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Abstract

In this article, we study the Mazur-Ulam property of the sum of two strictly convex Banach spaces.
We give an equivalent form of the isometric extension problem and two equivalent conditions to decide
whether all strictly convex Banach spaces admit the Mazur—Ulam property. We also find necessary and
sufficient conditions under which the £!-sum and the £*°-sum of two strictly convex Banach spaces admit
the Mazur—Ulam property.

2010 Mathematics subject classification: primary 46B04, secondary 46B20.

Keywords and phrases: Mazur—Ulam property, isometric extension problem, strictly convex.

1. Introduction and preliminaries
In 1987, Tingley proposed the following problem in [12].

ProsLem 1.1 (Isometric extension problem). Let E and F be real Banach spaces and let
Vo be a surjective isometry between the unit spheres S;(E) and S| (F). Is Vj necessarily
the restriction of a linear isometry on the whole space?

The isometric extension problem is only considered in real Banach spaces, since
the answer is clearly negative in the complex case. If it has a positive answer, the local
geometric properties of a mapping on the unit sphere will determine the properties of
the mapping on the whole space. This problem is related to the well-known Mazur—
Ulam theorem.

TheOREM 1.2 (Mazur—Ulam theorem). Let E and F be real Banach spaces and let
V . E — F be a surjective isometry. Then V is affine.

A Banach space E is said to admit the Mazur-Ulam property if, for any Banach
space F, any surjective isometry V, between the unit spheres S;(E) and S(F) is
the restriction of a linear isometry between E and F (see [1]). It is clear that the
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isometric extension problem just asks whether all Banach spaces admit the Mazur—
Ulam property.

In the past decade, the isometric extension problem was mainly considered in
various classical Banach spaces (see [4]). The problem has been solved affirmatively
if E is a classical Banach space and F is a general Banach space. In other words, all
the classical Banach spaces admit the Mazur—Ulam property. The isometric extension
problem for the £!-sum of strictly convex Banach spaces was solved affirmatively (see
[14]) and also for the £°-sum of strictly convex Banach spaces (see [7]).

Recently, the isometric extension problem was considered in finite-dimensional
polyhedral Banach spaces (see [9]) and somewhere-flat real Banach spaces (see [1]).
‘Sharp corner points’ on the unit ball of dual Banach spaces were applied to consider
this problem in Gateaux differentiable spaces (see [6]). The problem was also studied
in R? with symmetric absolute normalised norms [10, 11].

We state two lemmas which will be useful in this article.

LemMma 1.3 [8, Theorem 2]. Let E, F be real Banach spaces and Vy : S1(E) — S1(F)
be a surjective isometry. Suppose that

IVo(u) — AVoW)I| < llu— V|| VYu,v € Si(E),A€R".
Then Vy can be extended to a linear isometry on the whole space.

Lemma 1.4 [2, Lemma 2.1]. Let E and F be real Banach spaces and let E be strictly
convex. Suppose that Vy is a surjective mapping between S|(E) and S|(F) and

[IVo(w) = VoI < [lu = vIl Yu,v € S1(E).
Then Vy(—u) = —Vy(u) for any u € S(E).

We consider the isometric extension problem between the sum of two strictly
convex Banach spaces and a general Banach space. In Section 2, we give an equivalent
form of the isometric extension problem and we give two equivalent conditions to
decide whether all strictly convex Banach spaces admit the Mazur—Ulam property.
In Section 3, we prove that a surjective isometry between the £'-sum of two strictly
convex Banach spaces and a general Banach space has a linear isometric extension
under a condition. In Section 4, we prove that a surjective isometry between the
{>-sum of two strictly convex Banach spaces and a general Banach space has a linear
isometric extension under the same condition. In Section 5, we obtain necessary and
sufficient conditions under which the £!-sum and the £*-sum of two strictly convex
Banach spaces admit the Mazur—Ulam property.

