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ON COHESIVE POWERS OF LINEAR ORDERS

RUMEN DIMITROV, VALENTINA HARIZANOV"®', ANDREY MOROZOV"*', PAUL SHAFER
ALEXANDRA A. SOSKOVA"*', AND STEFAN V. VATEV

Abstract. Cohesive powers of computable structures are effective analogs of ultrapowers, where cohesive
sets play the role of ultrafilters. Let w. {, and 5 denote the respective order-types of the natural numbers,
the integers, and the rationals when thought of as linear orders. We investigate the cohesive powers of
computable linear orders, with special emphasis on computable copies of w. If £ is a computable copy
of w that is computably isomorphic to the usual presentation of w. then every cohesive power of £ has
order-type w + (. However, there are computable copies of w. necessarily not computably isomorphic
to the usual presentation, having cohesive powers not elementarily equivalent to w + (. For example, we
show that there is a computable copy of @ with a cohesive power of order-type w + 7. Our most general
result is that if X C N\ {0} is a Boolean combination of X, sets, thought of as a set of finite order-types,
then there is a computable copy of w with a cohesive power of order-type w + (X U {w + {n + »*}).
where 6 (X U {®w + { + o™ }) denotes the shuffle of the order-types in X and the order-type w + (n + w™*.
Furthermore, if X is finite and non-empty. then there is a computable copy of @ with a cohesive power of
order-type @ + ¢(X).

§1. Introduction. The ultimate inspiration for this work is Skolem’s 1934
construction of a countable non-standard model of arithmetic [22]. Skolem’s
construction can be described roughly as follows. Forsets X, Y C N, write X C* Y
if X'\ Y is finite. First, fix an infinite set C C N that is cohesive for the collection of
arithmetical sets: for every arithmetical 4 C N, either C C* 4 or C C* A. Next,
define an equivalence relation =¢ on the arithmetical functions f: N — N by
f =cgifandonlyif C C* {n: f(n) = g(n)}. Then define a structure on the =¢-
equivalence classes [f] by [f]+[g] =[f +g]. [f]x [g] =[f x g] (where f +¢
and f x g are computed pointwise), and [f]1<[g] & C C* {n: f(n) < g(n)}.
Using the arithmetical cohesiveness of C, one then shows that this structure is
elementarily equivalent to (N, +, x, <). The structure is countable because there are
only countably many arithmetical functions, and it has non-standard elements, such
as the element represented by the identity function. See [6] for a further discussion
of Skolem’s model.

Think of Skolem’s construction as a more effective analog of an ultrapower
construction. Instead of building a structure from all functions f: N — N, Skolem
builds a structure from only the arithmetical functions f. The arithmetically cohesive
set C plays the role of the ultrafilter. Feferman, Scott, and Tennenbaum [10]
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948 RUMEN DIMITROV ET AL.

investigate the question of whether Skolem’s construction can be made more
effective by assuming that C is only r-cohesive (i.e., cohesive for the collection
of computable sets) and by restricting to computable functions f. They answer the
question negatively by showing that it is not even possible to obtain a model of
Peano arithmetic in this way. Lerman [16] investigates the situation further and
shows that if one restricts to cohesive sets C (i.e., cohesive for the collection of c.e.
sets) that are co-c.e. and to computable functions f; then the first-order theory of the
structure obtained is exactly determined by the many-one degree of C. Additional
results in this direction appear in [12, 13].

Dimitrov [4] generalizes the effective ultrapower construction to arbitrary
computable structures. These cohesive powers of computable structures are studied
in [3, 5, 8] in relation to the lattice of c.e. subspaces, modulo finite dimension,
of a fixed computable infinite dimensional vector space over the field Q. In this
work, we investigate a question dual to the question studied by Lerman. Lerman
fixes a computable presentation of a computable structure (indeed. all computable
presentations of the standard model of arithmetic are computably isomorphic) and
studies the effect that the choice of the cohesive set has on the resulting cohesive
power. Instead of fixing a computable presentation of a structure and varying the
cohesive set, we fix a computably presentable structure and a cohesive set, and then
we vary the structure’s computable presentation. We focus on linear orders, with
special emphasis on computable presentations of . We choose to work with linear
orders because they are a good source of non-computably categorical structures
and because the setting is simple enough to be able to completely describe certain
cohesive powers up to isomorphism. This work is a greatly expanded version of the
preliminary work of [9].

Our main results are the following. Below, w, {, and # denote the respective
order-types of the natural numbers, the integers, and the rationals. For each k > 1,
k denotes the order-type of the k-element linear order.

e If Cis cohesive and L is a computable copy of w that is computably isomorphic
to the usual presentation of @ (i.e., the immediate successor relation of L is
computable). then the cohesive power [] £ has order-type w + (n (Theorem
4.5).

e If C is co-c.e. and cohesive and £ is a computable copy of w, then the finite
condensation of the cohesive power [ ] £ has order-type 1 + # (Theorem 4.4;
see Definition 3.3 for the definition of finite condensation).

e If C is co-c.e. and cohesive, then there is a computable copy £ of w where the
cohesive power []- £ has order-type @ + 7 (Corollary 5.4).

e More generally, if C is co-c.e. and cohesive and X C N\ {0} is a Boolean
combination of X, sets, thought of as a set of finite order-types, then there
is a computable copy £ of @ where the cohesive power [ [~ £ has order-type
o +6(X U{w + {n + ©*}). Here o* denotes the reverse of w, and ¢ denotes
the shuffle operation of Definition 6.2. Furthermore, if X is finite and non-
empty, then there is a computable copy £ of w where the cohesive power [ [~ £
has order-type w + 6 (X) (Theorem 6.10).

This work also serves to compare and contrast properties of cohesive powers
with those of classical ultrapowers. The key points are the following. Recall that a
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computable structure is decidable if its elementary diagram is computable and is
n-decidable if its X,-elementary diagram is computable. These definitions are
discussed in more detail in Section 2.

e Classically, an ultrapower of a structure is elementarily equivalent to the base
structure by L.o§’s theorem. Effectively, £.0§’s theorem holds for cohesive powers
of decidable structures (Corollary 2.10). For cohesive powers of n-decidable
structures, £0§’s theorem need only hold up to A, 3-expressible sentences. In
fact, every X, . 3 sentence true of an n-decidable structure is also true of all of
its cohesive powers (Theorem 2.9), but this is optimal in general (Corollary
4.9).

e Classically, ultrapowers of isomorphic structures over a fixed ultrafilter are
isomorphic. Effectively, cohesive powers of computably isomorphic computable
structures over a fixed cohesive set are isomorphic (Theorem 2.20). However, it
is possible for isomorphic (but not computably isomorphic) computable struc-
tures to have non-elementarily equivalent (hence non-isomorphic) cohesive
powers over a fixed cohesive set. Together, Theorems 4.5 and 4.8 imply that for
every cohesive set C, there are computable copies £y and £ of w such that the
cohesive powers [ [~ Lo and [ [~ £; are not elementarily equivalent. This sort
of phenomenon can also be witnessed by computable structures whose cohesive
powers are completely described. Fix a co-c.e. cohesive set. Example 5.5 shows
that for every k > 1, there is a computable copy £ of  with [[~ £ = o + k#.
The order-types w + k# are pairwise non-elementarily equivalent for & > 1.
Theorem 6.10 shows that many more order-types are achievable as cohesive
powers of computable copies of w.

e Classically, the Keisler—Shelah theorem states that two structures are elemen-
tarily equivalent if and only if there is an ultrafilter (on a set of appropriate
size) over which the corresponding ultrapowers are isomorphic. Effectively, an
analogous result holds for decidable structures: decidable structures A and B
are elementarily equivalent if and only if [[- A = []. B for every cohesive
set C (Theorem 2.22, which is essentially due to Nelson [20] in a slightly
different context). If A and B are computable structures that are not necessarily
decidable, then the effective version of the Keisler—Shelah theorem can fail in
either direction. As explained in the previous bullet, there are many examples
of elementarily equivalent computable linear orders having non-isomorphic
cohesive powers. Example 5.5 also shows that it is possible for non-elementarily
equivalent computable linear orders to have isomorphic cohesive powers.

e Classically, for a countable language, ultrapowers over countably incomplete
ultrafilters (i.e., ultrafilters that are not closed under countable intersections)
are always Wj-saturated. Effectively, cohesive powers of decidable structures
are recursively saturated (Theorem 2.16 item (3), which is essentially due to
Nelson [20] in a slightly different context). Furthermore, for n > 0, cohesive
powers of n-decidable structures are X,-recursively saturated (Theorem 2.16
item (4)). Most interestingly, if the cohesive set is assumed to be co-c.e., then
we obtain the n = 0 case as well as an additional level of saturation: cohesive
powers of n-decidable structures over co-c.e. cohesive sets are X, , | -recursively
saturated (Theorem 2.18).
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This work is organized as follows. Section 2 presents the basic theory of
cohesive products and cohesive powers, focusing on analogs of Los$’s theorem,
substructures, saturation, and isomorphisms. Section 3 concerns the cohesive powers
of computable linear orders in general. Section 4 concerns the cohesive powers of
computable copies of w. In Section 5, given a co-c.e. cohesive set C, we construct
a computable copy £ of w whose cohesive power [[. £ has order-type w + 7.
Section 6 leverages the construction of Section 5 to shuffle various patterns of finite
order-types into cohesive powers of computable copies of .

§2. Cohesive products and powers of computable structures. We assume familiarity
with the basic concepts and notation from computability theory and computable
structure theory. Comprehensive references include [17, 23, 24] for computability
theory and [1, 18] for computable structure theory. See also [11] for a survey of
computable structure theory.

Throughout, N denotes the natural numbers, and @ denotes its order-type when
thought of as a linear order. For each n > 2, we use (xp,...,x,1): N* = N to
denote the usual computable bijective n-tupling function, which we may assume
is increasing in all coordinates. For each i < n, n; denotes the corresponding
projection function onto coordinate i. For X C N and n € N, X [n denotes the
set X N{0,1,....,n—1}. Often we consider expressions of the form lim,¢c¢ f(n).
limsup, .o f(n). liminf,cc f(n). etc.. where f/: N — N is some function and
C C Nis an infinite set. For this, let ny < n; < ny < ... be the elements of C listed
in increasing order. Then lim,c¢ f(n) means lim;_,, f (n;). and limsup, . f(n)
and liminf,cc f(n) are interpreted similarly. Notice that for functions f: N — N,
lim,cc f(n) = oo if and only if liminf,cc f(n) = oco.

We denote partial computable functions by ¢, w, etc. For a partial computable
function ¢, (n)] means that ¢ halts on input n, thus producing an output, and
¢(n)T means that ¢ does not halt on input n. The notation ¢ ~ y means that
¢ and y are equal partial functions: for every n, either ¢(n)] = w(n)| or both
@(n)t and w(n)t. We also use the ~ notation to define one partial computable
function in terms of another. For example, “let ¢ (n) ~ w(n) + 1” means compute
¢ (n) by running w(n) and adding 1 to the output if () halts. As usual, (©.)cen
denotes the standard effective enumeration of all partial computable functions, and
©e.s(n) denotes the result (if any) of running ¢, on input n for s computational
steps. Sometimes we also write ¢y. ..., ¢,_1 to refer to an arbitrary list of partial
computable functions. The usage of subscripts will be clear from context.

Throughout, we consider only first-order languages £ and finite first-order £-
formulas. For k € N, we sometimes use the abbreviation 32%x ®(x) to express that
there are at least k distinct x for which ®(x) holds

FPrxd(x) = Ixg. ... X /\ xi Zxj | A </\ CI)(xi))
i<j<k i<k
Similarly, we use the abbreviation 3=%x ®(x) to express that there are exactly k

distinct x for which ®(x) holds: 37*x ®(x) = IZ*x d(x) A -I2FHx D(x). We
point out that, for example, if ®(x) is a £; formula, then 32%x ®(x) is equivalent
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to a X, formula and 3% x ®(x) is equivalent to the conjunction of a ¥; formula and
a IT; formula. In a slight abuse of the terminology, we say that a formula is A,, if it
is logically equivalent to both a £, formula and a I, formula. So if ®(x) is Z;, then
F=Fx d(x) is As.

Fix a computable language £. A computable £-structure .4 consists of a non-
empty computable domain 4 C N and a uniformly computable interpretation of
all relation, function, and constant symbols of £. We often denote the domain
of a structure A by |A|. A computable £-structure A is decidable if there is an
algorithm which, given a formula ®(xq. ... . x,,_1), with all free variables displayed,
and a sequence of parameters (ay. ..., d,_1) each from |.A|, determines whether or
not A = ®(a, ..., a, 1). Likewise, a computable £-structure A is n-decidable if there
is such an algorithm determining whether or not X,, formulas with parameters from
|A| hold in A. In other words, a computable structure is a structure having a com-
putable atomic diagram (or, equivalently, a computable quantifier-free diagram); a
decidable structure is a structure having a computable elementary diagram; and an
n-decidable structure is a structure having a computable X, -elementary diagram.
A 0-decidable structure is the same thing as a computable structure. Similarly, a
sequence (A; : i € N) of £-structures is uniformly computable, uniformly decidable,
or uniformly n-decidable if the respective sequence of atomic, elementary, or XZ,-
elementary diagrams is uniformly computable.

We find it convenient to extend the decidability terminology to individual formulas
and to computable sequences of formulas that are not necessarily all members of
some fixed syntactic class. Say that a computable sequence of formulas (®; : i € N)
is uniformly decidable in a computable £-structure A if there is an algorithm that,
given a subformula ¥(jy) of ®, for some i (including of course the possibility
¥ = ®@;) and an appropriate sequence of parameters @ from |.A|, determines whether
or not A = W(a). The reason for including the decidability of subformulas is to
permit inductive arguments and to ensure that we can effectively search for witnesses
to existential quantifiers. These properties are used in the subsections on analogs
of Lo$’s theorem and on saturation below, for example. Formally, (®; : i € N) is
uniformly decidable in A if the set

{{(i, ¥(¥).a) : ¥is a subformula of ®; A |d|=|y] A A ¥(a)}

is computable. In the case of sequences of structures, say that a computable sequence
of formulas (®; : i € N) is uniformly decidable in a computable sequence (A, : n €
N) of £-structures if the set

{(n.i.¥(y¥).a) : ¥isasubformulaof ®; A |d|=|¥| A A, EVP(a)}

is computable. In the case of a single formula ® (and its subformulas), we simply
say that @ is decidable in a computable £-structure A and that @ is uniformly
decidable in a uniformly computable sequence (A, : n € N) of £-structures. In a
decidable structure, every computable sequence of formulas is uniformly decidable.
In an n-decidable structure, every computable sequence of ¥, formulas (indeed,
every computable sequence of Boolean combinations of £, formulas) is uniformly
decidable.
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2.1. Cohesive products and cohesive powers.

DErINITION 2.1. An infinite set C C N is cohesive if for every c.e. set W, either

CC*"WorCC*W.

More generally, a straightforward induction shows that if C is a cohesive set
and X is a Boolean combination of c.e. sets, then either C C* X or C C* X.
Notice that if C is cohesive and X is a Boolean combination of c.e. sets, then
C N X being infinite implies that C C* X. We use quantifiers V*°n and 3°n as
abbreviations for “for almost every n” and “there are infinitely many #n.” So. for

example, (V*°n € C)(n € X) means C C* X.

DEFINITION 2.2, Let £ be a computable language. Let (A, : n € N) be a uniformly
computable sequence of £-structures with corresponding uniformly computable
sequence of non-empty domains (|4, | : n € N). Let C C N be cohesive. The cohesive
product of (A, : n € N) over C is the £-structure [ A, defined as follows:

e Let D be the set of partial computable functions ¢ such that Vn (p(n)] —
(n) € |A,]) and C C* dom(yp).

e Forp,w € D.letyp =c ydenote C C* {n: p(n)l = w(n)l}. Therelation =¢
is an equivalence relation on D. Let [¢] denote the equivalence class of ¢ € D
with respect to =¢.

e The domain of [ [~ A, is the set | [ [ Ax| = {[¢] : ¢ € D}.

e Let R be an m-ary relation symbol of £. For [¢]. ... [¢m-1] € | []¢ An

RIcAn([go], ..., [om 1]) by

R ([l oo [om1]) & € S {n: RV (pp(n). ... o 1(n))}.

, define

Here we think of R4 (py(n). ....¢m 1(n)) as including the condition that
pi(n)] for each i < m.

e Let / be an m-ary function symbol of £. For [¢o]. ... [¢m-1] € | [ An
be the partial computable function defined by

w(n) = A (@o(n). ... om1(n)),

and notice that C C* dom(y) because C C* dom(yp;) for each i < m. Define
fl_[C A by

,let y

e ([l oo [om 1)) = [yl

e Let ¢ be aconstant symbol of £. Let y be the total computable function defined
by w(n) = ¢, and define ¢llc A = [y].

In the case where A, is the same fixed computable structure A for every n, the
cohesive product [[. A, is called the cohesive power of A over C and is denoted

[1c A

In Definition 2.2, it is equivalent to relax the condition Va (¢ (n)] — ¢ (n) € |A,|)
and C C* dom(yp) of the first bullet to (v>°n € C)(p(n)l A ¢(n) € |A,]). If ¢ is
a partial computable function satisfying the relaxed condition, let y be the partial
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computable function given by

@(n), ifp(n)land p(n) € |A,l.

wn) = T, otherwise.

Then y satisfies the original condition, and y =¢ .

We often consider cohesive powers of computable structures by co-c.e. cohesive
sets. The co-c.e. cohesive sets are exactly the complements of the maximal sets, which
are the co-atoms of the lattice of c.e. sets modulo finite difference (see [23. Section
X.3]). Such sets exist by a well-known theorem of Friedberg (see [23, Theorem
X.3.3]). Cohesive powers are intended to be effective analogs of ultrapowers, so in
light of this analogy, it makes sense to impose effectivity on the cohesive set, which
plays the role of the ultrafilter, as well as on the base structure itself. Technically, it
helps to be able to learn what numbers are not in the cohesive set C when building
a computable structure A so as to influence [[. A in a particular way. Cohesive
products by co-c.e. cohesive sets also have the helpful property that every member
of the cohesive product has a total computable representative. Let (A, : n € N) be
a uniformly computable sequence of structures with non-empty domain |A,| for
each n, and let a, be the first element of |4, for each n. Suppose that C is co-c.e.
and cohesive, and let ¢ : N — N be a partial computable function representing an
element [¢] of []. A,. Then C C* dom(yp). so let N be such that (Vn > N)(n €
C — ¢(n)]). Define a total computable f/: N — Nasfollows. If n < N, then output
f(n) = a,.If n > N, then simultaneously run ¢ () and enumerate the complement
C of C. Either ¢(n)]. n € C, or both. If p(n) halts before n is enumerated into
C, then output f(n) = ¢(n); and if n is enumerated into C before () halts, then
output f(n) = a,. This f is total and satisfies f =¢ ¢.

As with structures and their ultrapowers, a computable structure A always
naturally embeds into its cohesive powers. For a € |A|,let f, be the total computable
function with constant value a. Then for any cohesive set C, the map a — [f,]
embeds A into [ [ \A. This map is called the canonical embedding of A into [ A.
If A s finite and C is cohesive, then every partial computable function ¢ : N — |A|
with C C* dom(¢p) is eventually constant on C. In this case, every element of ] .A
is in the range of the canonical embedding, and therefore A = []. A. If A is an
infinite computable structure, then every cohesive power [ [~ A is countably infinite:
infinite because .4 embeds into [ [ A, and countable because the elements of [ A
are represented by partial computable functions. See [4] for further details.

