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Abstract

Projective planes of order n with a collineation group admitting a 2-transitive orbit on a line of length at
least n/2 are investigated and new examples are provided.

2000 Mathematics subject classification: primary 51E15; secondary 20B25.

1. Introduction

A classical subject in finite geometries is the investigation of a finite projective plane I'l
of order n admitting a collineation group G which acts 2-transitively on a point-
subset & of size v of I. It dates back to 1967 and it is due to Cofman [9]. It is easily
seen that either

(i) the structure of a non trivial 2-(v, k, 1) design is induced on &, or
(iil) ¢ isan arc, or
(iii) & is a contained in a line.

This paper focus entirely on the case when £ is a contained in a line. Starting from
Cofman [10], several papers have been devoted to this case. In [10], Cofman proves
that I1 is Desarguesian and SL(2,n) < G, under the assumptions that v = n + 1
(that is, ¢ is the entire line), n # 1 mod8 and G contains involutory homologies.
Some years later, Schulz [56] and Czerwinski [13] essentially proved that the unique
translation planes with a collineation group acting 2-transitively on the line at infinity
are either Desarguesian or Liineburg planes. Actually, they proved this characteriza-
tion under additional assumptions that ruled out the possibility for G to contain Baer
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collineations. Later, such additional assumptions were totally dropped with the use of
the classification of finite 2 -transitive groups. In 1981, Korchmdros [44] investigated
the general case v = n + 1 when n = 2". Apart from the Desarguesian case, the
author proves that either G = Sz(n) or G = PSU (3, n).

Also the case v = n has been investigated extensively. In 1986, Ganley and Jha
[19] proved that if v = n and [T is a translation plane and / is the line at infinity, then [T
is actually a semifield plane, The case v = n was investigated by Hiramine [29] in
1993, without any assumption on the structure of IT1. Apart from a few numerical
values of n, Hiramine shows that the socle of G, where G denotes the group induced
by G on 0, is an elementary abelian p-group for some prime p, the plane IT has
order n = p” and either Go < T"'L(1, p") or SL(2, p") < Go < TL(2, p"). In 1999,
Biliotti, Jha and Johnson classified the translation planes I for v = n, n # 2, when!
is the line at infinity and G < AT L(1, p"). In 2000, Ganley, Jha and Johnson [20]
classified the triple (I1, &, G) for v = n, when IT is a translation plane, [ is an affine
line and G is non solvable. Recently, Biliotti and Francot [4] investigated the general
case v > n, determining all the possible collineation groups.

The problem of classifying the triple (IT, &, G) when & C [ and the length v of &
is smaller than n, but close t5 n, is open. An initial result in this direction is the paper
of Biliotti and Montinaro [8] devoted to the case v = n — 3. In that paper no nontrivial
cases arise.

The aim of this paper is to investigate the finite projective planes IT of order n
admitting a collineation group G which acts 2-transitively on a subset & of a line /
of IT, under the assumption y > 5 /2. In particular the following results are obtained.

THEOREM 1.1. Ler I1 be g projective plane of order n and let € be a 2-transitive

G-orbit of length v on a line. If v > n/2 and G is almost simple then one of the
Sfollowing occurs:

(1) v =n+1, and one of the following occurs:

@ n —q, M=PGQ,q)and SLQ2,q) < G;
(b) n—q g =2""" 5> 1, and Sz(q) < G;
(© n=¢%qg=2%s5>1, PSUG, q)<1GandGﬁxesapomt0fl'I’

(2) v=(n+1)/2 nodd, and one of the following occurs:

(a) I is the Hall plane of order 9 or its dual, |6 = 5 and SL(2,5) 4 G;
(b) n=29+1,g=3mod4,q#7|0|=q+1and SL2,q) < G;

(3) v =n/2, neven, and one of the following occurs:

(@) I is the Johnson-Walker translation plane of order 16 or its dual, and
PSL2,7) <G,

() n=2(q+1),9=3mod4,|0| =g+ 1and SL(2,q) <G.
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We remark that the result (1) is already known (see [4] and its references for related
examples). So, our task is to prove the results (2) and (3). We also remark that there
are no known examples for the cases (2b) and (3b).

THEOREM 1.2. Let I1 be a projective plane of order n and let € be a 2-transitive
G-orbit of length v on a line. If v > n/2 and G is of affine type then one of the
following occurs:

(D v=n4+1,neven, and either

(@ Go <TL(,v),or
(b) ve {52 7% 112,192 232,292, 592},

(Il) v = n and either
(@ Go<TL(1,v),0r
(b) SL(2, p*?) 4 Gy, d even, or
) ve {2“, 32,34,35,52, 72, 112, 19?2, 232, 292, 592};

) n/2 < v < nand either
(@ G < ATL(1,v), or
(b) v e {2%25,3% 3% 3% 35 5%, 7%, 117, 19%, 232, 292, 59%}.

‘We remark that the results (I) and (IT) are already known (see [4] and [29] for related
examples). So we have to prove the result (III). We stress that, while there are no
known examples for the case (IIIb), examples of type (IIla) occur in the Desarguesian
planes of order 8 and 9, in the Lorimer-Rahilly plane of order 16 and in the Johnson-
Walker plane of order 16 and in their duals. A complete description of these examples
is given in section 3.

Clearly, Theorems 1.1 and 1.2 together cover all possibilities for a 2-transitive
collineation group G.

The present paper is structured as follows. In section 2 we fix notation and the
background of the problem and we recall some results which are useful for proving
Theorems 1.1 and 1.2. In section 3, a complete description of the examples provided
in the paper is given. In section 4, we give some preliminary reductions for the
structure of the 2-transitive collineation group G. Sections 5 and 6 are devoted to the
proofs of Theorems 1.1 and 1.2, respectively. Finally, in section 7, our main problem
is investigated under the additional assumption that IT is the projective extension of a
translation plane.

2. Background

The group-theoretical and geometrical notation used in this paper is standard. For
the required background concerning finite groups, the reader is referred to [1, 22]
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and [34]. In particular, for the finite groups admitting a 2-transitive permutation
representation we have the following classification.

THEOREM 2.1. Let H be a finite group with a 2-transitive permutation represen-
tation of degree v and let S = soc(H) be the socle of H. Then one of the following
occurs:

(1) Sisnonabelian simple, and S < H < Aut S where S and v are as follows:

(@) A, withv>=25;

(b) PSL,q),d=2v=1(¢"-1)/(g—-1)and(d,q) # (2,2),(2,3);
) PSUGB, g, v=¢*+1,q>2;

(d) Sz(g),v=¢g*+1, g =2%" > 2;

(e) *Gaq),v=¢q"+1,q =3

® Sp2n,2),n >3 v=2%""1421.

(g) PSL2,11),v=11;

(h) Mathieu groups M,, v =11, 12, 22, 23, 24;
i) My, v=12;

Gy A, v=15;

(k) HS (Higman-Sims group), v = 176;

(1) Co; (Conway’s smallest group), v = 276.

(2) Sisanelementary abelian group of order v = p®, where p is a prime. Identify G
with a group of affine transformations x —> x¢ + ¢ of GF(p)?, where g € G,.
Then one of the following occurs:

(@ Go<TL(,p%;

(b) SL(a,q) < Go, where a >2 and q° = p*;

() Spla,q) S Go, wherea >4, a even, and q° = p;

(d) Ga(q) < Gy where q° = p? and q is even;

(e) Go = Agor Ay, p? =24

(f) SL2,3) I GoorSL(2,5) <4 Gy, v=p*andp=5,7,11,19,23,29, or
59, orv = 3%;

(8) Gy has a normal extraspecial subgroup R of order 2° and Gy/R < Ss;

(h)y Go = SL(2,13), p? = 38

See for example [40].

A finite 2-transitive group is said either almost simple or of affine type according to
whether its socle is a nonabelian simple or an elementary abelian p-group for some
prime p, respectively.

The background concerning finite projective planes may be found in [33]. Let
n=(2, ,2”) be a finite projective plane of order n. If G is a collineation group
and P € & (I € .£), we denote by G(P) (by G(I)) the subgroup of G consisting
of perspectivities with the centre P (the axis /). Also, (P,I) = G(P) N L().
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Furthermore, we denote by G(P, P) (by G(, 1)) the subgroup of G consisting of
elations with the centre P (the axis /).

The following theorems deal with projective planes IT of order n with a collineation
group G acting 2-transitively either on the points of a line, or on the points of a line
minus one.

THEOREM 2.2. Let I1 be a projective plane of order n with a collineation group G
acting 2-transitively on the points of a line. Then one of the following occurs:
(1) I=EPG2,n)and SL(2,n) 4 G;
(2) n=gq% q=2%",5>1,and Sz(q) < G;
3) n=¢qg*g=2%5>1, PSU@B,q) < G and G fixes a point of TT';
(4) n=p"—1, panoddprime,and G < ATL(1, v);
5) n=p'—1,pte {52, 72, 112, 192, 232, 292, 592}, and G' is sharply transitive
on | except possibly for p" = 5% or 29°.

For a proof see [4, Theorems 5.2 and 5.5].

Note that, while the there no known examples corresponding to the cases (3)-(5),
the case (2) really occurs in the projective extensions of the Liineburg planes.

We now consider the case where G fixes an incident point-line pair (L, /) of IT and
acts 2-transitively on/ — {L}.

THEOREM 2.3 (Hiramine). Let I1 be a projective plane of order n with a collineation
group G that fixes an incident point-line pair (L, 1) of I1 and acts 2-transitively on
I —{L). Thenn = p°, p prime, and G contains a normal elementary abelian p-group
acting regularly onl — {L). In particular, one of the following occurs:

(1) Go <TL(l, p%;
(2) SL(2, p**) 4Gy, d even;
(3) pe {2“, 32, 34,36, 52,72, 112, 192, 232, 292, 592}.

In the following result, the two previous situations are analyzed under the further
assumption that IT is the projective extension of a translation plane.

THEOREM 2.4, Let I1 be the projective extension of a translation plane of order n
and let (L, 1) be an incident point-line pair of I, and let G be a collineation group
of T fixing the line 1. Then one of the following occurs:

(1) If G acts 2-transitively on | then l is the line at infinity and either
(a) Il is Desarguesian, or
(b) I isa Liineburg plane.

(2) Ifn # 25 G fixes the point L and acts 2-transitively onl — (L), where l is the
line at infinity, then either
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(a) [l is a Desarguesian, or
(b) Il is a Generalized Twisted Field plane.
3) Ifn¢ {34, 36,112, 192, 292, 592}, G is non solvable, G fixes the point L and acts
2-transitively on | — {L}, wherel is an affine line, then either

(@) I is Desarguesian, or
(b) I1 is one of the three Walker planes of order 23, or .
(c) I is the Dempwolff plane of order 16.

See for example [38, Theorem 4.3.16] for a proof of the case (1), see [5, The-
orem 8.1] for a proof of the case (2) and see [20, main theorem] for a proof of the
case (3). Clearly all these cases really occur. Note that a classification of the projective
extensions of translation planes, when / is an affine line and one of the situations (1)
or (3) of Hiramine’s theorem occurs, is not available. Nevertheless, there are several
examples corresponding to each of these situations (see [6]). In particular, in the
examples referring to the situation (3), As is involved in G o in many cases.

3. Examples

In this section we provide some examples. It is worth noting that, while Examples 1
and 2 are already known, Example 3 is new.

EXAMPLE 1. Let IT be a projective plane of order n, withn < 9, and let G be a
collineation group of I1. Suppose that G induces a group G which has a 2-transitive
point-orbit of length v on a line I. If n > v > n/2, then one of the following
occurs:

() TI= PG2,4),G = AGL(1,3) and there is exactly one 2-transitive G-orbit of
length 3 on /; ’

) N=PGR,H5), G= AGL(1, 3) and there are exactly two 2-transitive G-orbits
of length 3 on [;

3y I =PGR,7, G = SL(2,3), in particular G = AGL(1,4) and there are
exactly two 2-transitive G-orbits of length 4 on [;

4) M= PGQ2,8),G = AGL(1,4) and there are exactly two 2-transitive G-orbits
of length 4 on [; _

(5) M= PG(2,8),G = AGL(1,7) and there is exactly one 2-transitive G-orbit of
length 7 on [;

(6) TI=PG(2,9),G = AGL(I,5) and there are exactly two 2-transitive G-orbits
of length 5on;

7 N = PG2,9), G = SL(2,5), in particular G = As there are exactly two
2-transitive G-orbits of length 5 on .
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In particular, each of these cases really occurs.

Let IT be a projective plane of order n, with n < 9, and let G be a collineation
group of IT inducing a group G which has a 2-transitive point-orbit of length v on a
line /. Assume thatn > v > n/2. Clearly v > 3.

If v =3then 3 < n < 6. Actually, n < 6 by [33, Theorem 3.6]. Hence either
n=4orn =5.If 1 = PG(2,4) then any subgroup G of PT'L(2, 4) isomorphic to
D¢ = AGL(1, 3) and containing the involution induced by the Frobenius automor-
phism of GF(4) fixes two points on / and acts 2-transitively on the remaining ones.
Thus (1). If [T = PG(2,5) the group SL(2,5) induces As on ! and any G = Dq
inside As has two 2-transitive point-orbits on / both of length 3, and hence (2).

Ifv=4then4 <n <8. Thatisn =5, 7 or 8. The are no examples in PG (2, 5),
since the stabilizer in PGL(2, 5) of three distinct points on a line is trivial. In
PG (2, 7) there is exactly one example: the group G = SL(2, 3) has two 2-transitive
point-orbits on /, both of length 4. Therefore (3). In PG(2, 8) there is exactly one
example: a subgroup G of PI'L(2, 8) isomorphic to AGL(1, 4) has two 2-transitive
point-orbits on /, both of length 4. Hence (4).

Ifv=5then5 <n <9 Ifn=7o0r8then Il = PG(2,n). Nevertheless
these cases cannot occur, since 5 { |PI'L(2, n)|. Therefore n = 9. Then either I1
is Desarguesian or IT is one of the Hall planes by [58]. It is easily seen that there
exists a subgroup G = AGL(1, 5) of PTL(2,9) splitting / in two 2-transitive orbits,
both of length 5 when IT is Desarguesian, and hence (6). If I is the Hall plane of
order 9 then the group induced on the line at infinity by the full translation complement
of I is described in the proof of Lemma 5.2 of [18]. It is easy to check with [24],
by using such a description, that the group induced on the line at infinity does not
contain solvable subgroups with a 2-transitive permutation representation of degree 5.
Nevertheless, the group G = SL(2, 5) induces As on the line at infinity and this one
is split in two 2-transitive As-orbits, both of length 5 (see [6]). Thus (7).

Ifv=6then6 <n<9.Ifn =7o0r8then Il = PG(2, n). Thus G < PI'L(2,n)
such that G is 2-transitive orbit on I of length 6. Clearly 5 | |G|. This gives a
contradiction, since 5 { |PT'L(2, n)| forn = 7 or 8. Son = 9. Nevertheless, this case
cannot occur by [8, Theorems 25 and 35], since n — v = 3.

