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Division algebras and maximal orders for given invariants

Gebhard Bockle and Damidn Gvirtz

ABSTRACT

Brauer classes of a global field can be represented by cyclic algebras. Effective constructions
of such algebras and a maximal order therein are given for Fy(t), excluding cases of wild
ramification. As part of the construction, we also obtain a new description of subfields of
cyclotomic function fields.

1. Introduction

Let F be a global function field and S a finite set of places of F'. For each v € S let s, = n,/r,
be a reduced fraction in Q such that for their classes in Q/Z we have

st =0 modZ. (1.1)
veS

We extend (s,), to a sequence of invariants ranging over all places of F', by setting s, = 0/1
whenever v does not lie in S.

Denote by Br(K) the Brauer group of a field K; see [13, Theorem 28.2]. For any place v of
F, denote by F,, the completion of F' at v. Then as a consequence of Hasse’s main theorem on
the theory of algebras (cf. [13, Remarks 32.12]), one has a short exact sequence

[Al=[A®F Fulo (ap)—=>, invy,
_—

[T, Br(£) Q/Z 0, (1.2)

1—— Br(F)

for suitably defined local isomorphisms inv, : Br(F,) — Q/Z. Hence, given any sequence (S, ),
as in the previous paragraph, there exists a unique class in Br(F) with this set of invariants,
that is, up to isomorphism, a unique division algebra D with this set of invariants. Moreover,
the Grunwald—Wang theorem implies that D can be written in the form of a cyclic algebra.

For the rest of this paper, let F' be the field F,(¢t) where F, denotes the finite field of ¢
elements and ¢ is a power of a prime p. The aim of this paper is to effectively construct a
cyclic algebra, starting only with its invariants (with the restriction that s, = 0), and once this
has been achieved, to find a maximal F,[t]-order in it. Our approach will work whenever ¢ is
prime to the denominators of any invariant. For division quaternion algebras and ¢ odd, [2, §4]
gives a different algorithm. We note that in our setting there is a unique maximal order up
to conjugation; see Theorem 9. Besides, we also provide a Kummer theory way of calculating
a subfield of a cyclotomic function field, which to our knowledge is new and computationally
performs better than more naive approaches.

Our method can be adapted to FF = Q, as we have checked, and with some refinements
probably also to all global function fields (and any fixed place oo). This would make so, = 0
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superfluous when constructing D; the condition s,, = 0 is needed to have a maximal
F,[t]-order. We focus on F' = Fy(t) for two reasons. First, our interest in having access to
explicit models of maximal F,[t]-orders A for a fixed set of invariants stems from planned
experimental investigations of certain function field automorphic forms for F' = F,(¢), namely
harmonic cochains on Bruhat—Tits buildings that are equivariant for a suitable action of A.
Second, we wish to focus on the division algebra aspect and not aspects related to Dedekind
domains for general global function fields.

Our algorithm to find D cannot be extended to the case where p divides some r,. The
general case can be split into the case we treat, the tame case, and the wild case: one can
write each s, as a sum s, , + sf where the denominator of the first is a power of p and that
of the second is prime to p. We provide a solution DP for the sequence (sP). If one has an
algorithm that gives D,, as a cyclic algebra for sequences (s, ), the general solution arises via
D, ®p DP. An algorithm for the latter case requires one to consider extensions L/F that have
wild ramification at all v € S. We have not worked out details. Once D,, has been constructed,
further methods are required to find a maximal order in it. Similar complications arise over
F = Q when Hasse invariants contain powers of 2 in the denominator.

Magma code for all constructions is available from https://github.com/dgvirtz/divalg.

2. Central simple algebras

This section reviews well-known basic results on central simple algebras. Basic references are
8, 13].
2.1. Cyclic algebras
Let K be a field and L/K be a Galois extension with cyclic Galois group of order d with a
chosen generator o. Pick an element a € K*.

DEFINITION 1. The (non-commutative) cyclic algebra attached to L/K, o and a is

(L/K,0,a) := Lz, 7 Y/(r% — a)L[r,771],
where multiplication in the Laurent polynomial ring L{r, 77!] = @,,o;, L7" is defined by
ar” - B = ac™(B)T"T™ for a,B € L, n,m € Z.

It is an L-vector space with basis {7% | i = 0,...,d —1}. It is also a K-algebra, by identifying
K with the central subfield K7°. From [13, Theorems 30.3 and 29.6] we infer that (L/K, o, a)
is a central simple algebra over K, and that {a;7/ | 4,7 =0,...,d — 1} is a K-basis for every

K-basis ag, ...,aq_1 of L.
We recall some basic properties of cyclic algebras for K and L fixed.

THEOREM 2 [13, Theorem 30.4]. The following hold:
(i) (L/K,o0,a) = (L/K,0°,a°) for any s € Z with ged(s,d) = 1;
(ii) (L/K,0,a) = M,(K) if and only if a € Normyp, /g (L*).

The following result is useful, for instance, when passing from K to its completion.

THEOREM 3 [13, Theorem 30.8]. Let K’ D K be any field extension; denote by L’ a splitting
field over K' of the minimal polynomial over K of any primitive element for L/K, so that
H := Gal(L'/K') is naturally a subgroup of Gal(L/K). Let k = min{n € N5o | 0™ € H}. Then

K' 0 (L/K,0,0) ~ (I'/K', 0", ).
In particular, L ® ¢ (L/K,0,a) is trivial in Br(L).
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2.2. The Hasse invariant of a local algebra

In this subsection, K denotes a complete discrete-valued field with respect to a valuation
v = v, with ring of integers O and finite residue field k. By 7 we denote a uniformizer. For an
unramified extension W/K of finite degree with residue field &/, the Frobenius automorphism
o € Gal(W/K) is the unique automorphism whose restriction to Gal(k'/k) is given by
x + 7k, For the definition of the Hasse invariant, consult [13, Theorems 14.3, 14.5 and
footnote p. 148].