2.2. Analogs of Lo$’s theorem. A restricted form of Loss theorem holds for
cohesive powers. Let £ be a computable language, let A be an n-decidable £-
structure, and let C be cohesive. We show that for every X, 3 sentence @, A = ®
implies that [[. A |= ®. It follows that A and []. A agree on all A, 3 sentences.
It also follows that if A is decidable, then A and [ ] A are elementarily equivalent.
Thus for decidable structures, we recover the full £.o$ theorem (for first-order logic).
These results update Dimitrov’s fundamental theorem of cohesive powers [4], which
is the O-decidable case: if A is a computable £-structure, C is cohesive, and @ is a X3
sentence, then A = ® implies that [ [ . A = ®. In general, the fundamental theorem
of cohesive powers is the best possible analog of f.o$’s theorem. In Sections 4-6,
we see several examples of computable linear orders £ where the Il; sentence
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“every element has an immediate successor” is true of £ but false of some cohesive
power of L. For sequences of structures, we show that if (A4; : i € N) is a sequence
of uniformly n-decidable £-structures, C is cohesive, and ® is a I, sentence,
then C C* {i : A; = @} implies that []. A; = ®. This updates the fundamental
theorem of cohesive products from [7], which is the 0-decidable case. In Section 4,
we show that the fundamental theorem of cohesive products is best possible by
uniformly computing a sequence of finite linear orders (£; : i € N) such that for
every cohesive set C, the cohesive product [ [ £; is a linear order with no maximum
element.

LEMMA 2.3. Let £ be a computable language, let (A, : n € N) be a uniformly
computable sequence of L-structures, and let C be cohesive. Let t(vy. ..., vy_1) be a
term, with all variables displayed. Let [po]. ....[¢m-1] € | [ [ An|. Let y be the partial
computable function given by

w(n) ~ t4 (po(n). ... om1(n)).

Then

e A (ol ... [om1]) = [w].

PrOOF. The proofis a straightforward induction on the construction of the term
t, using Definition 2.2. o

LEMMA 2.4. Let £ be a computable language, let (A, : n € N) be a uniformly
computable sequence of L-structures, and let C be cohesive. Let ®(vy, ..., v,_1) be a
Sformula (with all free variables displayed) that is uniformly decidable in (A, : n € N).

Then for any [o]. ... . [m1] € | [ Anl.
HC Ay EO(pol.....loma]) & CC {n: A, E0(po(n).....on1(n))}.

Proor. Proceed by induction on the construction of the formula ®. For the
base case, assume that ®(vy. ..., v,_1) is the atomic formula R(zo(vo. .... Up1). ... .
to_1(vg. ... ,vm,l)), where R is either a relation symbol from £ or equality, and
to, ..., tg_1 are terms whose variables are among vy, ..., v,,_. For each i < £, define

wi(n) =~ 1 (po(n). ... om1(n))

as in Lemma 2.3 so that ¢11¢ ([0l --- - [@m-1]) = [w:]. Then

HC An E R(to([@0). - [pm D). oo te 1 ([0 - [om1]))

& HC A = R([wol. ... . [wea])
o C C* {n: Ay = R(yo(n).....ye1(n)))
ad ccr {n s A, )= R(fo(sﬁo(n)»m =90m—1(n))a ~--71471(s00(n)= --'=Wm—1(n)))}-

We consider the inductive cases for the connectives A and — and for the
quantifier 3.

Assume that ®(vy, ..., v,,1) is the formula @g(vy. ..., v 1) APy (vo, ..., V1).
Then [ Ax = ©([o]. ... [¢m1]) if and only if (Vi < 2)([Tc Ax = @i([wol. ...
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[¢m-1])). Formulas @) and ®; are uniformly decidable in (A4, : n € N) because
they are subformulas of ®@. Thus the induction hypothesis yields that

l—[C Ay ': (Di([(p()]’ cees [‘mel]) & C g* {n : »An ': (Di(QD()(l/l), cee s Pm-1 (n))}

foreachi < 2. Finally, C C* {n : A, = ®;(¢o(n). ... om1(n))} holds for bothi = 0
and i = 1 if and only if

C C* (s Ay = Dolo(n). s o1 (1)) A D1 (0(1). o 1 (1)),
Putting this all together yields that

[T 4 E @00l .. .[oma]) A @1([0]. ... [om1])
if and only if

CC{n: Ay = @oleo(n).....om1(n) A®@i(po(n). ... om1(n))}.

Now assume that @ (vy. .... v,_1) is the formula =¥ (vy. ..., v,_1). Then [ A,
O([¢o]. ... . [pm-1]) if and only if []. A, & ¥([wol. ... . [em-1]). The formula ¥ is
uniformly decidable in (A, : n € N) because it is a subformula of ®. Thus the
induction hypothesis yields that

[T, A P@ollonil) & C L5 {n: Ay ¥lpo(n).....om1(n))}.

We have that C ¢* {n : A, = ¥(po(n).....om1(n))} if and only if C has infinite
intersection with the set {n : A, = W(po(n).....@u 1(n))}. which is co-c.e. because

¥ (v, ..., v 1) is uniformly decidable in (A, : n € N). By cohesiveness and the fact
that C C* dom(¢;) for each i < m, we therefore have that

C g™ {n: Ay E¥(po(n).....om1(n)} & CC"|{n: Ay lE¥lpon).....om1(n))}
s CccCt {n s An B Y (pg(n), ... oma (n))}
Putting this all together yields that

l—[C A, ==Yl ... [om1]) & C T {n: A, = —Plpo(n).....om1(n))}.

Finally, assume that ®(vy.....v,_1) is the formula 3x ¥(x. vy, ..., v,_1). First
suppose that [ ]~ A, = 3x P(x. [¢o]. ... [¢m-1]). Then thereisa [0] € |[]. A,| such
that [ A, = P([0]. [o]. ... . [¢m-1]). The formula ¥ is uniformly decidable in (A, :
n € N) because it is a subformula of ®. Thus the induction hypothesis yields that

[T An POl fpnaD) & €S Ay b 2(O00). poln). .. om 1 (n)).
Clearly
{n: Ay EY(O(n).0o(n).....om1(n)} S {n: Ay EIxP(x.00(n).....0m1(n))}.

so we have that C C* {n : A, = Ix ¥(x.0(n). ... om1(n))}.

Conversely. suppose that C C* {n : A, = 3x ¥(x. po(n). ... om1(n))}. The for-
mula W(x, vy, .... vp_1) is uniformly decidable in (A, : n € N), so we may define a
partial computable function 6 by

0(n) ~ the first a € | A,| such that A, = ¥(a. po(n), ..., om 1(n)).
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The assumption C C* {n : A, = Ix ¥(x.@o(n). ....m-1(n))} implies that C C*
dom(0). We therefore have that [0] € |[] A, and that

Ccc {n c Ay ': IP(H(I’Z).,(,D()(I’Z), cees Pm-1 (I’l))}

The induction hypothesis then yields that []. A, &= P([0]. [¢o]. ... [¢m-1]). There-
fore [T An |= 3x W(x. [@o]. ... . [m-1]). This completes the proof -

LEmMMA 2.5. Let £ be a computable language, let (A, :n €N) be a
uniformly computable sequence of L-structures, and let C be cohesive. Let
W(X0, oo s Xk1s YO vve s V12 V0s .. Um1) be a formula that is uniformly decidable
in(A,:n¢cN).

(1) Forany [po]. ... [em1] € [T]c A
Hc Ay 3RV PR [eol. oo [oma]) =
CC {n: A EIXVIP(R.J. o). ... om1(n))}.
(2) For any [@ol. ... [om1] € [T]¢c Aul.
CC {n: A, EVXFFE(R. Fapo(n). ....pmi(n))} =
[, A V3235 ¥(E. T Leol. . [om1])-

ProOF. For item (1), suppose that [~ A, = 3X VY W(X. V. [¢o]. ... . [em-1]). Let
[wo). ... [wk-1] € | [1¢ Al be such that

[T, A = Y5 (ol .. [y 1) 3. ol oo [ ])- ()

The set

X = {n: Ay VG EW0). e it (1), Foipon). e pa ()

isa Bool@n combination of c.¢. sets, so by cohesiveness, either C C* X or C C* X.
If C C* X, then because C C* dom(¢; ) foreachi < m and C C* dom(y;) for each
i < k., we would have that

CC {n: Ay =35 2 (wo(n). ... w1 (n). ¥. 0o (n). ... o1 (n) ).

As V¥ is uniformly decidable in (A, : n € N), we could then argue as in the 3 case of
the proof of Lemma 2.4 and simultaneously define partial computable functions 6;
for i < £ as follows. Given n, search for the first sequence {(ay, ..., a; 1) € |A, |e such
that

Ay E-P(wo(n). ....wi1(n). ag. ....ag1.0(n). ... pm-1(n)).
and set 0;(n) = a; for each i < £. Then

CC{n: Ay =¥ (won).....yi1(n).0o(n). ... 01 (n). po(n). ... om1(n))}.

SO

l_[ Ay 2wl ... il [0o]. ... . [0e1]. [@0]. ... [Pm1])
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by Lemma 2.4, which contradicts (). Thus we cannot have C C* X, so it must be
that C C* X. Therefore

CC{n: A, EVI¥(yoln).....wi1(n). ¥.0o(n). ... om1(n))}.
C {n: A, E3XVIYQE. V. 0o(n). ... om1(n))}.
as desired.
Item (2) follows from item (1). Suppose that []. A, ¥ VX 3y P(X. ). [¢o]. ... .

[em-1]). Then []- A, E IX VY =P(X. V. [@o]. ... [¢m-1]). The formula =¥ is uni-
formly decidable in (A, : n € N) because W is, so applying item (1) to =¥ yields

that
C C* {n: A, | 3IXVY (R T, po(n). ... o1 ()}
Therefore
C g {n: A EVIIFEE T po(n). ... pm1(n))}
because the two sets are disjoint. -

LEMMA 2.6. Let £ be a computable language, let (A, : n € N) be a uniformly com-
putable sequence of £-structures, and let C be cohesive. Let ®(vy. ... , v,,1) be a formula
that is logically equivalent to a formula of the form 3% ¥y Wo(X. 7. vo. ..., V1) and
to a formula of the form VX 3y W1(X, ¥, vo. ..., Up_1). where Py and ¥ are uniformly
decidable in (A, : n € N). Then for any [¢o]. ....[om1] € | []c An

]_[C Au E ©([@ol. ... [oma]) & C S {n: Ay = ®leo(n).....om1(n))}.

PrOOF. The “=" implication is by Lemma 2.5 item (1) and the equivalence of
®(v) with 3X¥ V) ¥o(X. ¥. ). The “«” implication is by Lemma 2.5 item (2) and
the equivalence of ®(¢) with VX 3y W1 (X, 3. 7). =

The following theorem refines the fundamental theorem of cohesive products from

[7].

THEOREM 2.7. Let £ be a computable language, let (A; : i € N) be a sequence of
uniformly n-decidable £-structures, and let C be cohesive.

(1) Let ®(vy, ..., vy 1) be aX, s formula. Then for any [po). ... . [pm 1] € | T1c Ail.
[I A Eoled.....loni) = €S it A Dpoli)....0m(i)))}.
(2) Let®(vy. ..., vy 1) be all, o formula. Then for any [@o]. ... [om1] € [[1c A
C it A 0o put (D)) = [ A E (ol .. [ona)).
(3) Let ®(vy. ... vm 1) be a Ay s formula. Then for any [@o]. ..., [pm ] € | [T Ail.
[1 4 EoUpl...lon1l) & €< {i: A Blpo(i). ... om1(i))].

Proor. Item (1) follows from Lemma 2.5 item (1) because a ¥,,, formula
®(vp, ..., V1) has the form IX VY ¥(X, ¥, vy, .... Uyt ), where P (X, 7, vg. ..., Upi)
is ¥, and hence is uniformly decidable in the uniformly n-decidable sequence
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(A; : i € N). Likewise, item (2) follows from Lemma 2.5 item (2), and item (3)
follows from Lemma 2.6. =

Proposition 4.10 shows that Theorem 2.7 is tight in general. We now switch from
cohesive products to cohesive powers.

LEmMMA 2.8. Let £ be a computable language, let A be a computable L£-structure,
and let C be cohesive. Let ® be a sentence of the form VX 3y VZ W (X,¥,Z), where
Y(X.¥.Z) is decidable in A. Then

[[[AF® = Ao

ProOF. Suppose that [] A = ®. Write X = xj. ... x,,_1. For each i < m, fix an
a; € |A|, and let ; be the constant function with value ;. Then [¢o], ..., [@n_1] €

[T1c Al so

[T, AE3v2¥(wl.....[on1].7.5).
Therefore
CC {n: AEIFVZP(eo(n)..cc.om 1(n).5.2)} ={n: A IFVZ¥(ag. ....ap 1. 7.7)}

by Lemma 2.5 item (1) applied to the formula 3y VZ W(X, ¥.Z) and the sequence
of structures (A, : n € N) where A, is A for each n. It must therefore be that
A E3IyVZi¥(ag.....am1.y.Z). The sequence ay, ....ay, 1 € |A| was arbitrary, so
we have shown that A = VX 3y VZ W(X, ¥, Z). That is, A = ©. -

The next theorem is our version of Los$’s theorem for cohesive powers of n-
decidable structures, which refines the fundamental theorem of cohesive powers from

[4].

THEOREM 2.9. Let £ be a computable language, let A be an n-decidable £-structure,
and let C be a cohesive set.

(1) Let ®(vy. ..., vy 1) be a Ay s formula. Then for any [¢o]. ..., [om-1] € [T Al
[ . AE (@0l .lon) & CC{n: Al (po(n). ... on1(n))}.

(2) Let ® be a A3 sentence. Then A |= @ if and only if [ A = @.
(3) Let ® be a X, 3 sentence. If A = @, then [ A = ©.

Proor. Item (1)isthespecial case of Theorem 2.7 item (3) in which each structure
A; is A. Item (2) follows from item (3) because if ® is a A, ;3 sentence, then both ®
and —® are logically equivalent to X, 3 sentences. Foritem (3), consider the sentence
—®, which is logically equivalent to a IT, .3 sentence ®. The sentence ® thus has the
formVVx 3y VZ W(X. y.Z). where ¥(X. . Z) isZ,,. The formula ¥ (X, 3, Z) is decidable
in A because A is n-decidable. Therefore [ [ A = © implies that A = ® by Lemma
2.8. The contrapositive yields that A = ® implies that [[. A = ©. o

Corollary 4.9 shows that Theorem 2.9 item (3) is tight in general. As mentioned
above, we recover Lo$’s theorem for all first-order sentences when we consider
cohesive powers of decidable structures. This is essentially the same as Nelson’s [20,
Theorem 0.5]. See also [4].
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COROLLARY 2.10. Let £ be a computable language. and let C be a cohesive set.

(1) Let (A; :i € N) be a sequence of uniformly decidable £-structures, and let
®(vo, .... V1) be a formula with all free variables displayed. Then for any

[(PO]s cees [Somfl] € ‘ HC ‘Af|=
[T A E®el....lon1l) & €S it A Olpo(i).....oma (D).

In particular, if ® is a sentence, then
]‘[CA,- E® o CC*{i:A E 0}
(2) If Ais a decidable £-structure, then A and || A are elementarily equivalent.

Proor. Item (1) follows from Theorem 2.7 because the structures (A; : i € N)
are uniformly n-decidable for every n. Item (2) follows from the special case of item
(1) in which A; is A for each i. Item (2) also follows from Theorem 2.9 item (2)
because A is n-decidable for every n. -

We pause to point out that we can recover a version of Skolem’s countable non-
standard model of arithmetic by relativizing everything to 0“), the ™ Turing jump
of 0. Let N = (N, +, x, <) denote the standard model of arithmetic. Then N is

. . (@) .
a decidable structure relative to 0. Therefore N = ]_[OC N for any C that is

. . (w)
cohesive relative to 0() by the relativized version of Corollary 2.10. Thus ]_[OC N

. . . . . (@)
is a countable non-standard model of arithmetic. The superscript 0(*) in ]_[% N

indicates that we relativize the cohesive power construction to 01°) by requiring that
C be cohesive for the collection of sets that are c.e. relative to 0*) and by building
the cohesive power from functions that are partial computable relative to 0().

2.3. Reducts, substructures, and disjoint unions. Cohesive products respect reducts
of computable structures. Let £ C £ be two languages, and let A be an £*-
structure. Then the reduct AJL of A to £ is the £-structure obtained from A by
forgetting about the symbols of £\ £.If £ C £ are computable languages and A
is a computable £ -structure, then A[£ is a computable £-structure.

Many of our arguments make implicit use of the following proposition.

ProposITION 2.11. Let £ C £ be computable languages. let (A, : n € N) be a
uniformly computable sequence of £*-structures, and let C be a cohesive set. Then

[T a2 = (T, 4)re

Thus in the case of a single computable £ -structure A,

[T 4 = (TT, A)re.

Proor. The g-structures [](A4,1£) and ([T A,)[€ share the same domain,
which is the set of all =¢-equivalence classes [¢] of partial computable functions ¢
such that Vn (¢(n)] — ¢(n) € |A,]) and C C* dom(yp). One then checks that the
identity map is the desired isomorphism. -
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Cohesive powers respect computable substructures and finite disjoint unions of
computable structures.

PrOPOSITION 2.12. Let £ be a computable language with a unary relation symbol
U. Let (A, : n € N) be a uniformly computable sequence of £-structures, and suppose
that {a € |A,|: A, = U(a)} forms the domain of a computable substructure B, of
A, for every n. Let C be a cohesive set. Then {[¢] € |T]¢ Au| : [1c A E U(le])}
Sforms the domain of a substructure D of [| An. and [ B, = D.

Proor. Let f be an m-ary function symbol of £, and let [¢o]. ..., [¢@m-1] be
elements of {[p] € [ Aul: [lc An E U(l@])}. Then (V*°n e C)(A, = A,
Ulpi(n))). so (v°n e C)[A, = U(f(po(n).....m1(n)))] because {a € |A,|:
A, = U(a)}isclosed under £ asitis the domain of the substructure 3,. Therefore
[Tc An = U/ ([go]. ... . [¢m-1])) by Theorem 2.7 item (3). Thus {[¢] € | ] Axl :
[1c As = U([¢])} is closed under fTlc4r. Similar reasoning shows that [T A,
U (c) for every constant symbol ¢ of £. Thus {[¢] € [T Aul : [1c An = Ulle])}
forms the domain of a substructure of [ [ A,.

Recall that B, is the substructure of A, with domain {a € |A4,|: A, = U(a)}
for each n. and let D be the substructure of [ A, with domain {[¢] € | [ Axl :
[Tc Ar E U(lel) } In view of the comment following Definition 2.2, the domains of
[1¢ Bx and of D are in both cases the = -equivalence classes of partial computable
functions ¢ such that (v°n € C)(p(n)l A U4 (¢(n))). One may then check that
the map [¢] — [¢] from [[ B, to D is an isomorphism. %

We usually apply Proposition 2.12 in the case of a single computable structure
A. In this situation, the proposition says that if A is a computable structure, if
{a €|A|: A= U(a)} forms the domain of a computable substructure B of A,
and if C is cohesive, then {[¢] € | [ Al : [1c A = U([p])} forms the domain of a
substructure D of [ [ A with [[. B = D.

DerNITION 2.13. Let £ be a relational language, and let A, ..., A;_; be £-
structures for some k > 0. The disjoint union of A, .... Ax_1 is the L-structure
Ll A with domain |J,_, ({i} x |A4;|) defined as follows. For every m-ary
relation symbol R and every (ip.xo)..... (im1.Xm-1) € ||_|i<k A;|, the relation
RUi<k 4i (i, x0). ..., (im-1. Xm_1)) holds if and only if iy = --- = i,,.; =i for some
i<kand RA (X(), s xm,l) holds.

