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Abstract In this paper we study the existence and nonexistence of multiple positive solutions for the
Dirichlet problem:

~Au— iy =AW, w0, ue HY(), (*)
X

where 0 < p < (%(N—2))2, A>0,1<p< (N+2)/(N—-2), N > 3. Using the sub-supersolution method
and the variational approach, we prove that there exists a positive number A* such that problem (x)

possesses at least two positive solutions if A € (0,\*), a unique positive solution if A = A\*, and no
positive solution if A € (A*, 00).
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1. Introduction and main results

Let 2 C RY (N > 3) be a bounded domain with smooth boundary 9£2, 0 € 2. We are
concerned with the following semilinear elliptic problem:

u .
—Au — MW =A1+w? in 2,

u>0 in 2, (1.1)5
u=0 on 012,

where 0 < < (3(N —2))2, 0> 0,1 <p< (N +2)/(N —2).
A positive function u € Hg(£2) is said to be a solution of problem (1.1), if u satisfies

/ (VU~VU —u% - A1 —l—u)pv> de =0 Yve H}(92).
I7)

It easily follows from standard regularity theory that, for any solution u of problem

(L1)x, u € C2(2\{0}) N C(2\{0}).
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Set
DY2(RN) = {u e L* (RN) | |Vu| € L*(RV)}.

Let i = (3(N —2))2. We then define the constant S,,, for all y € [0, z), as follows:

g = . Jan ((Vul® = p(u?/|2]?)) da
= inf > 27" ,
uweDL2(RN)\{0} (Jpw [ul?” dz)

where 2* = 2N/(N — 2) is the so-called critical Sobolev exponent for the embedding
HY(2) — LY(0).
From [11,12], S, is independent of any {2 C RY in the sense that, if
Vul? — u(u2/1212)) d
we€HL (2)\{0} (Jo lul?> da)?/2
then S,(2) = S, (RN) = S,,.
Set

y=VEHVE—p Y =ViE—Vi—p

Catrina and Wang [7] and Terracini [14] proved that, for € > 0,

(2N (7 — p) /(N — 2)) N2/

Us(z) = (22 IVE + [z VR
satisfies u
—Au = |ul* %u+ P in RM\{0},
|| (1.1)

u—0 as|z| — oo.

From Theorem B in [8], all the positive solutions of problem (1.1) must have the form
of U.. Moreover, U, achieves S,,.

In the case p = 0, problem (1.1), has been studied extensively. In the celebrated
paper by Brezis and Nirenberg [5], it was proved that there exists a A* > 0 such that
problem (1.1)y (with 4 = 0) admits at least two positive solutions if 0 < A < A*, a
unique positive solution if A = A*, and no positive solutions if A > A*. To prove this,
two important facts are needed. One is that any solution of problem (1.1)y (with u = 0)
belongs to L>({2); the other is that, if u € H}(2) is a solution of (1.1)y (with p = 0), then
a standard regularity argument shows that u € C2(£2) N C'*(§2). The maximum principle
implies that u has a positive lower bound in any neighbourhood of zero, which is the
key point in the energy estimate (see the related papers [2,10,13], and the references
therein).

By the Hardy inequality (see [3])

2 1
/Qﬁ?dxéﬁ/n\Vude Yu € Hy(92),

we infer that, for 0 < p < i, the operator —A — (u1/|z|?) is positive. In this paper we use
the sub-supersolution method and the variational approach to deal with problem (1.1)y
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for A > 0. Due to the presence of the term p(u/|z|?), problem (1.1)y has a strong
singularity at zero, and we do not expect any solution of problem (1.1), to be bounded.
So there is some new difficulty to overcome in studying problem (1.1),.

Our main results are as follows.

Theorem 1.1. Let 0 < p < ji. Then there exists a A* > 0 such that

(1) problem (1.1), possesses a minimal solution uy if A € (0,\*), and there are no
solutions for problem (1.1)y if A > \*;

(2) there is a unique solution of problem (1.1)5 for A = \*;
(3) ua(z) is increasing with respect to A € (0, \*) for all x € £2;
(4) lluallgg(o) — 0 as A — 0; and

(5) there exists a co > 0 such that uy(z) > co|lz|~VE=VE=R) for any x € B,,(0)\{0},
where 0 < 1o < infyecaq |z|.

