
2zi sin ftTr t - 2 - * ^ ( ^ + ^ + ft, \-n+k, \+m, J - w : 1+ft ; 4e±faz)J ' • " ( }

where R( ± w - f-) <i?(ft) <iJ ( | ± w) and | amp z | <w.
Numerous other special cases can be derived from (1) and (2).

PART II

(Received 14th August, 1953)
§ 4. A third Integral. The formula to be proved is

»0Q

A~a3'+i~1 E (p ; <xr: q ; p s : A) E (I; j3t: m ; au : zA) dX
Jo

P+l q (P+l ~\ - 1
= 7TJ)-9z°tj)+1 X n sin {pt-<xr)Tr< 77 's in (a s -a r )7r> z a r

r=l (=1 L «=1 J

" " ± W ( J " f f ) * \ . . . ( 1 4 )

where p^q + 1, ^ m + 1,-B(aj,+1)>0, i?(«r + i3t-a1)+1)>0, r = l, 2, ... , #, < = l,' 2, . . . , I, and
| amp z | <TT. For other values of p, q, I, m the formula is valid if the integral is convergent.

The following formulae will be required in the proof.

X fl' 7>s - «,) ( ^ r(Pt - a,)}"1

^ g + 1, z#0,

^ ^ r g ; ^ , ) - ^ ; ; ; ^ ^ ^ : ^ ^ : -J) , (16)
where, if p=q + l, | z
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If p^q +1, it follows from (15) and (16) that

E (p ; ar : q ; Ps: z) = n^"-1 S II si

195

r = l
sin (Pt - ar) w I A' sin(as - ar) TT\ Z*T

U )

§ 5. Proof of the formula. In (3) put p = Az and then replace A by I/A and z by 1/z, so
obtaining

i f
Jo

; Ps •• A).©(: : Az) d\=E(p + 1 ; ar:q ; Ps:

where i?(aj,+1)>0. Hence, on applying formula (17), formula (14) with 1 = 0, m = 0 is obtained.
The general case is deduced in the same manner as the general case of formula (1).
§ 6. The discontinuous Integral of Weber and Schafheitlin. If

where x is real and positive and - 1 <R(k)<R(m+n + 1), then

/m+n-k+1 m-n-k+1

I = '

n-m

2-k

xk-n-l

2 ' 2
m + 1

m+n-k+l n-m-k+1 1
,x>\.

• - ( 18 )

To prove this take p=0, q = 1,1 = 0, m = l in(14) and replace as+1 by d, Pl by n +1 and
by m +1 ; then, from (6),

•nx^K
Jo

dX

= -sin (n-d)irE(d, d-n :m + l : -x)

r(d) Ffd,d-n;-

\ m + 1
provided that x~> 1.

Now replace A by 4/A2, x by 1/x2 and dby ^(m+n-k + l), and so obtain the first case of
(18).

To obtain the second case interchange m and n, replace A by A/a; and then replace x by 1/x.
Many other special cases can be derived from (14).
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