Ifv=7then7 <n <9 Thatisn =8o0rn=9. Ifn =9then 1 = PG(2,9)
by [57, Lemma 8.2]. So G < PT'L(2,9). This gives a contradiction since 7 | |G|
while 7 t |PT'L(2,9)|. Thus n = 8 and hence IT = PG(2,8). Let!/ be a line of
IT = PG(2,8). Clearly PT'L(2, 8) acts on /. Pick any Z, in PI"L(2, 8). Then Z;
fixes two points P; and P, on / and Z, acts regularly on ! — {P;, P,}. Furthermore,
Nerres(Z7) = Dyy.{o), where o is the collineation of IT “induced” by a Frobenius
automorphism of GF(8). Set & = [ — {P;, P;) and G = Npr.08(Z;). Then
G = AGL(1, 7) acts 2-transitively on & and v = 7. Thus (6).
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If v=8thenn =9. Then I1 = PG(2, 9) by [57, Lemma 8.2], since 7 | IGI as G
acts 2-transitively on & and v = 8. This gives a contradiction, as above.

EXAMPLE 2. In the Johnson-Walker translation plane IT of order 16 or its dual,
there exists an affine line I on which a group G isomorphic to PSL(2,7) has two
2-transitive orbits of length 7 and 8.

This example follows by [15, Theorems 4.8—4.10 and Section 5].

EXAMPLE 3. In the Lorimer-Rahilly translation plane of order 16, in the Johnson-
Walker translation plane of order 16 and in their duals, the group G = AGL(1, 8)
admits a 2-transitive orbit & of length 8 on a line.

Let TT be the Lorimer-Rahilly translation plane of order 16 or the Johnson-Walker
translation plane of order 16 or one of their duals. Denote by [/, the line at infinity
of IT. Let T be the full translation group of IT and let H = Z; be a subgroup of the
translation complement fixing the point O of I1. Clearly H fixes a point P on [.
Let T, be the subgroup of translations of IT of direction P. Then T) fixes the line
PO and it acts regularly on PO — {P}. Furthermore, H acts on 7} — {1} and on
PO — {P, O} in the same way, by [51, Proposition 4.2]. In particular, H leaves a
subgroup T, of T; of order 8 invariant, since Ty — {1} = PG (3, 2) and Z; fixes exactly
a non incident point-plane pair in PG(3, 2) by [50, Table I]. Clearly Z, is transitive
onT; —{1}. Set & = O™ and G = T,.H. Then G = AGL(1, 8) acts 2-transitively
on & and |¥| = 8.

We remark that in the other known projective planes of order 16 there are no
examples of 2-transitive orbits of length 8 on a line (see [52, Table 1]).

4. Preliminaries

Let G be a collineation group having an orbit & of points of IT on which G acts 2-
transitively. We call & a 2-transitive G-orbit, or just a 2-transitive orbit. Furthermore,
we say that & is non trivial if {€| > 1. Note that v > 3 since G is 2-transitive. In
what follows, we assume that v > 5. Itis a plain that n > 8.

The following numerical and group-theoretical lemmas will be useful hereafter.

LEMMA 4.1. Let t/, j > 0, and p’, r > 0, be two powers of primes such that
p” =3mod4. Then the following holds:

(1) Ift/) =2p" + 1then j = 1.
(2) Ift! =2(p" + 1) thent =2, r = 1 and p is a Mersenne prime.
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PROOF. The assertion (2) follows by [54, Result (B1.1)], since ¢ = 2. Hence,
assume that#/ = 2p” + 1. Then ¢t/ = 3 mod 4, since p” = 3mod4. Thus t = 3 mod 4
and j is odd. In particular 2p” = (¢t — 1)[(#/ — 1)/(¢ — 1)]. Hence 2p"* =t — 1 and
pr=@ -1/t —1),0<h <r,sincet and j are odd. Assume that 0 < h < r.
Then p | ged(r — 1, () — 1)/t — 1)). Hence p | j by [54, Result P1.2(ii)].
But this contradicts [54, Result A8.5(1)]. Assume that 4 = r. Then ¢t = 3 and
3 ~1)/3—-1) = p". Then (p, r, j) = (11, 2, 3) by [60, Theorem 3]. This gives
a contradiction, since p” = 112 and 112 # 3mod4. Hence h = O and j = 1. This
proves the assertion (1). O

A class of solutions to the first Diophantine equation is furnished by the Sophie-
Germain primes (r = 1) (see [55]).
- Denote by d;(H), j > 0, the primitive permutation representation degrees of a
group H in increasing order, so dy(H) denotes the minimal one. If v is a 2-transitive
permutation representation degree of H then dy(H) < v.

LEMMA 4.2. Let H be a2-transitive non-abelian simple group such that dy(H) = v.
Then either d;(L) > do(L) + +/2dy(L) for j > 0, or d;(L) = dy(L) + 1 and one of
the following occurs:

() H=E Asandv=25;

2) H=PSL2,Nandv=T1,
(3) H=PSL(2,11)andv =11;
4 HZ=ZMandv =11

PROOF. The assertion is true when H is sporadic by a direct inspection of [11].
Elementary calculations with [59] and with [42] show that the assertion is also true
when H is exceptional of Lie type. When H is alternating, the assertion follows
by a straightforward calculation by [34, Satz IV.4.6] for v > 9 and by [11] for
5 < v < 9. Assume that H is simple classical group. Then the assertion follows by
[34, Haupsatz 11.8.27] when H = PSL(2, q). Furthermore, the assertion follows by
[25] and [49] when H = PSL(3, q). It remains to resolve the cases H = PSL(d, q),
d > 4,and H = Sp(d, 2),d = 2h and h > 3, by the list given in Theorem 2.1.
As a consequence of the structure theorems given in Kleidman and Liebeck [43],
every maximal subgroup of H lies in the classes US| %; or in the class .%, where
the structure of every member of %; is shown in [43, Tables 3.5.A-C]. Let M be a
maximal subgroup of H such that [H : M] > dy(H). If M € &, then |M| < ¢**
by [46]. Then [H : M] > 2v + 1 by an easy calculation. If M € Uf=1%”,~ then a
straightforward calculation of [H : M] with [43, Tables 3.5.A-C], with the structure
proposition members of %; given in [43, Chapter 4], in conjunction with [12] and with
Lemma 4 and Table II of [45], shows that the assertion is true also in this case. O
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LEMMA4.3. Let H be a 2-transitive non-abelian simple group such that dy (H) < v.
Then the following holds:
(1) di(H)>v+2vforj>1;
(2) 2dy(H) > v+ 1, except
(a) H = A, where 2dy(H) =v — 1 and v = 15;
(b) H = Ag, where2dy(H) =v+ 1and v = 15; .
(c) H=PSU@3,S5), where 2dy(H) = v — 26 and v = 126.

PROOF. In Table 1 the non abelian simple groups such that dy(H) < v are listed
(see Theorem 2.1):

TABLE 1.
PSL(2,5) V=6 do(H) =5
PSL(2,7) v =8 do(H) =7
PSL(2,9) v =10 do(H) = 6
PSL(2, 11) v=12 do(H) = 11
PSUG3, 5) v = 126 do(H) = 50
A v=15 do(H) =17
Ag v=15 do(H) = 8
M, v=12 do(H) = 11
HS v =176 do(H) = 100
SpRh,2),h =3 | v=2"1(2"+ 1) | do(H) = 2" 12" = 1)

The assertion (1) easily follows by a direct inspection in [11] of the primitive
permutation representations of the groups H listed in Table 1 and not isomorphic
to Sp(2h,2), h = 3. When H = §p(2h,2), h > 3, a similar argument to that
in Lemma 4.2, H being classical, also proves the assertion in this case. Now the
assertion (2) can be easily read off from Table 1 ]

Let N be the kernel of the action of G on & and set G = G/N. We may also
assume that G is the minimal preimage of G. We now present some preliminary
reductions for the structure of N.

LEMMA 4.4. N = ®(G), where ®(G) is the Frattini subgroup of G.

PROOF. Let S be any Sylow t-subgroup of N. Then G = Ng(S)N by Frattini’s
argument. Thus S < G by the minimality of G. Therefore N is nilpotent. Suppose
that N £ ©(G). Then there exists a maximal subgroup M of G such that G = NM
by [34, Satz 3.2(b)]. Clearly M < G and M/(M N N) = G. This contradicts
the minimality of G. Hence we may assume that N < ®(G). Note that G is
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maximal in G for each point P € &, since N <1 Gp and G is primitive on &. Hence
®(G) < Gp for each point P € 6. Therefore N = ®(G). O

LEMMA 4.5. If N # (1), then one of the following occurs:
(1) G fixes a unique point Q on I1 — I, N is semiregular on T1 — (I U {Q}) and

IN||n—1,;
(2) N is semiregular on T1 — [ and |N| | n%. In particular one of the following
occurs:

(@) [N||nandN is semiregular on [Y] — {l} for any point Y € O;

(b) n||N,n=u’, j>1, Nisau-group and [N : N,] = n for any line a
of 1 intersecting | in O;

(€ n||INl,n=2"*j>1, Nisa?2-group and [N : N,] = n/2 for any
line a of Il intersecting | in O;

(d) IN|=>n,n=3|SI/2, SisaSylow 2-subgroup of N and S < N < § x A,
where A is a group of order a divisor of 9.

PROOF. Suppose there exists « € N, ¢ # 1, such that « is planar on I1. Then
o(Fix(a)) > n/2 — 1, since « fixes € pointwise and v > n/2. So (n/2 — 1)> < n by
[33, Theorem 3.7]. This gives a contradiction, since n > 8. Thus N does not contain
any non trivial planar collineation of IT.

Assume that there exists an element o € N, o # 1, such that o fixes a point P of
IT — /. Actually, P is the unique point on I —/ fixed by o since N does not contain
any non trivial planar collineation of I1. Furthermore, P is the unique point on I1 — /
fixed by Z(N). Thus G fixes P, since Z(N) < G and Z(N) # (1) being N nilpotent
by Lemma 4.4. This proves the assertion (1).

Assume that N is semiregular on IT — /. Hence |N| | n®. If N is semiregular on
[Yo] — {{}, for some point ¥y € &, then |N| | n and N is semiregular on [Y] — {/} for
any point Y € &, since G is transitive on £. This proves the result (2a).

Assume that there exists by € [X] — {/} such that N,, # (1) foreach X € 0. If
N, N N, # (1) for some couple of lines e and c intersecting [ in distinct points of &,
then there exists y € N, y # 1, fixing the point e N ¢ which lies in IT — . This
gives a contradiction, since N is semiregular on IT — /. Therefore we may assume
that N, N N, = (1), with N, N, # (1), for any couple of lines 4 and z intersecting &
in distinct points. In particular, N, < N for each line ¢ of IT intersecting &. Thus
[P] — {I} consists of nontrivial N-orbits for any point P of &. Leta € [0] — {I},
O € 0, be such that N, # (1). Let S, be the Sylow u-subgroup of N,, where u
is a prime dividing |N,|, and let S be the Sylow u-subgroup of N. Assume that
S =3S,. Then S, <« G as N is nilpotent. Let g € G be such that Og # O. Since
S. < G, S, fixes the line ag and hence the point @ N ag which lies in IT — /. This
gives a contradiction, since N is semiregular on IT — . Therefore S, < §S.

https://doi.org/10.1017/51446788700036880 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700036880

238 Alessandro Montinaro [12]

Furthermore, |S|—1 > v(|S,| — 1) since S, # (1), S < G and G is transitive on &.
Then [S : S,} = [v(|S.]| — 1) + 11/]|S,|. Hence either |S,;| > 3and [S : S,] > 2v/3, or
|Sel =2 and [S: S;] = (v + 1)/2. Denote by k the number of S-orbits on [O] — {I},
where O € €. Arguing as above with S in the role of N, as § < G, we see that
[O] — {1} consists of nontrivial S-orbits. Let x € [0] — {{} be such that |x5| < | ysl
forany y € [0] — {I}. Then k|x5| <n.

Assume that |S,| > 3. Then k <2 as |x5{ > 2v/3 and n < 2v. Ifk = 1 then
|x5| = n. Hence n = u/, j > 1, as (x| = u/. Thus N = S as |N| | n?, and we
have the assertion (2b). Assume that k = 2. Then [0] — {I} = x5 U b’ for some
line b of [0] — ({{} U x5). Hence n = |x5| + |b5|. Assume that |x5| < |b5|. Then
|xS|lu < [bS|, since § is a u-group. Hence |b%| > 2vu/3 as |x5| > 2v/3. Then
2vu/3 4+ 2v/3 < n,as n = |x5| + |b®|. This gives a contradiction, since u > 2 and
n < 2v. Asaconsequence |x¥| = |b*|. Hence n = 2u/ since |x5| = u’/. Thenu =2
and n = 2/*! by [33, Theorem 13.18]. Then N = S since |N| | n%. In particular,
|x¥| = |b¥| = n/2. This proves the assertion (2c).

Assume that |S,| = 2. Then k <3 as |[x5| > (v+ 1)/2 and n < 2v. Note that
S, = S(x N1, 1), since |S,| = 2, S; < N and N cannot contain non trivial planar
elements. Thus |S,| > 2 and |y5| < [x5| for any y € [O] — {{}. Hence |y°| = |x5],
since {x%| < |yS| forany y € [O] —{l}. Thenn = k|S|/2, k < 3. If kK < 2, then
N = S as [N| | n?, and we again have the assertions (2b) and (2c). If k = 3 then
n = 3|S]/2. Hence § < N < § x A, where A is a group of order a divisor of 9, since
IN{ | n®. This proves the assertion (2d). a

Recall that soc(G) denotes the socle of G. Also, recall that either G is almost simple
or of affine type, since G is 2-transitive on &. We treat these two cases separately.

5. G is almost simple.

Assume that G is almost simple. We treat the cases N # (1) and N = (1)
separately.

5.1. The unfaithful case Assume that N % (1). We continue investigating the
structure of N.

LEMMAS.1. If G is non abelian and simple, then one of the following holds:

(1) G isa covering group for G;
(2) There exists a Sylow t-subgroup S of N such that G < SL(V), where V =
S/ ®(S). In particular, |S| = 1 + do(G).

PROOF. Assume that N < Z(G). Then G’ is a covering group for G by [1,
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Theorem 11.33.3], since G is a non abelian simple group. Furthermore, G’ = G by
the minimality of G. This proves the assertion (1).

Assume that N £ Z(G). Then there exists a Sylow ¢-subgroup S of N such
that S £ Z(G), since N is nilpotent. Set V = §/®(S), where ®(S) is the Frattini
subgroup of S. Clearly G acts on V. Let R be the kernel of the actionof Gon V. If U
is the Sylow u-subgroup of N, where u is a prime, u # ¢, then [S, U] = (1}, since N
is nilpotent. This yields N 4 R < G, since §' < ®(S), S being a ¢t-group. If R = G,
then each Sylow r-subgroup of G, with r 7 ¢, centralizes S by [22, Theorem 5.1.4].
That is Cg(S) %_ N. Furthermore, Cs(S) < Gas S G. Then N < Cs(S)N 4 G.
Hence G = Cg(S)N, since G is non abelian and simple and Cg(S) $ N. Actually,
G = C5(S) since N = ®(G) by Lemma 4.4. This gives a contradiction, since
S £ Z(G). Hence R < G. Then R = N as G is non abelian simple. Then
G < FL(V), since V is a vector space over G F(r). Actually G < SL(V), since G
is non abelian and simple. In particular, G acts non trivially on the points of PG (V)
and hence |V| > 1 + dy(G). This proves the assertion (2). O

We point out that the condition in (2) of Lemma 5.1, in conjunction with the
information contained in the paragraphs 5.3 and 5.4 of [43], furnishes a lower bound
for V and hence for N. This lower bound is generally greater than 1 + dy(G).