Remark. As we see below (Lemma 2.6), any solution of problem (1.1) with A € (0, \*]
has the property (5) in Theorem 1.1.

Theorem 1.2. Let 0 < p < p—1. If X € (0,\*), then problem (1.1), admits the
second solution Uy satisfying Uy > uy in {2.

Throughout this paper we denote the norm of Hg(£2) by

1/2
unHag><jQ|Vu2dx) ,

the norm of L'(£2) (1 <1 < o) by

1/1
fullsiay = [ ful'as)
£

and positive constants (possibly different) by C,Cq,Cs,. ...

2. Proof of Theorem 1.1

Before giving the proof of Theorem 1.1, we introduce some notation and preliminary
lemmas.

Lemma 2.1. There exists a A\g > 0 such that problem (1.1)y has a solution for all
A€ (0, ).

Proof. Obviously, 0 is a subsolution of problem (1.1)) for any A > 0. By the sub-

supersolution principle, we know that to obtain a solution of problem (1.1)y, we only
need to find an H}(§2) supersolution of (1.1)y. Set Q(¢) =t + (N —2)t +p, 0 < pu < [i.
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A direct computation then shows that —y, —’ are two roots of Q(t) = 0, and that
~v'p < p+ 2, where

7:\//5_'_\/:&_ ) 7/:\//3_\/,&—#.
Furthermore, we can choose tg € (7/,7) and tg close enough to v/, such that top < p+ 2,

|z| 7t € HY(£2) and Q(—to) < 0.
Set w = Alz|~% (A > 0 will be fixed below). After a simple calculation, we have

—Aw = ppy = —AQ(—to)lal
We want to show that
—AQ(—to)|z|77% > A1 +w)? = A1+ Alz| )P in 0. (2.1)
This will be true when
~3AQ(—to)la| 072 > A2, } )
—3AQ(—tg)|z| 707 > A2PAP|g| PP
Choose
1
Ao = —;ﬁQ(—to)(diam 2)77? and A< <_ )\02p+1((§;;1t;2))t0+2—t0p> /p.

Then (2.2) can be satisfied for any A € (0, Ag) with such a choice of Ay and A, and we
have constructed w € H'(§2) such that, for any A € (0, Ag),

w
Jz[2

w >0 on 0.

—Aw—p > A1+ w)? in £,

Finally, we need to construct an H{(£2) supersolution of (1.1)y for A € (0, o). Let w;
be the unique positive solution of

—Auw, —M;;)Tg =0 in {2,

wy =w on df2.

Set w = w — wy; w then satisfies
—Aw—u% SA1+w)? >0 in £,
x
w=0 on df2.

By the maximum principle, @ > 0 in {2, and then

— A — M% > AL+ w)? = A1+ d +wi)? > A1+ )P,
which implies that @ is an H{(£2) supersolution of (1.1)y for A € (0, A\g). Then the sub—
supersolution method shows that (1.1), has a solution @) with the property 0 < @) < @

for A € (0, \p). By the maximum principle, we conclude that @y > 0 in (2. O
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Set
A* = sup{\ € RT | problem (1.1)y has at least one solution for A € (0, \)}.
We then have the following lemma.
Lemma 2.2. 0 < A* < o0.

Proof. It follows from Lemma 2.1 that A* > 0. Now we show \* < oo.

Let A;(p) be the first eigenvalue of the operator: —A — (u/|z|?) with 0 < pu < fi, and
¢1 > 0 (the corresponding eigenfunction). Assume that u € H}(§2) is a solution of (1.1),.
We then have

A
Al(u)/ uprde =X [ (1+u)Ppide > iﬂ/ wpy de, (2.3)
Q 2 (p—1r" Ja
where we use the inequality
PP

1 P 2 - -

(1+2) (p— 11"
for all s > 0.

Therefore, from (2.3), we infer that
(p—1)""

A< TAl (1),

which implies that \* < oo. O

Lemma 2.3. For any A € (0, \*), problem (1.1) has a minimal solution u). Moreover,
u) Is increasing with respect to .