Before we start, we need some definitions and notation. In this article, all Banach
spaces are over R. Let E and F be Banach spaces and let V be a surjective mapping
between them. We call V a sphere isometry if ||V(u) — V(v)|| = |lu — v|| for any u,v € E
with ||ul| = ||[vll. We say that V preserves spheres if |V (u)|| = ||u|| for any u € E. For
a subspace Ey C E, we say that V preserves the subspace E if V(Ej) C F is also
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a subspace. We call V positive (real) homogeneous if V(Au) = AV(u) for any u € E and
A>0(€R).

Let E be a Banach space. We denote the unit sphere and the unit ball respectively
by

SIE) ={ueE:|ul=1}, By(E):={uekE:|ul|<l}.

Let E| and E;, be Banach spaces and let E; & E; be their direct sum. We denote by
E\®n E, and E| &~ E; the vector space E| ® E, with the £ I_norm and the £*-norm,
respectively. For x € Ej,y € E; and u € E| ® E;, we write u := (uj,up) € E; @ E» and

X=x0ecE ®E, y:=0,y)€E @®E;.

For any A, u € R, we denote by max{A, u} the larger one and write

w/lpl if g+ 0,
sgn(u) = {O =0

2. Equivalent forms of the isometric extension problem

In this section, we give an equivalent form of the isometric extension problem. In
particular, we show that all the strictly convex Banach spaces admit the Mazur—Ulam
property if and only if any surjective real homogeneous sphere isometry between a
strictly convex Banach space and a general Banach space is linear.

TueoreM 2.1. The following are equivalent.

(1)  For Banach spaces E and F and a surjective mapping V between them, if V is a
positive homogeneous sphere isometry and preserves the sphere, then V is linear.
(i) All Banach spaces admit the Mazur—Ulam property.

Proor. If (i) holds and Vj) is a surjective isometry between S(E) and S (F), we define
V, between E and F as follows:

_ 0 ifu=0,
Vo(u) = » ,
el Vo(llull ™" u) if u # 0.

It is clear that V is positive homogeneous and preserves the sphere. Moreover, V),
is surjective since Vj is surjective. Now we prove that Vj is a sphere isometry. Take
u,v € E with ||u|| = ||[v||. If we denote A := ||u|| = ||v||, then

Vo) = Vo)l = AVO(%)‘WO(E) A 2

Therefore, Vj is linear and thus an isometry on the whole space.

Conversely, suppose that all Banach spaces admit the Mazur—Ulam property. If V
is a surjective positive homogeneous sphere isometry between Banach spaces E and F
and preserves the sphere, define V| to be the restriction of V on S;(E). It is clear that
Vp is a surjective isometry between S;(E) and S(F). Then V| has a linear isometric
extension V) from E to F. Since V is positive homogeneous, we see that V = V and
thus V is linear. O

:/ll/l 1%

= llu = vll.
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Theorems 2.1 and 1.2 show why the isometric extension problem is a refinement
of the Mazur-Ulam theorem. We consider other equivalent forms of this problem
between a strictly convex Banach space and a general Banach space. In fact, it can be
seen from Lemma 1.4 that (ii) implies (i) in Theorem 2.2.

TueoreM 2.2. The following are equivalent.

(1)  For any Banach spaces E and F and a surjective mapping V between them, if E
is strictly convex and V is a positive homogeneous sphere isometry and preserves
the sphere, then V is linear.

(i) For any Banach spaces E and F and a surjective mapping V between them, if E
is strictly convex and V is a real homogeneous sphere isometry, then V is linear.

(ii1) All strictly convex Banach spaces admit the Mazur—Ulam property.

Proor. By similar methods to Theorem 2.1, we can prove that (i) is equivalent to (iii).
Now we want to prove that (i) is equivalent to (ii).

Suppose that (i) holds and V is a surjective real homogeneous sphere isometry
between Banach spaces E and F, where E is strictly convex. For any u € E,

M) =[5 - ()

and thus V preserves the sphere.