LEMMA 5.2. Let 2 be a set of nontrivial N-orbits of points (respectively lz;nes )of T1
having the same length. If G leaves S invariant then |Q| = )_ .., »;d;(G), where
Aj=>0forj=0andy., o} > 0. Inparticular |Q| > dy(G).

jz0

iz0

PROOF. Assume that G fixes an element in Q. Then G = Gy N for some point X
of IT such that XV € Q. Actually G = Gy, since N = ®(G) by Lemma 4.4. This
yields | X¥| = 1. This gives a contradiction, since X" € Q and Q is a set of non
trivial N-orbits of points of I1. Thus G acts on 2 as G and this moves each element
of Q. Therefore € is union of non trivial G-orbits. Since each non trivial G-orbit has
length a multiple of some primitive permutation representation degree d,(G) of G,
h > 0, we have that |Q2| = Ejzokjdj(é), where A; > Ofor j > 0,and ) ;.42 > O.
In particular |Q2] > do(G). O

LEMMA 5.3. G & PT'L(2, 8).

PROOF. Assume that G = PI'L(2, 8). Clearly 28 < n < 56. Set L be the minimal
preimage of PSL(2,8) in G and set H = L N N. Assume that H = (1). Then
L = PSL(2,8). It is known that any involution ¢ in L fixes exactly four points
on @, since || = 28. Then ¢ is a Baer collineation of I1. Thus either n = 36 or
n = 49, since n must be square and 28 < n < 56. The former is ruled out by [33,
Theorem 3.6], since o(Fix({)) = 6, and the latter is ruled out by [30]. Hence, we
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may assume that H # (1). Then H = ® (L) by the argument of Lemma 4.4 with H
in the role of N, since L/H = PSL(2, 8) is primitive on & as || = 28.

Now assume that H %_ Z(L). Note that the assertion of Lemma 5.1 is still true if
we replace G with L/H, since the 2-transitivity is actually not required in that lemma.
Thus there exists a Sylow ¢-subgroup S of H such that PSL(2, 8) < PI'L(V), where
V = S/P(S), since L/H = PSL(2,8). Then either [V| > 37 or 82 | |V| by [43,
Theorem 5.3.9 and Proposition 5.4.13 respectively]. Therefore either [H| > 37 or
8% | |H|, since V = S/®(S). Then |H| > n in any case, since n < 56. Thus n and
(H | are powers of the same prime, n | |H| and [H| | n® by Lemma 4.5 with H in
the role of N, since H is transitive on &. This rules out the case |H| > 37, since
n < 56. Then 8% | |H| and hence n = 25, since 28 < n < 56. Let Q be the set
of H-orbits on IT — /. Then |Q| = 2*/0, since n = 25, |H| = 829, with 6 a power
of 2, and since H is semiregular on [T — /. On the other hand, |2] = X9, with
Ao = 0, by Lemma 5.2, with L in the role of G and H in the role of N, since 9 is the
unique primitive permutation representation degree of L/H less than 16. This gives
a contradiction. Hence L is a covering group for PSL(2, 8§) by Lemma 5.1. Then
L = PSL(2, 8), since the Schur multiplier of PSL(2, 8) is trivial by [43, Theorem
5.1.4]. This gives a contradiction by the above argument. [

Since G 2 PI'L(2,8), it follows, by a direct inspection of the list given in
Theorem 2.1, that soc(G) is 2-transitive on &. Thus we may assume that G = soc(G).
Hence G is a 2-transitive non abelian simple group.

Let K be the kernel of the action of G on/—&. Clearly K < G. Since KN/N < G
and since G is non abelian and simple, either G = KN or K < N. Actually G = K
in the first case, since N = ®(G). Soeither G = K and G fixes | — & pointwise, or
K < N. We now investigate the relationship between N and K.

LEMMA 5.4, IfG Z PSU (3, 5) then either N = N(,l) or N = N(Q, 1) for some
point Q € Il — 1. In particular N < K.

PROOF. Assume that N £ K. Then there exists a point P € | — & such that
|PY| > 1. Let 2 be the set of N-ombits on P¢. Then |2| > dy(G) by Lemma 5.2,
since N <1 G and |PV| > 1. Hence |P"|dy(G) < |PC|, since |Q| = |PS|/|PV|.
This yields 2dy(G) < v + 1, since |P¥| > 2, PS cl—Cand |l — 6| <v + 1.
Then do(G) < v. In particular |PV| = 2 and either G = PSL(4,2) or G = A, by
Lemma 4.3 (2), since G 2 PSU(3, 5) by our assumption.

Assume that G = PSL(4, 2) or G= A, Notethatn +1 > v + 2do(G) in any
of these cases. Thus either n = 30and G = PSL(4,2) or n € {28,29, 30} and
G = A,, since n < 2v. The case n = 30 is ruled out by [33, Theorem 13.18]. Hence
G = A, and n € {28, 29}. Assume that 2 | |N| and 22} |N|. Then N contains a Baer
collineation of I, since N fixes & pointwise and | PV| = 2. This gives a contradiction,
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$0 22 | |[N|. Let L be a Sylow 2-subgroup of G. Then 2% | |L|, since 23 | |A,| and
22 | |N|. 1tis easily seen that there exists a non trivial subgroup L of L fixing at least
two points on [T — [, since n? 3 0, 1mod23 as n € {28,29}. Then Lo N N = (1),
since N fixes at most one point I1 — / by Lemma 4.5. Then L, and hence G contain
an involution £ acting faithfully on &. In particular ¢ is a Baer collineation of IT,
since ¢ fixes at least three points on & by [50]. So n must be a square. This gives a
contradiction, so N < K and the assertion follows by Lemma 4.5. a

At this point we study the cases when either N = N(l,l) or N = N(Q, [) for some
point Q € Il — [, for dy(G) = v and dp(G) < v, separately.

5.1.1. The case dy(G) = v In this subsection, under the assumption dy(G) = v,
we prove that for N = N(/,l) or N = N(Q,!), where Q € I1 — [, the group G
is a perfect central extension of G and that each involution of G lies in N. From
this we deduce that the Sylow 2-subgroups of G are dihedral and then we use the
Gorenstein-Walter Theorem [23] to complete our treatment of this case.

PROPOSITION 5.5. If N = N(Q, ) where Q € Il — [, then N = K. Furthermore,
the following occur:

(A) n=2v—1andG actsonl— € as G inits 2-transitive permutation representation
of degree v;

(B) G is a covering group for G;

(C) each involution of G lies in N.

PROOF. We proceed in a series of steps.

(A) G actsonl — £ as G in its 2-transitive permutation representation of de-
gree v. In particular N = K andn =2v — 1.

Assume that G fixes a point A on [ — £. Denote by T the set of N-orbits
of points of AQ — {A, @}. Then |X| = (n — 1)/|N|, since N is semiregular on
AQ — (A, Q}. In particular, |Z| > do(G) by Lemma 5.2, since G acts on . This
yields do(G)|N| < n — 1, since |Z| = (n — 1)/|N|. This gives a contradiction, since
dy(G) = v, n < 2v and |N| > 2. Thus G fixes no pointson!/ — &. Hence N = K,
where K is the kernel of the action of G on ! — &, by Lemma 5.4. Moreover, G acts
on!— & as G and G fixes no pointson/ — &. Thisyieldsn+1—v =,,,4,d;(G),
wherethe A; > 0, j > 0,and ) js0Aj > 0, since each G-orbit on I — & is a multiple
of some d,(G), h > 0, and since {— &€ =n+1—uv. Actually, either A = 1 and
A; = Ofor j > O, or there exists j > 0, such that A; = 1,d;(G) =v+land A; =0
for each j > O such that j # ] since do(G) = v.

If the latter occurs then n = 2v. Furthermore, G is one of the exceptions listed in
Lemma 1.1. Nevertheless, no one of these exceptions really occurs, since v must be
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even by [33, Theorem 13.18]. Hence Ao = 1 and }; = Ofor j > O for any admissible
case. Thenn = 2v — 1 and hence G acts on/ — & as G in its 2-transitive permutation
representation of degree v.

(B) G isa covering group for G.

Assume that N $ Z(G). Then there exists a Sylow z-subgroup S of N such that
|S| > 1 + v by Lemma 5.1, since dy(G) = v. Furthermore, either 2|S| < n — 1
or [S| = n —1since S < N and |N| | n — 1. The former is ruled out, since
2w+ 1) <n—1as|S|>=1+vandn < 2v. Hence S = N and |S| = n — 1. Thus
n—1=1t*k=>1,since S is a t-group. This yields ¢ = 2 and hence v = 2¢~! + 1,
sincen =2v — 1.

Assume that G contains a Baer collineation of I1. Thus n must be a square. Then
n =9 and k = 3 by [54, Result A5.1], since n — 1 = ¢*. This gives a contradiction
by [30, Theorem A]. Hence G contains no Baer collineations of IT.

Now let S be any Sylow 2-subgroup of G. Then S fixes a point C on &, since v is
oddand v > 2. Thus § = SzN and Sy N N = (1) for some point B € QC — {Q, C},
since N is regular on QC — {Q, C}because N = N(@,)and [Nl =n—-1. In
particular, each involution in S is a homology of IT with centre lying on / and axis
distinct from [, since G fixes I, G contains no Baer collineations of I1, n is odd and
Sp N N = (1). Moreover, any involution in Sy commutes with some involution in N
since N < S. Then N contains exactly one involution by [39, Lemma 2.1 (ii)], since
N = N(Q,I). Actually, the previous argument shows that there exists at most one
involutory homology in G with given centre and axis. Then G = PSL(2, q), g odd,
by [14, Theorem 1], since G is non-abelian and simple. Then v = ¢ + 1, g odd, since
dy(G) = v. This gives a contradiction, since v = 2*=! + 1.

(C) Each involution of G lies in N.

Suppose that there exists an involution ¢ € G — N. Assume that o is a Baer
collineation of I1. Then /n + 1 = 2k,, where k, denotes the number of points of IT
fixed by o on & and on [ — &, since G acts on & and on | — & as G in the same
way by (A). Hence k, = (+/2v — 1 +1)/2. Note that v is known and &, can easily be
recovered from the structure of G and the action of G on & for each 2-transitive non
abelian simple group G listed in Theorem 2.1. Hence, we may filter the list given in
Theorem 2.1 with respect to k, = (+/2v — 1 + 1)/2. So it remains to investigate the
following admissible cases:

WD G=ZA,v>S5;

(i) G=PSL,q),d>2,q=p",(d, q)#2,2),(23).

Assume that G = A,, v > 5. Note that v ¢ {6,7},sincen = 2v — 1 must be a
square. Thus N = Z, by (B) and by [43, Theorem 5.1.4], since N # (1). LetY € ¢
and denote by I' the set of N-orbits on QY — {Q,Y}. Then [[’| = (n — 1)/|N|,
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since N is semiregular on QY — {Q, Y}. Furthermore Gy acts on I', since N < G.
In particular Gy = A,_,. Assume that Gy fixes an element on T". Then G, = GyoN
and Gy o N N = (1) for some point O € QY — {Q, Y}, since N is semiregular on
QY — {Q,Y}. In particular Gy o acts onl — {Y} as Gy. Now, pick a 3-cycle ¢ in
Gy o. Clearly ¢ fixes v — 3 points on &, since Gy, acts on [ — {Y} as Gy. Then &
fixes v — 3 points on [ — £, since the action of G on & and on! — & is the same. So, ¢
fixes exactly n — 6 points on I, since n = 2v — 1. Furthermore, ¢ fixes the points Q
and O, with O, Q € I1 — [, since ¢ lies in Gy . Therefore, { fixes a subplane of I1
of order n — 7. Then (n — 7)?> < n by [33, Theorem 3.7]. This yields either n = 9
or n = 10, since n > 9 by our assumption. Nevertheless, these cases cannot occur
by [30, Theorem A] and [33, Theorem 13.18] respectively. As a consequence, Gy
moves each element on I". Therefore I is a union of non trivial Gy-orbits. Since each
Gy-orbitonTisa multiple of some d; (A,_1), j > 0, we have ijo Adi(A,_) =T
That is ZZjZOAjdj(Au_l) =n—1,since ' = (n — 1)/|N| and N = Z,. Then
A = land A; = Ofor j > 1, since d,(A,-;) = v—1andn = 2v — 1. Hence
Gy = A,_; acts in its 2-transitive permutation representation of degree v — 1 on I".
Then there still exists a 3-cycle ¢ in G fixing n — 6 points on / and at least 2 points
on QY — {Y}. Hence ¢ fixes a subplane of I1 of order » — 7. Again, this gives a
contradiction.

Assume that G = PSL(d, q),d > 2,9 = p’, (d, q) # (2,2), (2,3). Note that
d,q) #(2,5), (2,9), since the cases PSL(2,5) = Asand v =5, PSL(2,9) = A¢
and v = 6 have been ruled out above. Also the case (d,q) = 2,7)and v =7, or
(d, q) = (2, 11) and v = 11 are ruled out since in these cases n is a nonsquare. Thus
do(G) = (g% — 1)/(g — 1) by [12]. Hence n = 2[(qg? — 1)/(g — 1)] — 1. Let E be
an elementary abelian subgroup of G of order g¢~! which induces on & a group of
projective transvections with the same fixed hyperplane. Let B be a point on & fixed
by E. If there exists a nontrivial element § in E fixing a pointon 0B — {Q, B}, then é
is planar on I1. In particular 8 fixes exactly 2(¢g?~! — 1)/(g — 1) points on /, since the
action of G on & and [ — & is the same, and since § fixes exactly (g?~! — 1)/(g — 1)
points on &. So (2[(g** — 1)/(g — D1 - 1)* < 2[(g* — 1)/(g — D] — 1 by [33,
Theorem 3.7]. Thus d = 2 and hence G = SL(2, q) by [41, Theorem 7.1.1(i)],
since g ¢ {5,7,9, 11}. This gives a contradiction, since the unique involution of
G = SL(2, q) liesin N. Hence E is semiregularon QB ~{Q, B}. Thus¢“~! | n— 1.
Then eitherd = 2 or (d, q) = (3, 2), since n = 2[(q? — 1)/(q — 1)] — 1. Again, this
gives a contradiction.

The above argument leads us to assert that each involution in G — N must be a
homology of IT as n is odd. Assume that N has even order. Any involution in G
commutes with N as G is a covering group for G by (B). Thus N contains exactly
one involution by {39, Lemma 2.1 (ii)], since N = N(Q, 1), N has even order and
since G — N contains involutions. Actually, the previous argument yields shows that
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there exists at most one involutory homology in G with given centre and axis. Then
G = SL(2, g), g odd, by Theorem 1 of [14] and by [41, Theorem 7.1.1(i}], since G
is a covering group for G and since ¢ ¢ {5,7,9}. This gives a contradiction, since
there are no involutions in G — N. Hence N has odd order. Let « be any involution
of G — N. Then « fixes exactly 2 points on /, since « is a homology and « fixes /.
In particular, a fixes exactly one point on & and one on / — & since the action of G
on € and | — O is the same. Thus G,/N has even order for any D € &. Moreover,
Gp,.p,/ N has odd order for any two distinct points D; and D, of &, since N has odd
order and each involution in G — N is a homology of I[1. Then G = PSL(2, 2°) or
G = Sz(2) or G = PSU(3,2°) by [3]. Actually, G = SL(2,5) or G = §z(8) or
G = PSU3,2) and N = Z; by [43, Theorem 5.1.4], as N # (l1). Nevertheless,
the case G = SL(2, 5) cannot occur, since N = Z, and any Sylow 2-subgroup of G
is isomorphic to ‘Qg. The case G = Sz(8) cannot occur by [33, Theorem 3.6] since
n = 129. Finally, the case G = PSUQ, 2%) cannot occur, since n = 23+! 4 1 while
|N| = 3 must be a divisorof n — 1. O

PROPOSITION 5.6. If N = N(l, 1), then N = K. Furthermore, the following occur:
(A) G fixes exactly one point X onl — O;
(B) n = 2vand G acts on | — (6 U {X}) as G in its 2-transitive permutation
representation of degree v;
(©) N=NKX1ID;
(D) each involution of G lies in N;
(E) G is a covering group for G.