Proof. We already know that there exists a solution u of (1.1) for every A € (0, \*).
Obviously, 0 is a subsolution of (1.1)). Using the method of monotone iteration and
the maximum principle, it follows that there exists a solution uy of (1.1), such that
0 < uy <uforall z € 2, and uy is a minimal solution of problem (1.1)y for A € (0, \*).
Similarly, we can also prove that wy is increasing with respect to A. O

Let uy be the minimal solution of problem (1.1)y obtained in Lemma 2.3. We consider
the following eigenvalue problem with respect to m:

Ay - %wQ =mAp(L+w)" "' in @2, (2.4)

=0 on 0{2.

We then have the following lemma.

Lemma 2.4. The first eigenvalue of problem (2.4),

m()\):inf{/Q <|W’|2_“|x|22> dx

can be achieved by a function ¢y > 0 in H}(82) if X € (0, \*). Furthermore, m(\) > 1.

(14uy)P~1p? do = 1}, (2.5)

e HY(Q), Ap/

9]
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Proof. Observe that, for any v € H(£2)\{0},
2
/ <|vw|2 - uz) dz - sAp/ (1+un)" 12 da
Q |z Q

e (p—1)/(p+1) 2/(p+1)
> / <|V1/J|2 - u2> dx — 5)\p(/ (1 +uy)PTt dx) (/ PP H dx)
2 |z n ?

H 2
> (1= 0 (1= ) 19y 0
>0 with0<e<1/C(\p),
where C(A, p) > 0 is a constant depending only on A and p.

Thus we conclude that m()\) > ¢ > 0 with 0 < ¢ < 1/C(\,p). Since (1 +uy)P~t €
N/ 2(£2), by choosing a minimizing sequence in H{(£2), we can easily prove that the
infimum in (2.5) can be achieved by a function ¢; > 0 in 2. So it remains to prove
that m(\) > 1. For any A € (0,\*), there exists a A € (A, \*). Suppose that wuy, uy

are the minimal solutions of (1.1)y, (1.1)5, respectively. Then, by Lemma 2.3, we have
0 <uy < ujy in 2, and

uy —u

—Aux —up) — p 2 =M1+ ug)? = A1+ up)

|z[?
> M+ ua + (ux —ur))? = (1+ua)?)
> Ap(1 +un)P Huy — uy). (2.6)

Thus, from (2.5) and (2.6), we deduce that

)\m()\)P/Q(l +un)P 7 (ug — up )y do = /Q < — Ay — /lw1> (uy —uy)dz

[ ?

uy — uy
= — Aus —uy) — p—=2—2)apr d
/(2 < (u)\ u)\) H |.’17|2 >¢1 €T
> )\p/ (1 +un)P " (uy — ux )y du,
2
which implies that m(\) > 1. O

Lemma 2.5. There exists a unique solution of problem (1.1)y for A = \*.

Proof. First we prove the existence of a minimal solution of problem (1.1), for A = A*.
Multiplying both sides of (1.1)y by wuy for A € (0, \*), we get

2
/ <Vu,\|2 — ,uu)‘z) dz = )\/ (14 up)Puy de.
o) || 0

On the other hand, using Lemma 2.4, we derive

2
/ <VU)\|2 - ,uu’\Q) dz > )\p/ (1 +up)P 3 da.
2 || Q
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Therefore, we obtain

p/g(l—&—uk)p_luidx</Q(l—i—u)\)puAdx:/Q(l—i—uA)p_l(uA—i—ui)dx.

‘We then have

(p—l)/ W de < (p—l)/(l—i—u;\)p_lui </(1+u>\)p_1u>\dx<5/ WP dz4-C(e).
Q 17 o o

(2.7)
Take ¢ = 2(p — 1) in (2.7), we conclude that fQu’/D\+1 dz < C. Furthermore, by the
Hardy inequality, we infer that

/ |Vuy|* de < (1 - ,u> / <|Vu>\|2 - uuA2> dz
Q H 2 Ed
—1
= (1 > )\/(1+u)\)”’u>\dx
2

—1
< (1— ) )\*2p/(u>\+u§+l)dx
7
<C. (2.8)

TR TIE

Suppose that {A;};>1 is an increasing sequence in (0, A*) that satisfies lim; ,o0 A; = A*.
The corresponding sequence of minimal solutions is {uy, };>1 C H{j(£2). From (2.8), and
up to a subsequence, we may assume that, as j — oo,

ux, = u weakly in Hj(£2),

uy;, — % weakly in L2(92,|z| "% dx),

N +2
uy, — % weakly in LPTYR)if p = Nii—f

N +2
uy, = @ strongly in LP*1(R) if 1 < p < N7+2

uy;, — U a.e. on 0.