THEOREM 4 [13, Theorem 31.5]. Let W and W’ be unramified extensions of K of degrees
d and d'. Denote by 0,0’ the respective Frobenius automorphisms, and let s,s’ be in Z such
that s/d = s'/d’. Then

(W/K,o,7%) ~ (WK, o', 7).

The following result is basic to determine the invariant of a cyclic algebra over a local field.

THEOREM 5. Let W/K be an unramified extension of degree d. Denote by o € Gal(W/K)
the Frobenius automorphism. Let a be in K* and let D be the division algebra equivalent to
(W/K,o,a) in Br(K). Then the Hasse invariant satisfies

v (a)
-

inVK D=

Proof. We indicate how to deduce this standard fact (for example, [11, 31.4]) from the
definition of the Hasse invariant given in [13]. There invg D is defined in [13, footnote p. 148]
as r/d provided that Tpwry,' = wi” for some ' with 1 = 1 (mod d), where w is a primitive
(¢¢ — 1)th root of unity in D and 7p € D with 7%, a uniformizer of K C D.

Define d” := ged(vi(a),d) and d' := d/d"”, and denote by W’ the unique subfield of W
with degree d’ over K, and by ¢/ € Gal(W'/K) the Frobenius automorphism on W’. Then
by Theorems 2, 4 and Ny, x(W*) C Ok, we have (W/K,0,a) ~ (W'/K, a’,ﬂ'”K(“)/d”), and
D := (W/K,o' 7vx(@/d") is a division algebra over K of degree d’. Because vg(a)/d =
(vi(a)/d")/d', we shall assume from now on that a = 7" for some r € Z prime to d, so that,
in particular, (W/K,o,a) is a division algebra.

Choose integers 1, n such that 77’ +nd = 1, and define 7p := 7" 7". Observe that o(7) = 7
since m € K, so that 7 and 7 commute. From the choices of 7/,n we thus see that 71'% = 7.
Now let g := #k and denote by w a primitive (¢ — 1)th root of unity in W. Then

’

7TDLU7T51 =7" 7ttwr™"

=" (W) = w? |

where for the last equality we note that o acts on roots of unity of order prime to p in the
same way as on their reduction mod . Since rr’ =1 (mod d), we compute invg D = r/d =
vk (a)/d. O
2.3. Discriminants

Suppose that K is a global field that is the quotient field of a Dedekind domain A, and that
a lies A. Then Op[r,77!/(7¢ — a) is an A-order of L[r,7!]/(7? — a). The main purpose of
this subsection is the computation of the discriminant of this order.

LEMMA 6. Let D be the cyclic algebra (L/K, o, a). Denote by Trp,k the reduced trace of D
over K and by Try i the trace of L over K. Then for v = Zf;ol a; 7 € D one has

Trp/k(®) = Trp/k (ao0).
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Proof. The reduced trace of x is the trace of left multiplication by z on D, considered as a
right L-vector space’. A basis of this vector space is given by {7'}i=o . a—1. On this

o1t =707 (o) + terms in 77, j # .

Hence Trp/r(x) = Y. a 10 ‘(a0) = Trp k(ap). O

COROLLARY 7. Let Op, denote the maximal order of L over A, that is, the integral closure
of A in L. Denote by A the A-order Y Op7¢ of D = (L/K,0,a). Then the discriminant of A
is given by

disc(A) = a1 disc(L/K)?.

Proof. Since the formation of the discriminant commutes with localization, it suffices to
prove the asserted formula after localizing A at sufficiently many b € A\{0} such that Spec A =
(U, Spec A[1/b]. Since A arises from a global field, one can find b such that the rings A[1/b] are
principal ideal domains. Thus it suffices to prove the corollary in the case where O, possesses
an A-basis by, . ..,bg_1. Then an A-basis of A is given by b;77, where 4, j range over 0, ...,d—1.
Now we compute

o, , o 0 if j+j' #0,d,
TrD/K(biiji/T] ) = TrD/K(biU](bi/)TJ+J ) = TrL/K(szJ(bz’)) 1f]+Jl — 07
aTI‘L/K(biO'j(biI» 1f]+]/:d

Thus the discriminant of A is given by
d—1
det(Try i (bio” (bi)))ior | [ det(aTrp s (bio? (bir)))ir = a™@=) disc(L/K). O

j=1

REMARK 8. We warn the reader that for D fixed the discriminant of the order A = > O L7t
depends on the choice of the generator o, since changing ¢ will change the choice of a.

2.4. Maximal orders

Suppose that K is a global function field that is the quotient field of a Dedekind domain A.
Let D be a central division algebra over K of finite dimension.

THEOREM 9. If A has trivial class group and if there is a place v of K not corresponding to
a prime of A with inv, D = 0, then all maximal A-orders A in D are conjugate under D*.

Proof. Lacking a direct reference, we indicate a proof. For global function fields, the
hypothesis on v in the theorem means that D is Eichler over A; see [13, Definition 34.3].
Let A C D be any maximal order. Then by [13, Theorem 35.14] due to Swan, the class
number of A is 1 because this holds for A. Now [4, VI.8.2] implies that the type number of
D is 1, and this means that for any two maximal orders A, A’ there exists ¢ € D* such that
chc™t = A, O

3. Cyrclic extensions of the field F'

In this section we recall parts of the theory of abelian extensions for the field F' = Fy(t).
References are [6, Chapter 3] and [14, Chapter 12]. By oo we denote the place of vanishing
of 1/t.

TThis can be seen via the explicit isomorphism D ®x L — Endr(D),a ® A +— (z — az)).
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3.1. Tamely ramified abelian extensions of F(t)

Denote by A the ring F,[t]. The Carlitz module is the unique ring homomorphism
¢ A— AlT]:a > Pq,

characterized by ¢, = a, for o € Fy, and t — ¢y = t + 7, and where 7a = a7 in A[7]| for
a € A. Substituting 7° by 29" for i > 0 provides one with a polynomial ¢,(z) € A[z].