PROOF. Assume that N = N (I, [). We proceed in a series of steps.
(A) G fixes at least a point X onl— 0.

Assume that G fixes no points on/— &. Then [ — & is union of nontrivial G-orbits.
Thisyieldsn+1-v =3}, 6,d;(G), where ; > 0, j > 0, and 208 > 0, since
each G-orbiton/— & isa multiple of some d,,(é), h > 0,andsince || — 0| =n+1-v.
At this point we may use the same argument as in part (A) of Proposition 5.5 to show
that n = 2v— 1 and G acts on [ — & as G in its 2-transitive permutation representation
of degree v. Set [N(l,l)] = p" with A > 0, [N(C,1)| = p’ with i > 0, for any
C e O,and set IN(D, )| = p/, j >0,forany D €l — 0. Clearly i + j > 0, since
N # (1). Furthermore 2 > i, j. Then

. 1
(5.1) (p' = 1) (”;_L )

since G has the same 2-transitive permutation representation on ¢ and [ — &, and
since v = (n + 1)/2. By manipulating (5.1), we have that

(5.2) (Pr+pYn+1)=2(p"+n).

+(p’—1)(n;1)

+1=p"
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Asp |nandh > 0O,then p | (p'+p/)(n+1)and hencei, j > 0. Furthermore p’ | n
and p’ | n, since N(C, ) is semiregular on [D] — {l/} and N (D, I) is semiregular on
[C1—{l}. Thus p/ | n, where f = max{i, j}. Then p/ | (p'+ p’), since p/ | (p*+n).
Hencei = j, withi, j > 0. Then IT is a translation plane and N is regular on I'T—1 by
[33, Theorem 4.26]. Therefore G = NG for some point O € I1 —I. Then G = G,
since N = ®(G) by Lemma 4.4. So N fixes O, which is a contradiction, since N is
semiregular on IT — /. Thus N, and hence G, fix at least a point X on!/ — &.

(B) Gactsonl — (FU{X})) as G in its 2-transitive permutation representation
of degree v. In particular N = K and n = 2v, v even.

Suppose that G fixes | — € pointwise. Assume that there exists a point P of
! — O such that N(P,!) = (1). Let A be the set of the N-orbits on [P] — {I}. By
Lemma 5.2, we have that |A| > dy(G). By an argument similar to that used in (A) of
Proposition 5.5 we deduce that n = 2v and N = Z,, since {|A| = n/|N|, do(G) = v
andv <n <2v. Thus N < Z(G). Letx € G, x # 1,besuch that o(x) | v— 1. Note
that v — 1 is odd by [33, Theorem 13.18], since n = 2v. Then x fixes v 4 1 points on /,
since G fixes I — & pointwise and |[ — €| = v + 1. Furthermore, x fixes a point R
on Il — [, since n = 2v. Let 0 € N. Then Ro € Fix(x), since N < Z(G). Note
that Ro # R, sinceoc € N, Re Il —land N = N(I,]). Thus x is planar on IT and
o(Fix(x)) > v. Then v? < n < 2v by [33, Theorem 3.7). This gives a contradiction,
since v > 2.

Assume that N(B,!) # (1) foreach B € | — €. Let Y be any point of I — &.
Let I" be the set of the N-orbits on [Y] — {/}. Then |['| = n/[N : N(Y, )], since
N(Y,I) < N as N(B,l) # (1) foreach B € | — 0. A similar argument to that used
above yieldsn = 2vand [N : N(Y,l)]=2forany Y €l — &, since dy(G) = v and
v<n<2y Thus N = E,and hence || — €| = 3. Thatisn+ 1 — v = 3, whichis a
contradiction, since n = 2v and v > 5.
©) N=NX,).

Assume that N(X, ) < N. We may repeat the previous argument on the set of the
N-orbits on [X] — {/} to show that [N : N(X,[)] = 2. Hence N is an elementary
abelian 2-group, since N = N(/,l) and N(X,I) < N. Set [IN(X,])| = 2/, f >0,
and set [IN(C,l)| =2',i > 0,forany C € €. Setalso |[N(D, )| =2/, j > 0, forany
D el — (0 U{X}) by (B). Then

2 =+ Q2 - Hhv+2/ =24

Furthermore (i, j) = (1, 1), (1,0) or (0, 1), since [N : N(X, )] = 2. In the
case where (i, j) = (1, 1), f = 1 and v = 1 by [33, Theorem 4.26], which gives a
contradiction. Hence, either (i, j) = (1, 0) or (0, 1). It is easily seen that v = 2/ and
n = 2/*'inany of these two cases. Inparticular |N (X, /)| = n/2. We may assume that
(i, j) = (0, 1), since the role of i and j can be exchanged in the following argument.
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Note that N(X,!) < G, since G fixes X. Assume that N(X, ) ,{_ Z(G). Then
IN(X,1)| > 1+ v, since G acts on N(X, [) as G since N is abelian and dy(G) = v.
This gives a contradiction, since [N(X,!)| = 2/ = v. Hence N(X,l) < Z(G).
Let ¢ be an element of prime order dividing v — 1. Then ¢ must a 2-element by [22,
Corollary 5.3.3], since N/N (X, 1) = Z,and N(X, 1) < Z(G). Thisis a contradiction,
since v — 1 is odd. Hence N = N(X, ).

(D) Each involution of G lies in N.

Suppose that there exists an involution ¢ € G — N. Assume that o is a (C,, ,)-
elationof 1. If C, = X,then N < G(X, X) < G. This gives a contradiction, since G
is non-abelian and simple. Hence C, # X. Furthermore a, # [, sincec ¢ N. Denote
by R the normal closure of (o) in G. Then G = RN, since G is non-abelian and
simple. Actually, G = R by the minimality of G. Hence G is generated by involutory
elations. Moreover N = F(G), where F(G) denotes the Fitting subgroup of G,
since N is nilpotent and G is non-abelian and simple. Since 4 | |G| by [21], it follows
that G is isomorphic to PSL(3, q) or PSU(3, q) or SL(2, q) or Sz(g) or Ae, where
g = 27, by [27]. This is a contradiction in all cases except Ag, since v must be even
by [33, Theorem 13.18]. Nevertheless, the case G = Ags is ruled out by [36], since
n=12.

Assume that o is a Baer collineation of I1. Then /n + 1 = 2k, + 1, where k,
is the number of points of [T fixed by o both on & and on !/ — (6 U {X}). Hence
ks, = /v/2. Now, arguing similarly to part (C) of Proposition 5.5, we may reduce
our investigation to the following admissible cases:

i G=A,v=>5

(i) G=PSLW,q),d=>2,9=p",d, q) # 2,2),Q2,3).

Assume that G = A,, v = 5. LetY € £ and denote by W the set of N-orbits on
[Y]1—{{}. Then |¥| = n/|N|as N is semiregular on [Y]—{l}, since N = N(X, [) with
X # Y. Furthermore, Gy acts on W, since N <1 G. In particular Gy = A,_;. Assume
that Gy fixes an element on W. Then Gy = Gy, N and Gy, N N = (1) for some
point r € [Y] — {I}. So o may be picked in Gy, as a product of two transpositions
on &. Then o fixes exactly n — 7 points on [, other than X, since G acts on € and
on! — (£ U {X}) in the same way. Then (n — 7)?> = n by [33, Theorem 3.7). This
gives a contradiction. As a consequence, Gy moves each element on W and W is
a union of non trivial éy—orbits. Since each Gy-orbit on V¥ is a multiple of some
d;i(A,-1), j = 0, then ij(,)\jdj(A,,_l) = |W¥|. Thatis |N|Z}.20Ajdj(A,,_1) =2
as |¥| = n/|N| and n = 2v. This gives a contradiction for v # 6, 8, by Lemma 4.2
applied to Gy =-A,_; as dy(A,_;) = v — | and |N| > 2. Actually, the case v = 6
and Gy = As cannot occur by [36], since n = 2v. Hence G = Agand n = 16. In
this case o fixes 4 points on & and 4 points on / — &. So o fixes at least 8 points on [
and o ¢ N, which is a contradiction by [33, Theorem 3.7].
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Assume that G = PSL(d,q),d > 2, q = p', d,q) # (2,2), (2,3). Note
that (d, q¢) # (2,5), 2,7), (2,11), since v must be even by [33, Theorem 13.18].
Also, the case (d,g) = (2,9) is ruled out, since PSL(2,9) = A¢. Thus by [12]
dy(G) = (g% —1)/(g — 1) and hence n = 2(q% — 1)/(q — 1). Note that g is odd and d
is even, since v must be even. Moreover n # 0, I mod p. Thus a similar argument
to that used in part (C) of Proposition 5.5 shows that G always contains planar p
elements fixing 2(g?~' — 1) /(g — 1) points on ! — {X}, asn # 0, 1 mod p. This yields
d = 2 by [33, Theorem 3.7]. Hence G = SL(2, q) by [41, Theorem 7.1.1.(i)], since
q ¢ {5.7,9, 11}. This is a contradiction, since the unique involution of G = SL(2, q)
liesin N.

(E) G is a covering group for G.

Assume that N f_ Z(G). Then there exists a Sylow ¢-subgroup S of N, such that
[S] > 1+ v by Lemma 5.1. On the other hand, |S| | 2v since S < N, |N| | n by
(C), and n = 2v by (B). Thus |S| = n, since |S| > 1 + v. Hence S = N. Then N
is a 2-group and n is a power of 2, since n = 2v and [N| | n%. Let A € £. Then
N(A,l) = (1) by Lemma 4.5, since |[N| = n. Thus N is regular on [A] —~ {/} and
hence G4 = G4 ;N and G4, N N = (1) for some point s € [A] — {/}. Furthermore
Gy = G,4. Then G 4.s must have odd order, since each involution in G actually lies
in N by (D) and since N = N(X,I) with X # A. This implies that each involution
in G fixes no points on &. Then G = PSL(2,q) with ¢ = 3mod4, by [2]. By
Lemma 5.1(2), we have that PSL(2,q) < PSL(V), where V = S/®(S) and this
implies |S] > 1+ v as do(G) = v. Actually, in this case |S| > 2@~V/2 by [43,
Theorem 5.3.9], since ¢ = 3 mod 4. Then 297Y/2 < 2(q + 1), since |S| | 2(q + 1) as
S < N,|N||nandn = 2(q + 1) with ¢ = 3 mod4. This gives a contradiction, since
g #7,11asq =3mod4 and dy(G) = v. 0

THEOREM 5.7. Let T1 be a projective plane of order n and let € be a 2-tra_nsitive
G-orbit of length v on a line withn > v > n/2. If G is almost simple and dy(G) = v
then one of the following occurs:

(1) TIis the Hall plane of order 9 or its dual, G = SL(2,5) and | 0| = 5;
2) n=2g+1,G=SLQ2,q)withq=3mod4,q #7,and |O] =q + 1;
B n=2(g+1), G =SL(2,q) withq =3mod4, and |0 =g + 1.

PROOF. Note that N = Z,, unless G = PSL(3,4) or G = Sz(8), by Proposi-
tion 5.5 (B) and (C), by Proposition 5.6 (D) and (E), and by [43, Theorem 5.1.4], since
do(G) = v.

Assume that G = PSL(3,4) or G = Sz(8) and assume that N % Z,. Note that the
case n = 2v cannot occur by [33, Theorem 13.18], since v is odd in both cases. Then
n=2v—1and N = N(Q,!) for some point Q € I1—-!fixed by G, by Proposition 5.6.
Nevertheless, the case G = S$2(8) cannot occur by [33, Theorem 3.6], since n = 129
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in this case. Hence G = PSL(3,4)andn = 41. Let U be a Sylow 2-subgroup of G,
where J is any point of &. Then U must be semiregular on @J — {Q, J}, since each
involution in G lies in N by Proposition 5.5(3). Hence |U| | n — 1. This gives a
contradiction, since 2% | |U| and n =41.

Assume that N = Z, in any admissible case. Thus each Sylow 2-subgroup $
of G is isomorphic either to Z,~ or to @, for some positive integer m in any case by
Proposition 5.5(C) and Proposition 5.6(D). In the first case we have S/(SNN) = Zyns,
where 0 < k < m. Nevertheless this case is ruled out by [21, Theorem 4] applied to G,
since this one is non abelian and simple. Hence S = Q,~ andhence S/(SNN) = Dyn-1,
since SNN = Z,. By [23], either G = PSL(2,q) with g odd, or G = A,. If
G = A, then n = 28 or 29, and this case cannot occur by the same argument as in
Proposition 5.4. Hence, we may assume that G = PSL(2, g) with g odd. Assume
that g = 5. Then n = 9 or n = 10, since dp(G) = 5. Actually, the latter is ruled
out by [33, Theorem 13.18]. Hence n = 9 and either [T = PG (2, 9) or I1 is the Hall
plane of order 9 or IT is the dual of the Hall plane of order 9 by [58]. This proves the
assertion (1).

Assume that g = 7. Then eithern = 13 or n = 14 since dO(C_;) = 7. The latter
is ruled out by [33, Theorem 13.18]. Hence n = 13. Then I1 = PG(2, 13) by [48],
since dy(G) = 7. Hence G < PGL(2, 13), since G fixes /. This gives a contradiction.

Now assume that ¢ = 9. Then either n = 11 or n = 12, since do(G) = 9. The
latter is ruled out by [36]. Hencern = 11 and IT = PG(2, 11) by [47]. Hence
G < PGL(2, 13), since G fixes [. This gives a contradiction, hence g ¢ {7, 9}. Thus
G = SL(2, q) by [41, Theorem 7.1.1.(1)], for g # 5,as q ¢ {7, 9}.

Assume that n = 2v — 1. Let R be a Sylow 2-subgroup of G5, where B is any
point of £. Then R must be semiregular on Q@ B — {Q, B}, since each involution in G
liesin N. Hence |R| | n — 1. Then |R| = 2and hence R = N, since n — 1 = 2mod 4,
sincen =2v — 1 and v = g + 1. Thus ¢ = 3 mod 4 and we have the assertion (2).

Finally, assume that n = 2v. Then v is even by [33, Theorem 13.18]. Thus ¢
must be odd. Assume that ¢ = 1mod4. Let R be defined as above. In this case
8| 2(g+1),since R = Qom, m > 3, must be semiregular on [B} — {I},n =2(g + 1)
and the unique involution in G is an (X, /)-elation, where X is the unique point on
| — O fixed by G. This gives a contradiction, hence g = 3 mod4. This proves the
assertion (3). |

It should be stressed that if there exist planes of type (2) with n a prime power
then » is actually a prime by Lemma 4.1(1). Furthermore, if there exist planes of
type (3) with n a prime power then n is a power of 2 and ¢q is a Mersenne prime by
Lemma 4.1(2). Nevertheless, as we shall see in Section 7, in these cases IT cannot be
the projective extension of a translation plane.
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5.1.2. The case dy(G) < v In the following we assume that G & PSU (3, 5).
Then either N = N(Q,l), @ e 1 — I, or N = N(l,I]) by Lemma 5.4. We treat
these two cases separately. In particular, for each of them, we show that G is a perfect
central extension of G. Now, since the groups satisfying dy(G) < v are listed in
Table 1 of Lemma 4.3, we complete this subsection with a case by case investigation.