Thus, for any ¢ € HE(£2),

O:/ (VU/)\J.'VSO_MUi;]'f_)\j(1+ukj)pgp> dz
Q

—>/ (Vu-Vap—u(“lé—A*(l-i-u)pap)dx as j — oo,
Q T

and hence ~
/ <Vﬂ~V<puw'02>\*(1+ﬂ)pcp> dz =0,
n |z

i.e. 4 is a solution of (1.1)+. Obviously, 0 is a subsolution of (1.1)y«. For any solution u
of (1.1)+, using the method of monotone iteration and the maximum principle, it follows
that there exists a minimal solution uy» of (1.1)x«.
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Now we prove the uniqueness of problem (1.1)y-. Suppose to the contrary that there
is a different solution u* of (1.1))-. That is,

*

u

—Au* — MW =1 +u")? in £,
u* >0 in £2,
u* =0 on 0f2.

Moreover, uy+ < u* and uy~ Z u*. Set
1
L(u*,uy+) = / (1 + ur- + s(u* —uy-))P~ ds.
0

We then obtain

L(u* ux-) > (1 +un )P~ >0, (2.9)
and
u* — Uy~ .
—A(u* —up<) — p————=— = pA*L(u*,ur«)(u* —ux~) in f2,
(0 =) = (" wre) (" — ) o0
u —uy- =0 on 0f2.

We claim that \* is the first eigenvalue of

—Au — u# =ptL(u*,uy-)u in 2, (211)
u=20 on 0f2.

In fact, assume that t; > 0 is the first eigenvalue of (2.11) and that ¢f > 0 is the
corresponding eigenfunction. Then, from (2.10), (2.11), we get

u* — ux- )]
ptl/ L(u*, ux-)(u* —up )] doe = / <V(u* —ux )Vl — p(;)%> dz
2 Q |z
= p)\*/ L(u", up«)(u™ — up= )7 de. (2.12)
o)
Since u* — uy» > 0 and u* —uy« Z 0 in £2, from (2.9), (2.12), we infer that

/ L(u*,up<)(u" —up«)pidz >0, and then \* =t;.
o

Suppose that s(A*) > 0 is the first eigenvalue of

—Ae =ps(14+uy-)P"te, ec H&(Q),

&
Map?
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and e; > 0 is the corresponding eigenfunction. Then, from (2.9), (2.11), we deduce that

Jo(Vul® = p(u?/|2)*)) da
weHI(\{0} P [o L(u*, un-)u? da
fn \V€1|2 —M(€1/|$| ) dz
P [ L(u*, uy-)ef dx
Jo(IVerl? = plel/|2]?)) dz
p[o(1+ux-)P~telda
— (%), (2.13)

A=

On the other hand, we claim that there is a non-trivial solution of the linear problem

—Aw —p PN (1 +ux-)""tw, w e Hy(12).

W
|22
In fact, it follows from Lemma 2.4 that
2 ¢2 p—1,2 1
Q
and letting A — A* we have
A 1
/ <Vz/)| —,u| |2) dx — \*p / (1+ux-)P" % de >0 Yo € HL(ND).
This implies that p; > 0, where p; denotes the first eigenvalue of the linear problem
—Aw — ,u% —pN (1 +un )P rw = pw, w € HY ().