In the case of computable £-structures Ay, ..., Ax_; for a computable relational
language £, one may use the pairing function to compute a copy of |_|,_, A;. Thus
if Ay. .... Ax_1 are computable structures, then sois | |,_, A;.

i<k

PROPOSITION 2.14. Let £ be a computable relational language, let Ay, ... . Ax_1 be
computable £-structures for some k > 0, and let C be cohesive. Then

M, (U) = U4)

i<k i<k
Proor. Expand £ to £7 = £U{Uy,.... Uy 1}, where U, ..., Uy are k fresh

unary relation symbols. Expand | |,_, A; to a computable £*-structure by

interpreting U; as the domain of A; for each i < k: UI.I—I"<’C Ai (x) holds if and only if
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mo(x) = i. Thenforeach x € |||, A;|thereisaunique i < k for which UI.UK" A ()

holds:

i<k

| |4 = v (\/ U,-<x>) A A W) = =) || (%)
i<k i<k ij<k
i#]

Furthermore, for each m-ary relation symbol R € £, if RUi<« 4 (xq. ..., x,, 1) holds

for some X, ..., Xpm1 € “_|l-<k A;|. then there is an i < k such that Ul.lJ"<’C Ai (x;)
holds for all j < m:
I_lAi ':VX(),...,X,;FI R(x(]a"'axn’l*]) — \/ /\ U[(X‘/) : (*)

i<k i<k j<m

The £"-sentences in (+) and (x) are IT;: therefore [ (||, A:) also satisfies
all of these sentences by Theorem 2.9 item (2). For each i < k. let D; be the
g-substructure of [].(Ll,.,A;) whose domain consists of the [¢] for which
[Te (Uick Ai) = Ui([0]). Then []o(L)iop Ai) = ;o Di as L-structures. This
is because each [¢] € |[Tc(lick Ai)| is in |D;| for exactly one i < k: and if
RleUick A ([g]. ... [em-1]) holds for an m-ary relation symbol R € £ and
[@ol. - . [em1] € |[Te (L A7) then [@o]. ... [@m-1] must all be in |D;| for the
same i < k. We have that D; = []. A; as £-structures for each i < k by Proposition

2.12, s0 HC(UKk Ai> &~ | (TT¢ Ai) as L-structures. a

2.4. Saturation. There are many classical results concerning the saturation of
ultraproducts. See, for example, [2, Section 6.1]. One well-known result is that,
for a countable language, ultraproducts over countably incomplete ultrafilters are
always N -saturated (see [2, Theorem 6.1.1]). Here we show that cohesive products of
uniformly decidable structures are always recursively saturated (which is essentially
due to Nelson [20]) and that, for n > 0, cohesive products of uniformly n-decidable
structures are always X,-recursively saturated. Furthermore, we show that if the
cohesive set is assumed to be co-c.e., then we obtain the n = 0 case and can
also squeeze one more level of saturation out of the cohesive product: cohesive
products of uniformly n-decidable structures over co-c.e. cohesive sets are always
¥, 11-recursively saturated.

We follow the terminology of [15, Section 11.2] regarding types and saturation.
Beware that what we call a type over a structure A, other authors may call a type over
a finite set{cy. ..., co_1 } of parameters from A. Let £ be a language, and let A be an
£-structure. Consider a set p(X) = p(xo. ..., Xp_1) of formulas of the form ®(X; ¢) =
®(Xg. ..., Xpm_1: €. ..., ¢o-1) in the language £ U {cy, ....co 1 }. where xq. ..., X, | are
m fixed variables and cy, ..., ¢, are £ fixed parameters from |.4] that are identified
with fresh constant symbols. Such a set p(X) is called a type overA if it is finitely
satisfied in A: for every @g(X:¢)..... @1 (X:¢) € p(X). Al 3IX N\ Pi(X:0). A
type p(X) over A is realized if there are a, ..., a, 1 € |A| such that for all ®(x;¢) €
p(X), A= ®(a:¢). A type p(X) over Ais a X,-type if every formula in p(X) is Z,,.
An £-structure A is recursively saturated if it realizes every computable type over
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A. Similarly, A is X,-recursively saturated if it realizes every computable X,-type
over A.

When discussing a formula ®(X:¢) of a type p(X), we write ®(X;y) for the
corresponding £-formula, with fresh variables ¥ in place of the constants ¢. We
sometimes write p(¥:¢) or p(¥; ¥) in place of p(¥) when we want to emphasize the
type’s parameters or the corresponding variables.

LemMmA 2.15. Let £ be a computable language, let (A, : n € N) be a uniformly
computable sequence of £-structures, and let C be cohesive. Let p(X: ¢) be a computable
type over [ A, with computable enumeration (®; : i € N). Assume that the formulas

(3; N@i(3:5) ke N)

i<k
are uniformly decidable in the structures (A, : n € N). Then [ A, realizes p(X:¢).

PrOOF. Let ¢ = [wo.....[ws_1] be the parameters of the type p(¥;¢). so that
l_[c Ay = 3X /\(Di()_é; [wol. ... [we1])
i<k
for each k. To ease notation, pack wy,....y, | into a single partial computable
function w: N — N given by y(n) ~ (wo(n),....we 1(n)). Notice that C C*

dom(y). Write m as an abbreviation for [wo]. ... [we_1].
Define a partial computable function ¢ : N — N as follows. Given #, first search
for the greatest k& < n such that

A, = 3X /\(D,-(fc;w(n)).
i<k
This search is effective on account of the uniform decidability assumption. If

such a k is found, search for the first tuple d@ = (ay,...,a, 1) such that A4, =
Nici @i(@: w(n)), and set ¢(n) = a. If there is no such &, then ¢ (n)1.

Consider a fixed k. By assumption, [, A, = 3X A, ©; ()?; [;D Thus C C*

{n: A, 3% A\ @i(X:w(n))} by Lemma 2.4. This means that for almost every
n € C with n > k, the initial search in the computation of ¢(n) succeeds and finds
ak withk <k <n. Thus C C* dom(p) and

C cC* {n A E /\d),-(go(n); 1//(}1))} .
i<k

Let ¢; = m; o ¢ for each i < m. Then [¢o]. ... [@m-1] € | [ ] Anl. Let m abbreviate

the sequence [¢o].....[¢m-1]. Then [[. A, E N\;op O (ﬁ m) by Lemma 2.4.

This implies that [[. A, = ®; ([Zoj m) for every i. Thus [¢o], ..., [¢m-1] realize

p(f;@) in ] A, 4

Items (1) and (3) of the next theorem are essentially [20, Theorem 2.2].
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THEOREM 2.16. Let £ be a computable language, and let C be a cohesive set.

(1) Let (A; : i € N)beasequence of uniformly decidable £-structures. Then ] A
is recursively saturated.

(2) Let (A; :i € N) be a sequence of uniformly n-decidable £-structures for an
n > 0. Then [[. A; is Z,-recursively saturated.

(3) Let A be a decidable £-structure. Then [ A is recursively saturated.

(4) Let A be an n-decidable £-structure for ann > 0. Then [~ A is X,-recursively
saturated.

Proor. Item (1) follows directly from Lemma 2.15 because every computably
enumerable sequence of formulas is uniformly decidable in (A; : i € N). Item (2)
also follows from Lemma 2.15. If (®; : i € N) is a computable enumeration of X,
formulas and n > 0, then

(Elx N\ @i (% 7) keN)

i<k

is a computable enumeration of (formulas that are logically equivalent to) X,
formulas and hence is uniformly decidable in (A; : i € N). Items (3) and (4) are
the special cases of items (1) and (2) in which A; is A for each i. -

If we restrict to co-c.e. cohesive sets, then we can include » = 0 and improve
¥,-recursive saturation to X, ;-recursive saturation in Theorem 2.16 items (2) and

(4).

LemMmA 2.17. Let £ be a computable language, let (A, : n € N) be a uniformly
computable sequence of £-structures, and let C be co-c.e. and cohesive. Let p(X;¢) be
a computable type over [ A, consisting of formulas of the form 3Z ®(X,Z; ¢), with
computable enumeration (3Z; ®;(X.Z;:¢) : i € N). Further assume that the formulas
(@;(X.Z;:¥) : i € N) are uniformly decidable in the structures (A, :n € N). Then
[1c An realizes p(x:¢).

PrOOF. Let ¢ = [wo]. ....[we_1] be the parameters of the type p(X;¢). so that

l_[ A, = 3X /\321 (X, Zi:[wol. ... [we1])

i<k

for each k. As in the proof of Lemma 2.15, let v : N — N’ be the partial computable
function given by w (n) ~ (wo(n), ..., we 1(n)). Notice that C C* dom(y), and write

m as an abbreviation for [wo]. ..., [we 1]
The goal is to partially compute a function 0 : N — N so that C C* dom(6) and

(3%n ¢ C)(A,, = 3% @;(0(n). 5 t//(n))) (+)
for each i. The set

{n A, 32 0;(0(n). 2 w(n))}
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is c.e. for each i because ®; is uniformly decidable in (A, : n € N). Thus () implies
that

(v € O)(Au | 32 ,(0(n). 2w (n)))

for each i by cohesiveness. Letting ¢; = 7; o 0 for each j < m, we therefore have
that [@o]. ... [@m-1] € | [ An| and that

Hc A, =32 ; ([ﬁ.é}; m>

for each i by Lemma 2.6. Thus [¢q]. ... . [@m_1] realize p(X: m) in[[. A,

The strategy for partially computing 0 is to keep track of the numbers k that
are covered, meaning that it looks like there is an n € C with n > k such that
A = Nick 32 ©:(0(n). Z;: w(n)). As the computation progresses, a k that is covered
may become uncovered because the z that covers it is enumerated in the complement
of C. When this happens, we note the least k& that becomes uncovered, we search
for the first n > k where 6(n) is not yet defined. it looks like n € C, and there looks
to be an @ € N” such that A, = A,_, 3Z; ®;(d.Z;: w(n)). and we attempt to cover
k again by setting 0(n) = a. This strategy eventually succeeds because if ny € C is
sufficiently large and we never choose a smaller member of C to cover k, then we
eventually choose ng to cover either k£ or an even bigger number.

Formally, let W denote the c.e. set C, and let (W,)sen be a computable C-
increasing enumeration of W. Let (U : k € N) be the uniformly c.e. sequence of
sets given by

Uk = {<ﬁ,}’l> e N xN: .An ': /\32, (I)i(ﬁ,é'i; l//(l’l))
i<k
with uniformly computable C-increasing enumerations (U ,);cn for each k. The
sequence (U : k € N) is uniformly c.e. because the formulas (®; :i € N) are
uniformly decidable in (A, : n € N). Observe that if ky < k., then Uk, € Uy,.

To partially compute 6. we compute an increasing sequence ¢y C 6; C 6, C ... of
finite approximations to 6. Start at stage 0 with 6y = (). At stage s, we have 0; and
we define 0, .

Say that n covers k at stage s if:

en>k,

en §é Ws.

e Os(n)].and

o (05(n).n) € Ugy.

If there is an 7 that covers k at stage s, then also say that & is covered at stage s. Let k°
be the least number that is not covered at stage s. If s > 0, let X; = W, \ W_;. Let
k! be the least number, if it exists, for which some n € X covered k! at stage s — 1
but no m < n covers k! at stage s. If k! is defined, let k, = min{k?, k!}. Otherwise,
let ky = k. Now search for the least n > k, such that n ¢ W, such that 6;(n)1,
and such that (@,n) € Uy, for some a. If there is such an n, let @ be the first
corresponding a, and extend 6, to 0, by setting 0, 1(n) = a. If there is no such n,
then set 0,1 = 0. Go to stage s + 1. This completes the partial computation of 8.
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If n covers k at some stage s, there could be a later stage ¢ > s at which n does
not cover k because n € W,. However, if n € C, then n ¢ W, for every ¢, so k stays
covered by n forever.

CrLam. Every k is eventually covered by ann € C.

Proor oF CLamM. Proceed by induction on k. Let s be a stage by which all k <k
have been covered by members of C. Let ¢ be the greatest member of C covering a
k < k at stage so. and let s; > so be a stage such that W, [c = Wc. Then kg > k
at all stages s > s1. By assumption,

HC A, E 3 /\351' D; ()?,Zi; [ﬁ) ,

i<k

and therefore

Cg* nZAn )=Elfc /\HEZ(DI ()?,ZI,W(H))}

i<k

by Lemma 2.6. To see that Lemma 2.6 applies here, pull the 3Z; quantifiers out in
front of the conjunction. The resulting formula has the form 3w ¥ (w:; ¥), where ¥
is uniformly decidable in (A, : n € N). Let ng be least such that ny > k, such that
no € C. such that 0, (ng)?, such that y(n9)|. and such that

Ay |2 3% N\ 35 ©:(3. 2w (o).

i<k

If 0, (ng)| for the first time at some stage s > sy, itis to cover some j > k. Asng € C,
we have that ny covers j and therefore covers k at all later stages.

Let s, > s1 be large enough so that W, [ny = W [ng and so that there is an a with
(a.ng) € Uy,. Consider stage s,. If k is not covered at stage s,. then it must be that
0y, (no)1. In this case, ky, = k. and ny is least such that ny > k,. ng ¢ Wi,. 0y, (no)1.
and (a,ng) € U, s, for some d. So 0y,41(ng) is defined to cover k at stage s».

Suppose instead that k is covered at stage s,. In this case, let n; be least such
that there is a stage s3 > s, at which n; covers k. If n; € C, then this is as desired.
Otherwise, n; € W, in which case there is a least s > s3 with ny € . The number
n) covers k at stage s — 1, but by choice of n1, no n < n; covers k at stage s. Thus
k}. =k, so ky = k. If 0,(ny)l. then ny must already cover k., as noted above. If
05(no)?T, then ny is least such that ny > kg, ng ¢ Wi, 05(no)?1. and (a. ng) € Uy, ; for
some a. So 0y,1(ng) is defined to cover k at stage s. This completes the proof of the
claim. —

To finish the proof, consider the formula 3Z; ®@;. By the claim, every k is eventually
covered by ann € C. Thus forevery k > i, thereisann > k withn € C, 0(n)|, and
(0(n).n) € Uy. Thus C C* dom(#) by cohesiveness, and

(3% € O)(Ar 32 i(0(n). 2w ().

as desired. =
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THEOREM 2.18. Let £ be a computable language, and let C be a co-c.e. cohesive set.

(1) Let (A; :i € N) be a sequence of uniformly n-decidable £-structures. Then
[1c Ai is X, 1-recursively saturated.
(2) Let A be an n-decidable £-structure. Then [ A is Z,1-recursively saturated.

Proor. Item (1) follows from Lemma 2.17. A computable X, (-type can be
computably enumerated as (3z; @, : j € N), where @, isI1,, for every j. The formulas
(®; : j € N) are then uniformly decidable in (A; : i € N) because (A4; : i € N) isa
uniformly n-decidable sequence of structures. Item (2) is the special case of item (1)
in which A; is A for each i. -

The n = 0 case of Theorem 2.18 is particularly noteworthy.

COROLLARY 2.19. Let £ be a computable language, and let C be a co-c.e. cohesive
set.

(1) Let (A; :i € N) be a uniformly computable sequence of L-structures. Then
[1c Ai is Zi-recursively saturated.
(2) Let A be a computable -structure. Then []. A is Zy-recursively saturated.

2.5. Isomorphisms. Classically, an isomorphism between two structures induces
an isomorphism between the corresponding ultrapowers over a fixed ultrafilter. In
the effective case, a computable isomorphism between two computable structures
induces an isomorphism between the corresponding cohesive powers over a fixed
cohesive set. This fact essentially appears in [4]. but we include a proof here for
completeness.

THEOREM 2.20. Let £ be a computable language, let Ay and Ay be computable
L-structures that are computably isomorphic, and let C be cohesive. Then []. Ay =

[lc Ar-

Proor. We first prove the theorem under the assumption that £ is a relational
language. Let Ay and A; be computable £-structures, and let f: |A¢| — |Ai| be a
computable isomorphism. Expand the language to £ = £ U {Uj. Ui, Ry}, where
Uy and U, are fresh unary relation symbols and R ; is a fresh binary relation symbol.
Expand Ay U A; to a computable £*-structure by interpreting Uy and U, as the
domains of Ay and 4, and by interpreting R, as the graph of f.

e Foreachi < 2, UI.AO“'A' (x) holds if and only if 7y(x) = i.
o R}AOUA] (x.y)holdsifand onlyif 7y (x) = 0,7m9(y) = 1,and f (71(x)) = 71 ().

The function f is an isomorphism, so R}%UAI is the graph of an isomorphism

between Ay and A; as L-structures in the £*-structure Ay U A;. That is, R has the
following properties in A U A;.

e The domain of R s corresponds to [Ag|: Vx (3y R/ (x.y) < Up(x)).

e The image of R corresponds to [A;|: Vy (3x Ry (x.y) < Ui(y)).

* R is single-valued on its domain: VxVyoVy; (R7(x.y0) A Rp(x.y1) = yo =

1)
e Ry isinjective on its domain: VxoVx;Vy (R (xo. y) A Rp(x1.y) — xo = x1).
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® R respects the relations of £: for every m-ary relation symbol S € £,

VX0 oo VX1 YY0 oo Vet </\ Ry(xi.yi) = (S(x0.....xm-1) ¢ S(yo. ...,yml))> .
<m

The above properties constitute a collection of IT, £"-sentences that hold in
Ay LU Ay, so they also hold in the cohesive power [ ] (Ao U A;) as an £ -structure
by Theorem 2.9 item (2). For each i <2, let D; denote the substructure of
[Tc (Ao U A;) with domain given by U;: |Di| = {[] : [T (Ao U Ar) = Ui([e])}.
Then [[.A; = D;[£ as an £-structure for each i <2 by Proposition 2.12. In
[Te (Ao Ay). Rl};[c(““ou“‘t1> is the graph of an isomorphism between the reducts
Dy 1€ and D; | £. Therefore [Tc Ao =[] Ai as £-structures.

Now suppose that £ contains constant and function symbols in addition to
relation symbols. For uniformity of argument, treat constant symbols as 0-ary
function symbols. Let £ be the relational language obtained from £ by replacing
each m-ary function symbol / by a fresh (m + 1)-ary relation symbol G, whose
intended interpretation is the graph of f. We may translate any £-structure A into
an £'-structure A" with the same domain by defining

rel .
G/ (x0. oo X1, y) & [ (X0 oo Xpt) =y

for every m-ary function symbol f* € £ and every xo, ..., X,,_1, ¥ € |A|]. Conversely,
suppose that A is an £-structure such that for every m-ary function symbol
J € £, Gy is the graph of a function: Vxp ... Vx, 3!y Gf‘(xo, vy Xm-1.¥). Then
we may translate A into an £-structure A™" with the same domain by defining
f““fun (X0, .... Xu_1) to be the unique y such that Gf‘(xo, e Xp1. y) for every m-ary
function symbol f € £ and every xo.....x,_1 € |A|. If A and B are isomorphic
£-structures, then the isomorphism is also an isomorphism between .A™ and B as
£rel_structures. Conversely, if A and B are isomorphic £-structures such that G 5
is the graph of a function in both structures for every function symbol f € £, then
the isomorphism is also an isomorphism between A" and B" as £-structures.

If £ is a computable language and A is a computable £-structure, then £
is a computable language and A™ is a computable £-structure. Let £ be a
computable language, let A and B be computably isomorphic £-structures, and
let C be a cohesive set. Then .A™ and B™' are computably isomorphic computable
Lre-structures, so [ A™® = ], B as £*-structures. For each function symbol
f € L. Gy is the graph of a function in A™ and in B™. Therefore G, is the
graph of a function in []. A and in [1e B by Theorem 2.9 item (2) because
the statement “G is the graph of a function” is expressible by a Il £rel_sentence.
Therefore ([T, A™)n = (T],. B)un as £-structures. Itis straightforward to check
that [T A™ = ([ A)" and therefore that ([T .A™)f*" =[] A; and similarly for
B. Thus [[. A =[], B as £-structures, as desired. 4

Recall that a computable structure A is called computably categorical if every
computable structure that is isomorphic to A is isomorphic to A via a computable
isomorphism. It follows from Theorem 2.20 that if A is a computably categorical
computable structure and C is cohesive, then [[. A =[], B whenever B is a
computable structure isomorphic to A.
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COROLLARY 2.21. Let £ be a computable language, let A be a computably
categorical computable L£-structure, let B be a computable £-structure that is
isomorphic to A, and let C be cohesive. Then [ A =[], B.