For any a € A\F, we denote by A\, € F a primitive a-torsion point of ¢, that is, ¢,(A\s) =0
and ¢, is completely split over F(),). If v(a) = 0, we also write )\, for its image in F,,.

The field F(\,) is an abelian extension of F' with Galois group isomorphic to (A4/a)*, and
an isomorphism is given by

(A/a)* —> Gal(F(\)/F),b—> (0b: Ao = dp(Aa)). (3.1)

It is ramified exactly at those finite places of F' defined by the finite prime divisors of a.
A function field analogue of the Kronecker—Weber theorem states that any finite abelian
extension of F' which is totally split above oo, except for an initial tamely ramified extension
of degree dividing ¢ — 1, is contained in F'(\,) for some a € A\F,,.

It will be useful to gather information about the fields F,(\,). Let v be a finite place of F.
Denote by h, € Fy[t] the monic irreducible polynomial with v(h,) = 1.

THEOREM 10. The extension F,()\,)/F, is unramified if and only if h, { a. In this situation,
[Fv()\a) : Fv] = ord(A/a)*(hv).

We can also describe the ramification above oo of the fields F'(A,).

THEOREM 11 ([14, Theorem 12.14], [5, Lemma 1.4]). For any monic a € A\F, we have:
(i) the polynomial ¢,(z)/x splits over F., into (¢%°8® — 1)/(¢ — 1) irreducible factors of
degree q — 1;
(ii) for any root A\, of ¢q(x)/x in a finite extension of Fu,, the extension Fyo(A,)/Foo Is
totally tamely ramified of degree q — 1;
(iii) supposing a is irreducible, then for any extension of F, as in (b),

Normp (x,)/ 7. (Fso(Aa)™) = t© (1 + %Fq [ m } >

3.2. Subfields of a cyclotomic extension

The last theme we wish to cover in this subsection is that of primitive elements of the rings
of integers of subfields of a cyclotomic field, a problem that is computationally considerably
harder than the number field analogue by Leopoldt and Lettl, for example [10]. Let k = F,
and E = F()\,) be the cyclotomic extension for an irreducible polynomial a € k[t] of degree d.
We follow the Kummer-theoretical approach of [3] to find a primitive element of the subfield
L of E of degree r over F for any divisor r of ¢¢ — 1.

Let k' = F,a. The polynomial a splits completely in £'[t], and we write a = H;'i=1 a; as a
product of distinct linear factors where we regard the indices as elements in Z/(d). We order
the a; so that under the natural action of Gal(k'/k) = Gal(k/(t)/k(t)) on k'(t) = K'F, the
Frobenius automorphism F: x — x? maps each a; to a;+1. Let uq,...,uqg be rth roots of
—ai,...,—ag and set L' = k'Fluy,...,uq]. Because L/F is cyclic of degree r and k' contains
all rth roots of unity, by Kummer theory the field &¥'L is contained in L’. We display the
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relevant fields in the following diagram:

L’\k, .
=KL
KF— — I
F = k(t)

Writing U, for the rth roots of unity in k', we have an isomorphism
(U4 =5 Gal(L' /K'F)
from Kummer theory, defined by having & = (;); € (U,)® act on u = (u)i=1,....a via
a(u) = (aiui)izl,.‘.,d-

Furthermore, the Frobenius automorphism F can be extended to ® € Gal(L'/F) via u; — 41,
to yield an automorphism of order d. For j € Z/(d) one computes

a(® (u)) = aluiyy) = iy jtiiy;.

Thus a®/ = &/®7 only if j = j/,a = & It follows by a size argument that the set of d - %
automorphisms a®’ forms the Galois group Gal(L'/F). More precisely, Gal(L'/F) = (U,)¢ x
Z/(d), where the generator ® of the right factor sends & in the left factor to (Fay, ..., Fag).

Define §; = [[*2 ufs, " forie Z/(d). Then

7=0 Yi+j
o -1
j B d—1—j .
H uly iy = 0ip1, a(6i) = [ (euipjuir)? = &0,
Jj=0

where &; = Hj;é ozfi}lij
Setting vz = Z?;(Jl B9'6; for B € k'*, we want to compute Gal(L'/F(vg)). It follows from

dg = ééi+1 that

d—1 d—1 -1
(v5) = ) B(57 ) ZB Sip1 =vg, alvg) =Y &BY6 = af B8 = vayp.
=0 =0 =0

An automorphism a® leaves F'(vg) fixed if and only if &y = 1. Hence for such an a®, the
first d — 1 components of & determine the last. This means that # Gal(L'/F(vg)) = d - r®~1
and

# Gal(F(vg)/F) =r.
LEMMA 12. One has F(vg) = L.

Proof. We write a; = (t — f3;) for suitable 3; € k¥ with 8! = B;11. Define uf,...,u}, as

(¢% — 1)th roots of —ay,...,—aq. With E' = K'Flu},...,u;] we can analogously define ®’, !
and vj and get Gal(E'/F) = (k)4 x Z/(d). The restriction Gal(E'/F) — Gal(L'/F) is given
by

(ags ... g_1)®7 —s (af) ... o )P, (3.2)
where 7' = (¢ — 1)/r. We define & = (o) ,...,a} ).

A direct computation found in [3, Step 1 in proof of Theorem 4] reveals that ¢.(vj) =
Y+ Tvj = vj_ 5. Inductively this gives ¢f(v}y) = V5s_,)5- Therefore ¢(vg) = 0 and
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because the v’ﬂ are distinct, they have to be exactly the h-torsion points of the Carlitz module.
One concludes F'(vj) = E.
As in the preceding construction, we know that

Gal(E'/E) = {a®’ € Gal(E'/F) | a9 = 1}.
Using the restriction formula (3.2), we deduce from the previous paragraph
Gal(E'/F(vg)) = {a®’ € Gal(E'/F) | a) = 1}.