Now we prove that @, = 0. Suppose, by way of contradiction, that g1 > 0 and introduce
the function F : H}(£2) x R — H~(£2) defined by

F(u,\) = —Av — M# — (1 +v) )P

Then, with pq > 0 we infer that the linear operator

w = (F (upye, \*),w) = —Aw — u%
x
is an isomorphism and the ‘implicit function theorem’ applies, contradicting the maxi-
mality of \* (see, for example, [9], [10] and §§2 and 7 in [6]).
Hence, by the definition of s(A*), we infer that s(A*) < A*, which contradicts (2.13).
So the uniqueness of solutions of (1.1)x~ is proved. O

— PN (1 + upn )P~ rw

Lemma 2.6. For any solution u of problem (1.1)y with A € (0, \*], there exists a

co > 0 such that
u(z) > CO‘$|—(\/;7—\/;1—M)

for any x € B,,(0)\{0}, where 0 < ry < inf,ca0 |Z|.
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Proof. Set
v(x) = |z VFVE ().
As mentioned in §1, u € C?(2\{0}). Then, after a direct computation, we have v €
C?(2\{0}) and
— div(|a| 2VAVEERI YY) = Na|mVEVEZR) (1 4 |g|~WEVEZD )P in 0,
v >0 in £2,

v=>0 on 0f2.
(2.14)
Let 0 < to < 7o < infyeaq 2| and let n(t) = min,—; v(x), to <t < 1o, such that

n(to) = Aty V" + B, n(r) = Ary VP H 4+ B,

where
A= TL(T()) — n(to) B = n(TO)ta2m - n(to)’f’o_2m
g VETR gV B N RN T :
0 0 0 0

It is easy to verify that
— div(|z| 2VEVETRY (|| T2VETRY) = 0 Vo € 2\{0}. (2.15)
Combining (2.14) with (2.15) we get
— div(|z| 2VEVEEDY (v — (Alz|72VETE 4 B)))
= M|~ WVEVEZI (1 4 ||~ VA= VE=R) )P
>0 in 2\{0},

and v(z) — mingep(B,, (0)\B,, (0) V() = 0, Vo € O(B;,(0)\ By, (0)).
Therefore, by the maximum principle, we obtain

v(z) > Alz| VA + B
2V/iE—fi _ . 2VE— 1 —2VIi—p | —2VE—R
|SU| (t )+ t() |(E| Tl(T‘ )
62\/7 72\/7 t62m _ ng\/ﬂ 0

|x|2\/T m

>

o VE tgm 2‘/7\x|2 (ro) for all x € By, (0)\By,(0).

Let to — 0. We conclude that v(z) > n(rg) = minjy—,, v(z) > 0, Vo € B, (0)\{0}. O

Proof of Theorem 1.1. Parts (1)—(3) and (5) of Theorem 1.1 are direct consequences
of Lemmas 2.2, 2.3, 2.5 and 2.6. Now we prove (4). By (2.8) and the Sobolev inequality,
we derive that [, |ux[P™! dz < C for all X € (0, A*). Therefore,

1 2
||u>\HH1 .Q) (1_/14> /Q <|vu)\|2_u| 2)(133

—1
_( _> A/(Huk)%mmcmo,
2 Q

as A — 0. O

=
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3. Proof of Theorem 1.2

In this section, we deal only with the case in which p = (N 4+ 2)/(N — 2), because the
subcritical case (i.e. 1 < p < (N 4 2)/(N — 2)) is trivial. In order to find the second
solution of problem (1.1)y, we consider the following problem:

—Au — ,u# = A1+ uyr+u)’ = A1 +wuy)? in 2,

u>0 in £2, (3-1)x
u=>0 on 0f2.

Clearly, if problem (3.1)) possesses a solution w, then u 4 uy is another solution of
problem (1.1)x. So we only need to prove that problem (3.1) admits one solution for
A€ (0,A%).

Set g(x,u) = (14 uy +u)? — (1 4+ uy)? —uP for u > 0, and a(z) = p(1 + uy)P~L. Since
the values of g(x,u) for u < 0 are irrelevant and we may assume that g(x,u) = 0 for
u < 0, it will suffice to prove that

u

—Au— p—7 = AP 4+ Ag(z,u) in £,
|z[?
u>0 in £2, (3-2)x
u=20 on 0f2.

It is well known that solutions of problem (3.2)y are equivalent to the non-zero critical
points of the variational functional of problem (3.2):

1 u? A
I u(u) = 5/9 <|Vu2—u|x|2> dx—m /Q(u'*')erl dx—)\/QG(x,u)dx, u € Hy (),

where vt = max{u, 0}, G(z,u) = [} g(z, s)ds.