In Theorem 2.20, it is essential that the two structures are isomorphic via a
computable isomorphism. In Sections 4-6. we see many examples of pairs of
computable linear orders that are isomorphic (but not computably isomorphic)
to w but have non-elementarily equivalent cohesive powers.

The next theorem says that decidable structures A and B are elementarily
equivalent if and only if [[..A and []. B are isomorphic for every cohesive set
C. It is essentially [20, Theorem 2.1], though we give a slightly different proof.
Compare this to the Keisler-Shelah theorem, which states that. in general, two
structures are elementarily equivalent if and only if there is an ultrafilter (on a set of
appropriate size) over which the corresponding ultrapowers are isomorphic (see [2,
Theorem 6.1.15]).

THEOREM 2.22. Let £ be a computable language, and let A and B be decidable
L-structures. Then A = B if and only if for every cohesive set C, [ A= T[], B.

ProoF. In general, say that two structures M and A have the same types (without
parameters) if for every sequence d = qy. ..., a,, 1 of elements of |M]|, there is a
corresponding sequence b= bo, ... b1 of elements of [N such that for every
formula ®(xq. ..., x,,_1) with m free variables,

M ': (D(ao,...,am_l) =4 N )Z q)(b(),...,bm_l),

and similarly with the roles of M and N reversed. Now recall [15. Corollary 15.15],
which states that if M and N are countable recursively saturated £-structures, then
M = N if and only if M and N are elementarily equivalent and have the same
types.

For the forward direction, let A and B be decidable £-structures that are
elementarily equivalent, and let C be cohesive. Then [ [ A and [ B are countable,
are elementarily equivalent by Corollary 2.10 (which yields that [, A= A=B =
[1c B). and are recursively saturated by Theorem 2.16. Thus to conclude that
[Ic A =Tl B. it suffices to show that [ A and [ [ B have the same types.

We show that for every [@o].....[¢m-1] € [[[ Al. there are [wol.....[Wm1] €
|T1c B| with the same type. A symmetric argument shows that the same holds
with the roles of A and B reversed. As in the proofs of Lemmas 2.15 and 2.17, let
@: N — N" be the partial computable function ¢(n) ~ {p(n). ..., o, 1(n)), and
let m denote [¢o]. .... [@m-1]. Note that C C* dom(p). Let (®;(¥):i € N) be a
computable enumeration of all formulas with m free variables.

Define a partial computable function w: N — N as follows. If ¢ (n)], then for
each i < n, use the decidability of A to determine whether A = ®;((n)). If A =
®;(p(n)).1et®; = ®;;andif A [~ @;(¢(n)),let®; = —D;. Then ¢ (n) witnesses that
AE3IX A<, 0i(%).s0 B = 3IX A\, 9;(X) because B = A. By the decidability of
B. search for the first b such that B E Ai<n ©;(h). and define w(n) = b. On the
other hand., if ¢ (n)1, then v (n)1.
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Consider the formula ®;, and suppose that [[~ A = ®; (m) Then C C* {n:

A ®;(¢(n))} by Corollary 2.10. Thus for sufficiently large n > i withn € C, we
have that @; = ®; in the computation of y(n), and therefore y (n) is defined so that
B = @;(y(n)). Thus C C* {n: B = ®;(y(n))}. Letting y; = n; o y for each j <

m yields that [ B |= ®; (m) by Corollary 2.10. If instead [[. A = ~®; ([;i)

then [[. B = ~®; (m) by a similar argument. Thus [wo]. ....[y,-1] hasin [[. B

the same type that [¢o]. ..., [¢n-1] hasin [ ] A, as desired.

For the converse, let A and B be decidable £-structures, and suppose that [ [ . A =
[ [ Bforevery cohesive set C. Fix any cohesiveset C. Then A=[[. A=[[. B=B
by Corollary 2.10. B

Again, the decidability assumption in Theorem 2.22 is essential, as we shall see
examples of isomorphic (and hence elementarily equivalent) computable linear
orders having non-elementarily equivalent (and hence non-isomorphic) cohesive
powers. We shall also see examples of non-elementarily equivalent computable linear
orders having isomorphic cohesive powers.

§3. Linear orders and their cohesive powers. We investigate the cohesive powers
of computable linear orders, with special attention to computable linear orders of
type w. A linear order £ = (L, <) consists of a non-empty set L equipped with a
binary relation < satisfying the following axioms:

o Vx (x £ x).
e VXVyVz[(x <y Ay <z) — x <z].
eVxVy(x <y Vx=yVy=<ux).

Additionally, a linear order L is dense if VxVy3z (x < y — x < z < y) and has no
endpoints if Vx3y3z (y < x < z). Rosenstein’s book [21] is an excellent reference
for linear orders.

For a linear order £ = (L, <), we use the usual interval notation (a.b), =
{x€eL:a<x<b}and[a, bl ={x € L:a =< x = b} todenote open and closed
intervals of £. Sometimes it is convenient to allow 4 < a in this notation, in which
case, for example, (@, b), = 0. The notation |(a, b) | denotes the cardinality of the
interval (a, b).. The notations min{a, b} and max{a,b} denote the minimum
and maximum of @ and b with respect to <.

As is customary, w denotes the order-type of (N, <), { denotes the order-type
of (Z,<). and #n denotes the order-type of (Q,<). That is, w, {, and # denote
the respective order-types of the natural numbers, the integers, and the rationals,
each with their usual order. We refer to (N, <), (Z, <), and (Q, <) as the usual
presentations of w. {, and #, respectively. Recall that every countable dense linear
order without endpoints has order-type # (see [21, Theorem 2.8]). Furthermore,
every computable countable dense linear order without endpoints is computably
isomorphic to (Q, <) (see [21, Exercise 16.4]).

To help reason about order-types, we use the sum, product, and reverse of linear
orders as well as condensations of linear orders.
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DEFINITION 3.1, Let £y = (Lo, <¢,) and £y = (Lo. <, ) be linear orders.

e The sum Lo+ L1 of Ly and Ly is the linear order S = (S, <g), where S =
({0} x Lo) U ({1} x L) and

(i.x) <s (j.y) ifandonlyif (i<j) Vv (i=jAx=g »).

e The product LoL1 of Ly and L is the linear order P = (P, <p), where P =
Ly x L() and

(x.a) <p (y.b) ifandonlyif (x <z y) V (x=y Aa =g, b).

Note that, by (fairly entrenched) convention, L£yL; is given by the product
order on L x Ly, noton Ly x L.

e The reverse L of Ly is the linear order R = (R, <g). where R = L and
x < yifand onlyif y <, x. (We warn the reader that the « in the notation
L} is unrelated to the * in the notation X C* Y.)

If £y and £, are computable linear orders, then one may use the pairing function
to compute copies of Ly + £ and L£yL;. Clearly, if £ is a computable linear order,
then so is £*.

DEFINITION 3.2. Let £ = (L, <) be a linear order. A condensation of L is any
linear order M = (M, < ) obtained by partitioning L into a collection M of non-
empty intervals and, for intervals I,J € M, defining I < J if and only if (Va €
I)(Vb S J)(a <c b).

The most important condensation is the finite condensation.

DEFINITION 3.3. Let £ = (L. <) be a linear order. For x € L, let cp(x) denote
the set of y € L for which there are only finitely many elements between x and y:

cp(x) = {y € L : theinterval [min. . {x, y}.max_ . {x, y}] . in Lis ﬁnite}.

The set cp(x) is always a non-empty interval because x € cg(x). The finite
condensation ¢g(L) of L is the condensation obtained from the partition {ep(x) :
xeL}.

For example, cp(w) =1, ¢p({) 2 1, cp(y) =2 #. and cp(w + () = 1 4 5. Notice
that for an element x of a linear order £, the order-type of ¢g(x) is always either
finite, w, w*, or {.

We often refer to the intervals that comprise a condensation of a linear order
as blocks. For the finite condensation of a linear order £, a block is a maximal
interval I such that for any two elements of I, there are only finitely many elements
of £ between them. For elements a and b of £, we write a < b if the interval
(a,b), (equivalently, the interval [a, b].) in L is infinite. For a <, b, we have that
a < b if and only if @ and b are in different blocks. See [21, Chapter 4] for more
on condensations.

Let C be a cohesive set. It follows from Theorem 2.7 that if (£, :n € N) is
a uniformly computable sequence of linear orders, then [[. £, is again a linear
order because linear orders are axiomatized by IT; sentences. Likewise, if (£, : n €
N) is a uniformly computable sequence of dense linear orders without endpoints,
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then [[. £, is again a dense linear order without endpoints because dense linear
orders without endpoints are axiomatized by I, sentences. In particular, if £ is
a computable linear order, then ]_[C L is a linear order; and if £ is a computable
dense linear order without endpoints, then []. £ is a dense linear order without
endpoints.

The case of Q = (Q. <) is curious and deserves a digression. We have seen that
if A is a finite structure, then A = []. A for every cohesive set C. For Q. [[. Q is
a countable dense linear order without endpoints, and hence isomorphic to Q, for
every cohesive set C. Thus Q is an example of an infinite computable structure with
Q =[], Qforevery cohesive set C. That Q is isomorphic to all of its cohesive powers
is no accident. By combining Theorem 2.9 with the theory of Fraissé limits (see, for
example, [14, Chapter 6]), we see that a uniformly locally finite ultrahomogeneous
computable structure for a finite language is always isomorphic to all of its cohesive
powers. Recall that a structure is locally finite if every finitely-generated substructure
is finite and is uniformly locally finite if there is a function f: N — N such that every
substructure generated by at most # elements has cardinality at most /' (n). Notice
that every structure for a finite relational language is uniformly locally finite. Also
recall that a structure is ultrahomogeneous if every isomorphism between two finitely-
generated substructures extends to an automorphism of the whole structure.

PrOPOSITION 3.4. Let A be an infinite uniformly locally finite ultrahomogeneous
computable structure for a finite language, and let C be cohesive. Then A =[] A.

Proor. The structure A is ultrahomogeneous, so it is the Fraissé limit of its
age (i.e.. the class of all finitely-generated structures embeddable into A). By [14,
Theorem 6.4.1] and its proof. the first-order theory of A is Ny-categorical and is
axiomatized by a set T of I1, sentences. Thus if B is any countable model of 7, then
A = B. We have that [~ A = T by Theorem 2.9 item (2). so A =[] A. =

Proposition 3.4 implies that if a uniformly locally finite computable structure
for a finite language is a Fraissé limit, then it is isomorphic to all of its cohesive
powers. Thus computable presentations of the Rado graph and the countable
atomless Boolean algebra are additional examples of computable structures that
are isomorphic to all of their cohesive powers. Examples of this phenomenon that
cannot be attributed to ultrahomogeneity appear in Sections 4 and 5.

Returning to linear orders. it is helpful to recall the following well-known lemma
stating that a strictly order-preserving surjection from one linear order onto another
is necessarily an isomorphism.

LEmMMA 3.5. Let L= (L.=<) and M = (M, <) be linear orders. If f: L —
M is surjective and satisfies (Vx,y € L)(x <y — f(x) <=m f(»)). then fis an
isomorphism.

Cohesive powers commute with sums, products, and reverses.

THEOREM 3.6. Let Ly and L be computable linear orders, and let C be cohesive.
Then:

(1) nc(ﬁo + »Cl) = l_[c £0 =+ HC Els
(2) TTe(LoLr) = (Te Lo)([Te £1). and
(3) TTe(£5) = (e £o) ™
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ProOOF. We give proofs in the style of that of Theorem 2.20. For alternate proofs,
see [9, Theorem 6].

For (1), let M = Ly + £1. Expand the disjoint union £y U £; U M by adding
unary relation symbols Ly, L;, and M that are interpreted as |Lo|, |£], and |[M];
and by adding a 2-ary relation symbol R, that is interpreted as the graph of the
function f: |Lo U L] — |M] inside £y LI £; LI M given by

S x)) = (2.(i.x))

for each i < 2. In Lo LU £y UM, the < relation is a linear order when restricted to
|Lo|. |£1]. or [M]. Furthermore, R, is the graph of a function f from Ly Ll L]
onto | M| with the following properties, which together witness that M = £y + £;
as linear orders.

e VxVy [(Lo(x) A Lo(y) A x <y) = f(x) =< f()]
e VxVy [(L1(x) A L1(y) A x <y) = f(x)=<f()]
o VxVy [(Lo(x) A Li(y)) — f(x) < f(»)].

All of the above is expressible by a II, sentence. By Proposition 2.12, the
substructures of [ (Lo U £, LI M) corresponding to Ly, L;. and M are isomorphic
to [1c Lo. [1c £1. and []- M. By Theorem 2.9 item (2). [ Lo. [ £i1. and
R];[C([:Ouclu/\/l

[Ic M are linear orders as {<}-structures, and ) yields a function
from | [ Lo U 1 £1] onto | [ M| witnessing that [T M 2 [ Lo + [1 £1 as
linear orders. Thus [ (Lo + £1) = [1c Lo + [1c £1.

For (2), let M = LoL;. Expand the disjoint union £y U £1 L M by adding unary
relation symbols Ly, L1, and M that are interpreted as |Lol. |£1], and |M|; and by
adding a 3-ary relation symbol R that is interpreted as the graph of the function
S L] x |Lo| = |M] inside £y U L1 U M given by

S((1.x).(0.a)) = (2. (x.a)).

In £y U £; U M, the < relation is a linear order when restricted to |Lo|, | £1]. or | M].
Furthermore, R is the graph of a function /" from |£;| x |£o| onto | M| with the
following property, which witnesses that M = £, L as linear orders.

VavhvxVy [(Lo(a) A Lo(b) A Li(x) A Ll(y)> N

(f(xva)<f(y,b) < (x<yvix=y /\a<b)))].

All of the above is expressible by a II, sentence. By Proposition 2.12, the
substructures of [ (Lo U £, LI M) corresponding to Ly, L;. and M are isomorphic

to [T Lo. ¢ £1.and [T M. By Theorem 2.9 item (2), [ Lo. [ 1 £1.and [[- M

. LouL . .
are linear orders as {<}-structures, and anc( oLEIUM) yields a function from

[ T1c £1] x | T1¢ Lol onto |[]- M| witnessing that [T M = ([T Lo)([1c £1) as
linear orders. Thus []~(LoL1) = ([Tc Lo)([1c £1)-

For (3), let M = L. Expand the disjoint union £y LI M by adding unary relation
symbols Ly and M that are interpreted as |£o| and |[M]; and by adding a 2-ary
relation symbol R, that is interpreted as the graph of the function f': |£o| — |M]
inside £o LI M given by f({0.x)) = (I, x). In Lo UM, the < relation is a linear
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order when restricted to |£o| or M|, and R is the graph of a function f from |Lo|
onto | M| such that

VxVy [(Lo(x) A Lo(y) A x <y) — f(¥) < f(x)].

which witnesses that M =2 L§ as linear orders. All of the above is expressible by a
IT, sentence. By Proposition 2.12, the substructures of [ (Lo LI M) corresponding

to Lo and M are isomorphic to []. £y and [ M. By Theorem 2.9 item (2). ] Lo

and [[. M are linear orders as {<}-structures, and Rl;[C(LOUM) yields a function

from | [T Lo| onto | [T M| witnessing that [T M 2 ([T £o)” as linear orders.
Thus [T (£5) 2 (¢ £o) :

Sections 46 concern calculating the order-types of cohesive powers of computable
copies of w. To do this, we must be able to determine when one element of a cohesive
power is an immediate successor or immediate predecessor of another, and we must
be able to determine when two elements of a cohesive power are in different blocks
of its finite condensation.

In a cohesive power [ [ £ of a computable linear order L. [¢] is the immediate
successor of [w] if and only if ¢ (n) is the immediate successor of w(n) for almost
every n € C. Therefore also [w] is the immediate predecessor of [¢] if and only if
w(n) is the immediate predecessor of ¢ (n) for almost every n € C.

Lemma 3.7. Let (L, : n € N) be a uniformly computable sequence of linear orders,
let C be cohesive, and let [y] and [¢] be elements of [ L,. Then the following are
equivalent.

(1) [@]is the <[y.. r,-immediate successor of [y].

(2) (v>°n € C)(p(n) is the <., -immediate successor of w(n)).

(3) (3~°n € C)(p(n) is the <., -immediate successor of y(n)).

Proor. That x is the <-immediate successor of y is a I1; property of x and y.
Therefore items (1) and (2) are equivalent by Theorem 2.7 item (3). The set

{n:p(n)isthe <., -immediate successor of y(n)}

is the intersection of a c.e. set and a co-c.e. set, so items (2) and (3) are equivalent
by cohesiveness. -

LemMmA 3.8. Let (L, : n € N) be a uniformly computable sequence of linear orders,
let C be cohesive, and let [y] and [p] be elements of [ L,. Then the following are
equivalent.

(1) vl <, 2. [e].
(2) lim,ec [(w(n). o(n))c,| =
(3) limsup,cc |(w ( ). (n ))L‘n| =

Proor. We show that the following are equivalent for each fixed k € N.

@) (). [eDne 2ol = k.
(i) (v°n € C)(|(w(n).o(n))e,| = k).
(iii) (3%n € C)(|(w(n).¢(n))z,| = k).
That an interval (x, y) in a linear order contains at least k distinct elements for
a fixed k is a X property of x and y. Therefore items (i) and (ii) are equivalent by
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Theorem 2.7 item (3). The set {n : |(y(n),p(n))c,| >k} is c.e., so items (ii) and
(iii) are equivalent by cohesiveness.

It now follows that items (1)—(3) are equivalent. Item (1) holds if and only if item
(i) holds for every k; item (2) holds if and only if item (ii) holds for every k; and
item (3) holds if and only if item (iii) holds for every k. .

The finite condensation of a cohesive product of computable linear orders by a
co-c.e. cohesive set is always dense.

THEOREM 3.9. Let (L, :n € N) be a uniformly computable sequence of linear
orders, and let C be a cohesive set. If either (L, : n € N) is uniformly 1-decidable
or Cis co-c.e., then cg([]- L) is dense.

Proor. The cohesive product [ [ £, is Xi-recursively saturated by Theorem 2.16
item (2) in the uniformly 1-decidable case and by Corollary 2.19 item (1) in the co-
c.e. case. Thus it suffices to show that if M = (M, <) is a Z;-recursively saturated
linear order, then cg(M) is dense. To see this, let a,b € M be such that a < b.
For each k € N, let ®; (x; a. b) be the following formula (with parameters a and b)
expressing that there are at least k elements between « and x and at least k elements
between x and b:

Op(x1a.b) = FPz(a <pz < x) A 2Kz (x <pq 2 <nq b).

Let p(x) = {®(x:a,b) : k € N}. Then p(x) is a computable set of X; formulas.
Furthermore, p(x)isa type over M because the interval (a. b) o4 is infinite. Therefore
p(x) is realized by some ¢ € M because M is X-recursively saturated. Thus the
intervals (a, c)a and (c, b) o are both infinite, so a <aq ¢ < b. It follows that
cr(M) is dense. 4

§4. Cohesive powers of computable copies of . We investigate the cohesive powers
of computable linear orders of type w. Observe that an infinite linear order has type
w if and only if every element has only finitely many predecessors. We rely on this
characterization throughout. Though not part of the language of linear orders, every
linear order £ has an associated immediate successor relation S* C |£| x |£|, where
S£(a. b) holds for a. b € |L] if and only if b is the <-immediate successor of a. As
explained in [19, Section 3], a computable linear order £ is 1-decidable if and only
if the immediate successor relation S* is computable. It is straightforward to check
that a computable copy £ of @ is computably isomorphic to the usual presentation
(N, <) if and only if S* is computable. Thus the computable copies of @ that are
computably isomorphic to the usual presentation are exactly the 1-decidable copies
of w.