Obviously &g = 1 implies &, = 1, so Gal(E'/E) C Gal(E'/F(vg)) or equivalently E D F(vg).
From [L: F| = [F(vg) : F] = we find L = F(vg). O

LEMMA 13. Keeping the above notation, the local Frobenius at an unramified prime g € k|t]
of degree e, with g monic, is given by vg — vyg where © = (g(ﬁe_l))r/qdfe.

Proof. Split g into linear factors g = (¢t — bo) ... (t — be—1) with b = b;1. The Frobenius is
given by taking the ¢°th power modulo (g). One computes

e e—1 ’

q__ r' q° _ q q r
) a; 6i+17 51‘ = (ai+e_1ai+672 BN X ) 5i+e~

i =

Reducing modulo g by substituting ¢ — by, the base term can be simplified:

e—1

(@ire1fpeg.- 0l )= (Bivee1 — ) (Bivet —19) ... (Birer — 7 )
= (Bite—1 — bo)(Bite—1 - b1) ... (Bite—1 —be—1) (mod g)
= g(ﬁi—&-e—l) = g(ﬁe_l)ql.

Finally, we can compute

-l i+e /i o, s d—e  ite
ol =387 ((Bec) 0 (mod g) = S (Blg(Be)) N b = vas. D
=0 1=0

REMARK 14. Of course, there are other approaches to get a primitive element of L: in
[1, Theorem 2.5], a normal integral basis of O, is given in terms of universal Gauss-Thakur
sums. Alternatively the norm of a primitive h-torsion element can be taken [7, Theorem 4.3].

Implementations of all three constructions by the authors in Magma, tested on many
examples, confirm the better performance of the approach introduced here. For instance, for
q = 5 and h,, of degree 4, our approach took 0.170s to compute a primitive element of the
subfield of degree r = 6 and its minimal polynomial, while the norm and the Gauss—Thakur
sum approaches took 12.160 and 13.600s. We have no complete understanding of this.

The approaches in [1, 7] rely on computations in the field E, ours on computations in L' /k'F.
In all three cases the coefficients of a minimal polynomial of a generator of L/F are computed.
This requires multiplications in E and L’ respectively, and thus in each case a reduction of
elements to standard representatives. In our tests this step appears time-consuming in £ and
rapid in L’. Therefore we expect that the simple structure of the multi-Kummer extension
L'/K'F,that is, L' = k' F[Xy,..., Xq]/(X] +a;,i =1,...,d), if compared with the cyclotomic
extension E/F, where E = F[X]/(¢,(X)/X), is responsible for the better performance.

4. The basic algorithm

Let S be a finite set of finite places of F, and for each v € S, let s, = n,/r, be a reduced
fraction, and define r = lem(r, : v € S). Then the Grunwald-Wang theorem (for example,
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[13, Theorem 32.20]) guarantees the existence of a cyclic field L/F' of degree r and of a cyclic
algebra of the form D = (L/F, G, a), for some generator ¢ of Gal(L/F) and some a € K, whose
local invariant satisfy inv, D = s,,.

For the simple algorithm below, we shall make the following further restriction:

AssUMPTION 15. None of the r, is divisible by p, and co ¢ S.

More concretely, the simple algorithm wishes to find a subextension L of E = F(\,) for a
place w of F, that is, L/F' is of prime conductor, such that:

(1) r=|[L: F); and

(2) for all v € S we have r|[L, : F,] =: d,.
We fix a generator o of G := Gal(E/F) and denote by H < G the subgroup corresponding
to L. We set ¢, = ¢°(*). We display the situation in the following diagram:

E E,
| H=(0") | Ho=(ot)
G=(A/hyw)* ~
525(()/2”51) L Gv:Z/(fv) L’U
‘ T=(s) ‘ Ty=(50)
7,/ (r) 7/(dv)
F F,,

where o, denotes the Frobenius endomorphism at v. A bar on top of an endomorphism is used
to denote the restriction of the endomorphism to the intermediate field L or L,,.

4.1. Global conditions

The global condition is 7|g, — 1, that is, that ¢%°&(*) =1 (mod r). Recall that we assume that
p does not divide r here, so that ¢ is a unit in Z/(r).

4.2. Local conditions

For the local degree f,(w) := [FE, : F},] of E,/F, (this depends on v and w, so we include both
parameters in our notation) we have

fv (w) = ord(A/w)* (hv).
Hence the local decomposition group is
Go = (o VIR ) = (),

The decomposition group of L,/F, is now given by HG,/H. Since everything takes place
inside the cyclic group G, the subgroup HG, is cyclic, and for the order d, of the quotient
HG,/H we deduce

y=ten (2222 1w ) /2220 = e (22 00

r

The condition we require is 7,|d,.

4.3. Statement of the algorithm
After a number of simple manipulations we obtain the following algorithm.
ALGORITHM 16. Input: an integer m > 2, monic irreducible elements {h,},ecs with

v(hy) = 1, reduced fractions s, = n,/r, for v € S with ) s, =0 mod Z.
Output: a monic irreducible polynomial h,,.
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) Compute r = lem(r, : v € S). If p|r, then stop.
) Compute do = OI‘d(Z/(T))* (q)
) Start for loop over j =1,2,3,....
iv) Start for loop over all monic irreducible polynomials h,, of degree dgj.
) If h € S, then go to next irreducible. If all irreducibles of degree dyj are tested, increase j.
) Compute for v € S the quantity f,(w) = ord(a/w)«(hv) and check if it is divisible by 7.
If not, go to next irreducible. If all irreducibles of degree dyj are tested, increase j.
(vii) Check for v € S whether ged(qw — 1/7, fo(w)) divides f,(w)/ry. If not, go to next
irreducible. If all irreducibles of degree dyj are tested, increase j.
(viii) Return h,, and end the loops.