Conversely, suppose that (ii) holds and V is a surjective positive homogeneous
sphere isometry between Banach spaces E and F and preserves the sphere, where
E is strictly convex. For any u € E, there exists v € E such that V(v) = —V(u). Note
that ||u|| = [[V(w)|| = |[V(v)|| = ||v|]| since V preserves the sphere. Then

V@l = = [full

llu =il =1V = VO = 12Vl = [12ul] = [lull + [Vl
and so u = —v since E is strictly convex. Since V is positive homogeneous, we see that
V is real homogeneous. This completes the proof. O
3. Mazur-Ulam property of E1 &, E;
We first reproduce a lemma in [13] and give the proof.

Lemma 3.1. Let E and F be Banach spaces and let Vi : S1(E) — S1(F) be a surjective
isometry. Then

lu+v|]|=2 < ||Vouw) + VoW =2 VYu,v e Si(E).

Proor. Note that Vj is surjective. We only need to prove the ‘=’ part. By the Hahn—
Banach theorem, there exists f € S(E*) such that f(u + v) = ||u + v|| = 2. Then

2=lu+vl=1f@+vI<|f@l+I[f(n <2
and thus

fw)=fv)=1. (3.1)
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ForneN, set u, = (1 —n~"u+n"'v. By (3.1), we have {u,} C S|(E). Let n € N and
w € S1(E) and suppose that

llet,, + Wl = 2. (3.2)

By the Hahn—Banach theorem and a similar argument, there exists f(, € S (E*) such
that fi, (4, + w) = 2, which implies that

Jow W) = fom V) = fo(n) = 1.

Therefore,
[lv+w|] =2, (3.3)
since w = fiuuw)(v + w) < ||v + ul| < 2. Note that
lln = Vi ' (= Vo)l = IVo(un) + Volun)ll = I12Vo(ua)ll =2 ¥n € N.

By a similar method to the one we used to deduce (3.3) from (3.2),

lv=V (V) =2 VneN
and thus

Vo) + Vo(un)ll =2 ¥neN.

Letting n — oo gives ||Vy(v) + Vy(u)|| = 2 and completes the proof. O

Now, we begin to consider the isometries between S;(E| &, E») and S1(F), where
E| and E; are strictly convex. In the following result, we prove that any surjective
isometry between S|(E; &, E;) and S(F) necessarily maps antipodal points to
antipodal points.

ProrosiTion 3.2. Let E| and E, be strictly convex Banach spaces and let F be a
Banach space. Suppose that Vy : S1(E| ®&p E;) — S1(F) is a surjective isometry. Then
Vo(—u) = =Vy(u) for any u € S1(E; ®p E).

Proor. We first prove that V(—X) = —V,y(X) for any x € S(E7). Since V) is surjective,
there exists u € S;(E; @, E») such that Vy(u) = —Vy(X). Then

lley = x| + lleazll = llue = &Nl = Vo () = VoDl = I-2Vo(D)I| = 2

and thus ||u; — x|| = |[uy]] + ||x]l. Since E; is strictly convex, u; = —||ui||x. For any
y € S(En),

IVo(® + Vol = [IVo(®) = VoIl = 11y - X[ = 2.

By Lemma 3.1,
llrll + My + wall = 19 + ull = 2
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and thus ||y + us|| = ||[y|| + ||u2||. Since y is arbitrary, we have u; = 0 and thus u = —X.
Similarly, we can prove that Vy(—9) = —Vy(¥) for any y € S (E>).

Next we prove that Vo(—u) = —Vy(u) for all u € S1(E; ®&p E;). We can assume
uy,up # 0. Since V) is surjective, there isa v € S1(E; @, E,) such that Vy(v) = —Vy(u).