We show that if £ is a computable copy of w that is computably isomorphic
to the usual presentation, then every cohesive power of £ has order-type w + (n
(Theorem 4.5). This is to be expected because w + {7 is familiar as the order-type
of every countable non-standard model of Peano arithmetic (see [15, Theorem
6.4]). However, being computably isomorphic to the usual presentation is not a
characterization of the computable copies of @ having cohesive powers of order-
type w + (5. We show that there is a computable copy of @ that is not computably
isomorphic to the usual presentation, yet still has every cohesive power isomorphic
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to w + {n (Theorem 4.7). Thus to compute a copy of w having a cohesive power not
of type w + {n, one must do more than simply arrange for the immediate successor
relation to be non-computable. We show that for every cohesive set C, there is a
computable copy L of w such that the cohesive power [[. £ does not have order-
type @ + {n (Theorem 4.8). However, we also show that whenever £ is a computable
copy of w and C is a co-c.e. cohesive set, the finite condensation cg (] £) of the
cohesive power [ ] £ always has order-type 1 + 7 (Theorem 4.4).

First, a cohesive power of a computable copy of w always has an initial segment
of order-type w.

LemMa 4.1. Let L be a computable copy of w, and let C be cohesive. Then the
image of the canonical embedding of L into [ L is an initial segment of [[. L of
order-type .

PrOOF. Letag <. a; <. ax < ... be the (not necessarily computable) listing of
|£| in < -increasing order. The image of the canonical embedding consists of those
elements of the form [y, . where y, is the total computable function with constant
value ay.

For each k € N, we have that £ = 3 Fx (x <, a;) and therefore that (V*n €
C)(3*x)(x <£ wa, (n)). Thus also [T¢ £ = (37 x)(x <. £ [wa,]) by Theorem
2.9 item (1). That is, for each k € N, there are exactly k many elements of [ £
that are <yy,. £-below [y, ]. Thus [we ] <11, £ [Wa ] <17 £ - is an initial segment
of [[¢ £ of order-type w. -

Let £ be a computable copy of w, let C be cohesive, and let ¢ : N — |£]| be any total
computable bijection. Then [¢] is not in the image of the canonical embedding of £
into [ £. so it must be <[, c-above every element in the image of the canonical
embedding. Thus [ [ £ is of the form w + M for some non-empty linear order M.
By analogy with the terminology for models of arithmetic, we call the elements of
the w-part of [[ £ (i.e.. the image of the canonical embedding) standard and the
elements of the M-part of [ [ . £ non-standard. In terms of the finite condensation, we
have that ¢ ([ £) = 1+ N for some linear order V. Call the block corresponding
to 1 the standard block and the blocks corresponding to N the non-standard blocks.
Lemma 4.3 implies that A is always infinite and therefore that M is always infinite
as well.

LemMA 4.2. Let £ = (L, <) be a computable copy of w, let C be cohesive,
and let [¢] be an element of [|. L. Then [¢] is non-standard if and only if
liminf,cc ¢(n) = oco.

Proor. If[¢p]is standard, then ¢ is eventually constant on C, so liminf,cc ¢(n)
is finite. Conversely, suppose that liminf,cc ¢ (n) = k is finite. Then (3%°n €
C)(¢(n) = k). By cohesiveness, it must therefore be that (V>°n € C)(p(n) = k).
That is, ¢ is eventually constant on C, so [¢] is standard. -

In Lemma 4.2, the condition liminf,cc ¢(n) = co may be replaced by either
lim,ec ¢(n) = 0o or limsup, - ¢(n) = co because if C is cohesive, ¢ is partial
computable, and C C* dom(¢p), then liminf,cc ¢(n) = oo, lim,cc ¢ (n) = co, and
limsup, . ¢(n) = oo are all equivalent conditions.
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The following Lemma 4.3 says that if £ is a computable copy of w and C is
cohesive, then [] ¢ £ has neither a least nor a greatest non-standard block. If £ is
1-decidable or C is co-c.e., then this can be proved by a saturation argument similar
to that given in the proof of Theorem 3.9. Instead, we give a hands-on proof that
works for all computable £ = w and all cohesive C.

Lemma 4.3, Let £ = (L, <) be a computable copy of w, let C be cohesive, and let
[¢] be a non-standard element of [| L. Then there are non-standard elements [y ]

and [y ) of Tl £ with [w™] <. 2 0] <0 2 [ ']

ProOF. Let (¢; : i € N) be a computable enumeration of L. Compute a sequence
X9 <z X1 <z X < --- that is cofinal in £ by letting xo = £y and by letting each
x; 1 be the <-least number with max_ . {x;.£;} <, x;41. Such an x; | always exists
because £ has no <,.-maximum element.

Consider a non-standard [¢] € |[[ £|. Define partial computable functions
w.yT:N— Lby

_ xi, ifxo <z p(n) <g x2i42.
y (n) ~ { 4 -

T ife)t,
vy X ifx Zee(n) <2 X,
v = {m if ()1,

The element [¢] is non-standard, so (Vi)(V*®n € C)(xy =, ¢(n)). Thus
(Vi)(v>®*n € C)(x; 2, w(n)). so [w]is non-standard as well. Moreover, if x5; <,
p(n) <z X2i42. then y(n) = x;. and therefore |(y (n),p(n))z| > i—1 because
Xit1. .. X211 € (W (n).p(n))z. Therefore limsup,cc |(y (n).o(n))z| = oo, so
[v 1 <11, c [»] by Lemma 3.8. Similar reasoning shows that [¢] <7, £ [w*]. Thus
v 1<, c el < c [yl -

If the computable linear order £ is 1-decidable or the cohesive set C is co-c.e., then
between any two blocks there is a third. We therefore have the following theorem.

THEOREM 4.4. Let L be a computable copy of w, and let C be a cohesive set. If
either L is 1-decidable or C is co-c.e., then cg([ ] L) has order-type 1 + 1.

Proor. By Lemma 4.1, the standard elements of [ [ - £ form an initial block. By
Theorem 3.9 and Lemma 4.3, the non-standard blocks of ]_[C L form a countable
dense linear order without endpoints. Thus cg([- £) =1+ 7. -

Thinking in terms of blocks, showing that a linear order M has type w + {5
amounts to showing that M consists of an initial block of order-type w followed by
densely (without endpoints) ordered blocks of type (.

THEOREM 4.5. Let L be a computable copy of w that is computably isomorphic to
the usual presentation, and let C be cohesive. Then [ L has order-type o + (1.

PrOOF. As explained above, it follows from [19, Section 3] that a computable
copy L of w is computably isomorphic to the usual presentation if and only if £ is
1-decidable. Thus we show that if £ is a 1-decidable copy of @w and C is cohesive,
then [[. L= o + (7.
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Let £ be a 1-decidable copy of w, and let C be cohesive. By Lemma 4.1 and
Theorem 4.4, [ £ consists of an initial standard block of order-type w followed
by a densely (without endpoints) ordered collection of non-standard blocks. It
remains to show that each non-standard block has order-type {. To do this, it
suffices to show that every non-standard element of [ [ . £ has an <y . c-immediate
successor and an <[y . c-immediate predecessor.

Let [¢] € [[] £|- As £ = w, we have that

(V*n € C)(L k= 3x (x is the <, -immediate successor of ¢ (n))).

The linear order £ is 1-decidable and the relevant formula is X, so [p] hasa <[y, 2~
immediate successor in [[. £ by the n =1 case of Theorem 2.9 item (1). Now
additionally suppose that [¢] is not the <y, c-least element of [Ic £. Then for
almost every n € C, ¢(n) is not the <-least element of £. Therefore

(V*°n € C)(£ = 3x (x isthe <, -immediate predecessor of ¢(n))).

s0 [¢] has an <[y c-immediate predecessor in [1c £ by Theorem 2.9 item (1). It
follows that if [¢] is non-standard, then it has both an <y . c-immediate successor
and an <y, c-immediate predecessor in [1¢ £. which completes the proof. -

We can calculate the order-types of the cohesive powers of many other computable
presentations of linear orders by combining Theorems 2.20, 3.6, 4.5, and the fact

that [[. Q= .

ExaMPLE 4.6. Let C be a cohesive set. Let N, Z, and Q denote the usual
presentations of w, {, and 7.

(1) T1¢ N* = {5 + w*. This is because

[T v = (HCN) > (w+ )" = I+ o
(2) Tl¢ Z = Cy. This is because Z is computably isomorphic to N* 4+ N, so

]‘[CZg]‘[ (N* +N) HN*+HN
n+o)+(0+0) =+ + = (.
(3) T1¢(2Q) = Cy. This is because

[[.2o = (]_[CZ) (]_[CQ) = (G = .

(4) T1o (N4 ZQ) = w + (5. This is because
[T.N+2Q) =[] N+]].(2Q) = (0 + )+ = 0+,

Recall that, by Proposition 3.4, an ultrahomogeneous computable structure for a
finite relational language, like the computable linear order Q, is isomorphic to each
of its cohesive powers. Notice, however, that the computable linear orders ZQ and
N + ZQ are not ultrahomogeneous, yet nevertheless are isomorphic to each of their
respective cohesive powers. Thus it is also possible for a non-ultrahomogeneous
computable structure to be isomorphic to each of its cohesive powers.

1%
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Notice also that [~ Nand [~ (N + ZQ) both have order-type w + (z. Similarly,
[1c Z and [ (ZQ) both have order-type (. Thus it is possible for non-isomorphic
linear orders to have isomorphic cohesive powers. In Section 5, we give an example
of a pair of non-elementarily equivalent linear orders with isomorphic cohesive
powers.

Now we give an example of a computable copy of w that is not computably
isomorphic to the usual presentation, yet still has all its cohesive powers isomorphic
tow + {n.

THEOREM 4.7. There is a computable copy L of w such that:

o L is not computably isomorphic to the usual presentation of @, yet
e for every cohesive set C, the cohesive power [ [~ L has order-type  + (n.

Proor. We use a classic example of a computable copy of w with a non-
computable immediate successor relation. Fix any non-computable c.e. set 4, and
let f: N— A be a computable bijection. Let £ = (N, <) be the linear order
obtained by ordering the even numbers according to their usual order and by setting
2a <p 2k +1 <, 2a +2if and only if f (k) = a. Specifically, define:

2¢ <, 2d & 2¢ < 2d,

2¢ =g 2k +1 & ¢ < fk),
2k +1 <, 2c & fk) <e.
2k +1=<,20+1 & f(k) < f(£).

Then £ is a computable linear order of type w. Let S* denote the immediate
successor relation of £. Then 4 <t S* (infact, 4 =1 S*) because a € A ifand only
if =S~ (2a,2a + 2). Thus S* is not computable, so £ is not computably isomorphic
to the usual presentation of w.

Let C be cohesive. We show that [ [~ £ = w + (. To do this, expand the language
to {<, E, R}, where E is a unary relation symbol and R is a binary relation symbol.
Expand L by interpreting E as the evens and by interpreting R as the immediate
successor relation among the evens:

Ef(a) < a=2nforsomen.
R%(a.b) < a=2nandb = 2n + 2 for some n.
Now consider the substructure B of £ with domain {a € |£|: E*(a)} and the
substructure D of [, £ with domain {[¢] € [[]. £| : ETlc £([¢])}. As a linear
order, B is computably isomorphic to the usual presentation of w. Therefore D =
[1c B = w + {5 as linear orders by Proposition 2.12 and Theorem 4.5.
In L, if z is not in the substructure 5, then z is the unique element < -between

two consecutive elements of B. That is, £ satisfies the following I1, sentences:

LEVz[-E(z) — IxTy(R(x,y) A x <z <)

L EVYxVyVzoVz [(R(x,y) Ax <z0 <y A x <z1<y) = z0=7z]

By Theorem 2.9 item (2). [ ] £ also satisfies these sentences. Thus in [ ] £, if some
[] is not in the substructure D, then [¢] is the unique element <[y, -between two
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consecutive elements of D. As D =  + {5, we may conclude that [[. £ = o + {
as well. -

Now we show that for every cohesive set C, there is a computable copy £ of
o such that [, £ is not isomorphic, indeed, not elementarily equivalent, to w +
{n. The strategy is to arrange for the element [id] of [[. £ represented by the
identity functionid: N — N to have no <y . -immediate successor. This exhibits an
elementary difference between [ [ £ and w + (i because every element of w + (z
has an immediate successor. This also shows that Theorem 2.9 item (3) is tight:
“every element has an immediate successor” is a I3 sentence that is true of £ but
not of [[. L.

THEOREM 4.8. Let C be any cohesive set. Then there is a computable copy L of @
Sor which [ L is not elementarily equivalent (and hence not isomorphic) to @ + (n.

Proor. Let (¢.)ccny denote the usual effective list of all partial computable
functions, and recall that ¢, (n) denotes the result of running ¢, on input #n for s
computational steps. We compute a linear order £ = (N, <) of type w such that
for every ¢,:

(v°n € C)[pe(n)l = (ge(n)is not the <, -immediate successor of n)]. ~ (x)

By Lemma 3.7, achieving (x) for ¢, ensures that [¢,] is not the < . c-immediate
successor of [id] in [ £. Therefore, achieving (x) for every ¢, ensures that [id] has
no <y, c-immediate successor in [ [ £. Thus [ [ £ is not elementarily equivalent
to w + {n because every element of w + {n has an immediate successor, which is a
I1; property.

Fix an infinite computable set R C C.Suchan R may be obtained, for example, by
partitioning N into the even numbers Ry and the odd numbers R;. By cohesiveness,
C C* R, foreither i = 0 or i = 1, in which case R;; C* C. Thus we may take R to
be an appropriate tail of Ry ;.

Define <, in stages. By the end of stage s, <, will have been defined on X; x X
for some finite X; D {0, 1, ..., s}. As the construction progresses, at some stage we
may notice an e and 7 such that ¢, (n) = a looks like the <,-immediate successor
of n, where n may or may not be in C. In this case, we want to add an m to the
order and set n <, m <, a to help achieve () for .. If we choose an m that may
be in C. then at some later stage there may be an i for which ;(m) = a looks like
the < --immediate successor of m, and then we would want to add another element
<-below a. If this happens infinitely often, then we would add infinitely many
elements <-below a, in which case £ would not be a copy of w. We avoid this
problem by choosing m from R, which is safe because R C C. Since we know that
m ¢ C, we do not need to worry about it when trying to achieve (x).

At stage 0. set Xy = {0} and define 0 £, 0. At stage s > 0, start with X, = X,
and update X and <, according to the following procedure.

(1) If <. hasnot yet been defined on s (i.e., if s ¢ X;), then update X; to X, U {s}
and extend <, to make s the <, -greatest element of X.
(2) Consider each (e, n) < s in order. For each (e, n) < s, if:

(a) ‘Pe‘s(n)lr € X;.
(b) ¢.(n) is currently the < -immediate successor of n in Xj,
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(c) n¢ R, and

(d) nisnot <,-below any of 0.1, ... . e,

then let m be the <-least element of R\ X;, update X to X; U {m}, and
extend <, so that n <z m <, @.(n).

This completes the construction.

We claim that for every k. there are only finitely many elements < -below k. It
follows that £ has order-type w. Say that o, acts for n and adds m when < . is defined
on an m € R to make n <, m < ¢.(n) as in (2). Let sp be a stage with k € Xj,.
Suppose at some stage s > 59, an m is added to Xy and m <, k is defined. This can
only be due to a @, acting for an n ¢ R and adding m at stage s. Thus at stage s. it
must be that n <, k because n <, m < k. Therefore it must also be that e < k. for
otherwise k would be among 0, 1, ..., e, and condition (d) would prevent the action
of .. Furthermore, m is chosen from R, so only elements of R are added < -below
k after stage so. All together, this means that an m can only be added <-below &
after stage so when a ¢, with e < k acts for an n < k with n ¢ R. Each ¢, acts at
most once for each n, and no new n ¢ R appears <.-below k after stage s9. Thus
after stage so. only finitely many m are ever added < ~-below k.

Finally, we claim that () is satisfied for every .. Given e, let £ be the <-
maximum element of {0, 1, ..., e}. Observe that almost every n € N satisfies n >~ £
because £ = w. So suppose that n =, £ and n € C. If ¢.(n)]. let s be large enough
so that {e,n) < s, @es(n)l, n € X, and .(n) € X;. Then either o, (n) is already
not the <-immediate successor of n at stage s + 1, or at stage s + 1 the conditions
of (2) are satisfied for (e, n), and an m is added such that n <, m <. ¢.(n). This
completes the proof. -

COROLLARY 4.9. Theorem 2.9 item (3) cannot be improved in general: there is a
computable linear order L, a cohesive set C, and a 15 sentence ® such that L = @,

but [[. L~ @.

Proor. Let C be any cohesive set, and let £ be a computable copy of w as in
Theorem 4.8 for C. Let ® be a 15 sentence in the language of linear orders expressing
that every element has an immediate successor. Then £ |= ®. but [[. £ ~ ®. =

Corollary 4.9 may also be deduced from Lerman’s proof of Feferman, Scott, and
Tennenbaum’s theorem that no cohesive power of the standard model of arithmetic
is a model of Peano arithmetic (see [16. Theorem 2.1]). Lerman uses Kleene’s T
predicate to give a somewhat technical example of a I3 sentence that holds in
the standard model of arithmetic but fails in every cohesive power. Our proof of
Corollary 4.9 is more satisfying because it witnesses the optimality of Theorem 2.9
item (3) with a natural I3 sentence in the simple language of linear orders. In the
next section, we enhance the construction of Theorem 4.8 to compute a copy £ of
o with [[. £ = w + 5 under the additional assumption that the given cohesive set
Cisco-ce.

Finally, we show that Theorem 2.7 concerning cohesive products is also tight by
uniformly computing a sequence of finite linear orders (£, : n € N) such that for
every cohesive set C, the cohesive product [ [ £, is a linear order with no maximum
element. Thus the ¥, sentence “there is a maximum element” is true in £, for each n
(because each L, is finite), whereas the I, sentence “there is no maximum element”
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is true in [[. £, for every cohesive set C. Although each linear order £, has a
maximum element, the sequence of maximum elements is not computable.

PrOPOSITION 4.10.  There is a uniformly computable sequence of finite linear orders
(L, : n € N) such that for every cohesive set C, the cohesive product [ | L, is a linear
order with no maximum element. Therefore Theorem 2.7 cannot be improved in general.

Proor. For each n, let £, = (L,, <) be the linear order with domain
Ly ={0}uU{t: Be<n)(3s<t)(t =5+ pes(n)+ 1. where s is least such that pe 5(n)])}

that is ordered by the usual order by taking < equal to < on L,,. To compute whether
a given ¢ > 0 isin L, first run ¢, (n) for ¢ steps for each e < n. Then for each such
©.(n) that halts within ¢ steps, find the s such that ¢,(n) halts in exactly s steps.
and compute the number s + ¢, (n) + 1. If any of these numbers is ¢, then ¢ € L,,.
Otherwise ¢ ¢ L,. Notice that each e < n contributes at most one element ¢ to L,,,
so L, has at most 1 + n elements.

Let C be cohesive, and consider an element [p.] of [ [~ £,. We show that [¢,] is
not the <y, ¢, -greatest element of [ [ - £, and therefore that [ [ £, hasno <pj.. -
greatest element. If # > e is a sufficiently large member of C, then ¢, (n)| € L,. This
means that there is a least s such that ¢, ; (n)] and therefore that thereisa ¢ € L, with
pe(n) < t. Thus (v*n € C)(L, | 3x (pe(n) < x)). so [[¢ Ly = Ix([pe] < x) by
Theorem 2.7 item (3). That is, [¢,] is not the =<I¢ co-greatest element of [ £,.

§5. A computable copy of » with a cohesive power of order-type w + 7. Given
a co-c.e. cohesive set, we compute a copy £ of w for which []. £ has order-type
o + 7. In order to help shuffle various linear orders into cohesive powers in Section
6, we in fact compute a linear order £ = (L, <) along with a coloring function
F: L — N that colors the elements of £ with countably many colors so as to induce
a coloring with a certain density property on [ [ L.

