INTEGRALS OF E-FUNCTIONS EXPRESSED IN TERMS OF
E-FUNCTIONS
by F. M. RAGAB
Parr 1
(Received 8th August, 1953)

§ 1. Inéroductory. In § 2 the following two formulae will be established.
If, when p=q +1, R(e, +£)>0,r=1,2,..., pand | amp z| <=7,

fwe—")«"*lE’(p st pst AR)dA
’ o {E(p;u,:l—k,pl,...,pqleii”z) } n
‘ sinkr |~z *E(p;a,+k:1+k, py+k, ..., pg+k:exinzg) [~
If p=<lq, the result holds if the integral is convergent. ,

If when p=¢+1,IZzm+1, B(x, +k)>0,r=1,2, ..., p, R(B;—k)>0,t=1, 2, ..., ], and
| amp 2z | <7,

fw,\k—lE(p;a,;g;ps;A)E(l;ﬁt:m; oy 5 2/) dA
0

z"’E’(aI’ vy, Bi—k, ..., Bk eiiﬂz>
= Lok proeespo or =y yom=b JL 2
sin krm _E,<a1+lc,...,oc,,+lc,/31,...,}9, :ei""z> ’ "
14k, py+k, ..., pg+k, 00 oo s 0y

For other values of p, ¢, I, m the result holds if the integral converges.

In § 3 some particular cases will be considered.

In Part II a further integral formula is given, and from it is deduced the discontinuous
Integral of Weber and Schafheitlin (¢f. Watson’s Bessel Functions, p. 401.).

The following formulae will be required in the proof.

If R{xy4,)>0,

foe_”,f”““lE(p s g pet 2lp) d,u=E(p+1 HEER I V) U (3)

2;[(3 CPE(pra,:q;ps: L) AE=E(Piay:q+1;psi2)cceeneeiennnnn. (4)

where the contour starts at —co on the £-axis, passes positively round the origin and returns
to —oo on the ¢.axis, the initial value of amp ¢ being —7.
If R(B8)>0,

I‘(oc)f:e"‘ AL+ Az)*dd= ST (B -a) ()22 Fla;a~B+1;2) wovrrrnnee (5)
a, B

§ 2. Proofs of the Formulae. In formula (5) replace « by oy, B by k + oy, and z by 1/z, and
it can be written

() f :e—" =t (1 + Xl-z)m“‘da

=I'(k) () Floy; 1=k 5 1/2) + (=) (oy + kY2 * Foy +k 5 1 +k; 1/2),
where RB(«, +k)>0.
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Assuming that | amp z |<C#, this can be written
o0
f e ANLE (o 12 X2) dA
0

~ T B(a =k estm2) -2 B oy +h s L4k em),

where B («, +%£)>>0.

This is a particular case of formula (1). On replacing z by z/u and applying
formula (3) repeatedly ; and then replacing z by {z and applying formula (4) repeatedly, the
general case is obtained.

Next, in (1) with p=g + 1 replace A by A/z, where for the moment z is taken real and posi-
tive, and the formula can be written

fAk LB (p;a,iq; pei NE( 1 203) a2

= z"E’(p ot 1=k, pyyeue s pg i €E972)
Csinkr | ~E(p; e, +k:1+k, py+k, ..., pgt+k:etinz)

where E(«,+k)>0, r=1, 2, ..., p, and we can take | amp z|<#. This is a special case of
formula (2), and the general case can be deduced in the same manner as was that of formula
(1).
§ 3. Special Cases. In (1) take p=0, ¢ =1, with p,=n+1; then, since
- E( :in+1:2)=28J,(2//2), criiveenririiiinaiinieiiiniiieniiens (6)
if R(k+3in)> -3,
® (k) 1
bn | g—r \k+in-L = 1 - .
2 foe NekneL T, (2] /() d F(n+1)F( 1-k,n+l z)
I'(-k)

1
-k . P
+—__—_P(n+k+1)z F( ,l+k,n+k+1,z). ................................. (7)

Next, in (2) take p=1=0,g=m =1, put p, =m +1, al—n+1 replace z by 16/2%, A by 4A?
and k by 4(p —m +n); then, from (6),if R(m —p)> -2, R(p+n)> -3,
f 2t T (N T (\z) A

_ T(p- %m+%n)z’"‘° (. N 2
=g m+ gn—dp+ DIm s 1)\ L Am i —de L dmorin - ””’16)

22“9“1,;::_;7:_%51? (n+1)F( sn+l, n-tm+ip+1, §m+%n+%p+1,16> ~(8)

This formula was given by Hanumanta Rao [Mess. of Maths., XLVII. (1918), pp. 134-137].
Again, in (2) take p=2,¢ =0, o; =} + %, 2, =} — » and replace A and z by 2) and 2z ; then,

from the formula
cosnm E(d+n,3-n::22)=/(272)e? K, (2) cercvrenrreriiniininanninnnn, 9)

it follows that, if B(k +n)> -4, R(B, - k)>0,t=1,2,... ], l1=zm +1,
f N A K, (N E(l; B, m; 0y : 2A) dA
0

kE<%+n:%—'n,,81“k, ...,Bl—k:2eiiﬂz
_\/(_ cos N 1-k0,-k,...,0,-k
~V\2/ sin kx _2_kE(§+n+k,%—n+k,Bl,...,Bl:2ei"ﬂz>