The functional I, € C*(H}(£2), R) is said to satisfy the Palais-Smale condition at
the level ¢ ((PS), for short) if any sequence {u, } C H}(£2) such that, as n — oo,

Iy u(un) = ¢, dIy ,(u,) — 0 strongly in HY(0),
contains a subsequence converging in Hg(£2) to a critical point of I ,.

Lemma 3.1. The functional I , satisfies condition (PS). with
¢ < (1/NAN=2/2)gn/2,

Proof. Assume that {u,} C HJ(£2) is a Palais-Smale sequence of I, ,, at the level c,
i.e.

Iu(un) = ¢, dIy pu(uy,) = 0.
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We then have

1 1 +yp+1
- d
A<2 p+1)t4¥un) ’

= I/\,,u,(un) - %<dl)\,p,<un)7un> + )‘/Q(G(urt) - %g(w,u,"{)uj{) dx

— e+ o(1)(1+ [[unll 3 cay) + A /Q (Gl - Sole,uyuf)yde. (3.1)

Observe that

lim 9(z,u) =0 uniformly in € 2, (3.2)
u—400 ub

lim 9(@,v) = a(z) uniformly in x € £2. (3.3)

u—0t U

Then, from (3.2) and (3.3), we deduce that, for any £ > 0,

3

N

/Q(G(UI)—%Q(%UHUI)(W /Q(uj)p“dgH—C’(e)<1+/Q(H—UA)7”Jr1 dx>. (3.4)

Inserting (3.4) into (3.1), and taking & = 1(p — 1), we derive

/ﬂ ()P dz < C + of[[unl 3 ) (3.5)

Furthermore,

1 1 9
2 p+l ||un||H5(Q)

1 2
<lz=——)(1-£ Vi[> —p—2 ) d
(2 p+1)< ﬂ) rz(' o M) ™

_ (1 _ g>_1 (I,\,M(un) _ ]ﬁ< ALy (). )+ | (G(u:) - ﬁg(x, u;g)u,t> da:)

—1
u 1
( M) < WA+ lunllmgen) +A | (G = 9@ u)
< C+o(l[unl g 2))-

which implies that [[un | g1 o) < C.
Thus, up to a subsequence, we may assume that

u, —u weakly in H} (),
Up — u  weakly in L2(£2, |z|~2 dz),
up, —u  weakly in LPT1(02),

Uy, — U a.e.on §2.
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It is then easy to verify that u € HJ(f2) is a non-negative critical point of Iy ,. Let
Up = U, — u. By the Brezis-Lieb lemma [4], we conclude that, as n — oo,

c— I;W(u) = I)\,y(un) - IA,M(U) + 0(1)

_1 /Q (an|2 — ,uv72L> dzx A ()P dz + o(1) (3.6)

2 E ATy
and

v
(|an|2 - “Ia?|2> dr — )\/Q(vj{)p“ dz + o(1).
(3.7)

o([lunll () = (A u(un), un) = /

n

Thus, from (3.7), we may assume that

2
lim <V0n2 - M%) dz = aq, lim )\/ (v,)PH dz = a,
7

n—oo [ |x‘2 n— 00

where a is a non-negative number.
By the Sobolev inequality, we obtain

2/(p+1) 2/(p+1) v2
(L) < ([ppran) st [ (1Pl a
n n n |z

(3.8)
Passing to a limit in (3.8), we derive
2/(p+1)
a -1
<)\> é Sﬂ a.
If @ = 0, the proof is complete. Assume that a > 0. We then get
i
Gz -2z
Note that I ,(u) > 0, and, from (3.6), we deduce that
1 1 1 1
_ 1t Ss(2__ 2 Y,>__ 1  gN/2
c=sa o 1a+[>\,u(u) > (2 Py 1>a > N)\(N72)/2SM ,
which contradicts the assumption concerning ¢ at the beginning of this proof. O

Lemma 3.2. Let 0 < < i — 1. There then exists a non-negative function v €
H}(£2)\{0} such that

1 N/2
b Dalte) < vy
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Proof. Let u.(x) = n(x)U.(z), where n € C5°(£2), satisfying 0 < n < 1. Following [5],
and after a simple calculation, we have

2
/ﬂ(vugﬁ— o |2)dx—SN/2+O( N-2y,

/Q e[+ dae = SY/2 1 O(N),

/‘ e > CLe>VEIVE=E i 0 < p<fi—1,
u,
: CoeN2Ine| ifp=p—1.