DEFINITION 5.1. A colored linear order is a structure © = (L. N, <., F), where
L = (L, <) is a linear order and F is (the graph of) a function F : L — N, thought
of as a coloring of L. Here the language includes unary relation symbols for L and
N and a binary relation symbol for F in addition to the binary relation symbol <.

Let O = (L.N, <. F) be a colored linear order, and let £ = (L, <.). We may
think of O as the disjoint union £ U N expanded to include F. Thus if O is a
computable colored linear order and C is a cohesive set, then the cohesive power
[Ic O consists of a linear order [[. L. a set [[~ N thought of as a collection of
colors, and a (graph of a) function FIlc ©: |[]. L] — |T]- N| thought of as a
coloring of []. £. This is by Proposition 2.14 and by Theorem 2.9 item (2). as F
being the graph of a function from the substructure given by L into the substructure
given by N can be expressed by a IT, sentence. In [ [ - O. we denote elements of [ [ £
by [¢] and elements of [[. N by [0]. Call a color [0] € |[[ N| a solid color if ¢ is
eventually constant on C (i.e., if [#] is in the range of the canonical embedding of
Ninto [ N). Otherwise, call [0] a striped color. Finally, call a colored linear order
O = (L.N,=<,.F) acolored copy of w if L = w.

https://doi.org/10.1017/js1.2023.14 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2023.14

982 RUMEN DIMITROV ET AL.

DEFINITION 5.2. Let O = (L. N, <., F) be a computable colored copy of w. and
let £ denote (L. <,). Let C be a cohesive set. Call the cohesive power [ [ O colorful
if the following items hold.

e For every pair of non-standard elements [¢]. [y] € |[[ £| with [w] <[7.. ¢ [¢]
and every solid color [0] € |[[¢ N|. there is a [0] € [ [ £] with [y] <[7. ¢
[0] <11  [p] and FTc ©([0]) = [o].

e For every pair of non-standard elements [¢]. [w] € | [ [ £| with[y] < ¢ [e].
there is a [0] € |[]¢ £] with [w] <y, ¢ [0] <[7,. ¢ [¢] where FlleO([0)) is a
striped color. '

Thus if O = (L, N, <., F) is a computable colored copy of w and C is cohesive,
then [, O being colorful means that the solid colors occur densely in the non-
standard part of [ [ . £ and also that between any two elements of the non-standard
part of [ [ £ there is an element with a striped color. Notice that we do not require
any individual striped color to occur densely in the non-standard part of [ [ £.If C
is a co-c.e. cohesive set, then the first bullet of Definition 5.2 implies the second. This
can be seen by a saturation argument, if one generalizes Lemma 2.17 to allow types
over []. O with an infinite sequence of parameters ([0;] : i € N) represented by a
uniformly partial computable sequence (6; : i € N). Here the relevant parameters
would be the non-standard elements [¢] and [w] and the sequence of solid colors.
The type would then describe an element between [¢] and [w] whose color is not
among the solid colors.

In Section 6, we show that replacing each point of £ by some finite linear order
depending on its color has the effect of shuffling these finite orders into the non-
standard part of [ [ L.

THEOREM 5.3. Let C be a co-c.e. cohesive set. Then there is a computable colored
copy O of @ such that [ | O is colorful.

PrOOF. We construct a computable copy £ = (L, <) of w with L =N and a
function F: L — N so that O = (L.N, <. F) is a computable colored copy of
for which [ [ O is colorful. We are working with a co-c.e. cohesive set, so recall that
in this situation every element [¢] of [ [ - £ has a total computable representative by
the discussion following Definition 2.2. Recall also that an element [¢] of [ ] L is
non-standard if and only if lim,cc ¢(n) = oo by Lemma 4.2.

The goal of the construction is to arrange, for every pair of total computable
functions ¢ and y with lim,cc ¢(n) = lim,cc w(n) = oo, that

(vn € C)(wnd < w(n) (%)
= (Vd <max<{pn).w(n)})(3k)[(y(n) <, k <z on) A (F(k) = d)])

Suppose we achieve () for ¢ and w, where lim,cc ¢(n) = lim,cc w(n) = co and
(v>°n e C)(w(n)l <z ¢(n)l). Fix any color d, and let § be the constant function
with value d. Partially compute a function (n) by searching for a k with w(n) <,
k <. ¢(n) and F (k) = d. If there is such a k., let (n) be the first such k. Property
(%) and the assumption lim,cc ¢(n) = lim,cc w(n) = oo ensure that there is such
a k for almost every n € C. Therefore C C* dom(0). [w] <py.. £ [0] <1, ¢ [#]. and
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Fllc ©([9]) = [0]. Likewise. we could instead define (n) to search for a k with
w(n) <z k <z ¢o(n) and F(k) = p(n) and let O(n) be the first (if any) such k
found. In this case we would have [y] <1, £ [0] <[y, c [¢] and FIcO([01) = [¢].
which is a striped color because lim,cc ¢(n) = oo. Notice that ¢ represents both
an element [¢] of the linear order [[. £ and a color [¢] from [[. N. As a color,
Fllc ©([0]) = [p] because (V°n € C)(F(0(n)) = ¢(n)). Thus between [w] and [¢]
there are elements of [ [ £ of every solid color and also at least one element of a
striped color. Therefore achieving () suffices to prove the theorem, provided we
also arrange £ = w.

Let W denote the c.e. set C, and let (W,),en be a computable C-increasing
enumeration of W. Let (4%, 4"1),cy be a uniformly computable sequence of pairs
of sets such that:

o for each i, 4™0 and A™! partition N into two pieces (i.e.. A" = Ai0) and
e (Vn)(Vo € {0, 1}") (N, A" (i) i infinite).

This can be accomplished by partitioning N into successive pieces of size 2/, letting
A" consist of every other piece, and letting A»! = 470,

In this proof, denote the projection functions associated with the pairing function
(-.,-) by £ and r, for left and right, instead of by ny and ;. So £((x,y)) = x and
r((x.y)) = ».

The tension in the construction is between achieving () and ensuring that
for every z, there are only finitely many x with x <. z. Think of a p €N
as coding a pair (py(,).¥,(,)) of partial computable functions for which we
would like to achieve (), w1th ®e(p) Playing the role of w and ¢,(,) playing
the role of . We assign the partltlon (420 4%71) to ¢,y and the partition
(4210 42071 Y) 0 o, ). The sets {n : @y, (n) € AP0} and {n L) (n) € AP}
are both c.e., so if C g* dom(epy(,)). then either (V°n € C)(gy(,)(n) € A*°) or
(v>°n € C)(py(p)(n) € A*): and similarly for ¢,(,) and (427710, 42P+11) As the
construction proceeds, we consider each p paired with larger and larger guesses
N of a threshold by which the cohesive behavior of ¢, and ¢,(,) begins with
respect to the partitions (4270 4271) and (Az/’“-o,AzP+1 . The pair (p.N)
means we guess that there is an (a.b) € {0, 1} x {0.1} such that @, (n) € 427
and go,(p)(n) € A**1b whenever n > N and n € C. For each fixed p. the pairs
(p.0).(p.1).(p.2).... alltry to achieve () for ¢,(,) and ¢, (). If N is too small, then
pair (p, N') eventually stops acting. If N is big enough then pair (p, N) eventually
settles on the correct sides (a. b) of the partitions (4270, 4%71) and (4?2710, 427 +1.1)

To help satisfy (x), eventually pair (p, N) will want to add an element ky between
some ¢y, )(n) and @,(,(n) for an n that looks like it may be in C. However. later
some pair (g, M) (possibly even with ¢ = p) may want to add an element k| between
some ¢ (,)(m) and ¢, (,)(m) for an m that looks like it may be in C. and it may also
so happen that ¢, (,)(m) = ko. In this case. (g. M) would add k| <, ko. If this
behavior were to continue, then it would lead to a descending sequence kg >
ky > ko >, ---, which means that £ would not have order-type w. To avoid these
descending sequences, pair (p, N) tries to choose the k that it adds to avoid the
images ¢, (C) and ¢,(,)(C) for all ¢ corresponding to higher-or-equal priority
pairs (q. M) < (p, N).To do this, first, for each such ¢, pair {p. N') looks up the most
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recent guess (a,. b,) of sides such that @, (C) C* A% and ¢,(,)(C) C* 420
made by any of the (¢, M) < (p, N) for this ¢g. Then pair (p, N) chooses

k c ﬂ A2q,l—aq mAZq-H,]qu
(q.M)<(p.N)

from the opposite sides of all these partitions in an attempt to avoid gog(q)(C ) and
Pr(q ( ) for every (q. M) < {p. N). The staggering of the partitions ensures that
there are infinitely many such k to choose among.

We now give the construction. Define <, and F in stages. By the end of stage s,
< will have been defined on X, x X, and F will have been defined on X for some
finite X, 2 {0,1,...,s}.

At stage 0, set Xo = {0} with 0 £, 0 and F(0) = 0. At stage s > 0, initially set
X, = X;.1. If s ¢ X, then add s to X, define it to be the <,-maximum element of
X,. and define F (s) = 0. Then proceed as follows.

Consider each pair (p.N) < s in order. Think of (p, N) as coding a pair
(QDZ( )-@r(p)) of partial computable functions and a guess N of a threshold
by which the cohesive behavior of ¢,(,) and ¢,(,) begins with respect to the
partitions (4270, 4%71) and (4?7190, 42r+11) a5 descrlbed above. The pair (p. N)
demands action if there is an (a.b,n) € {0,1} x {0,1} x {N. N + 1, ..., s} meeting
the following conditions:

(1) Forallm < n. @y, (m)| and @, (,) ;(m)].
(2) Both ¢y, (n) € Azf’” and ¢, (n) € 4210,
(3) For allmwithN <m<n:
o ©y(p)(m) € AP = m e W, and
© 0, (,(m) e AL — e W

(4) We have that @, (n). @,(,)(n) € X, and @y, (n) <z 0., >( n), but currently
there is a d < max{py(,)(n).p,(,(n)} for wh1ch there is no k € X; with
@o(p)(n) < k <r @, (n) and F( ) d.

(5) The element <p,3<p)(n) is not <-below any of 0, 1, ..., (p, N).

If {p. N) demands action, let (a,,,bp,n) €{0.1} x{0,1} x {N,.N+1,...,s} be
the lexicographically least witness to this, call (a,. b,. n) the action witness for (p. N).
call the first two coordinates (a p. b p) of the action witness the action sides for (p, N),
and call the last coordinate n of the action witness the action input for (p. N).

Let r be the <-greatest number for which there is an M with (r, M) < (p, N). For
each g < r.let (a,. b,) be the most recently used action sides by any pair of the form
(q. M) with (¢, M) < (p.N).If no (g, M) < (p. N) has yet demanded action, then
let (ay.b,) = (0.0). Let ¢ = max<{epy(,)(n). ¢, (n)}. andletky < ky < -+ < k. be
the ¢ + 1 least members of

ﬂ (Azq‘l"’q mAzq+1,1qu) \ X, (%)
g<r

which exist because the intersection is infinite and X is finite. Add k. .... k. to X.
Let x € X; be the current < -greatest element of the interval () (1). @, () (1))
(or x = @y, (n) if the interval is empty). and set

©pp)(n) 2o x < ko <z =g ke <z 0p)(n).
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Also set F(k;) = i for each i < ¢, and say that (p, N) has acted and added k’s. This
completes the construction.

The constructed £ is a computable linear order. We show that £ = o by showing
that for each z, there are only finitely many elements < --below z. So fix z. Note that
z appears in X at stage s = z at the latest, so we consider the development of the
construction at stages s > z.

Consider the actions of a pair (p,N). If {p. N) >z and (p, N) acts at stage
s > z with action input n. then. by condition (5). it must be that z <z ¢y, (1) <z
©r( p)(n). In this case, the action adds elements to X, and places them < .-between
©u(p)(n) and @, (n) and hence places them < -above z. Therefore. only the actions
of (p. N) with (p, N) < z can add elements < -below z at stages s > z.

We show that each (p, N) < z only ever acts to add finitely many elements k <,
z. It follows that there are only finitely many elements <,-below z because the
(p.N) > z add no elements <-below z after stage z. and each (p, N) < z adds
only finitely many elements < ~-below z. So let (p, N) < z, and assume inductively
that there is a stage sy > z such that no pair (¢, M) < (p, N) acts to add elements
k <. z after stage sp.

Notice that a given n can be the action input for (p, N) at most once. If (p, N)
demands action with action input » at stage s, it adds elements of every color <
max{y(,) (1n). ¢, (n)} to X; and places them < .-between ;) (1) and ¢, (,(n).
Thus condition (4) is never again satisfied for (p, N) with action input  at any stage
t>s.

Suppose that either @, (m)1 or @, (,) (m)?* for some m. Then no n > m can be
an action input for (p, N) because condition (1) always fails when n > m. Thus
only finitely many numbers # can be action inputs for (p, N). Because each of these
n can be an action input for {p, N) at most once, the pair (p. N) demands action
only finitely many times. Thus in this case, (p, N) adds only finitely many elements
< -below z.

We now focus on the case in which both ¢,y and ¢,y are total. By cohesiveness,
let (a.b) € {0.1} x {0.1} be such that (V>°n € C)(py(,)(n) € 4%7) and (V>n €
C)(@,(p)(n) € A*PT1) The following Claims 1-3 establish that (p, N) adds only
finitely many elements < ,-below z.

First, consider all pairs (p, M) < z with this fixed p.

CrLAM 1. There is a stage s\ > s such that for every M with (p, M) < z, whenever
(p, M') demands action at a stage s > sy, it always has action sides (a,b).

ProOOF OF CrAM 1. There are only finitely many (p, M) < z, so it suffices to show
that for each (p, M) < z, there is a stage ¢ such that (p, M) has action sides (a, b)
whenever it demands action (if it ever demands action) after stage .

Let m be the least member of C with m > M. ¢, (m) € A*P“, and ¢,(, (m) €
A?P+1b Then whenever (p, M) demands action and the action witness (a,.b,.n)
has n > m, it must be that (a,.b,) = (a,b) because otherwise condition (3) would
fail. Suppose, for example, that (p, M') demands action at stage s with action witness
(ap.by.n) wheren > manda, =1-a.Then M < m < nand ¢, (m) € A?pl-ap,
but m ¢ W, because m € C. Thus condition (3) fails, so (p. M) could not have
demanded action with action witness (a,.b,.n). The assumption b, =1 -5 in
place of @, = 1 — a leads to the same contradiction. On the other hand, each n < m
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can be the action input for (p, M) at most once. Therefore, there is a stage ¢ > s
such that whenever (p, M) demands action at a later stage s > ¢, the action witness
must have action input # > m and therefore must have action sides (a.b). -

Assume that (p, N) demands action infinitely often because otherwise we can
immediately conclude that it adds only finitely many elements < ,-below z. Let s
be as in Claim 1, let # > s; be a stage at which (p. N) demands action, and let
sy =t + 1. Then (p, N) has action sides (a.b) at stage t < 55, and whenever some
(p. M) < z demands action at a stage s > s, > sy, it also has action sides (a.b).
Thus at every stage s > s, the most recently used action sides by a (p. M) < z is
always (a.b).

Cram 2. Suppose that an element k is added to X and k <. z is defined at some
stage s > s». Then k € A?P1-¢ 0 A2+11-0,

ProOOF OF CLamM 2. We already know that if (¢, M) > z, then (¢, M) does not add
elements k <, z after stage s,. Thus we need only consider pairs (¢, M) < z. For
these pairs, we have assumed inductively that if (g, M) < (p, N), then (¢, M) does
not add elements k <, z after stage s,. Thus we need only consider pairs (g. M)
with {p. N) < (¢, M) < z. Suppose such a (g. M) acts after stage s,. When (g, M)
chooses the k’s to add, it uses an r > p in the intersection (%) because (p.N) <
(q. M'). The action of pair (g, M) must use (ap, b,) = (a.b). This is because after
stage s», (a,b) is always the most recently used action sides by the pairs of the
form (p, K) with (p, K) < z. Because (p, N) < (¢, M) < z, it is thus also the case
that (a.b) is always the most recently used action sides by the pairs of the form
(p.K) < (g, M) at every stage after s,. Thus when (g, M) acts at some stage s >
$7, 1t uses (a,,,b,,) = (a.b), and therefore the k’s it adds to X, are chosen from
AP A2PHL1D ag claimed. .

We can now show that (p, N) adds only finitely many elements k <. z.
CLAM 3. The pair {p, N) adds only finitely many elements k <. z.

Proor oF Cramm 3. Suppose that (p, N) acts at some stage s > 55, adds an
element k to X, and defines k <, z. Then at stage s, the action witness for (p, N)
must be (a.b.n) for some n, where @, (n) = x for some x € AP, ¢, (,)(n) =y
for some y € A??*1% and x <, y <, z. The action then places k’s of each color
d < max.{x,y}intheinterval (x,y)..If (p, N) acts again at some later stage ¢ > s
with some action input m, then again ¢y, (m) € AP and @,(,)(m) € A>T,
However. it cannot again be that ¢, (m) = x and ¢, (,)(m) = y because condition
(4) would fail in this situation. Thus when adding a number k < z, the action input
nused by (p. N) specifies a pair (x. y) = (@, (). @,(,)(n)) € A4 x A2PF14 with
x <¢ y = z,and each such pair can be specified by {p, N') at most once. By Claim
2. every element added < -below z after stage s, is in 4%7'1° N 427+1.1-0 Therefore
there are only finitely many pairs (x. y) € 4274 x A>P*10 with x <, y <, z. and
therefore (p, N) can only add finitely many elements k <. z. .

We have shown that for every z, no (p, N) > z adds an element < -below z after
stage z and that each (p, N) < z adds only finitely many elements < -below z. Thus
for every z. only finitely many elements are ever added < -below z. Therefore £ = w.
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Now let ¢ and yw be total computable functions with lim,cc p(n) =
lim,cc w(n) = co. We complete the proof by showing that () is satisfied for ¢ and
w. Assume that (Vv°n € C)(w(n) <. ¢(n)). for otherwise () vacuously holds. Let
p be such that ¢, (,) = v and ¢, (,) = ©. By cohesiveness. let (a.b) € {0.1} x {0.1}
and N €N be such that, for all ne€ C with n> N. ¢y, (n) € A*’* and
©r(p)(n) € AP Let ng > N be large enough so that for all n € C with n > ny,
W(p)(n) is not <-below any of 0, 1, ..., (p, N). To choose ny. notice that the set Z
of elements that are <,-below any of 0, 1. ..., (p, N) is finite because £ = . Then
(V>°n € C)(@y,)(n) ¢ Z) because lim,ec @y, (n) = co.

Suppose that n € C and n > ny. and furthermore suppose for a contradiction
that thereis a < max-{y(,)(n). @,(,) (n)} such that there is no k with ¢, (n) <
k <r @,y (n) and F (k) = d. Then condltlons (1)—(5) are satisfied by (a. b n) at all
sufﬁcnently large stages s. Condition (1) is satisfied because ¢, (,) and ¢,(, are total.
Condition (2) is satisfied because n > N and n € C. Condmon (3) is satisfied by
the choice of N. Condition (4) is satisfied by the assumption that there is no k with
©o(p)(n) <z k <z @, (n) and F (k) = d and hence there is no such k at every stage
s at which both ¢, (n ) and @, (,)(n) are present in X. Condition (5) is satisfied by
the choice of ny. Each m<n can be the action input for (p, N) at most once, and,
at sufficiently large stages, (a. b) is the only possible action sides for (p, N'). Thus at
some stage the pair (p, N') eventually demands action with action witness (a, b, n).
The action of (p. N') defines @, (,)(n) <z k <z @,(,)(n) and F (k) = d for some k.
which contradicts that there is no such k. This shows that (x) holds for ¢ = ¢, )
and y = (y(,). which completes the proof. -

Let C be a co-c.e. cohesive set, and, by Theorem 5.3, let O = (L.N, <. F) bea
computable colored copy of w for which [, O is colorful. Then £ = (L. <) is an
example of a computable copy of w with [[. £ = w + 7.