Then
lleey = will + lluz = vall = llu — vl = [[Vo(u) = VoIl = l12Vo(w)ll = 2
and thus
2 = luy = will + lluz = vall < llugll + vl + leazll + [vall = llull + [IvI] = 2.
It follows that || — vi|| = |luy]| + |[v1]|. Since E| is strictly convex,
bl
1= Tl B

By the result of the previous part of this proof, for any x € S (E}),
1% — ull = [[Vo(2) = Vol = I-Vo(=%) + Vo)l = [IX + vl.
Set x = ||luy||"'«;. Then

-1
L=l + lleaoll = Mo [ wer + vill + [vll = T = vl + [Ivall,

since v = —(||[vi||/||lu1l])u;. Therefore, |ju;|| = ||vi]| and u; = —v;. We can prove that

uy = —v; by a similar argument. This completes the proof. O

The following lemma is a special case of [5, Lemma 5].

Lemma 3.3. Let F be a Banach space and wy, w, € S1(F). Suppose that ||wy £ wy|| = 2.
Then

1wy +pwall = 1Al + |l YA, p e R.

Proor. Assume that 4 # 0 and u # 0. Let 8; = sgn(1) and 6, = sgn(u). By the Hahn—
Banach theorem, there exists f € S;(F™) such that

O1f(w1) + 62 f(wa) = f(B1w1 + Gaw2) = ||01wy + Gaws|| = 2.
Since |6; f(w;)] < 1 for i = 1,2, we see that 6 f(wy) = 6, f(w;) = 1 and so

]+ |ul = |61 fw1) + |62 f(w2) = f(IAUG w1 + [ulbawr) = f(Awr + puwy)
< lawy + pwall < |A] + |-

The case A = 0 or u = 0 is clear. This completes the proof. O

ProrosiTion 3.4. Let E| and E, be strictly convex Banach spaces and let F be a
Banach space. Suppose that Vy : S1(E1 &g E3) — S1(F) is a surjective isometry. If x €
S1(E1),y € S1(E) and A, € R with |A| + |u| = 1, then Vo(AX + up) = AVo(R) + uV(@).
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Proor. By Lemma 3.1, since V) is an isometry,
[IVo(2) £ VoDl = [1X £ 3| = 2.

By Lemma 3.3,
IAVo(X) + uVoIl = 1] + Jul = 1.
Since V is surjective, there exists u € S1(E; @, E,) such that Vy(u) = AVy(X) + uVo(P).
Now we prove that u = AX + u3.
The case |1| = 1 is clear. After Proposition 3.2, we can assume that 0 < A < 1. Then

lluy + x| + lluzll = llu + Xl = [[Vo(u) + Vo(R)l
=1+ DVo(R) + uVoDl = 1 + A+ |u| =2

by Proposition 3.2 and Lemma 3.3. Therefore, ||u; + x|| = ||uy]| + ||x]|. Since E; is
strictly convex, we get u; = ||u;||x. It follows that

2 = 2ur|l = 1 =l ] + oozl = Hloar = Xl + lJeaz|l = llee = £|| = Vo) = Vo ()]
= l(A = DVo(R) + VoDl = 1 = A + [u| =2 - 24.

Therefore, |[u;|| = A and u; = Ax. Similarly, we can prove that u, = py. This completes
the proof. O

Remark 3.5. Let E| and E; be strictly convex Banach spaces and let ' be a Banach
space. Suppose that V : S{(E| &, E;) — S1(F) is a surjective isometry. Fori=1,2,
we can define V; : S1(E;) — S1(F) by

Vi(x) = Vo(X)  Vx € S1(E).
Then, by Proposition 3.4,
Vo(AX + py) = AVi(x) + uVa(y)
for any x € S1(E}),y € S1(E») and A, u € R with |A] + [u] = 1.

ProrosiTiON 3.6. Let E| and E, be strictly convex Banach spaces and let F be a Banach
space. Suppose that Vy : S|(E1 ®p Ez) — S1(F) is a surjective isometry and that

R-Vo(SI(ED)) CF, R-Vo(Si(E2) S F

are both subspaces. For i = 1,2, the V; defined in Remark 3.5 can be extended to a
linear isometry on E;.

Proor. Assume that i = 1. We can define V, : E; = F by

- 0 if x=0,
i) = L
IxIVidlxl™ x)  if x # 0.