While the algorithm provides a cyclotomic extension which is sufficient to construct a cyclic
algebra with the required invariants, the later explicit construction of a maximal F,[t]-order
will need to replace the condition r,|d, by the stronger condition of equality r, = d,. This
amounts to changing the divisibility checks (vii) in the algorithm by tests for equality. We
will refer to this altered algorithm as Algorithm 16 with strong conditions while the original
algorithm will be referred to as Algorithm 16 with weak conditions.

4.4. Construction of L, ¢ and a

We now assume that the search for w was successful and set L = E{°"), so that & = o]y, is a
generator of Gal(L/F).

Then u, := r/d, is the smallest positive integer such that % € G,. In particular, both
o and the Frobenius automorphism &, at v are generators of G, = Z/(d,). Therefore the
following definition makes sense.

DEFINITION 17. Define u! € (Z/d,Z)* such that g% = 63;.

This means that 5% acts on the residue field at v as o+ a %"
Let u! € Z an inverse to u, modulo d,. Then for a € F we have

(L/F.5,a)@p F, ™55 (L, /By 000, a) T Y (L, By 5y, 0.
In particular,

uyv(a)

inv,(L/F,5,a) = (mod Z).

v
Locally at v we want inv, D = n,/r,, that is, n,/r, = u,v(a)/d, (mod Z). Since d, is a
multiple of r,, we obtain

nv% =u)v(a) (mod d,).
Solving for v(a) yields
v(a) = u;nvi—v (mod d,). (4.1)

v

The above argument holds for all finite places. We define g, to be the integer such that
g =u,n, (modr,) and 0<g, <7y — 1. (4.2)

We define a = [T, h%™/™.

THEOREM 18. With notation as above, D = (L/F,5,a) is a central division algebra over F
with inv,, D = s, for all places v of F.
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Proof. The statement is clear for the invariants at all finite places different from w. Because
> sy = 0, it remains to show s, = 0. By Theorem 3, we have
(L/F,5,a) @ Foo = (Loo/Fno, ", a),

where k > 0 is the smallest integer such that &% lies in Gal(L,/Fs ). But now observe that a
is a norm from F.,(\y,)* to F by definition of as, and Theorem 11(c), because t =98 %q is a
1-unit in F and hence a is a norm from Fi(Ay)*. O

4.5. A simple construction in special cases

We would like to mention a natural construction under special conditions on the sequence
(Sv)ves which appears in forthcoming work of M. Papikian on Drinfeld—Stuhler modules.
Namely, suppose that r, divides d,, = r/ged(r,degv) for all v € S. It is not required that r is
relatively prime to p. Let L be the constant field extension of F' of degree r. Let o € Gal(L/F)
be the automorphism induced from the Frobenius automorphism of Gal(Fy-/F,) and let a €
F*. Then by [6, Theorem 4.12.4] one has

inv, (L/F,0,0) = Ze(0) 480

r

in Q/Z. Define a = [[, g her® /T for e, € {1,...,7r,—1} such that e, (degv/(gcd(degv,r))) =
ny (mod r,,). Then D = (L/F,0,a) has invariant s, for v € S and 0 for v ¢ S. Let us also
mention that under the further condition d, = r, for all v € S the procedure explained in §6
will yield a maximal A-order in D.

5. Termination of the algorithm

THEOREM 19. Algorithm 16 terminates with weak and strong conditions.

We shall prove the theorem, by showing that the set of primes w for which the algorithm
terminates is a Cebotarev set of positive density.

5.1. Weak conditions

We introduce notation for the prime factorization of r, namely we denote it by r =[], p;* for
pairwise distinct prime numbers p; and integer exponents e; > 1.
The conditions on the w that we seek are then as follows.

(a) w ¢ S;
(b) ordz(r)- (q)|deg(w);
(¢) fuo(w) = ord s (w)=(hy) is a multiple of r,, or, in other words,
Vi : ordy, (r,) < ordy, (fu(w)).
(d) Vv € S,Vp;: min(ordy, (g, — 1/r), ordy, (fu(w))) < ord,, (f,(w)) — ordy, (). This in turn
is equivalent to

Yo € S, Vp; :if p;|r, then ordy, (g, — 1) — ord,, (r/ry) < ord,, (fu(w)).

LEMMA 20. Suppose condition (a) holds. Then condition (b) is equivalent to Frob,, = 1 in
Gal(F(¢)/F) for ¢, a primitive rth root of unity.

Proof. Using that w should not ramify in F((,) and the Frobenius generates the local Galois
group, one gets a chain of equivalences

Frob, =1 € Gal(F(()w/Fuw) © [F(()w : Fu] =16 [Fu () : Ful =1 < rlgw — 1,

where F,, denotes the residue class field of F' at w. O
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Moreover, under (d), condition (c) is superfluous, that is, the join of the two becomes:

(e) Yv € S,Vp; : if p;|r, then ordy, (g, — 1) — ordy, (r/r,) < ordy, (fu(w)).
We define e; , := ord,, (r/r,) + 1 whenever p;|r,, and note that under this condition we have
eiv < €; since ordp, (1y) = 1.

LEMMA 21. Let F,, denote the residue field of F(¢,) at w and h,, the reduction of h,, in that
field. Assuming that Frob,, = 1 in Gal(F({,)/F) and 0 < e;, < e;, the following assertions
are equivalent:

(i) Froby, =1 in Gal(F((y, * v/hy)/F);

(i) "'V, €F;

(i) ordy, (fu(w)) < 0rdy, (g — 1) — €4

Note that adjoining any p;“"th root of unity is a Kummer extension of F((,) since p’
divides 7.