COROLLARY 5.4. Let C be a co-c.e. cohesive set. Then there is a computable copy L
of @ where the cohesive power [ [ L has order-type w + 1.

ProOF. Let C be co-c.e. and cohesive. Let O = (L. N, <. F) be the computable
colored copy of w from Theorem 5.3 for C. Let £ denote the computable copy
L = (L. <) of w. The cohesive power [] £ has an initial segment of order-type w
by Lemma 4.1. There is neither a least nor greatest non-standard element of [[. £
by Lemma 4.3. Theorem 5.3 implies that the non-standard elements of []. £ are
dense. So [ [~ £ consists of a standard part of order-type w and a non-standard part
that forms a countable dense linear order without endpoints. So[[ L= o + 7.

ExampPLE 5.5. Let C be a co-c.e. cohesive set, and let £ be a computable copy of
o with [ £ 2 o + n as in Corollary 5.4.

(1) There is a countable collection of computable copies of w whose cohesive
powers over C are pairwise non-elementarily equivalent. Let k > 1, and let k
denote the k-element linear order 0 < 1 < --- < k — 1 as well as its order-type.
Then k £ has order-type o because £ has order-type . and [ [~ k = k by the
discussion following Definition 2.2. Using Theorem 3.6, we calculate

]‘[ (kL) ]‘[ ]‘[ L) = klw+n) = o+ k.
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The linear orders w + k# for k > 1 are pairwise non-elementarily equivalent.
The sentence “there are xy < --- < xj_; such that every other y satisfies either
y < xg or xp_ < y: if y < x¢, then there is a z with y < z < xo; and if
Xr-1 <y, then there is a z with x;_; < z < »” expressing that there is a
maximal block of size k is true of w + k#, but not of w + my if m # k. Thus
1£,2L, ... is a sequence of computable copies of «» whose cohesive powers
[1c (kL) are pairwise non-elementarily equivalent.

(2) It is possible for non-elementarily equivalent computable linear orders to
have isomorphic cohesive powers. Consider the computable linear orders £
and £ + Q. They are not elementarily equivalent because the sentence “every
element has an immediate successor” is true of £ but not of £ + Q. However,
using Theorem 3.6 and the fact that [ [ Q = #, we calculate

H (£L+Q) H E—i—l_[ Q= (w+n)+n = oty %HCL’.

Thus the cohesive powers [[- £ and [[-(£L+ Q) of £ and £+ Q are
isomorphic.

§6. Shuffling finite linear orders into cohesive powers of «v. The goal of this section
is to prove that if X C N\ {0} is a Boolean combination of %, sets, thought of as a
set of finite order-types, and C is a co-c.e. cohesive set, then there is a computable
copy L of w for which []. £ has order-type o + 6(X U{w + {5 + w*}). Here ¢
denotes the shuffle operation (see Definition 6.2). We prove this in a modular way by
abstracting the cohesive set away from the computable copy of w being constructed.
The key technical step is Lemma 6.9, which states that from a computable colored
copy O of w and a Boolean combination of X, sets X C N\ {0}, we can construct a
computable copy £ of w such that [[- £ = o +6(X U{w + {y + w*}) whenever
Cis a cohesive set for which [ [~ O is colorful. Combining Lemma 6.9 with Theorem
5.3 then gives the desired result.

Given a linear order £ and a sequence of linear orders (M, : £ € |£]) indexed
(M, : € € |L|) over L is obtained by replacing each
element £ of £ by a copy of M,.

DEFINITION 6.1 (See [21, Definition 1.38]). Let £ be a linear order, and let
(M, : £ €|L]) be a sequence of linear orders indexed by |L|. The generalized sum
Yreie; Me of (Mg 1€ €|[L]) over L is the linear order S = (S, <s) defined as
follows. Write £ = (L. <), and write M, = (M, <x4,) for each £ € L. Define
S={(.m):£ €L ANme M}, and define

(&),Wlo) <s (El,ml) if and only if (fo <r 61) \ (fo =4 N my _<MZO ml).

Let S = dem/\/lz be the generalized sum of a sequence of linear orders
(Mg : £ € |L]) over a linear order £ as in Definition 6.1. Each M, for £ € ||
corresponds to an interval of S, which naturally gives rise to the sum condensation
of S. For (£.m) ((t,m)) = {(x,y) € |S| : £ = x}. The sum condensation
cx(S) is the condensation obtained from the partition {es((£,m)) : (€. m) € |S|}.
Observe that cs((¢, m)) = M, for each £ € |£] and that c5(S) = L.
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Generalized sums generalize both the sum and product constructions of
Definition 3.1. View the ordinary sum Ly + £; as the generalized sum Zeem Ly

of Ly and £, over the 2-element linear order 2 = ({0 1}, <): and view the product
LoL as the generalized sum Zle\ il Ly of copies of Ly over £;. We may also use
generalized sums to define shuffles.

The shuffle 6 (X ) of an at-most-countable non-empty collection X of linear orders
is obtained by densely coloring Q with colors from X and then replacingeach ¢ € Q
by its color.

DEFINITION 6.2 (See [21, Definition 7.14]). Let X be a non-empty collection of
linear orders with | X| < ¥y. Let f: Q@ — X be a function such that f~'(M) is dense
in Q for each linear order M € X. LetS = > 4€Q f(q) be the generalized sum of the
sequence (f(q) : ¢ € Q) over Q. By density. the order-type of S does not depend on
the particular choice of /. Therefore S is called the shuffle of X and is denoted o (X).

We usually think of X in a shuffle ¢ (X) as a collection of order-types instead of
as a collection of concrete linear orders.

Let £ be a computable linear order, and let (M, : £ € |£]) be a uniformly
computable sequence of linear orders. Then one may use the pairing function to
compute a copy of ), e M. Likewise, if (M,, : n € N) is a uniformly computable
sequence of linear orders, then one may compute a function f: Q — N such that
f7'(n)isdensein Q foreachn € Nand thereby compute a copy of 6 ({M,, : n € N}).

Let C be co-c.e. and cohesive, let £ be the linear order from Corollary 5.4 for C,
and consider the linear order 2£ from Example 5.5 item (1). We can think of 2 as
being obtained from £ by replacing each element of £ by a copy of 2. This operation
of replacing each element by a copy of 2 is reflected in the cohesive power, and we
have that []-(2£) =2 w + 27.

Again let C be co-c.e. and cohesive, and now consider the computable colored
copy O = (R.N, <. F) of w from Theorem 5.3. Let R denote (R, < ). Collapse
F into a coloring G: R — {0,1}, where G(r) =0 if F(r) =0 and G(r) =1 if
F(r) > 1. Then the coloring GIlc © of T] ¢ R induced by G uses exactly two colors:
[0] represented by the constant function with value 0, and [1] represented by the
constant function with value 1. Both of these colors occur densely in the non-
standard part of [[. R. Compute a linear order £ by starting with R, replacing
each r € R with G(r) = 0 by a copy of 2. and replacing each r € R with G(r) =1
by a copy of 3. The cohesive power [ [ £ reflects this construction, and we get the
linear order obtained from []. R by replacing each point of GIlc ©-color [0] by
a copy of 2 and replacing each point of GIlc ©-color [1] by a copy of 3. Thus we
have a computable copy £ of @ with [~ £ = w + ¢({2.3}). Using this strategy.
we can shuffle any finite collection of finite linear orders into a cohesive power of a
computable copy of w.

To make the above argument precise and to generalize it to more complicated
shuffles, we first show that cohesive powers of linear orders respect generalized
sums. Let £ be a computable linear order, and let (M, : £ € |£]) be a uniformly
computable sequence of linear orders indexed by |£|. We wish to show that for any
cohesive set C,
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[T.2Me = >0 T Mo

Le|L| 01€|e £

To do this. we must first explain what we mean by the structure [[. My,).
Intuitively. []. My, is the cohesive product of the sequence of structures
Mo)- My1y. Mp(a). ... over C. where M, is undefined if 0 (n)1.

Formally, let £ be a computable language. and let (A, : n € I) be a uniformly
computable sequence of £-structures indexed by a computable set / C N. Let C
be a cohesive set, and let #: N — I be a partial computable function with C C*
dom(@). Then []. Ay, is defined as in Definition 2.2, except one now considers
the =¢-equivalence classes of partial computable functions ¢ such that dom(y) C
dom(0). Vn (p(n)l — ¢(n) € |Ay(yl). and C C* dom(yp). The results of Section
2 hold for these generalized cohesive products of the form []. Ay, with minor
modifications to the proofs. For example. one must now consider sets of the form { :
Apny £ ©(po(n). ... om1(n))} for various £-formulas ® and partial computable
functions ¢y. ... . pn-1, Where Ay, appearsin place of A,. If @ is uniformly decidable
in (A, : n € I). then the preceding set remains c.e.

If 0p,0;: N — I are two partial computable functions with C C* dom(6y).
C C* dom(0;). and 0y =¢ 6. then it is straightforward to show that []. Agy(n) =
[Tc Ag,ny- In fact. we are even justified in writing [c Agy) = [1c Ao, )
because every element of either structure can be represented by a partial
computable ¢ with C C* dom(p) C dom(6y) Ndom(6;). In particular, the
structure Z[H] elMe £| [1c M) above is well-defined.

Lastly, we point out that if C is a co-c.e. cohesive set with C C* dom(0), then
the generalized cohesive product []. Ay, can be realized as a cohesive product
of the form [ B,. The argument is similar to the argument that every element of
a cohesive product by a co-c.e. cohesive set has a total computable representative.
Fix any computable £-structure D. Let N be such that (Vn > N)(n € C — 0(n)]).
Define the uniformly computable sequence of £-structures (B, : n € N) by

B - Ag(n. ifn> N and 0(n)] before n is enumerated into C.
"D, otherwise.

Then [[o B, =[] Agn)- Again, we may even write [[. B, = [[ Ay, because
every element of either structure can be represented by a partial computable ¢ with
C C* dom(yp) C dom(0).

We are now prepared to show that the cohesive power of a generalized sum is a
generalized sum of cohesive products in the way indicated above. The method of
Theorem 3.6 becomes unwieldy in this situation because of the infinite sequence of
structures to juggle, so we opt for a more hands-on proof.

THEOREM 6.3. Let L be a computable linear order, and let (M, : £ € |L]|) be a
uniformly computable sequence of linear orders indexed by |L|. Let C be a cohesive

set. Then
HC Z M[ = Z HC MO(”>'

LelL] 01€|Te £
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Proor. To ease notation, let

M= " M,

Le|L]

X:HCE,

Violy = l_[c My, foreach[0]x € |X

>

A=T] M.
B= Y Yo
[01x €| X|

The goal is to show that A = 3. The elements of A are of the form [p] 4 for partial
computable functions ¢ with Vn (p(n)] — ¢(n) € |/M|) and C C* dom(yp). The
elements of 5 are of the form ([9] X [T]y[o]x) for partial computable functions ¢ and
t with Va (6(n)] — 0(n) €|L|). C C* dom(#). dom(z) C dom(h), Vn (z(n)| —
7(n) € [My(y!). and C C* dom(z).

Define a function F: | A| — |B| as follows. For [¢]4 € |A|, we have that ¢(n) €
M| and therefore that ¢(n) = (¢, m) for some £ € |£| and m € |M,| whenever
p(n)l.Letd = myo ¢, andlett = m; o . Then [0]x € |X|and [7]y0, € Vo1 - Set
F([¢la) = ([0]x. [r]yw]x). To see that F is well-defined, observe that if ¢ =¢ .
then also mgo p =¢c mpow and ny o p =¢ 7 o Y.

To show that F' is an isomorphism, it suffices to show that F' is surjective and
order-preserving by Lemma 3.5.

For surjectivity, consider an element ([H]X,[T]y[e]x) of B. Define a partial

computable ¢ by ¢(n) ~ (6(n),z(n)). Then ¢(n) € |M| whenever ¢(n)|, and
C C* dom(yp) because C C* dom(f) Ndom(z). It follows that [¢]4 € |A| and
F([(P]A) = ([H]Xa [T]y[()]x)’

For order-preserving, suppose that [] 4 and [y] 4 are members of A with [p]4 <4
[w]a. Then (V*°n € C)(p(n) <aq w(n)). Write = myop. Tt =mop,a =myo y,
and f = m; o y. By the definition of M,

(V*°n € C)((H(n) =<c a(n) v (0(n) =an) A t(n) =My ﬂ(n)))

Thus by cohesiveness, either:

o (V°n e C)(0(n) <, a(n)) or
o (V°n e C)(0(n) =aln) A (n) <My B(n)).

In the first case, [@]x <x [a]x. In the second case, [#]x = [a]x and [ D, <V
s Do, - Thus in either case,

F(Ipla) = ([01x- Tty ) <5 (101x- By, ) = F(Iy1a).
as desired. -

Notice that Theorem 3.6 items (1) and (2) follow from Theorem 6.3 by viewing
ordinary sums and products of linear orders as generalized sums of linear orders.
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We now show how to shuffle finitely many finite order-types into the cohesive
power of a computable copy of w.

LeMMA 6.4. Let (M, : n € I) be a uniformly computable sequence of linear orders
indexed by a computable I C N, and let M, denote the domain of M, for each
n e l. Let C be a cohesive set. Let 0: N — I be a partial computable function with
C C* dom(0). Suppose that there is ak > 0 such that (Y°n € C)(|My(,)| = k). Then

HC M()(n) =~ k.

Proor. Asexplained at the beginning of Section 2, the property “there are exactly
k distinct elements” can be expressed by a A, sentence ®. We have that C C* {n :
My = @} by assumption. Therefore []. My, = ® by Theorem 2.7 item (3).
Thus [ My, is a linear order with exactly k elements. So [[ M) = k. =

LEmMA 6.5. Let ky. ..., ky be non-zero natural numbers, and let O be a computable
colored copy of w. There is a computable copy L of w (constructed from O) such
that for every cohesive set C. if [[. O is colorful, then [[. L has order-type w +
O'({k(), e s kN}).

Proor. Let O = (RN, <%, F) be a computable colored copy of w. and let
R denote (R,<g). For k>0, let k=({0,1,....,k -1}, <) denote the usual
presentation of the k-element linear order. Let (M, : r € R) be the uniformly
computable sequence of linear orders where M, = kg, if F (r)< Nand M, = ky
if F(r) > N. Let L be the generalized sum £ =" _, M,. The linear order £ is
obtained from the copy R of w by replacing each element of R by a finite linear
order. Thus £ is infinite, and every element has only finitely many predecessors. So
L is a computable copy of w.

Let C be a cohesive set for which [~ O is colorful. We need to show that []. £
has order-type @ + 6 ({ko. ..., kn}).

By Theorem 6.3,

[l.e = Tl.2m = > Tl Mo
reRrR [g]en‘[c ’R|

To ease notation, let Z denote the linear order ZW]E'HC R| [Te Moy Let|[Te Rlsa
and | [ [~ R|nonsta denote the standard and non-standard parts of [ [ - R, respectively.

Then let
Zga = > l_[c Mo(n)-
[01€]TTe Rl

Znonstd = Z l_[C MH(”)’

[0]€|HC R'nonstd

so that Z = Z4q + Zponstd. Consider the sum condensation ¢x(Z) of Z. We show
that the order-type of the block [ My, of the sum condensation corresponding
to [0] € |[1c R| is determined by the color Fllc ©([0]) of [0]in [] O.

Cramv 1. If[0] € |[1¢ R| and Fllc ©([0]) is solid color [i] for an i < N, then
HC M()(n) = ki-
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PrOOF OF Cramv 1. That Fllc ©([0]) = [i] means that (v>°n € C)(F(0(n)) =
i). Therefore My, = kp(p(n)) = k; for almost every n € C because i < N. Thus
[1c Moy = ki by Lemma 6.4. =

Cramm 2. If[0] € | ] R| and either FIlc ©([0]) is solid color [i] for ani > N or
Flle ©([0]) is a striped color, then [ Moy = k.

Proor of Cramv 2. If FIlc ©([0]) is a striped color, then lim,cc F(0(n)) = .
Therefore (V°n € C)(F(6(n)) > N) in both cases, so M,,) = ky for almost every
n € C.Thus [[. My = ky by Lemma 6.4. -

Notice that block [ [~ My, is a finite linear order for every [0] € |[[- R|. Thus
Zgq is a generalized sum of finite linear orders over the copy |[[- R|swa of @, so
Zgd = .

Think of the sum condensation ¢s (Zyonsta) as being colored by FIlc @ where the
block [T My, corresponding to [0] € | [T Rlnonsta gets color Fllc O([6]). The
product [[. O is colorful, which means that cs( Zonsd) = | TT¢c Rlnonsta = n and
that each solid color occurs densely. By Claims 1 and 2, the order-type of block
[Tc Mo for [0] € | T]¢ Rlnonsta is:

e k; if [0] has solid color [i] forani < N.

e k if [0] has either solid color [[i] for an i > N or a striped color.

Therefore Zyonsa = 6 ({ko, ..., ky}). Thus

[1.c

as desired. =

1%

Z 2 Zy+t Zoonsd = CU"'G'({k(),...,kN}),

To handle more complicated patterns of shuffles, we consider sequences of finite
linear orders in which we know the successor relation, we know the least element,
we do not necessarily know the greatest element, but we do know that there are
at most three elements that the greatest element could be. Expand the language of
linear orders to O = {<.S. B, Ty, T1. T»}, where S is a binary relation symbol and
B. Ty, T\, and T, are unary relation symbols. Our intent is to describe finite linear
orders with immediate successor relation S, least element given by B, and greatest
element given by either Ty, T, or T,. Thus S stands for “successor,” B stands for
“bottom,” and T stands for “top.”

Let T be the set of D-sentences consisting of the linear order axioms from the
beginning of Section 3 along with the following sentences.

o VxVy (S(x.y) « yisthe < -immediate successor of x)

Le.. S(x, y) describes the immediate successor relation.
eVx(3y(x <y) — IySx.y)

Le., every element except the last element has an immediate successor.
eVx(3y(y <x) = 3y Sy.x))

I.e., every element except the first element has an immediate predecessor.
e Ix B(x)

I.e., B(x) holds for some x.
e VxVy (B(x) - x=y)

I.e., if B(x) holds, then x is least.
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e Ix To(x)
Le.. Ty(x) holds for some x.
e Ix Th(x) — IxTi(x)
Le.. if T>(x) holds for some x, then T7(x) holds for some x.
e Foreach i <2, —322x Tj(x)
Ie., for each i < 2, there is at most one x for which 7;(x) holds.
o VxVy (Ta(x) — »y = x)
Le.. if T>(x) holds for x, then x is greatest.
o Ix Th(x) — VxVy(Ti(x) — y < x)
Le.. if T»(x) does not hold for any element but 7;(x) holds for x, then x is
greatest.
o Ix Ti(x) — VxVy (To(x) — y < x)
Le.. if T}(x) does not hold for any element but Ty(x) holds for x, then x is
greatest.

Notice that from I" it can be deduced that there is a unique element satisfying B(x)
and a unique element satisfying Ty(x). So we could have used constant symbols in
place of B and T),. We prefer the symmetry of a relational language. Also notice that
from I it can be deduced that there is a <-least element and a <-greatest element.
Finally, notice that every sentence in I' is equivalent to a I, sentence.

When shuflling infinite collections of finite linear orders into a cohesive power of
a computable copy of w, we start with a computable colored copy of w and replace
its elements by arbitrarily large finite linear orders. If the finite linear orders can
be uniformly computably expanded to models of I, then this replacement process
naturally shuffles the linear order w + {# + ™ into the cohesive power. Lemma 6.7,
which implies that @ + 6 ({w + {# + w*}) can be achieved as the order-type of a
cohesive power of a computable copy of w, serves as an example explaining this
phenomenon.