LEMMA 5.8. If N = N(Q, 1), Q € T1 — I, thenn = 23 and G = SL(2, 11).

PROOF. Assumethat N = N(Q, l), where Q is a point of [1—1 fixed by G. Assume
also that G fixes a point P of [ — £ and let 2 be the set of N-orbits on QP — {Q, P}.
Then |2| = (n — 1)/|N]|, since N is semiregular on QP — {Q, P}. Hence

(5.3) n=1+|N|>_ 1,dy(G),

jz0

where A; > 0, j > 0, and ijo X; > 0, by Lemma 5.2.

Assume that N f_ Z(G). Then |[N| > 1 + dy(G) by Lemma 5.1. By compos-
ing the previous inequality with (5.3) and bearing in mind that n < 2v, we obtain
1 + dp(G) + do(G)? < 2v. Now, filtering the groups of Table 1 with respect to the
previous inequality, it is easily seen that no cases arise.

It remains to investigate the case where G is a covering group for G by Lemma 5.1.
The groups G=MyorG= Sp(2h, 2), h > 3, are ruled out by [43, Theorem 5.1.4],
since N # (1) by our assumption. For the remaining groups, we have Ay < 2 and
A; =0for j > O by Lemma 4.3, since N # (1). In particular, |[N| < 3 again by
Lemma 4.3(2). Thus either N = Z, or N = Z; for the groups of the Table 1 by
[43, Theorem 5.1.4). Hence n = 1 + |N|Aodo(G), Ao € (1,2} and |[N| € {2, 3}.
By Lemma 4.3 and since v < n < 2uv, it is easily seen that the admissible cases
of Table 1 are G/Z, = PSL(2,5) andn = 11, G/Z; = PSL(2,7) and n = 15,
G/Z,=SL(2,9andn =13,G/Z; = PSL(2,9andn =19,G/Z, = PSL(2,11)
andn =23,G/Z, = PSL4,2)andn =17,G/Z3 = A;andn =21, G/Z, = A,
andn=29,G/Z, = HS andn = 201, and G/Z, = Sp(6, 2) and n = 57.

Actually the cases G/Z; = A; and n = 21, G/Z, = Sp(6,2) and n = 57,
and G = HS/Z, and n = 201 cannot occur by [33, Theorem 3.6]. The case
G/Z, = PSL(2,7) and n = 15 cannot occur by [31]). If G/Z, = PSL(2,5) and
n=11then IT = PG(2, 11) and hence G < PSL(2, 11) by [47]. Nevertheless, this
case cannot occur, since G = PSL(2, 5) contains involutions fixing a point on & and
hence on /, while PSL (2, 11) does not.

Assume that G/Z, = SL(2,9) and n = 13. Then G < PGL(2,13) by [48]. This
gives a contradiction, hence G/Z3 = PSL(2,9) and n = 19. In this case there exists
an involution § in G fixing at least 4 points on [, since n + 1 = 20 and |£| = 10.
Clearly § ¢ N. Therefore 6 is a Baer collineation of I1, which is a contradiction.
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Assume that G/Z, = PSL(2,11)and n = 23. Then G = SL(2, 11) by [41,
Theorem 7.1.1.(1)]. Since 8 { n — 1, there exists an involution fixing a point on
PQ — {P,Q}. Such an involution must lie outside N, which is a contradiction.
Assume that G/Z, = PSL@4,2) andn = 17, or G = Ay;andn = 29. Let J be
a Sylow 2-subgroup of G. Then 2° | |J| for G/Z, = PSL(4,2) and |J| = 2* for
G/Z, = A,. Furthermore, J fixes a point X of &, since || = 15. Then J; # (1)
for some Z € XQ — (X, Q}, since |J| { n — 1. In particular, J; N N = (1) and
[J : Jz] < 23. Hence J; acts faithfully on #. In particular, J, contains involutions
fixing at least 3 points on & by [50]. Such involutions are Baer collineations of IT,
since J; N N = (1). Hence n must be a square. This gives a contradiction and
therefore G cannot fix points on / — &. Then ! — & consists of nontrivial G-orbits,
since G acts on [ — & as G. Since each G-orbit is a multiple of some 4;(G), i > 0,
we have thatn + 1 = v + ngo p,jdj(é), where u; > 0, j > 0, and ijo w; > 0.
Hence either n = v+ dp(G) — lorn=2v—lorn=28and G = A; orn = 30
and G = PSL(4, 2) by Lemma 4.3, since n < 2v. The latter is ruled out by [33,
Theorem 13.18].

Assume that n = 28 and G = A;. Then N has odd order as [N| | n — 1, so
there exists an involution fixing 3 points on & by [50] and not lying in N. Such an
involution must be a Baer collineation of IT and hence n must be a square. This gives
a contradiction.

Assume that n = v + do(G) — 1. Then all the groups of Table 1, except G =
PSL(2,9 andn = 15, G = A, andn = 21, G = Sp(2h,2) and n = 2% — 1,
G/Z, = HS and n = 275, are ruled out by [33, Theorem 13.18]. Nevertheless, the
groups G = PSL(2,9), G = A, and G = Sp(2h, 2) cannot occur by [31], by [33,
Theorem 3.6], and by [26], respectively. Hence G/Z, = HS and n = 275, Let X
be a point on &. Then Gx = PSUQG, 5).Z, by [17, Appendix B]. Now, let § be a
Sylow 2-subgroup of G . Clearly |S| = 2%,since N = Z,. Then § fixes a point B on
O — {X}, since |0| = 176. Furthermore there exists a non trivial subgroup of S of S
such that [S : Sy] < 22, which fixes 3 points on & and a point on IT — ({ U {Q}). Thus
So NN = (1). Therefore Sy contains a Baer collineation of IT and hence n» must be a
square, which is a contradiction.

Assume that n = 2v — 1. The above arguments rule out the cases G = PSL 2,5
andn =11,G = PSLQ2,7yandn=15,G = Sp(2h,2) and n = 2"(2" ~ 1) — 1
and G = HS and n = 351. Furthermore, the same argument as in Theorem 5.7 rules
out the case G = PSL(2,9) and n = 19, and the above argument used to rule out
G = A;and n = 29 may be applied to rule out also the case G = PSL(4,2) and
n = 29. Finally, the case G = M, and n = 23 cannot occur by [43, Theorem 5.1.4],
since N < Z, x Z,; in this case, which is a contradiction. Thus G = SL(2, 11) and
n = 23. d
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LEMMA 5.9. If N = N(l,1) then eithern = 16 and G = SL(2,7) or n = 24 and
G = SL(2, 11).

PROOF. Assume that G does not fix any point on / — &. Then [ — & consists of
nontrivial G-orbits. At this point we may use the same argument as in Lemma 5.8 to
show that eithern = 2v — lorn = v+ do(G) — 1 orn = 28 and G = A, Actually,
the case n = 2v — 1 is ruled out by the same argument as in Proposition 5.6 part (A).
Hence, eithern = v 4+ do(G) —lorn=28and G = Aj.

Assume that n = 28 and G = A. If [N| > 4, we may apply the same argument as
in Lemma 5.4 to rule out this case. Hence N = Z,. Then |J| = 2%, where J is any
Sylow 2-subgroup of G. Furthermore, J fixes a point O of £, since |£| = 15. Then
Ju # (1) for some m € [O] — {I}, since |J| { n. In particular, J, N N = (1) and
[J : Ja] < 2. Hence J,, acts faithfully on &. In particular, J,, contains involutions
fixing at least 3 points on & by [50]. Such involutions are Baer collineations of I,
since J, N N = (1). Hence n must be a square. This gives a contradiction.

Assume thatn = v + dO(G) — 1. Then each case of Table 1, except GXHS
and n = 275, is ruled out by the same argument as in Lemma 5.8. In the remaining
case, N has odd order as |N| | n? and n is odd. Hence, it is easily seen that there
exists an involution in G which is Baer collineation of I1. This gives a contradiction,
since n = 275, so we may assume that G fixes at least a point X on !/ — &. Assume
that [N| > n. Then N(X,!) < N. Let W be the set of N-orbits on [X] — {/}. Note
that each N-orbit on [X] — {/} has length [N : N(X, )], since N = N(,!) and
N(X,I) < N. Clearly G acts on ¥ as N < G. Then |¥| > do(G) by Lemma 5.2.
This gives a contradiction, since |¥| < 3 by Lemma 4.5, as |N| > n. Thus |N] | n.

Assume that N j{ Z(G). There exists a Sylow z-subgroup S of N such that
G < SL(V), where V = §/®(S) by Lemma 5.1. We have |V| > b, where b = " ©
and r(G) is a suitable lower bound for dimg r (V). Indeed, such a lower bound can
be easily recovered from [43], in particular it can be recovered from Theorem 5.3.9
and Proposition 5.4.13 when G is classical, from Proposition 5.3.7 when G = A7,
and from Proposition 5.3.8 when G = HS or G = M,,. This information must be
combined in some cases with [11] in order to determine b as follows: pick G =My,
for example, then r(M;;) = S by [43, Proposition 5.3.8]. Hence |V| > t5. From
[11], we see that t > 2. Hence b = 3° and |V| > 3°. The same argument can be
repeated for each group listed in the Table 1. Then |V| > b and hence |N| > b as
V = §/®(S) and § < N. On the other hand, we must have b < n, since |N| | n.
By a direct inspection of the Table 1, we see that G = PSL(2,7) and |N| € {8, 16},
G = PSL@4,2)orG = A;and |[N| =16, G = Sp(2h,2), h > 3, and 2% | |N| are
the unique cases satisfying the inequality & < n.

Assume that G = PSL(2,7). Thenn = 16, since 9 < n < 16, |[N| | n and
IN| € {8,16}. Let C < G be such that C = Z;. Then Fix(C) fixes a subplane
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of IT of order at least 2, since n = 2mod7. Actually, Fix(C) = PG(2, 2) by [33,
Theorem 3.7], since n = 16. Thus G cannot fix | — & pointwise. Hence [ — & consists
of either a G-orbit of length 7 plus two points fixed by G, or a G-orbit of length 8 plus
one point fixed by G by [17, Appendix B], since G = PSL(2,7). Let T < Ng(C)
be such that T = Z;. Then Fix(C) C Fix(T), since T fixes two points / N Fix(C) at
least in any of the two possible orbital configurations of I — &. This implies that T
must fix a further point on /, since {{ — (! N Fix(C)){ = 14. So Fix(7) = PG(2,4)
by [33, Theorem 3.7], since n = 16. Since a Z; normalizes exactly one Z; in G,
there exists a point A € Fix(T) — (Fix(C)U!) such that Z3 < G, ;{ Z7.Zy. Then
Zy < Gav & Z7.Z5. LetQ be the setof N orbits on IT—1. Then 16?/|N| = A,7+1,8,
with A1, A, > 0 and A, + A, > 0, by Lemma 5.2, since |2| = 162/|N|. Note that
A > Osince Zy < Guav & Z7.Z3. Also A, > 0, since Gpv = Z;.Z; for any
B € Fix(C) —1. It is a straightforward calculation to show that the above Diophantine
equation has solutions only for |N| < 4 which is a contradiction.

Assumethat G = PSL(4,2)or G = A;and |[N| = 16. Thenn = 16as |N| | nand
15 < n < 30. Hence there exists H < G, where O € €, suchthat H = PSL(2,7)
and H N N = (1), since N is regularon [O] — {I} as |N| = 16. Clearly IT cannot be
Desarguesian, since the full collineation group induced on a line is PI"L(2, 16) and
A; £ PTL(2, 16). Then IT is either the Lorimer-Rahilly plane or the Johnson-Walker
plane or their duals by [15]. This gives a contradiction, since the full collineation group
induced on a line in any of these planes is isomorphic to PSL(2, 7) x S3 by [37].

Assume that G = Sp(2h,2), h > 3, and 2! | |N|. Then n = 2%, since |N| | n
and v < n < 2v with v = 2*-!(2" +1). Then Gy = Gy N and Gy, N N = (1)
for some line e € [O] — {{}, since N is regular on [O] — {I} as N = N(X,[) with
X €l — 0. Then there exists an involution in G, . fixing 2%*~% points on & by
[17, Example 5.4.3]. This gives a contradiction by [33, Theorem 3.7]. Hence G is a
covering group for G by Lemma 5.1.

Note that the groups G = M) and G = Sp(2h,2), h > 3, are ruled out by
[43, Theorem 5.1.4], since N # (1) by our assumption. In particular, N is cyclic
and |N| < 3 for the remaining groups of Table 1 by [43, Theorem 5.14]. Asa
consequence, N = N (X, l). Assume that G fixes a further point ¥ on/ — &. Then G
acts on the set W of N-orbits on [¥] - {{}. Then |¥| =n/|N|as N(Y,[) = (1}). Then
n=|N| ijo Ojdj(é),withej >0,j>0,and ijo 9; > ObyLemma5.2. Actually,
0; = O0for j > 1 and (JN|, 6, 6,) =(2,0,1) or (2,1,0), or (|N}|,6p,61) = (3, 1,0)
and G = PSL(2,9), or G = A, or (IN],6,,6;) = (2,2,0) and G = A, by
Lemma 4.3, since N # (1) and v <n < 2v. Letr € [Y] — {{}. Then G,» = G, N
and G, N N = (1). In particular, G, = G,v, where G~ is the stabilizer in a G-orbit
on W of length dy(G) or 2do(G) or v.

If |G,| is even then G, contains involutions which are Baer collineations of I1,
since they fix the points X and Y on!/ and n is even. Son = [N |(Bodo(G) + 6,v)
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must be a square. It is a plain to see that the only groups in Table 1 satisfying one
of the previous numerical conditions are G = SL(2,7) or G/Z, = PSL(4,2), and
n = 16. Nevertheless, the latter is ruled out by the same argument as above, since
PSLQ2,7) < G,. Therefore G = SL(2,7) and n = 16. Let C and T be defined
as above. The above argument still works to show that Fix(C) C Fix(T), with
Fix(C) = PG(2,2) and Fix(T) = PG(2, 4). This, in particular, still forces { — & to
consist of a G-orbit of length 7 plus 2 points fixed by G, again by the above argument.
Now, Let D < Ng(T) be such that D = Z, as G = SL(2,7). Clearly D acts on
Fix(T) and D fixes exactly 3 points on ! N Fix(T). In particular, D < PI'L(3, 4) as
Fix(T) = PG(2, 4). This gives a contradiction, since PI"L(3, 4) contains no cyclic
subgroups of order 4 fixing exactly three points on a line.

Assume that [G,| is odd. Then G = SL(2, 11) and n = 24 by a direct inspection
of Table 1. Let L < G be such that L = Z;;. Then L fixes a subplane of I1 of
order at least 2, since n + 1 = 25 and since G fixes the points X and Y on ! — &.
Actually, o(Fix(L)) = 2 by [33, Theorem 3.7], since n = 24. Let T < Ng(L) be such
that T = Zs. Clearly T acts nontrivially on Fix(L). Hence T < PSL(3, 2), since
Fix(L) = PG(2, 2). This gives a contradiction, hence X is the unique pointon ! — &
which is fixed by G. Thus either n = v + do(G) orn = 2vorn =29and G = A,.
Assume that the latter occurs. Then G — N contains an involution, as [N} | »n and n
is odd. This involution is a Baer collineation of I, since it fixes three points on & by
[50]. This gives a contradiction.