Proof. As in the proof of the previous lemma
Froby, = 1 € Gal(F(¢y, " /) /F)
& Frob, = 1 € Gal(F(C,, ™ V/ho)/F(G)) = " \/hy € FY,

where the first equivalence uses that Frob,, = 1 in Gal(F(¢,)/F).
For (i) = (iii), let h, = i~ € F*. Then ordr: x|g, — 1, s0

€i,v

ordy, (fu(w)) = ordy, (ordg: (2P )) = €;,, + ordy, (ordp: x) < €;,, + ordy, (¢w — 1).
For (iii) = (ii), let 2 be a generator of F% and x° = h,,. Then because
ordy, (ordr: hy) = ord,, (fu(w)) < ordy, (quw — 1) —eiy

i

sand " VI, is given by 2o/ O

we know that ord,, (s) > e; ,, hence p;

We deduce the following result, of which Theorem 19 with weak conditions is an immediate
corollary.

PROPOSITION 22. The density of primes w in F satisfying (a)—(d) is

1 5 1
WHH(“)

Proof. Define E, =[] " for all v € S and consider the tower of fields

€
ispilry Pi

1/E,,
1

F" o= F(G) (he ShLEmYy S F=F(G) D F

P

Then (1) Gal(F'/F) = Z/¢(r)Z, (2) the extension F'/F is unramified, (3) the extensions
Fi = F'(hy; By )/F' are proper, linearly disjoint and ramified precisely at v; and totally
ramified at v;, (4) F"/F" is abelian with Galois group Gal(F"/F') = [[J", Z/E,,Z, (5) the
extension F"'/F is Galois and its group is a semidirect product Gal(F"/F") x Gal(F'/F).

To see properness in (3), note in the function field case that F'/F is unramified but F}/F
ramifies at h,,; because p is not allowed to divide r,, the extension F'/F is Galois. Linear
disjointness follows because the extensions have distinct ramification places.
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It follows that w is a place satisfying conditions (a)—(d) if and only if Frob,, is trivial in

Gal(F"/F) and Frob,, is non-trivial in all primary factors of Gal(F/(hil)jEU")/F’). From the
Cebotarev density theorem (for example, [12, § VIL.13]) we get the required density. O

5.2. Strong conditions

We have to replace the first inequality in condition (d) with equality and call this (d). As
above we make (c) superfluous and set e;,, := ordy, (r/r,) + 1 for p;|r,. Using Lemma 21, we
restate (d').

(') If p;|ry, then

€i,0—1 €iv
Frob, =1 € Gal(F (¢, ' v/hy)/F) AFrob,, # 1 € Gal(F (¢, ¥ v/ hy)/F).
(¢"") If p; { 7y, then Frob, = 1 € Gal(F((,, "n/hy)/F).
The factors in Theorem 22 change to (p; — 1)/p;"" for p;|r, and 1/p* for p; { r,. We deduce
the following result, of which Theorem 19 with strong conditions is an immediate corollary.

PROPOSITION 23. The density of primes w in F satisfying the strong conditions is

6. Constructing a maximal [ [t]-order

The present section describes how to obtain a maximal order for D = (L/F, 0, a) constructed
by the algorithm with strong conditions, that is, in the case where r, = d,, for all v € S; in
this section o denotes a generator of Gal(L/F), for example the ¢ from §4.4, and by order we
will always mean F,[t]-order. Because F,[t] is a principal ideal domain and s, = 0, Theorem 9
shows that all maximal orders are conjugate.

First, observe that we are dealing with a local question.

THEOREM 24 [13, 11.6]. An order A is maximal if and only if for all places v # oo of F' the
completion A, is maximal in D,,.

We will describe how to maximize the order A = EB:;OI Op7t at the different places of F.
The globally maximal order is the linear hull of all the locally maximized orders.

6.1. The discriminant of a maximal order

An important tool to decide whether an order is maximal inside a central simple algebra is

its discriminant. Here we collect the relevant facts needed for the construction of a maximal

order in D starting with A = @:;01 Ortt.

The following result is immediate from [13, Theorem 32.1].

PROPOSITION 25. Suppose D has local invariants s, /r, at the finite set of places S of F
with corresponding primes h,,, and set r = lem(r, : v € S). Then for a maximal order A of D

one has disc(A) = (Hves hz_T'/T"u)T.
COROLLARY 26. Let D be as in Theorem 18 and let A be the order @:01 Oy 7t. Then:

(i) the order A is maximal at all places outside S U {w};
(ii) the discriminant of A at w is disc(L/K)" = p""=1 or disc(L/K)" = hor Y,
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(iii) the discriminant of A is Do/ a0 € S

(iv) the order A is maximal at v € S if and only if r, = d, =r and g, = 1.

Proof. The first three parts are immediate from the computation of disc(A) in Corollary 7
and the standard formula for discriminants of abelian extensions of F,(¢) in terms of conductors
of the defining characters; see [15].

For the last part we need to compare (iii) with the formula in Proposition 25. This gives the
condition R4 /T L (h,rfr/r”)’". It is equivalent to g,(d,/r,)(1—1/r) =1—1/r,. From
this (iv) is immediate. O

6.2. The ramified place w

L/F is totally ramified at w and we can write D,, = (L /Fy,0,a), where, in an abuse of
notation, o denotes the unique extension of ¢ onto L,,. Because inv,, D = 0 we know that an
isomorphism D,, = M,.(F,,) exists. Moreover, this isomorphism can be described explicitly in
two steps.

THEOREM 27 [13, Proof of Theorem 30.4].

(i) There exists an element f € OF such that Normp, /g, f = a. It induces an isomorphism
(Lw/Fy,0,1) = (Lyw/Fy,0,a) by letting L,, be fixed and T — (f7). In fact, the existence of
a solution to the norm equation is equivalent to (L., /Fy,0,1) & (Ly/Fy,0,a).