It is clear that Vi|s,z,) = Vi. Now, we prove that

IVi(x1) = Vice)ll > llx) — xall - Vxi,x2 € Ej. (3.4)
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From Proposition 3.2, V;(Ax) = AV;(x) for any x € E; and 1 € R. To prove (3.4),
we only need to prove that it holds for any x|, x, € Bj(E;). For y e S|(E»), set
u:=(x1,(1 = |lx1])y) and v := (x2, (1 — ||x2]|)y). Note that u,v € S1(E; ®n E;). From
Proposition 3.4,

IVo(u) = VoIl = ’

(b = Vi 222)) + el = ||x1||)V2(y)H

llx1ll llx2]

X X
i) - ||X2||V1(—2)H 1l = Il Vo)l
il ol

= IVi(x1) = Vi)l + Hlxall = llxall |

<

and
llee = vIl = lx1 = xall + [lc2l] = {111l 1.

This yields (3.4), since |[Vo(u) — Vo) = |lu — v|.

Let F; :=R - Vp(S1(E1)) be a subspace of F. Then V| can be seen as a surjective
isometry between S (E;) and S (F;). Define Vl‘1 :S1(F1) — S1(E) as the inverse of
Vi. By (3.4), for any wy,w, € S(F1) and 1 € R™,

IV wy) = AV o)l < ViV wn)) = Vi@V wa)ll = [lwr = A,
Then V; ! has a linear isomeric extension W, from F; to E; by Lemma 1.3. It is clear

that W, o V;(x) = x for any x € E| and thus V, is also a linear isometry. We can prove
the case i = 2 similarly. This completes the proof. O

Tueorem 3.7. Let E| and E; be strictly convex Banach spaces and let F be a Banach
space. Suppose that Vi : S1(E1 ®p Ep) — S1(F) is a surjective isometry and

R-Vo(SI(ED)CF, R-Vo(Si(E2)CF
are both subspaces. Then V\y can be extended to a linear isometry on the whole space.

Proor. In Proposition 3.6, we have linear isometries V; : E; — F for i = 1, 2. Define
Vo:E ®&p Ey > F

by Vo(u) = Vi(uy) + Va(up) for u € E; &p E,. By Proposition 3.4, Vglsl(El@(lEz) =W

and V) is linear. This completes the proof. O

4. Mazur-Ulam property of £y &~ E,

In this section, we begin to consider the isometries between S|(E; &y~ E;) and
S1(F), where E| and E, are strictly convex. In the following result, we prove that
the surjective isometry between S;(E; @~ E;) and S (F) necessarily maps antipodal
points to antipodal points.

Prorosition 4.1. Let E| and E, be strictly convex Banach spaces and let F be a Banach
space. Suppose that Vi : S1(E| ®¢~ Er) — S|(F) is an isometry and

—Vo(S1(E1 &~ E3)) C Vo(S1(E1 &~ E»)).
Then Vy(—u) = =Vy(u) for any u € S1(E| ®¢~ E»).
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Proor. We first prove that Vjy(—x) = —V(%) for any x € S1(E;). Note that
—Vo(S1(E1 &~ Er)) € Vo(S1(E1 & En)).
There exists u € S1(E| ®¢~ E») such that Vy(u) = —Vy(%). Consequently,
llee — &l = Vo) = VoDl = I-2Vo (D) = 2
and thus |ju; — x|| = 2. Since E; is strictly convex, we see that u; = —x. For any

y € S1(E»), there exists v = (v, v2) € S1(E| ®¢~ E») such that Vy(v) = -Vy(9). By a
similar argument, v, = —y. Consequently,

llu = vil = [[Vo(w) = VoWl = [[=Vo(X) + Vo@Dl = [I=% + 3l = 1

and thus |jup + y|| = |lup — v2]| < 1. Since y is arbitrary, we get u, = 0. Therefore,
we have u = —% and Vy(—X) = —Vy(%). We can prove that Vy(—9) = —Vy(9) for any
y € S1(E») by a similar argument.
Now we prove that Vy(—u) = —Vy(u) for any u € S1(E| &~ E;). We can assume that
up, uy # 0. Since
—Vo(S1(E1 &~ E2)) € Vo(S1(E1 &~ E2)),

there exists v = (vi,v2) € S1(E; &~ E») such that Vy(v) = —Vy(u). It is clear that
vi, v2 # 0. Otherwise, u; = 0 or uy = 0 by the result of the previous part of this proof.
Then, for any x € S(E)),