1+k, 04 ..., 04

s (10)
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In particular, from (6), if /=0, m =1 and o, is replaced by m +1 ;

@© ' A
k—jm— oA A
fo,\ AR, (N) Jm(2\/z)d/\
_\/ m\cos .. 2B} +n,d-n:1~k,m+1—k:2e*imz) 1
“V\2 s 2 FE(Gtnk hntk: 14k mel: 2eking [ (1)
where R(;{;n—%)<R(k)<R<1}m+z>.
Next, in (10) put [=1, m =0, 8, =g and get

f "Nt (A 42) P A K, (V) dA
0

_\/(7_7 cosnr 278 [2*E(3+n,4-n, B—Fk:1~k:2e*im)
"N\2/sinka T'(B)L -2 E(}+n+k, t~n+k, B:1+k:2exim) |77

where B( +n -§)<<R(k)<R(B) and | amp 2z | <m.
Finally, in (10) take [=2, m =0, put B;=4%+m, B;=4—-m and replace z by 2z; then,
from (9),

f :A"‘l M K, (A) K, (2/A) dA

_cosmmceosnr [(22)°E(3+n, 4 -n,d+m-k,d-—m~—k:1-k:4exim) (13)
22t gin b -2*E(G+n+k f-n+k, d+m, b-m:1+k; dekim) )’
where B(£n—3)<R(k)<R(} +m) and | amp z | <m.
Numerous other special cases can be derived from (1) and (2).’
Part 11
(Received 14th August, 1953)
§ 4. A third Integral.” The formula to be proved is
oW
f A o1 B (pa, i q; ps: AV E(; Biim; oyt 2A) dA
0 .
P+l @ P+l -1
=qP-02°2+ 3 I sin (p, —a,)7w < II' sin (a --oc,)vr} P
r=1 t=1 . 8=1
< B Oy o+ By —pygs oo s Gp+ By — g, 0 —py +1, oo —pg+ 1 exin(p—0)7 (14)
o=y +1, L F o w oy F L oy~ e Oy 0y T

where p=q +1, I=m +1, B(xp,1)>0, B, + B ~cipy)>0, r=1,2, ..., p,t=1, 2, ..., I, and
| amp z |<<w. For other values of p, g, I, m the formula is valid if the integral is convergent.
The following formulae will be required in the proof.

Ifp=g+1, ‘
2 v ~1
Bpiaiginin)= & B Mo-a{ I Tei-a)}
= =
u oy tp=pr+1, o0 —p+ 1 (-1)P92
XF(“’)ZTF{%_—%H,...*...,oc,—oc,,+l e ereeeens (15)‘
If p<q+1, z+0,
oo o) D) ol ]
E(p,mr.q,ps.Z)—mF p,oc,..q,ps.—;), ............ (16)

where, if p=¢ +1, | z|>1.
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If p=q +1, it follows from (15) and (16) that

v ~1
E(p;a,:q;ps:2)=mar-et Z’ II sin (p; — a,,)qr{ﬂ’ sin(e, —a,) 77} 2%
s=1

r=1 t=1
exin(p—g—1)
xE{a,,oc,.—pl—i-l,... —pgt+1: ———;———} 17)
=g +1, ¥ a a1

§ 5. Proof of the formula. In (3) put p=Xz and then replace A by 1/A and z by 1/z, so
obtaining

z"‘”“fwz\‘“w“E(p 50005 ps i ANV E(: ) dA=E(p+1;a,:q;p,: 1/2),
0

where R(x,,,)>0. Hence, on applying formula (17), formula (14) with [ =0, m =0 is obtained.
The general case is deduced in the same manner as the general case of formula (1).

§ 6. The discontinuous Integral of Weber and Schafheitlin, If
I= f I (A%) J, (A)ATE dA,

where x is real and positive and —1<<R(k)<<R(m +n +1), then

[ I’(y%ﬁ:—l)%k mtn—k+1 m—n——lc+1.w2 )
P(——%——)F(m+l) ' m+1
I ...(18)
T P(En—;}—c—i})?k /min-k+l n-m-k+1 1 (
I’(m—~%——>1‘(n+l) : n+1 J

To prove this take p=0, g=1, I=0, m =1 in (14) and replace a,,; by d, p, by n+1 and
ay by m+1; then, from (6),

e [ “-assimin 7, (0] J )} 7, 213) A
=-sin(n-dynE(d,d-n:m+1: —x)°

- I@ Fd,d_n;}c
TTT-d+1)I(m+1) il ’

provided that #>1.

Now replace A by 4/A2, « by 1/2? and d by % (m +n -k +1), and so obtain the first case of
(18). :
To obtain the second case interchange m and =, replace A by A/x and then replace x by 1/z.
Many other special cases can be derived from (14).
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