(ii) An isomorphism (L., /Fy,0,1) — Endg, (L) = M, (F,) is given by 7 — o, © — x,,
for x € Ly, where xj,, denotes multiplication by x. After choosing a basis e = (e1,...,e;)
of Oy, over O, and writing xy,, e = eT,,, oe = eP for unique matrices T,, P in M,.(F,,), the
isomorphism (L, /Fy,0,1) = M,.(F,) is given by 7 — P, . — T,.

In general, M, (F,) has many maximal orders, namely M,(O,) and all its conjugates
[13, 17.3]. Luckily, under the above isomorphism we have A, C M,(O,). To see this, first
note that A, remains unchanged under the first isomorphism as f € O7 . Under the second
isomorphism the action of A, on L, lies in the stabilizer of O which is equal to M, (O,)
with the choice of an integral basis.

6.2.1. Solving the norm equation. We now describe how to find the solution f of the
norm equation by a limit procedure. Choose a uniformizer © at w, so that p = O, 7 is
the maximal ideal of Or,,. The unit group U, = O, — P, has the filtration Ugw =Ug,,
Ui =1+p"i>1 Werecall that UY /Ul =F; and U} /U = pi /pit! = F,, where
the second isomorphism depends on 7. The same definitions can be made for F,,.

The higher ramification groups G; of G,, = Gal(L,,/F,) form a decreasing sequence of
normal subgroups for ¢ > —1. As proven in [17, Corollary 1V.2.2,3], the higher quotients
G;/G;11 vanish for p t r (being direct products of groups of order p). Thus G, = Gy, G; =
1,7 > 1 and with ¥(n) = rn we get the following theorem.

THEOREM 28 [17, Proposition V.6.8, Corollary V.6.2].
(i) For every integer n > 0 one has

N € Ug,. NPT Ut
where N = Normy, ,r, . By passing to the quotients this yields
No:F;, —F;,, N,:F,—>F, forn=1l

(ii) The map Ny is given by £ — &".
(iii) The map N,, is surjective and given by £ — (,£ for some 3,, € F7,.
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Using this description of the norm (3,, can be determined experimentally) we can construct
fn="> 10 apm"® that approximate a solution f up to order rn for all n > 0.

6.2.2. Necessary precision. Let A!, be the maximal order M,(O,), so that A, C Al,.
Since both are finitely generated O, modules of the same rank, there exists an integer s > 0
such that m°A! C A,,.

In terms of bases (e3,...,e;2) and (e1,...,e,2) of A, and Ay, we write e; = 77%(3_; aize;)
for suitable a;; € Oy. Now suppose a;; = a;; (mod 7°); then defining &} := 77°(3_, dijze;), a
set of generators of A}, is given by {é},...,é/,e1,...,e,2}. One concludes that it is enough

to solve the norm equation up to order s — 1.
THEOREM 29. The integer s can be chosen as r.

Proof. Consider the r x r Vandermonde matrix with columns (7%, o(n?),..., 0"~ 1(7%))!
for ¢ = 0,...,r — 1. Acting from the right on (A1,...,A.) € FL, it gives the image of
(0, mt, ..., 7" ") under >, A;7". The condition Al, C 7= "A,, is equivalent to showing that all
> At that send (70, 7!, ..., 7" 1) to O lie in " A, that is, the inverse V! sends Of,
to W_TOLW.

Thus, we only need to know the denominators of the inverse of a Vandermonde matrix.
According to [9, Exercise 40], they are given by o*(7) ngk@’k#(ai(ﬂ) — o¥(m)). Because of
Gy = G, Gy = 1, all factors have valuation 1 and the total valuation is 7. O

w

LEMMA 30. It suffices to solve the norm equation up to order 0.

Proof. Recall that the solution f was constructed in order jumps of size 7. O

6.2.3. Fixing the denominator. The approximated generators é,...,é/, may have
denominators at places different from w. To make sure that we still have a multiplicatively
closed order, multiply the generators with the prime-to-w part, so that the order A” they
generate still equals A/, at w but is contained in the original order A, at all v # w.

Because this inclusion in A, may be proper, the global order sought (which is maximal at
w but A, at other places v) is the linear hull of A” and A.

6.3. Unramified places v € S

For convenience, fix the notation d := d,,, u := r/d throughout this section and assume d = r,,
(strong conditions). Fix prolongations wo, ..., w,—1 of v to L such that o acts on the w; by
sending each to the next one and w,_1 to wy. In other words, ¢ sends each component of
M =L®F, = @f;ol L; to the next one, where L; := L,,,. We construct an order maximal
at v containing A = @/_; O 7"

Locally, D is given as

D& F, =M/ - @) = (DL /67 ) = @ Tl /() - )

Defining D; := L;[7"]/((t*)? — a), one knows that D; = D, for all 0 < i,j < u — 1 and
D®F, = M,(Dy) (especially the D; have the same local invariant). Multiplication of elements
in the right-hand side of the above equation works via

0 L F s

6.1

0:D; = Diy1,b(7%)° = a(b)(7")®, af = {

forbe Lj,a € D;, 8 € Dj.
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For d = r, (strong conditions) the algebra D; actually is a skewfield; cf. [13, 31.6]. As seen
in [13, 12.6 and 12.8], the valuation v can be uniquely extended to a discrete valuation on Dj,
which we denote by v as well. It is given for x € D; as

1
v(z) = mv(NormK[m]/K (x)).

THEOREM 31 [13, 13.3]. Let & € D; have valuation 1/d. Then AJ @Z 0 (’)LJ is a
maximal order in Dj.
Now v(7%) = v((1*)%)/d = v(a)/d, hence for a uniformizer h of v in F,,
v(A™ (")) = m + nv(a)/d.