IX = ull = IVo(X) = Vo)l = [|[=Vo(=%) + Vo)l = [I£ + vll.
Let x = ||v;||”'v;. Then

<1+ luyll 4.1)

Vi
L+l = H—”V -
1

and thus |[v]| < [[u;]|. Similarly, if we let x = —u; /||u],

ui
L+ gl = ||+ w1 < T+ [mll
[leey |l

and thus ||| < ||vi]l. Therefore, ||u;]| = [[vi]|. From (4.1), since E| is strictly convex,

Vi

Ut = |2

[[v1ll

and thus u; = —v;. Similarly, we can prove that u; = —v, to complete the proof. O

The following lemma is a special case of [3, Lemma 2].
Lemma 4.2. Let F be a Banach space and wy, wy € S1(F) with ||\w1 £ wy|| = 1. Then
lAw1 + pwo|| = max{|a], jul} VYA, ueR.

Proor. Assume that A # 0 and |4| > |u|. Since ||w; + wy|| = 1, by the Hahn—Banach
theorem, there exists f € S1(F*) such that f(w;) = ||wi]| =1 and f(w,) = 0. Then

max{|Al, [ul} = 4] = [f(Aw; + pwo)| < [|Awy + pw|l.
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By the Hahn—Banach theorem again, there exists g € S1(F™) such that

[[Awy + pwall = |g(Awy + uwo)| = [Ag(wr) + ug(wr)|
< max{|4], |ul} - max{|g(wy + wp)|, lg(w1 — w2)l}
< max{|A], |ul} - max{|lwi + wall, wi — wll} = max{|A|, |ul}.

We can similarly handle the case |1| < |u|. This completes the proof. O

Prorosition 4.3. Let E| and E, be strictly convex Banach spaces and let F be a Banach
space. Suppose that Vo : S1(E| @~ Ey) — S1(F) is a surjective isometry. If x € S(E1),
y € S(E,) and A, u € R with max{|A], |ul} = 1, then Vo(AX + 1) = AVo(X) + Vo (D).
Proor. Since V) is an isometry, by Proposition 4.1,
IVo(®) + VoIl = lIx £ 9l = 1.
By Lemma 3.1,
IAVo(%) + uVo(DIl = max{|A], |ul} = 1.

Since Vj is surjective, there is u € S1(E| &~ E,) such that Vy(u) = AVo(%) + uVo(P).
Now we prove that u = AX + u3.

The case 4 =0 or u =0 is clear. After Proposition 4.1, we can assume that 4 = 1
and u # 0. Then

[l + &I = [Vo(u) + VoDl = [12Vo(%) + uVo(DIl = 2

by Proposition 4.1 and Lemma 3.1. Therefore, we have |lu; + x|| = 2. Since Ej is
strictly convex, u; = x. It is clear that

lluall = llue = Xl = [[Vo(u) = Vo(DIl = [l VoIl = |l
Let 0 = sgn(w). It is clear that |u + 6] > 1 and so

llee + 63| = [[Vo(w) + OVoDII = [[Vo(X) + (u + O)VoD)II = [ + 6],
by Lemma 3.1, and
ez + Oyl = [+ 6] = |u| + 1.