Assume that n = v + dy(G). The cases G = A; and n = 22 and G = A; and
n = 23 are ruled out by [33, Theorem 13.18] and by [26], respectively. Again, we
may apply a similar argument to that of Lemma 5.8 in order to rule out the cases

~ SL(2,11)and n = 23 or G = HS and n = 276 (in this case n is even and
there also exists a 2-subgroup of G4, A € &, of order at least 4, fixing two points
on & and two on IT — /). Hence G = SL(2,9) and n = 16. Let U < G be such that
U = Es. Clearly Ng(U) = U.T, where T = Zg, since G = SL(2,9). In particular
Ng(U) fixes a point on R on &, since || = 10. Then U fixes at least a line r of
[R] — {l}, since n = 16 and U = E,. Note that T acts semiregularly on [R] — {I},
since the unique involution of T generates N and N = N(X,[) with X € [ — £. Thus
|rT| = 8. Moreover, r7 C Fix(U) since T < Ng(U) and r € Fix(U). Hence T fixes
at least one point on s — {R} for each s € r7, since n = 16. In particular there exists
a non trivial subgroup Uy of U such that [U : U] < 3 fixing at least three points
on [. Therefore Fix(U)) is a subplane of I1, since Fix(U) C Fix(Up). In particular
o(Fix(Up)) > 17, since rTU {I} ¢ [R] N Fix(U,). This gives a contradiction by [33,
Theorem 3.7] since n = 16.

Assume thatn = 2v. Note that any admissible case of Table 1, except G = SL(2,7)
andn = 16 or G = SL(2, 11) and n = 24, is ruled out by arguments similar to those
used above. This proves the assertion. |
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Now assume that the case G = PSU (3, 5) is admissible. The following theorem
completes this subsect_ion and shows that the assertions (2) and (3) of Theorem 1.1
are true when dy(soc(G)) < v.

THEOREM 5.10. One of the following occurs:

(1) n=16and G = SL(2,7);
(2) n=230r24and G = SL(2, 11).

PROOF. It remains to rule out the group G = PSU(3, 5) in order to prove this
theorem by Propositions 5.8 and 5.9. Assume that N £ Z(G). Then there exists a
Sylow ¢-subgroup S of N such that G < SL(V), where V = §/®(S) by Lemma 5.1.
Then either |V| > 2% by [43, Theorem 5.3.9] when 5 { |V|, or 5¢ | |V| by [43,
Proposition 5.4.13]. Hence either [N| > 2% or 5° | |N|. On the other hand, either
IN| | n—1or|N| | n? by Lemma 4.5. By composing all these bounds on the
order of N, we see that the unique admissible case is 5° | [N| and |N| | n?, since
n = 2v and v = 126. This yields n = 250, since 5° | n and 126 < n < 252.
This gives a contradiction by [33, Theorem 13.18]. Hence G is a covering group for
PSU(3,5). Thus N = Z; by [43, Theorem 5.1.4], since N # (1) by our assumption.
Thus any involution ¢ in G actually lies in G — N, so, it is well known that ¢ fixes
exactly six points on €. Hence n is a square. Therefore \/n € {12, 13, 15}, since
126 < n < 252 and since /n = 14 cannot occur by [33, Theorem 3.6]. Note
that Cs(¢) is non solvable, since it has a section which is isomorphic to PGL(2, 5).
Thus the cases /n = 12 or 15 are ruled out by [36] and [31], respectively. Hence
~/n = 13. Then Fix(¢) = PG (2, 13) by [48]. Denote by Cs(¢) the group induced
on Fix(¢) by Cs(¢). Then Cg(¢) acts trivially on Fix(¢), since 5 | ICs(¢)| while
51 |PGL(3,13)|. Thus there exists an element of order 5 in PSU (3, 5) fixing the
same 6 points on & fixed by ¢. This gives a contradiction. O

5.2. The faithful case In this subsection we deal with case N = (1). Since G is
simple, either K = (1) and hence G has a non trivial orbiton! — &, or G = K and
hence G fixes | — € pointwise.

This subsection is structured as follows. If G has a non trivial orbit on | — &,
we reduce to the case dy(G) < v by using the arguments of parts (C) and (D) of
Propositions 5.5 and 5.6, respectively. Then we show that the involutions in G are
Baer collineations of IT by using the results of Ho and Gongalves [32]. Finally, a
case by case investigation shows that IT is the Johnson-Walker translation plane of
order 16 or its dual, and G = PSL(2,7). If G fixes | — £ pointwise, we reduce
to the case n = v + 1 by using Lemma 4.2. At this point we show that G admits
another 2-transitive orbit of length v not contained in a line which is in contrast with
the order n of I1.
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PROPOSITION 5.11. If there exists a non trivial G-orbit on | — O then T is the
Johnson-Walker translation plane of order 16 or its dual, and G = PSL(2, 7).

PROOF. Assume there exists a non trivial G-orbit &’ onl — &, son > v+dy(G). If
dy(G) = v then either n = 2v — 1 or n = 2v. At this point we may use the arguments
of parts (C) and (D) of Propositions 5.5 and 5.6, respectively, to rule out these cases.
Hence dy(G) < v.

Assume that G contains an involutory perspectivity. If there exists a point P € IT—/
such that Gp = (1) then |G| < |IT — [|. This yields v(v — 1)8 < 4v?, since n < 2v
and since |G| = v(v—1)8,0 > 1. Thuseither = Sandv = 5, or8 < 4. Then either
G=PSL(2,5) andn=11lorn=12,0r G = PSL(2,7)andn = 150rn = 16 by
direct inspection of Table 1. Nevertheless the former cannot occur, respectively, by
[47], since | O] = 6, and by [36]. Also the latter cannot occur, respectively, by [31], and
by [15], since G contains involutory perspectivities and |&| = 8. Hence G is totally
irregular on I1. Then G = PSL(2,5) andn=1lorn=12,0or G = PSL(2,7) and
n = 15 orn = 16 by [32, Theorems 1 and 2]. Again this gives a contradiction.

Assume that each involution is a Baer collineation of I1. So n must be a square.
Theneither G = PSL(2,7)orG = PSL(2,9)andrn = 16,0rG = A;0orG = Agand
n=250rGZ= PSU@3,5) andn € {132,14%,15%),or G = HS and n € {177, 182},
or G = Sp(2h,2), h > 3 and n = 2%. Actually, the cases G = PSU(3,5) and
n € {132, 142, 15%} cannot occur by the same argument of Theorem 5.10. The case
G = Sp(2h,2), h = 3, and n = 2" cannot occur by [33, Theorem 3.7], since G
contains Baer involutions fixing 2%*~2 points on & by [17, Example 5.4.3].

Assume that G = A; and n = 25. Then there exists an involution in G fixing at
least seven points on / by [50] and since |/ — (£ U £”)| = 4. This gives a contradiction
by [33, Theorem 3.7]. Assume that G = Ag and n = 25. Then there exists an
involution in G fixing at least 10 points on [ by [50] and since || — (6 U &) = 3.
This gives a contradiction by [33, Theorem 3.7].

Assume that G = PSL(2,9) andn = 16. Set {X} =1 —- (€U O’). Let S be a
Sylow 2-subgroup of G. Then § = (@, B) witha* =1, 82 =1 and o = a~!. Note
that |Fix(a) NI| = 3, |Fix(a®) NI| = 5 and |Fix(8) NI| = 5, since | = O U &' U {X},
and since G = PSL(2, 9) acts in its 2-transitive permutation representations of degree
10 and 6 on & and on &, respectively. Furthermore, |Fix(a?) NFix(8)NI| = 3. This
yields Fix(a?) = Fix(8) = PG(2, 4) and Fix(a) = PG(2, 2) with Fix(a) C Fix(a?).
Moreover, Fix(a?)NFix(8) = PG (2, 2) and Fix(a)NFix(B) consists of three collinear
points of Fix(a?) including X. Thus |[Fix(a?) — (Fix(a) U Fix(8) Ul)| = 10. Let
U < G be such that U = E,. It is easily seen that Fix(U) fixes exactly two points
on /, since the permutation y = (123)(456) lies in U and y is fixed point free on &".
Thus Fix(U) cannot be a subplane of 1. Then there exists a line r of IT such that
Fix(U) — I C r. In particular Fix(G) C Fix(U) and |Fix(U) N Fix(a) — I| < 3.
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Hence, there are at least two points of IT — / (lying in Fix(a) —[), say X, and X,
such that Gy, = Z, and Gy, = Z,, since Fix(G) C Fix(U) and Fix(U) -1 C r
and Fix(a) N Fix(B) consists of 3 collinear points of Fix(a?) including X and there
are no proper subgroups of G of order divisible by 20. Then {IT — I| = 270, since
XPUX$ c -1 with | XF| = 180and | X§| = 90. This gives a contradiction, since
n = 16. :

Finally, if G = PSL(2,7) and n = 16 then IT is the Johnson-Walker translation
plane of order 16 or its dual and the G-orbits on / have lengths 8, 7, 1 and 1 by [15].
This proves the assertion. |

THEOREM 5.12. Let I1 be a projective plane of order n and let O be a 2-transitive
G-orbit of length v on a line withn > v > n/2. If G is almost simple and G is
faithful on O then Tl is the Johnson-Walker translation plane of order 16 or its dual
and G = PSL(Q2,7).

PROOF. Assume that G fixes — & pointwise. Assume alsothatn > v+2. Thusany
involution in G is a Baer collineation of I, since || — &| > 3. Thenn+1—v < /n+1
and hence v +2 < n < v+ +/2v, asn < 2v. Suppose there exists a point Y on/ — &
such that G admits an orbit &* of length v on [Y] — {{}. If G also admits a further non
trivial G-orbit on [Y] — {/} then IT has order 16 and G = PSL(2,7) and v = 8 by
the dual of Proposition 5.11. This gives a contradiction by [15], since G fixes [ — &
pointwise and |l — &| = 9 in this case. Then G fixes [Y]— ({{}U &*) linewise. If there
existsaline r in [Y]— ({{}U &*) suchthat G fixes two points onr — {Y} then G is planar
on I1. In particular o(Fix(G)) = |l — €| — 1 since G is transitive on & and G fixes
| — O pointwise. Then G, is planar on [T since Fix(G) C Fix(Gy). Furthermore,
o(Fix(Gy)) = |l — O since G is 2-transitive on &. So o(Fix(Gy) = o(Fix(G)) + 1.
This gives a contradiction by [33, Theorem 3.7]. Note that G and G, are still planar
if G fixes a point, other than Y, on at least two distinct lines of [Y] — ({{} U £*), so
this case also cannot occur. Hence there exists at least a line m in [Y] — ({{} U 6*)
on which G does not fix any point, since |[Y] — ({{} U &*)| > 2asn > v+ 2. Then
m — {Y} consists of nontrivial G-orbits. It should be stressed that G cannot admit
orbits of length v on m — {Y}, otherwise I1 has order 16 and G = PSL(2,7) and
v = 8 by Proposition 5.11, in contrast with the above argument. Let P € m — {Y}.
Then | PS| > 1, since m — {Y'} consists of nontrivial G-orbits. Clearly |P°| = Ad;(G)
for some primitive permutation representation degree d,(G), k > 0, of G.

Assume that dy(G) = v. Clearly G 2 Sp(2h,2), h > 3, by the same argument
as in Proposition 5.11. Then Av < |PC| < v + V2v, since P¢ Cc m — {Y} and
n < v++/2vand d,(G) > v. Thus A = 1 and |PY| = v + 1 by Lemma 4.2. Since
n > v+ 2, there exists @ € m — ({Y} U P€). Then |Q¢| > 1, since m — {Y} consists
of nontrivial G-orbits. Then |Q¢| = v + 1 by the previous argument with Q in the
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role of P. Son > 2v + 2, since P¢ U Q° C m — {Y}. This gives a contradiction.

Assume that dy(G) < v. Note that the above argument yields | P¢| = Ady(G) by
Lemma 4.3 and since G cannot admit orbits of length v on m — {Y}. Therefore every
admissible nontrivial G-orbit on m — {Y} must be a multiple of do(G). This implies
n = 0dy(G), @ > 1. Moreover, n must be a square and v +2 < n < v + V2v.
Now by a direct inspection of the Table 1, it is easily seen that no cases arise. Thus
[¥Y] — {I} cannot contain an orbit of length v for any ¥ € I — &. At this point we
may use the previous argument to show that for any Z € | — &, the set [Z] — {I}
consists of a G-orbit of length v + 1 plus a line fixed by G, since G cannot be planar
on I1. In particular G is one of the exception groups listed in Lemma 4.2. Thenn = 9
and G = PSL(2,7), since n must be a square. This gives a contradiction by [30,
Theorem A}, since G contains Baer collineations of I1.

Assume that n < v + 2. Thatis n = v + 1, since n > v. Note that G fixes exactly
a triangle A having / as its side. In particular each side of A consists of the vertices
of A which are fixed by G and of a 2-transitive G-orbit of length v. This implies
that G, fixes a subplane of IT isomorphic to PG(2,2). Then there exists a point
Q € Fix(Gy) — (I U A) such that |Q¢] = v. Clearly QF is not contained in a line,
since Q¢ ¢ IT—(UA) andFix(G) = A. If Q¢ is a v-arc then Q¢ UA is a hyperoval.
Then G = PSL(2,2°),s = 2,0or G = Sz(2),s = 3,5 0dd, or G = PSL(2,2°),
s > 2, by [7, Main Theorein]. Thus n = 2 + 2, i € {1, 2, 3}, respectively, and
s > 2. This yields n = 2mod 4. This gives a contradiction by [33, Theorem 13.18].
Hence Q€ is the set of points of a nontrivial 2-(v, k, 1) design 2 (see the preliminaries
of [4]). By [40, Theorem 1], we have that either 2 = PG(2,q), G = PSL(3,q)
and hence n = g% + g + 2, or 2 is Hermitian Unital, G = PSU(3, q), ¢ > 2, and
hence n = ¢ + 2, or 2 is Ree Unital and G = 2G,(q), g = 3*"*!, m > 1, and hence
n=gq*+2. Ifqiseven, thenn = 2mod4 as g > 2 (clearly the case G = PSL(3,2)
and n = 8 cannot occur). This is impossible by [33, Theorem 13.18]. Hence g is odd.

Now, it is easily seen that G contains an involution fixing the 2 points of / — & and
either exactly g + 1 points on & when 2 is a Unital, or exactly g + 2 points on &
when 2 = PG (2, q). So, either n = (q + 2)? orn = (g + 3)? by [33, Theorem 3.7].
This gives a contradiction in any case. Thus G cannot fix /| — & pointwise and hence
the assertion follows by Proposition 5.11. O

This completes the proof of parts (2) and (3) of Theorem 1.1.

6. The affine case

Throughout this section soc(G) is assumed to be an elementary abelian p-group for
some prime p. Hence & is endowed with the structure of a G F(p)-vector space and
the zero vector in & is denoted by O. Let |0| = p?, p prime,d > 1. ThenG = TGy,
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where T is the whole translation group of & and G, <TL(, p). By [28], a structure
of d*-dimensional vector space V over a field L = GF(p"), h | d, d = hd*, may
be defined on £ in such a way that G < AT L(d*, p*) and O is identified with the
zero-vector of V.

6.1. The faithful case. Assume that N = (1). Then G = G and hence G = TG,.
In this subsection we prove the following result whose proof relies essentially on
Theorem 2.1.