Since, for s > 0,
9(x,8) = (L+ux + )" = (L +un)? — 87 > c(p) (1 + ur)""'s,

we have, for s > 0,
Gla,5) > Se(p) (1 +un)P~'s?, (3.9)

where we use the following inequality: for all p > 1, there exists a ¢(p) > 0 such that
(a+0b)P = aP + b +c(p)a?~'b Va,b >0

Therefore, using (3.9), we infer that

I (tu)—lt2/ (Vu |> — ug) )\tpH/ lue [P da — /Gxtu
Mttel =t f o\ T e PES )

< lt2/ \Vau|? — o Ixe(p)(1 4 up)P~ Ml ) do — )\tpH/ lue [P da
=2 e : =2 2 : p+1Jo

1 (f9<|wa|2 — 1) = Pree)(1 + unp-luz)dx)fv/z

N

(N Jp e P d27 D

1 SN2 — Ixe(p)a(e) + O(eN-2)\V/2
NAN=2)/2 (SN/2 + O(eN))2/(r+1)

<

N

1 N/2
< a=mESe

where
CLe®VEIVE=E if 0 < p < fi—1,
ale) =
CoeN2|lne| ifpu=j—1,
and the following fact has been used:

1.2 t;DJrl 1 A (N-2)/2
max §tA—p+1B =—Al = , A/ B>0.
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Proof of Theorem 1.2. Set ¢ := inf,cr max;cjo,1) Ix,u(7(t)), where

I'={yeC([0,1], Hy(£2)) | 7(0) = 0 and I ,(v(1)) < 0}.
Then we claim that ¢ > 0. In fact, by (3.2), (3.3), we derive

/ (G(z,u) — ta(z)u®) dz < %5/ a(z)u® dz + %/ lulPttdz, &> 0,
Q I7) p+1l/g

and then, for any u € H}(£2)\{0}, by Lemma 2.4, we have
2 A
I (u) = 1/ (|Vu|2 - ,uu—z - )\a(ac)uQ) dr — —— [ (u")PTda
2 /0 || Q

p+1
— z,u) — ta(z)u?) dz
)\/(G(,) 2() )

1 1 u? A
>-(1- 2 u % Vde— 2 [ (wtptid
2( mm)/g('v“' “W) : p+1/9(“) v

- %)\s/ a(z)u® dr — L<€)/ |u|PT da
o p+1 Jo
1 1 7
> —-(1- 1—-= 1
3 (15w ) (1= 5l

-2 (-8 [arura

1)/
. (1 + C( )) 1_ a2 (7072 ” ||(P+1)/2
(p+1>s(P+1)/2 Hy(82) -~

o LNk
03‘2(1 m<A>)<l ﬁ)’
W[ u e PO/
D)

_ A1+ C(e)) <1_ N)(p+l)/2
DSV RS

and taking ¢ = C3/2C}, we obtain

\ =

(p—1)/(p+1) )
) ullZs o

i
Setting

£
|

—+1)/2
Dy () > 3Cs]lull3y ) — Cslull 3 o)

03 2/(P—1)
el g o) = :( ) -0,

If

4C%
we obtain

Cs 4/(p—1)
I)\,u(u) > 41103(46%) >0:I)\’H(O).
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So ¢ > 0. In addition, Iy ,(tv) — —oo as t — oo, where v is from Lemma 3.2. Hence
there exists a to > 0 such that |[tov|| g1 (o) > p and I, ,(tov) < 0. By the mountain pass
lemma (see [1]), there is a sequence {u,} C H}(§2) such that

Dyyu(up) = ¢, dly,(un) — 0.
Observe that

1
< Iy (ttov) < sup Iy () < a5 SO/2.
s s xu(ttov) sup (V) < =y S

By Lemma 3.1, we infer that there is a subsequence of {u,}, still denoted by {u,}, and
a function u € Hg(£2), which satisfy

u, — u strongly in Hg(£2),

and then c is a positive critical value of I ,, and, by the maximum principle, u is a
solution of problem (3.1)y for A € (0, A\*). O
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