Since ||uz|| = |u| and Ej; is strictly convex, u; = Oluly = py. Then u = % + uy, which
completes the proof. O

Remark 4.4. Let Eq and E; be strictly convex Banach spaces and let F' be a Banach
space. Suppose that V : S{(E| &~ E;) — S1(F) is a surjective isometry. Fori=1,2,
define V; : S1(E;) — S1(F) by

Vi(x) = Vo(%), Vx € Si(Ep.
Then, by Proposition 4.3,
Vo(AX + py) = AVi(x) + uVa(y)

for any x € S1(E}),y € S1(E») and A, u € R with max{|4], |u|} = 1.
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ProrosiTion 4.5. Let E| and E, be strictly convex Banach spaces and let F be a Banach
space. Suppose that Vy : S1(Ej @~ E;) — S1(F) is a surjective isometry and

R-VoSIED) CF, R-Vo(Si(E2)CF

are both subspaces. For i = 1,2, the V; defined in Remark 4.4 can be extended to a
linear isometry on E;.

Proor. Assume that i = 1. We can define V; : E; » F by

~ 0 if x =0,
Vi(x) = L
IVl if x # 0.

We first prove that V; is an isometry. From Proposition 4.1,
Vi(Ax) = aVi(x) YAeR

and VllS](El) = V|. Therefore, we only need to prove that Vi) = Vi)l = 1x; = xall
for any x1, x, € B1(E}). In fact, for any y € S|(E>), write u := (x1,y) and v := (xp, y).
Since u,v € S{(E; @y~ E»), by Proposition 4.3,

~ = X x
17 = Vil = | lalvi( ) - ||x2||v1(—2)H
st [|2c2 |

= IVo(u) = VoWl = llue = vIl = [lx1 = x2l|.

By hypothesis, F| := R - Vy(S;(E1)) is a subspace of F. So, V) can be seen as a
surjective isometry between E; and F;. By Theorem 1.2, V, is linear. The case i = 2
is similar. O

TueOREM 4.6. Let E| and E; be strictly convex Banach spaces and let F be a Banach
space. Suppose that Vi : S1(E| ®¢~ E;) — S1(F) is a surjective isometry and

R-Vo(SI(ED)CSF, R-Vo(Si(E2)CF
are both subspaces. Then Vy can be extended to a linear isometry on the whole space.

Proor. In Proposition 4.5, we have defined linear isometries V; : E; — F fori=1,2.
Then we can define

VO:EIEngE2—>F
by Vo(u) = Vi(uy) + 172(~u2) for any u € E| &~ E,. From Proposition 4.5, it is clear that
Vols,(E,em E,) = Vo and V) is linear. This completes the proof. O

5. Main results

In this section, we prove the main results, which give necessary and sufficient
conditions under which the ¢!-sum and the ¢£*-sum of two strictly convex Banach
spaces admit the Mazur—Ulam property.
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TueoreM 5.1. Let E| and E; be strictly convex Banach spaces and let F be a Banach
space. Suppose that 'V : E| ®n E; — F is a surjective positive homogeneous sphere
isometry and preserves the sphere. If V preserves the subspaces E| and E;, then V is
linear. The same result holds if we replace t' by £.

Proor. We prove the assertion for £'. Let
Vo : S1(Ey &p Ez) — S1(F)
be the restriction of V to S;(E; @, E»). Since V preserves the subspaces E; and E»,
R-Vo(Si(E)=V(ENCF, R-Vo(Si(E2)=V(E))CF
are both subspaces. The desired result follows from Theorem 3.7. The proof of the
second part is similar by means of Theorem 4.6. O
The following result is a straightforward deduction from Theorems 2.1 and 5.1.
TuEOREM 5.2. Let E| and E, be strictly convex Banach spaces. The following
assertions are equivalent.
(1) E| ®n E, admits the Mazur—Ulam property.
(i) Suppose that F is a Banach space and 'V : E| &, E; — F is a surjective positive

homogeneous sphere isometry and preserves the sphere. Then V preserves the
subspaces E| and E,.

(iii) Suppose that F is a Banach space and Vi : S1(E| ®p Ey) — S1(F) is a surjective
isometry. Then

R-VoSi(ED)CF, R-Vo(Si(Er) CF
are both subspaces.

Moreover, the assertions (i), (ii’) and (iii’) obtained by replacing €' by € in (i), (ii)
and (iii) are also equivalent.
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