Since (v(a),d) = 1 the extended Euclidean algorithm yields m,n € Z with md + nv(a) = 1,
and h™(7%)™ is the required element. Hence, in D; we get the maximal order:

ODj = OLj [hm(Tu)n]
Next, we will give an explicit description of a maximal order in (M/F,, o, a) as stabilizer of
a suitable lattice.

LEMMA 32. V := @~ 01 D;7% is a left (M/F,, o, a)-submodule of (M/F,,o,a).

Proof. V is obviously closed under addition. It remains to show that left multiplication with
‘scalars’ sends V' to V. So let

a—ZaTJ (M/F,,0,a), I—Zﬁﬂ eV

1,j=0

Then a straightforward calculation shows

u—1 u—1 ©.1) u—1
a-w="y a Zﬂm D i (BT = Y. add(B)r eV 0
i,j=0 i,j,k=0 i3,k =0,j+h=i

We now define a maximal lattice in V' by Ay := @;‘;01 Op, .

Furthermore, define three lattices in M[7]/(7" — a):

u—1u—1 u—1lu—1
RO —@ @ OD Tj CRl .—@@ODTJ CRQ @@OLi[Tu]Tj.
=0 j=i—u+1 i=0 j=0 =0 j=0

Note that R; is the v-adic closure of Op[r, h™(7%)"] and Ry the v-adic closure of Of[7].
THEOREM 33. Ry equals the stabilizer of Ay (and is therefore a maximal order).

Proof. Let i,k run from 0 to u — 1 and j from i —u + 1 to i. Note first that Op,7/Op, 7% =
Op,09(Op, )™ = Op,Op,,, 7. By (6.1) the last term is non-zero only if i = j + k, in
which case it lies in Ay . This proves ‘C’.

We now show the converse inclusion ‘O’. Let a = Z” ozijrj with a;; € D; for all ¢ =

0,...,u — L. If  lies in the stabilizer, then it maps test elements x = B47" with 8 € Op,
to Avi

am*Za“ ko R (Br) T EAV

From this we deduce that o; ;_; € ODi for all k =0,...,u — 1. Therefore a € Ry. O
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The explicit description of the maximal order Ry can be lifted to that of a global order
maximal at v. Before stating this result, we need a short lemma.

LEMMA 34. Choose integers e; for t = 0,...,u — 1 such that
Op, = O, [W™(r") @OL he(r

Furthermore, set eq := —v(a), so that Op, = ®t=1 O, het (%)t Then e;—1 — e, € {0,1} for
all0 <t <d.

Proof. h®t(7*)* has valuation between 0 and 1 — 1/d, so

1> Ju(he= (1) 1) = o(he (1))] = les-1 — e — v(T")].

(4.2)

Noting that 0 < v(7%) = v(a)/d (g:d/ri)/d = gi/r; < 1, the claim follows. O

We now rewrite the maximal order Ry:

u—1 u—1 d-—1

u—1 i d—1
ROZ@ @ @(/)LihES(T R1+@ @ @(’)Llheg T] “

=0 j=t—u+1 s=0 =0 j=i+1 s=0
u—1 u—1 d—1 u—1 u—1 d—1
1 B oo = B B o
=0 j=i4+1 s=0 =0 j=i+1 s=0

Let (b”)J —0,....d—1 be a basis of k;/k (the residue field of L; over that of F,) for all i =
0,...,u — 1. Choose lifts b;; to Or, and b;; to Or. Note that Or/(h) = @, Or,/(h), so that
b;; can be thought of as a first-order approximation of the tuple (0,...,0,b;;,0,...,0). Then

u—1 u—1 d—1d-1 _ u—1 u—1 d—1d-1
PR S8 S 5 3T F LTI Sb o) o) SYR RIS
=0 j=i+1 s=0 t=0 =0 j=i+1 s=0 t=0

The last equation follows because

~ . Lemma 34 .
Au(bie — bie)he+ (7)) € @ O her i (r0)5d T D O he (7)1 C Ry
The above formula for Ry provides a global lift of Ry. It is the order

u—1 u—1 d—1d-1

OL[r, ™)+ )0 D> 3 Abgehtori (7

i=0 j=i+1 s=0 t=0

Fixing the denominator at other places is not necessary.

6.4. Unramified places v ¢ S

For these places, any order containing A = Op[r] will be maximal since the discriminant
commutes with localization and disc(A) = a?~1) disc(L/K) is a local unit.

7. Example

The following results were obtained by the authors using their Magma implementation of the
described algorithms. Even for the small example chosen, performance was considerably better
(0.130s) compared to Magma’s generic built-in function for maximal orders in associative
structure constant algebras (104.600s).
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Here, ¢ = 5 and the chosen invariants are 1/2, 1/4 and 1/4 at the places hy = t, hy = t2+t+1
and hs = t3 + t2 4 1, respectively. Then the algorithm finds a suitable ramification place w
with h,, = t? + 3t + 4. The cyclic algebra is computed as (L/F,o,a) = L[r]/(* — a), where L
has primitive element o with minimal polynomial

T — (t +4)*hy,

the chosen generator of Gal(L/F') is
oia— 2

and
a=tt+t+ 1)+ 12 +1)3%

Defining 8 = a/(t + 4), we get

0L = A[p]
An A-basis of the computed maximal order is given by the following 16 elements:
™, iﬁro + 4ch 2ort + %;31572 + ht 2132& T 2ﬁ373,
iﬁzTo 2t+3 h h2623 EBBTO - h2533
Bl iﬁle :ZH}‘LS/BQ 2 3;—22452 3 iﬁng ‘2“;;63 3
hi?,Tz’ i57_2’ ]TBﬂzTQ’ —ﬁBTQ i 2};:;32@7_3’
hllhg h h252 bRt h? B, hlgﬂ%g’ hlngTS'

Note that hy does not appear in the denominators because the order Oy [r] we started with
was already maximal at this place, as can be checked with the discriminant.
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