THEOREM 6.1. If v ¢ {52, 7%, 112,292,592} then G < AT L(1, v) and one of the
following occurs:

(D) n=v+1,v=2%0rv=3mod4;
2) n=2v—-1;

(3) n=2,v=29%

@ n—Jn+1=vandv is a prime.

PROOF. Let K be the kernel of the representation of G on/— & Since G is primitive
on &, either K = (1) or T < K < G by [17, Theorem 4.3B], since T = soc(G).
Assume that K = (1). Then there exists X € [ — & such that the kernel of the action
of G on X€ is trivial, again by [17, Theorem 4.3B]. Set &' = X¢. Then v | |£|
by the O’Nan-Scott theorem (see, for example, [17, Theorem 4.1A}), since v = |T|.

" Thus n > 2p? — 1, since & U & Cl and v = p?. Actually, either n = 2p¢ — 1
orn = 2p“, since n < 2p?. In particular, we deduce that the action of G on & and
on & is the same. Assume that G contains a Baer involution of II. Then n is a
square. If n = 2p? — 1 then either (n, p, d) = (239%,13,4) or pisodd and d < 2 by
[54, Results A11.1 and the result of page 141]. Nevertheless, the former is ruled out
by [30, Theorem A]J. Thus d < 2 and hence d* < 2. At this point we may use [28,
Lemma 5.10] to show that G < AI'L(1, v). This proves assertion (2). Assume that
n = 2v. Then v = 29 and d is odd by [33, Theorem 13.18], and since # is a square.
Thus d* is odd, since d* | d. Therefore, by Theorem 2.1, either G < AT'L(1, 2%) or
SL(d*,2") < Gy, d* > 3. Assume that the latter occurs. Let y be any involution
of G, inducing a transvection on &. Then y fixes 2" points on & and the point in
[ —(OU ). So2¥4-M < 24+1 by [33, Theorem 3.7], since y is a Baer collineation
of IT and n = 2¢*'. This yields 2(d — h) < d + 1. Thusd* = 3 and h = 1, since
d =d*h and d* > 3. Hence SL(3,2) < Gy, and n = 16. This gives a contradiction
by [15], since |€| = 8 and G is of affine type. Thus G < AT'L(1, 2%) and we obtain
assertion (3).

Assume that each involution in G is a perspectivity of I1. If n = 2v — 1, then each
involution in G must fix exactly 1 pointon £ and 1 pointon 6", as n is odd. Thus v must
be odd. Then either G < AT'L(1, v) or SL(2, p*) <4 G, or p? € {34, 35,192, 23%}
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by [28, Theorem 6.7], since p? ¢ {52, 7%, 112, 29%, 59%} by our assumption. Actually,
the cases p? € {3% 35, 192, 232} cannot occur by [33, Theorem 3.6]. Assume that
SL(2, p*) < Go. Then there exists an element ¢ of order p inducing a transvection
on O and on &'. Then ¢ fixes 2p” points on /. Clearly (n, p) = 1, since n = 2v — 1.
Furthermore (n — 1, p) = 1, since p is odd. Therefore ¢ fixes a subplane of I1 of order
2p* — 1. Then (2p" — 1)? < 2p? by [33, Theorem 3.7], which gives a contradiction.
Thus G < AT'L(1, v) and this proves assertion (2). If n = 2v then v = 2¢ by [33,
Theorem 13.18]. Then G is solvable by [2, Satz 1]. In particular G < AT'L(1, v) by
[35, Theorem XI1.7.3]. That is the assertion (2).

Assume that T < K < G. Assume also that || — &| < 2. Then |l — 6| = 2
and hence n = p? + 1, since n > vand v = p?. If 4 | |Gy|, then G, contains
a Baer involution of IT, since |/ — | = 2. Thus n must be a square. Clearly
d > 2. Thenn = 9 and v = 8 by [54, Result A5.1]. This gives a contradiction
by [30, Theorem A). Hence 2 | |G| and 22 { |Gy|. Then G < AT L(l, v) by [28,
Theorem 5.15]. Furthermore, either p = 2 or p? = 3mod4, as p? — 1 | |Go|. This
proves assertion (1).

Assume that || — &} > 2 and that v is even. Then each nontrivial element in T is
a Baer collineation of I, since || — 6| >2and T < K. Thusn+ 1 —v = \/n + 1,
since T fixes / — & pointwise and T is regular on &. Hence v = /n(y/n — 1). This
gives a contradiction, since v = p? and v > 4. Hence v is odd.

Assume that G, contains the involutory O-dilatation «. Suppose that T does not
contain planar elements. If there exists X € IT — [ such that Ty # (1),then Ty =T,
since T is abelian and T fixes [ — & pointwise and T does not contain any planar
element. Thus 7T is semiregular on XY — {X, Y} for any ¥ € [ — & again by the
facts that T fixes | — & pointwise and T does not contain any planar element. Then
v|n—1and hence n = v 4 1, since v < n < 2v. This gives a contradiction, since
{l — €] > 2. Hence T is semiregular on IT — /. In particular, p | n. Assume that
is a (C,, a,)-perspectivity of 1. Let y € T, y # 1. Then ¢ is the Oy-involutory
dilatation of G. Furthermore, o is a (C,y, a,y)-perspectivity, where C,y € [ and
a,y # 1. Clearly ¥ # «, as Oy # O. Then {a, a”) fixes a, N a,» pointwise.
This gives a contradiction, since (@, ¢”) N T # (1) and (a, Nay) N (IT = 1) # 2.
Hence « is a Baer collineation of I1. Then p | «/n, since p | n and n is a square.
Assume that there exists a point P € [ — € such that T is semiregular on [P] — {{}.
Then v | n and hence n = 2v, since v < n < 2v. This gives a contradiction by [33,
Theorem 13.18], since v is odd. Hence, for each point B € | — € there exists a line
rg € [B] — {l} such that T,, # (1). Assume that there exists a point D € [ — &
such that Da # D. Then T,, also fixes rp,, Since o acts as the inversion on T'.
Thus 7, fixes the point rp N rp, lying on IT — [. This gives a contradiction, since T
is semiregular on I1 — I. As a consequence, ! N Fix(a) = (I — &) U {O}. Then
n+1—v=.,/nsince |l — 6| =n+1—v. Thatis,n — /n + 1 = v. This gives
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a contradiction, since p | «/n and v = p?. Hence T contains a nontrivial planar
element 1.

Assume that « is a (C,, a,)-perspectivity. Then C, € [ and a, # I, since « is
the involutory O-dilatation in Gy and & C . Note that (C,, a,) € Fix(t), since «
inverts 7. So t fixes O, since either C, = O or {0} = a, Nl. This gives a
contradiction, since O € £, while t is semiregular on &.

Assume that « is a Baer collineation of I1. Then « fixes [ — & pointwise, since t
is planar and t fixes | — & pointwise and o fixes only the point O on &. Thus
|l — O =./n. Thatisn +1—v=.,/mandhence (V/n— 1)+ (W/n—-1)+1=v.
Then either v = p or (/n — 1, v) = (18,7%) by [54, Result A7.1]. Assume that
(/n — 1,v) = (18, 7%). Clearly « acts trivially on Fix(z) by [33, Theorem 13.18],
as o(Fix(r)) = 18. Hence Fix(r) C Fix(a). This gives a contradiction by [33,

" Theorem 3.7], since o(Fix(a)) = 19. Therefore v = p and we have assertion (4).

Assume that G does not contain involutory dilatations. Then SL(d*, p*) 4 Gy
with d* odd by Theorem 2.1, since v is odd. Let ¢ be the involution in G, represented
by the matrix A = diag(—1,, I;-—»). Then ¢ is a Baer collineation of IT fixing exactly
p?~% points on &. Then p*¢~? < n, by [33, Theorem 3.7]. Thus d* = 3 as d*
is odd and d* > 1. Let L < Cg,(¢), where L = (diag(C, 1) : C € SL(2,q)).
Let L, be the kernel of the action of L on Fix(¢). Clearly (¢) < Lo < L. Actually,
Ly < L, otherwise L would contain planar p-elements of IT inducing transvections
on & (for example pick B = diag(By, 1) where By = (}!)). Then Ly = () and
L/Ly = PSL(2, g) acts on Fix(¢), fixing g points on &. It easily seen that L/L,
contains a Baer collineation B of Fix(¢) fixing a further point on Fix(¢) NI — &,
since L/Ly = PSL(2, q) cannot be a group of perspectivities of Fix({) with axis
Fix(Z) N/. Thus o(Fix(¢)) > ¢? by [33, Theorem 3.7). Then n > ¢*, again by [33,
Theorem 3.7]. This gives a contradiction, since n < 2> and ¢ is odd. O

6.2. The unfaithful 2-transitive orbits. Throughout this subsection we assume
that N # (1).

The proof of Theorem 6.3, which is the main theorem in this subsection, is structured
as follows. We firstly show that G can be written in a ‘nice’ form (see the following
lemma). Then we reduce to case N < Z(G), otherwise Lemma 5.1 provides a lower
bound for | V| which is in contrast with the possible upper bounds given in Lemma4.5.
At this point we essentially use the Schur multipliers (see [41]) to obtain the assertion.

LEMMA 6.2. The following hold:
(1) G =UGy, where U is anormal p-subgroup U of G suchthatU/(UNN) = T;
(2) ifGo = HN with HN N = (1) and H quasisimple then N < U.

PROOF. Let T be the full preimage in G of T. Then T = U N, where U is a Sylow
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p-subgroup of T. Furthermore, G = Ng(U)T by Frattini’s argument. Actually
G = Ng(U),since T = UN and N = ®(G). Hence U < G. Moreover, UG,
induces G on &, since N < Go. Then G = U G o by the minimality of G. This
proves assertion (1).

Assume that there exists H < Gy suchthat Go = HN with HN N = (1) and H
quasisimple. Then G = U H by (1), since N = ®(G). Furthermore, UNH = (1), by
[22, Theorem 3.1.3], since H = G, and U N H is a normal p-subgroup of H. Clearly
UN/U is isomorphic to a normal subgroup of H. Thus U/(U N N) is isomorphic
to a subgroup of Z(Go), as H = G, and the group G, is quasisimple and N is
nilpotent. In particular U/(U N N) has order coprime to p by [22, Theorem 3.1.3].
Hence N = P x Z, where P = U N N and Z is isomorphic to a subgroup of
Z(Gy), as N is nilpotent. In particular, Z is cyclic because Z(G ) is cyclic by [22,
Theorem 3.2.1]. Let W be the Sylow ¢-subgroup of N, with¢ # p. Then W < Z as
N = P x Z. Thus W is cyclic. Moreover, W < G as N is nilpotent. Then G acts
on W with kernel Q and G/Q < Aut(W). Actually, Q = G by [22, Theorem 1.3.10
and Lemma 5.4.1], since W is cyclicand N < Q and G = U H with H quasisimple.
Thus Z is central in G and hence UN = U x Z as (|U|, |Z]) = 1. This yields
UNNH=(1l),sinceUNH = (l)and ZN H = (1). As a consequence, Z = (1)
and N < U. This proves assertion (2). |

THEOREM 6.3. Ler ¢ = {24,26,32,3% 34 35 52,72, 112,192, 232,292, 59%).
Then one of the following occurs:
(1) G < ATL(1,v), or
(2) ve 2.

PROOF. Assume that the theorem does not hold. By Theorem 2.1, we have that
if G = TG is 2-transitive on & then G = T soc(G,). Note that soc(G) is still
2-transitive on & and s0c(G o) is quasisimple. Thus, we may assume without loss of
generality that Go = soc(Gyp). Hence G is quasisimple. In particular, we have the
following possibilities for Go:

(@) Qo = SL(d*, p"), d* = 2;

(i) Go = Sp(d*, p*), d* even and d* > 4;

(i) Go = Gy(p"),d* =6and p=2.

We treat the cases N £ Z(G) and N < Z(G) separately.

(I) Thecase N £ Z(G).

Assume that N £ Z(G). Then, by the same argument as in Lemma 5.1, we
deduce that G acts on V with kernel R, where V = §/®(S), S a Sylow z-subgroup
of N suchthat S £ Z(G), and N < R 4 G. Assume that R = G. Then
each Sylow r-subgroup T of G, with r # ¢, centralizes S by [22, Theorem 5.1.4].
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Thus Cg(S) f N and [G : C(S)] =t*, h > 0. Furthermore, Cg(S) < Gas § < G.
Hence N < C5(S)N < G. Set L = Cs(S)N. Clearly, either L=G or[G: L] = ¢
for some 1 < i < h. Actually, the former is ruled out by the same argument as in
Lemma5.1. Thus [G : L] = ¢ andhence [G : L] =+t as N < L. Then L/T < G/T
and [G/T L/T] =rasT <L by {17, Theorem 4.3.B]. This implies that Go
must contain a normal subgroup of index t*. This gives a contradiction, since G is
quasisimple. Then R < G. Hence, either R = Nor T < R < T.Z(Gy), since
G =TGo,.

Assumethat 7 < R < T.Z(Go). Set H = G/R Clearly H < PI'L(V), since V
is a vector space over G F(t). Notethat H = G /R, since G/R = (G/T)/(R/T) This
implies that H is isomorphic to a central extension of GO/ Z(Go), since G / T=Go
and since R/T is isomorphic to a subgroup of Z(G,). Thus H < PSL(V), since
H < PTL(V) and H is quasisimple. Recall that G, is one of the groups listed
above. So, if the representation is in coprime characteristic then |V| > 28(f) py
[43, Corollary 5.3.3, Theorem 5.3.9 and Corollary 5.4.14.(i)], since v ¢ _#. This
implies |V| > 4v? for v > 8. Hence |[N| > 4v?forv > 8asV = S/®(S) and S is
a Sylow t-subgroup of N. This gives a contradiction, since |N| < 4v? as |N| < n?
by Lemma 4.5 and n < 2v. Hence v < 8. Actually v = 8, since v = p4,d > 2
and v > 5. In particular, N is regular on [T — [ as |[N| = 2°. Then G = G¢N
for some C € I1 —[. Actually G = G, since N = ¢(G) by Lemma 5.10. This
gives a contradiction, since N is semiregular on [T — /. Thus the representation of H
as a subgroup of PSL(V) is in the natural characteristic. Therefore v | |V| by [43,
Corollary 5.3.3 and Proposition 5.4.13], since G £ A'L(l,v) and v ¢ #. Asa
consequence, v | |[N|for N < R < G.

Finally, assume that R = N. Then G < PSL(V). Then, by the above argument
with Go, O € &, in the role of H, we still obtain v | |N|. Hence v | |N| in every
admissible case.

Assume that |[N| | n — 1. Then G fixes a unique point Q on [T — /[ and N is
semiregular on IT — (! U {Q}) by Lemma 4.5. Then |N| = n — 1, since v | |N|
and v < n < 2v. Thus Gp = Go 4N with Gp, N N = 1, for some point
Ae0Q—-{0,0Q}. ThenG =UGpabyLemma6.2,as G = UGo, Go = Go aN
and N = ®(G). Then the argument of Theorem 6.1, with G in the role of G, rules
out this case, since G £ ATL(1,v),v ¢ £ and v = p°.

Assume that [N| | n. Then [N|=nandn = 2vsincev | [NJandv < n <
2v. Therefore v = 2¢ and n = 2¢*' by [33, Theorem 13.18]. Furthermore, N is
semiregular on [O] — {/} where O € & by Lemma 4.5. Let 2 be the set of N-
orbits on [O] — {I}. Clearly |2|] < 2, since v | |[N| and n = 2v. Thus G, fixes Q
elementwise. Then Gp = G N for some line a € [O] — {I} and the argument of
Theorem 6.1, with G , in the role of G, rules out the case d odd. Hence d is even
and n is a non square as n = 2¢*!. Thus G, must have odd order, since v and n
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are even and Gy, = G,. Therefore G, must have odd order. Hence G is solvable
by [2, Satz 1]. In particular, G < AT'L(1, v) by [35, Theorem XI1.7.3], which is a
contradiction.

Assume that |[N| > n. Then either n | |N| and n is a prime power, or n = 3|J|/2
where J is the Sylow 2 -subgroup of N by Lemma 4.5. Then either n = 2uv, or
n = 3v/2 and v even, since v | n? as |N| | n?, and since v < n < 2v, respectively.
Note that v is also even in the first case by [33, Theorem 13.18]. Let 2 be defined
as above. Then |2] < 3, since each N-orbit on [O] — {/} has length at least n/3
by Lemma 4.5. Thus G, fixes  elementwise, since Go is quasisimple. Hence
Go = Go N for some line b € [0O] — {I}. We stress that Gp, N N #% (1), since
N, # (1) as |N| > n. Now, we may repeat the above argument, with G , in the role
of H and N, in the role of N, to assert that either v | [N,] or Ny < Z(Gy ). Assume
that v | |Np|. Then |N| > vn/3, since [N : N,] = n/3 as |2| < 3. Let ¥ be the
set of N-orbits of points on IT — /. Then |¥| < 6, since N is semiregular on IT — /
and [N| > vn/3. It is a plain to see that G fixes W elementwise, since v > 8. So
G = G4N forsome A € [1—1. Actually G = G4, since N = ¢(G) by Lemma 5.10.
This gives a contradiction, since N is semiregular on [T — /. Hence N, < Z(Gyp)-
Then Go,, = G, ,N where G, , is a covering group for Go by [1, Theorem 11.3.33].
Hence, G, , N N is isomorphic to a subgroup of the Schur multiplier of Go. If
Go = SL(d*, p"), d* > 2, then Gy, NN = (1) by [41, Theorem 7.1.1 (i)], since
v¢ #. If Go = Sp(d*, p"), d* even, d* > 4, then G,,, " N = (1) by [41,
Theorem 2.5.12] when p is odd, and by [43, Theorem 5.1.4] when p = 2, since Gois
perfect,d* > 4andv ¢ _Z. Finally, ifGo = G2(p") and p = 2, then Gy ,NN = (1)
by [43], Theorem 5.1.4, since v ¢ _#. Thus G/, ,N N = (1) in every admissible case.
Then the above argument, with G', , in the role of G ¢ 4, rules out this case. Actually,
such an argument works when we replace n = 2v with n = 3v/2. So, also the case
n = 3v/2 cannot occur.

(II) The case N < Z(G).

Assume that N < Z(G). Then Go = G, N with G, a covering group for Go
by [1, Theorem 11.3.33]. Hence G', N N is isomorphic to a subgroup of the Schur
multiplier of Go. Actually, G, NN = (1) in every admissible case by the above
argument, with G/, in the role of G, ,. Then N < U by Lemma 6.2(2). Furthermore,
there exists & € G/, such that o(¢) is a primitive prime divisor of v — 1 by [43,
Theorem 5.2.14], since G £ AT'L(1,v) and v ¢ _#. Then ¢ acts irreducibly on
U/WWNN)ZT by [28, Section 5 and Theorem 3.5] and each proper ¢-invariant
normal subgroup of U lies in N. Therefore £ acts trivially on each proper ¢-invariant
normal subgroup of U, since N = Z(G ). Then U is special and N = &(U) by [22,
Theorem 5.3.7], since U/N = T and N # (1). Recall that X is the kernel of the
representation of G on!/ — & and N = ®(G). If K < G then there exists a nontrivial
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G-orbit &* onl — 0. Let A be the set of N-orbits on £* and let F be the kernel of
the representation of G on A. Clearly N 4 F 1 G. If F = G then G = GxN for
some X € 0*. Thatis G = Gy, since N = ®(G). This gives a contradiction, since
X € 0* and 0* is a nontrivial G-orbit. Therefore R < G.

If R = N then G induces G on &6*. Then v | |£#*| by the O’Nan-Scott Theorem,
since v = |T|. This forces N to fix | — & pointwise. Then either n = 2v — 1
and N = N(@,) with Q e IT —l,orn =2vand N = N{, D) by Lemma 4.5,
since n < 2v. Since G ){_ AT'L(1,v) and v ¢ _Z, and since G, N N = (1) and
G, = G, the arguments of Theorem 6.1 still work and hence we may rule out the
casesn =2v — 1land n = 2v.

Now, assume that N < R < G. Thatis (1) < R < G. Hence U < R, by [17,
Theorem 43.B], since N < U, U = T and T = soc(G). Thus U fixes A elementwise.
Then U = Uy N foreach Y € 0*, since N < U. Furthermore, U fixes £* pointwise
since N = ®(U). Hence N < U < K < Gand N = N(,I) or N(Q,!) with
Q €Il — 1 by Lemma 4.5. Assume that N = N(l,[). Clearly N(X,!) = (1) for
any X € 0, since N < Z(G). Hence there exists a point E € | — & such that
N(E,I) # (1), since N # (1).

Assume that N(E, ) < N. Then G acts on the set X of N-orbits on [E]— {{}, since
N < Z(G). If U fixes some elementin T then U = U, N forsome r € [E]— {l}, since
N < U. As aconsequence, U = U, since N = ®(U). This gives a contradiction,
since N, = N(E,!l) and N(E,l) < N. Thus U moves each element in X. In
particular, G induces G on ¥, and G does not fix any element in . Then v | |Z|
by the O’Nan-Scott Theorem, since v = |T|. Then n = v[N : N(E, )], since
|Z| =n/[N : N(E,D]. Thus [N : N(E,[)] =2and n = 2v, since v < n < 2v.
Since G £ ATL(1,v), v ¢ £ andsince G;, NN = (1) and G/, = G, it is easily
seen that the argument of Theorem 6.1 still works and we may again rule out the case
n = 2v. Therefore N = N(E, ).

Assume that v is even. If there exists an involution 0 € U — N then o is a Baer
collineation of IT fixing the v + 1 points of [ — &, since n = 2v and since U fixes
[ — O pointwise. Then v? < n by [33, Theorem 3.7]. This gives a contradiction, since
n = 2vand v > 2. As a consequence U — N does not contain involutions. Thus
U must be semiregular on {Y] — {!} for any point Y on ! — (& U {E}), since U fixes
! — O pointwise, N < U and N = N(E,!l). Thus |U| | n. Thenn =2vand N = Z,,
since [U| = v|N| and N # (1). Hence visevenas N < U and U is a p-group.
This gives a contradiction by the same argument as above. Assume that v is odd.
Assume also that U fixes a line f of ([E] — {l}. If U is semiregular on f — {E} , then
n = 2v, since |U| = v|N|. This gives a contradiction by [33, Theorem 13.18], since v
is odd. Thus Up # (1) for some D € f — {E}. Then U, fixes D" pointwise, since
N < Z(G). Then there exists a non trivial element 7 in U — N fixing DY U (I — 0)
pointwise. Thus 7 is planar on IT, since |/ — ¢| > 2, |D"| > 2 and DY Cc IT - 1.
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So o(Fix(t)) = n —v. If n + 1 — v = /n then, by arguing as in Theorem 6.1, we
deduce that v is a prime. This gives a contradiction, since G ,{_ AT L1, v).

Assume that v is odd. So,n + 1 — v < /n. In particular, n < v 4+ +/2v by [33,
Theorem 3.7], since n < 2v. Recall that G;, "N = (1). The argument of Theorem 6.1
implies that G/, contains an involution « inducing an involutory O-dilatation on &'.
So v is a square and hence n cannot be a square, since v < n < v + +/2v. Clearly «
cannot be a Baer collineation of I1. Thus « is an involutory (C,, a,) perspectivity.
Clearly C, € l and a, # [ since @ ¢ N and « fixes /. Thus there exists a point W on
| — O such that [W#| > 1. Let I" be the set of a-orbits on W#. Then |I'| = |W#|/2,
since « is central in H, a, # ! and H is transitive on W/, Then |I'| > dy(H/Z(H))
by [43, Proposition 5.2.1]. Hence 2dy(H/Z(H)) < n — v + 1, since |[['| = |W#|/2
and |[WH#| < n—v+1. Actually, (2dy(H/Z(H)) —1)? < 2v,since v < n < v++/2v.
At this point, bearing in mind that dy(H/Z (H)) is given in [12], it is a straightforward
calculation to show that no case satisfies the previous inequality. Hence U does not
fix lines of [E]— {I}. Therefore [E]— {I} is a union of nontrivial G-orbits. Thus v | n,
since the length of each these orbits is a multiple of v by the O’Nan-Scott Theorem,
as v = |T|. Hence n = 2v. Again this gives a contradiction.

Assume N = N(Q, ) forsome Q € I1—I. Then N is semiregularon Q B—{Q, B},
where B is any point of [ — &. If U is semiregular on QB — {0, B}, then |[U| | n — 1.
Then 2v < n — 1, since |U| = v|N| and N # (1). This gives a contradiction, since
n < 2v. In particular there exists 1; € U — N fixing a point C of 0B — {Q, B}.
Then 1, is planar on IT, since 1, fixes the points C and Q on IT — [ and since U fixes
| — O pointwise. At this point the same argument used for the case N = N(E, I),
with 7, in the role of 7, still works and we may rule out this case. This completes the
proof. O

7. Translation Planes

In this section we investigate what Theorems 1.1 and 1.2 say when IT is the
projective extension of a translation plane of order n and & is a 2-transitive G-orbit
of length v on a line [, with n > v > n/2. The case when & has length v with v > n
is already contained in Section 2.

THEOREM 7.1. Let 1 be the projective extension of a translation plane of order n
and let O be a 2-transitive G-orbit of length von alinel. Ifn > v > n/2 and G is
almost simple, then one of the following occurs:

(1) T is the Hall plane of order 9 or its dual, || = 5 and SL(2,5) 4 G, in
particular | is the line at infinity;

(2) 1 is the Johnson-Walker translation plane of order 16 or its dual, and
PSLQ2,7) QG. In particular | is an affine line.
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PROOF. Suppose that IT is the projective extension of a translation plane of order n.
Then n =t/ where ¢ is a prime and j > 1. Assume thatn = 29 + 1, ¢ = 3mod4,
q #7,|10 =g+ 1and SL(2,9) 4 G. Then j = 1 by Lemma 4.1(1), so IT is
Desarguesian. Then PSL(2, g) < PGL(2, n), since G induces the group PSL(2, q)
on /. Since PSL(2, q) contains nontrivial elements fixing 4 points on [, namely
two points on & and two points on &, we have a contradiction. Now, assume that
n=2g+1),q=3mod4,|6| =q+ 1and SL(2,q) < G. Thenn = 2/ and q
is a Mersenne prime by Lemma 4.1(1). Clearly G < PT'L(2h, 2%"), with j = jih,
since G leaves invariant the line at infinity. Thus SL(2,q) < PSL(2h, 27), since
SL(2,q) 4 G. Then 2h > (q — 1)/2 by [43, Proposition 5.3.2 and Theorem.5.3.9],
since ¢ # 5,9 as q is a Mersenne prime. Hence 2(g + 1) > 2@~D/4 since n = 2/ and
n = 2(q + 1). An easy computation shows that the previous inequality is impossible
for g > 19, since g is odd. Henceq < 19. Actually g = 7, since ¢ must be a
Mersenne prime. Thus SL(2,7) < G and n = 16. A direct inspection of the list of
the full collineation groups of all translation planes of order 16 given in [16] (see also
[53]) rules out this case. So, the cases (2b) and (3b) of Theorem 1.1 cannot occur
when IT is the projective extension of a translation plane of order n. Thus the assertion
follows by Theorem 1.1, since n > v> n/2. a

THEOREM 7.2. Let T1 be the projective extension of a translation plane of order n
and let O be a 2-transitive G-orbit of length v on a line I, withn > v > n/2.
If G is of affine type and G acts faithfully on € and v ¢ {5%, 7%, 112,292, 59%), then
G < AT L(1, v). Furthermore one of the following occurs:

(1) n=2v—1,v=p? inparticular, either (p°, n) = (13%,239%) orn = t* and
d=<?2;
2) n=2,v=24

PROOF. Suppose that IT is the projective extension of a translation plane. Then
n =1/, j > 1, for some prime . Assume that & is a 2-transitive G-orbit of length v
on a line, with n > v > n/2 and v ¢ {52, 7%, 112,292, 59%}. Assume also that G is a
collineation group of [T of affine type acting faithfully on &. Then G < AT L(1, v)
and 7 satisfies one of the relations (1)—(4) given in Theorem 6.1. Assume thatn = v+1
with v = 2¢ or v = 3mod 4. If v = 2¢ then eitherd = 3 and n = 9 or n is a Fermat
prime by (54, Result (B1.1)]. If n = 9, then IT is either Desarguesian or one of the
Hall planes. Nevertheless these planes cannot occur since 7 | |G|, as G is 2-transitive
on &, & Cland v = 8. Thus n is a Fermat prime and hence IT is Desarguesian.
Then G < PGL(2, n). Thus 2¢(2¢ — 1) | 2¢(2¢ + 1)(2¢ + 2), since G is 2-transitive
on & and n = 2¢ + 1. This gives a contradiction, since n > 5 by our assumptions.

Assume thatn — /n+ 1 = vand v = p. Then G = AGL(1, p). In this case
the group G fixes | — & pointwise and the element p in G of order p is planar by
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Theorem 6.1 (see its proof). Hence p fixes a subplane of [T of ordert/ — pasn = ¢/,
Jj = 1. Thent/—p | t/ as T is atranslation plane. So¢ = p =2andn = t/ = 4. This
gives a contradiction, since n — \/n + 1 = p. Thus either n = 2v — 1 with v = p¢, or
n = 2v with v = 2¢ by Theorem 6.1. The second case leads to assertion (2). Hence,
assume that n = 2v — 1 with v = p?. Then 2p? =1t/ + 1 asn = t/. Assume that j is
nota powerof 2. Thent"+1 |/ + 1 for some integer 1 < h < j. Then p | t*+1and
hence ¢/ + 1 has no primitive prime divisors for j > 1,as2p? =t/ + 1. Thent/ = 8
by [54, Result (P1.7)(ii)]. This gives a contradiction, since ¢ must be odd. Therefore
j = land hence t = 2p? — 1, so Il is Desarguesian. Then G < PGL(2, t), since G
leaves invariant /. Since p? = (¢ + 1)/2 and the Sylow p-subgroup of G is normal
in G, we have G < Npgro.n(Zi41). SO pe(p? — 1) | 2(t + 1), since G is 2-transitive
on &. Then p — 1| 4,sincet = 2p? — 1. Hence p? = Sandn =9, since v > 5.
This gives a contradiction, since n = ¢ with ¢ prime. Hence j = 2*, h > 0. If d > 2,
then (p?, t/) = (134, 239%) by [54, Result (A11.1) and result of Page 141]. This
proves assertion (1). 0

We remark that, while there are no known examples corresponding to case (1) of
the previous theorem, Example 3 is an example for case (2). Indeed (2) and (6) in
Example 1 do not correspond to case (1) of the previous theorem but correspond to
particular cases of Theorem 6.3. Finally, we remark that there are no improvements
to Theorem 6.3 when I1 is the projective extension of a translation plane.
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