LEMMA 6.6. Let (M,, : n € I) be auniformly computable sequence of O-structures
that are all finite models of T, indexed by a computable I C N. Let M, denote the
domain of M,, for each n € I. Let C be a cohesive set. Let 0: N — I be a partial
computable function with C C* dom(0). Suppose that lim,ec | My, | = co. Then. as
a linear order. [ [ My, has order-type  + {n + w*.

ProoF. We have that M, =T for each n € I by assumption and that each
sentence of I is equivalent to a I sentence. Therefore [ [, My(,) = I" by Theorem
2.7item (2). Thus [T My, hasa <. My, leastelementand a <[y a4, -greatest

element (as these facts can be deduced from I'), every element that is not =Me My

-least has a <[ ¢ M -immediate successor, and every element that is not <p; e Mo

)
-greatest hasa <y m, ™ -immediate predecessor. Furthermore, [ [~ My, is infinite

because lim,ec | M), | = co. Thus as a linear order, [ [~ Mj(,) must consist of an
initial block of order-type w, a final block of order-type «*, and intermediate blocks
of order-type {. We show that the blocks of [ M, are dense.

If C were co-c.e. or the sequence (M, : n € I) were uniformly 1-decidable, then
we could use a saturation argument to conclude that the blocks of [ My, are
dense. However, C is not necessarily co-c.e., and, although each individual structure
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M, is finite and hence decidable, the sequence (M,, : n € I) need not be uniformly
1-decidable. We therefore resort to an ad hoc argument.

Let [¢].[y] € [ TTc Mo | be such that [y] <pj. a,,, [¢]- Then limyec [(y(n).
@)y, | = 00 by Lemma 3.8. If 0(n)]. ¢(n)l. w(n)l. and w(n) <, ¢ (n).
then we can effectively determine the size of the interval (w(n).¢(n)) My, as
follows. Search for xq. .... xx_1 € My, such that SMo) (y(n). xo) holds, such that

SMot) (x;, x;11) holds for each i < k — 1, and such that S0 (x;_1. ¢ (n)) holds.
Then |(y(n), go(n))MH(">| = k. Such a sequence Xxo. .... x| exists because My, is

finite and S™0 is the =My

Define a partial computable function p as follows. Given n, if @(n) ., ¢(n)l. w(n)d,
and w(n) =My @ (n), then determine the size k of the interval (yw(n), p(n ))Ma(m

-immediate successor relation on My,

according to the procedure described above. If k > 0. then locate the [+/2]" <, o(n)
-least element x of (yw(n),p(n ))Mﬁ(n)" and output p(n) = x. Otherwise p(n)t. As
lim,cc |(z//(n),<p(n))M0<n)| = oo, it follows that both lim,cc |(w(n), p(n ))M() ! =
oo and limyec |(p(n). 9(n)) py, | = 00, Thus [w] <10ty 1] <Me My 1]
again by Lemma 3.8. Therefore the blocks of [, My, are dense

As a linear order, [ [~ My, is countably infinite, has a least block of order-type
w, has a greatest block of order-type w*, has intermediate blocks of order-type (,

and the blocks are dense. Thus []. My, has order-type @ + {5 + »* as a linear
order. -

In Lemma 6.6, it is necessary that the structures (M, : n € I) satisfy additional
assumptions (such as being models of I') beyond merely being finite linear orders.
For example, recall from Proposition 4.10 that a cohesive product of finite linear
orders need not have a maximum element.

LEmMaA 6.7. Let O be a computable colored copy of w. There is a computable copy
L of w (constructed from O) such that for every cohesive set C. if ] O is colorful.
then T[] L has order-type w + (w + {np + @*)n., which is the same as o + o ({w +
i+ w*}).

ProoF. Let O = (R.N, <. F) be a computable colored copy of w. and let
R denote (R.<x). Let (M, : r € R) be the uniformly computable sequence of
linear orders where M, =r + 1 for each r € R. Let £ be the generalized sum
L =73"..gM:. Then Lis a computable copy of c.

Let C be a cohesive set for which [ [ O is colorful. We need to show that [[. £
has order-type w + (w + {np + @w*)7.

By Theorem 6.3,

[l.e = Tl.2Mm = > Tl Mo

reR [g]€|nc R|

As in the proof of Lemma 6.5, let Z denote Z[‘)Emc R| [Te Mowy: let [ [Te Rlsa
and | [ [ R|nonsta denote the standard and non-standard parts of [ [ R; and let
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Zaa = Z HC Me(n),

101€|TTc Rl

Znonstd = Z l—[C Mﬁ(”)’

[9]6|1_[c R'nonstd

so that Z = Z4q+ Znonsd- The fact that [[-O is colorful implies that
‘ HC R|nonsld = .

If [0] € |[]o Rlsa. then there is an r € R such that (V*°n € C)(0(n) =r).
Therefore (V*°n € C)(Myy =r +1). so [[c My, =r+1 by Lemma 6.4,
This means that Zyq4 is a generalized sum of finite linear orders over a copy of
W, SO0 Zgq = w.

If [0] € | T1c Rlnonstd. then lim,ec 6(n) = oo by Lemma 4.2. Letting M, denote
the domain {0.1.....r} of M, for each r € R, we have that lim,cc |My(,)| = cc.
Then [[» My, = @ + { + 0* by Lemma 6.6. To see that Lemma 6.6 applies in
this simplified situation, note that we can uniformly computably expand the linear
orders (M, : r € R) to O-structures that are models of I'. For M, = r + 1, define
S to be the usual immediate successor relation, define B(x) to hold exactly when
x = 0, define Ty (x) to hold exactly when x = r, and define 77 (x) and T>(x) to hold
of no element.

We just showed that [[. My, = o +{n+ o* for each [0] € |[]- Rlnonstd-
Therefore Zponsta = @ + (0 + 1+ 0*)np = o +6{w + {n + w*}). Thus

HC L = 2 =2 24+ Zponsd = o+ (w + Cﬂ + (U*)”
= o+to({o++o}),
as desired. -

We are finally ready to handle shuffles of the form ¢ (X U {® + {(n + w*}), where
X C N\ {0} is a Boolean combination of X, sets thought of as a set of finite
order-types. We proceed in two steps. Lemma 6.8 handles the case where X is the
intersection of a X, set and a Il, set, and Lemma 6.9 extends the method to finite
unions of such sets.

LeEMMA 6.8. Let X C N\ {0} be the intersection of a ¥, set and a 11, set, thought
of as a set of finite order-types. Let O be a computable colored copy of w. There is a
computable copy L of w (constructed from O) such that for every cohesive set C, if
[1c O is colorful. then [ ] L has order-type w + 6 (X U{w + {n + w*}).

ProOF. The X = () case is Lemma 6.7, so we may assume that X # (). Let k( be
the least element of X. Let P and Q be computable predicates for which

X ={k:3aVbP(k.a,b)} N{k :Va3b Q(k,a,b)}.

Let O = (R.N, <. F) be a computable colored copy of w. and let R denote
(R, <% ). We define a uniformly computable sequence (M, : r € R) of O-structures
that are finite models of I and have the following properties. Let M, denote the
domain of M, for each r € R.

(1) Ifk € X, then (v>°r € R)(F(r) =k — |M,| =k).

(2) If k < ko, then (V°r € R)(F(r) =k — |M,|=r+1).
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(3) If k > ko and k ¢ X, then either (Vv*°r € R)(F(r) =k — |M,| =ko) or
(Vre R)(F(r)=k — |M,|=r+1).

We then take £ to be the generalized sum )", (M, [ <) of the sequence (M, : r €
R), viewed as a sequence of finite linear orders, over the linear order R.

To compute M, = (M,. <. S, B, Ty, Ty, T), first initialize M, on {0, ..., ko — 1}
as follows:

0 {0.....kg— 1} C M,.

e < agrees with the usual order < on {0, ..., ko — 1}.

e Sis the usual successor relation on {0, ..., kg — 1}.

e B(x) holds if and only if x = 0.

e Ty(x) holds if and only if x = ko — 1.

o Neither 7 (x) nor T5(x) hold of any x € {0, ..., kg — 1}.

If F(r) = ko, orif F(r) < ko and r < ko, then define x ¢ M, for all x > kq. In this
case, M, is the usual presentation of the linear order k( expanded by S, B, Ty, T},
and T as described above. It is straightforward to check that M, =T.

If F(r) < ko and r > ko, then add ko, ..., r to M, so that M, = {0, .... r}. Extend
< to agree with the usual order on {0, ..., r}, and extend S to be the corresponding
successor relation. Define Ti(x) to hold if and only if x = r, and define T>(x)
to hold of no x € M,. Define x ¢ M, for all x > r. In this case, M, is the usual
presentation of the linear order r + 1 expanded by S, B, Ty. T1. and T, where Ty (x)
holds only of ko — 1, T7(x) holds only of r, and T>(x) holds of no element. It is
again straightforward to check that M, =T.

If F(r) > ko, then compute M, in stages. At all stages s, we maintain that M, =T
and that < agrees with the usual order < on the elements of M,. For every x, we
decide whether or not x € M, at stage x at the latest. The initialization of M, on
{0, ..., ko — 1} described above counts as stage 0, so M, =T at the end of stage 0.
Proceed as follows at stage s > 0. If it has not yet been decided whether s € M, by
the beginning of stage s, then define s ¢ M,. Then act according to the following
cases.

Case 1: M, is still {0,....ko— 1} at the beginning of stage s, (Ja < r)(Vh <
s)P(F(r),a.b) holds, and (Va < r)(3b < s)Q(F(r).a,b) holds. In
this case, let s < xg < x| < < Xp(;) g1 be the F(r)—ko least
numbers x > s for which it has not yet been decided whether
x €M, Add Xxo....Xp4) g1 to M, so that M, ={0.....ko -
1. X0, ... Xp(;) k,-1}- Extend < to agree with the usual order on
{0,....ko— 1, xg. ..., xF(r)fkofl}, and extend S to be the corresponding
successor relation. So S(kg — 1. x) holds, and S(x;.x;,1) holds for
all i < F(r) —ko—1. Finally, define T;(x) to hold if and only if
X = Xp(y)_,1- and define T»(x) to hold of no x € M,. Go on to
stage s + 1. Observe that |M,| = F(r) at the end of stage s.

To see that M, =T at the end of stage s, observe that no elements
were added to M, between its initialization and the start of stage s. Thus
at the start of stage s, To(x) holds of one element, and T (x) and T>(x)
hold of no element. During stage s, a new greatest element xp(,) 4,1 18
added, and T (x) is defined to hold of exactly this element. Also, T>(x)
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still holds of no element at the end of stage s. One may now check that
M, =T.

Case2: (Va < r)(3b < s)=P(F(r).a,b) holds and |M,| <r at the beginning
of stage s. In this case, let m = |M,|, and let £y < £} < --- < £,,| be
the elements of M, listed in <-increasing order. Recall that < and <
agree on M;,soalso fy < l1 < -+ <€y, 1. Lets < xg<x1 < < Xpp
be the r + 1 —m least numbers x > s for which it has not yet been
decided whether x € M, . Notice that xy > ¢, 1 as well, as otherwise £,,,_|
would not have been least when it was added to M,. Add xg,....x,
to M, so that M, = {¥4,..... 4,1, X0, ... . Xr—m }. Extend < to agree with
the usual order on {4, .... %, 1.x¢, ..., Xr—m }, and extend S to be the
corresponding successor relation. So S(£,, 1, x¢) holds, and S(x;, x;;1)
holds for all i < r — m. If there is no x for which Tj(x) holds, then define
Ti(x) to hold if and only if x = x,_,, and define T>(x) to hold of no
X € M,.If there is already an x for which T (x) holds, then define 7> (x)
to hold if and only if x = x,,,. Go on to stage s + 1. Observe that
|M,| = r + 1 at the end of stage s.

Notice that Case 1 and Case 2 can occur at most one time each. After
Case 1 occurs, M, is never again {0, ..., ko — 1}, so Case 1 never occurs
again. After Case 2 occurs, we never again have | M, | < r, so Case 2 never
occurs again. Thus prior to stage s, Case 2 cannot have occurred (as it is
occurring now at stage s), and Case 1 can have occurred at most once. If
Case 1 did not occur before stage s, then no elements were added to M,
between its initialization and the start of stage s. The situation is then
analogous to that of Case 1. We define T (x) to hold of exactly the new
greatest element x,_,, that is added at stage s, and we define T>(x) to
hold of no element. If instead Case 1 did occur before stage s, then at the
start of stage s, Ty(x) and T (x) hold of exactly one element each, and
T>(x) holds of no element. During stage s, a new greatest element x,_,
is added, and T>(x) is defined to hold of exactly this element. In either
situation, one may check that M, =T

Case 3: If neither Case 1 nor Case 2 applies, then do nothing more at stage s
and go on to stage s + 1. Then M, |= T at the end of stage s because
M, =T at the start of stage s.

This concludes the construction of (M, : r € R). In the computation of M, for
a given r € R, Case 1 and Case 2 can occur at most once each, as observed in the
discussion of Case 2 above. Therefore elements are added to M, at most twice, so it
is finite. It also follows that M, |= T at the end of the construction because M, =T
at every stage.

We show that the above items (1)—(3) hold.

For item (1), consider a k € X. If k = ko, then |M,| = k whenever r € R and
F(r) = k. Suppose instead that k > ko. Both 3a Vb P(k,a.b) and Va 3b Q(k. a.b)
hold because k € X. Suppose that » € R has F(r) = k and is large enough so that
(3a < r)(Vb) P(k,a.b). Then Case 2 never occurs in the computation of M, because
(Wa < r)(3b < s) =P(F(r). a, b) always fails. On the other hand, Case 1 occurs at
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the first stage s such that (Va < r)(3b < s) Q(F(r), a, b). Therefore |M,| = k. This
shows that (Vv°r € R)(F(r) =k — |M,|=k).

For item (2), consider a k < k¢. Then |M,| = r + 1 whenever r € R, r > k. and
F(r) =k.Thus (v>°r e R)(F(r) =k — |[M,|=r+1).

For item (3), consider a k > ko with k ¢ X. Then either Va 3b ~P(k,a,b) or
Ja Vb ~Q(k. a,b). First suppose that Va 3b —=P(k, a. b) holds. Letr € Rhave F(r) =
k and r > k. Let s be the first stage at which (Va < r)(3b < s) =P(F(r). a. b) in the
computation of M,. Then |M,| < r at the beginning of stage s. This is because Case
2 cannot have occurred before stage s by the choice of s, so either |M,| =ko <r
(if Case 1 has not occurred by stage s) or |[M,| = k < r (if Case 1 has occurred by
stage s). Thus Case 2 occurs at stage s, so | M,| = r + 1 at the end of stage 5. Neither
Case 1 nor Case 2 occurs after stage s because Case 2 occurs at most once and Case
1 cannot occur after Case 2. Thus |M,| = r + 1 at the end of the construction. This
shows that (Vv>°r € R)(F(r) =k — |M,|=r+1).

Finally, suppose that JaVb-Q(k,a.b) holds but Va3Ib-P(k a. b) fails.
Thus both 3aVb P(k,a.b) and JaVb-Q(k.a,b) hold. Suppose that r € R
has F(r) =k and is large enough so that (Ja < r)(Vh) P(F(r).a,b) and
(3a < r)(Vb) =Q(F (r).a.b). Then neither Case 1 nor Case 2 occur at any stage in
the computation of M,. Thus | M, | = ko. This shows that (v>°r € R)(F(r) =k —
|M,| = ko) and completes the argument that item (3) holds.

Let £ be the generalized sum ) ., (M, 1<) of the sequence (M, : r € R), viewed
as a sequence of finite linear orders, over the linear order R as indicated above. Then
L is a computable copy of w. Let C be a cohesive set for which [[. O is colorful.
We need to show that [ £ has order-type w + ¢ (X U {w + {5 + w*}).

Theorem 6.3 gives us that, as linear orders,

[lee = Tlexm = >0 T Moo

reR [01€|1c R|

As in the proofs of Lemmas 6.5 and 6.7, let Z denote the linear order
ZW]GH_IC R| [Tc Mo@y: let [T]e Rlsa and |[]¢ Rlnonsta denote the standard and

non-standard parts of [] ¢ R:and let

Zga = > HC M)

01| R|s

Znonstd = Z l_[C MG(")’

[0]e | l_[C 7?‘|nonstd

so that Z = Zq + Znonsta- We show that the order-type of the block [ My,
of ¢x(Zhonsta) corresponding to [0] € |[]- Rlnonsta is determined by the color
FllcO([0]) of [0]in [], O.

Crav 1. If[0] € | [T¢ Rlnonsta and Fllc ©([0]) is solid color [k] for ak € X . then
[T Moy = k as a linear order.

PrOOF OF CLAM 1. We have that lim,cc 0(n) = co by Lemma 4.2 and that
(V>°n € C)(F(0(n)) = k) by definition. Furthermore, k € X implies that (V>®°r €
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R)(F(r) =k — |M,|= k) byitem (1). Therefore (V>*°n € C)(| M| = k). Thus
[Tc My(n) = k by Lemma 6.4. .

Cram 2. If[0] € [[]¢ Rlnonstd and F1lc ©([0)) is solid color [k] with k < ko. then
[Tc Mo = @ + {np + ™ as a linear order.

ProOF OF CrAmM 2. Again, lim,cc 0(n) = oo by Lemma 4.2 and (V*®°n €
C)(F(0(n)) = k) by definition. Furthermore, k < ko implies that (V*°r €
R)(F(r) =k — |[M,|=r+1) by item (2). Therefore lim,cc |My(,)| = oc. so
[Ic Moy = @ +{n + »* by Lemma 6.6. =

Cramm 3. If[0] € | [ Rlnonsta and Fllc ©([0)) is solid color [k] for a k > ko with
k & X.then. as a linear order. [ [~ My, either has type ko or type o + {n + w*.

Proor oF Cram 3. Again, lim,cc 6(n) = oo by Lemma 4.2 and (V*°n €
C)(F(6(n)) = k) by definition. As k > ko and k ¢ X either (V>°r € R)(F(r) =
k — |M,| =ko) or (V*°r € R)(F(r)=k — |M,| =r+1) by item (3). The first
alternative yields that (V>°n € C)(|Mj,)| = ko) and hence that [, M, = ko by
Lemma 6.4. The second alternative yields that lim,cc [My(,)| = oo and hence that
[T Mon) = @ + {7 + o* by Lemma 6.6. =

Cramm 4. If[0] € | [1c Rlnonsta and Flc ©([0]) is a striped color, then, as a linear
order. [ [ Mg,y has either type ko or type o + {n + w*.

ProOF OF CLaM 4. We have that lim,cc 8(n) = co by Lemma 4.2 and that
lim,cc F(0(n)) = 0o because Fllc @([0]) is a striped color. By inspecting the
construction, we see that for r € R, either |M,| = ko, |M,| = F(r), or |M,| =
r + 1. By cohesiveness, either (V>°n € C)(|M9(n | < ko) or (V°n € C)(|My(,| >
ko). If (V*°n € C)(|My(,| < ko). then in fact (V"On € C)(|M0 )| = ko) because
lim,cc F(0(n)) = co. In thls case. we have that []. My, = ko by Lemma 6.4. If
instead (V*°n ¢ C)(|Mg )| > ko). then it must be that llmnec |My(,)| = oo. This
is because |Mj,)| is elther F(0(n)) or O(n) + 1 for almost every n € C and both
lim,cc F(ﬁ(n)) = oo and lim,e¢ 0(n) = oo. Therefore [T My, = o + {n + w*
by Lemma 6.6. o

If [0] € |[1¢ Rlsa. then there is an r € R such that (V*°n € C)(0(n) =r).
Therefore there is a k>0 such that (V®°n € C)(|My(,| = k). in which case
[Tc Mgy = k by Lemma 6.4. This means that Zyq is a generalized sum of finite
linear orders over the copy | [ [ R|su of @, 50 Z4q = @

Think of the sum condensation ¢z (Zponsia) as being colored by Fllc @ where
the block []. My, corresponding to [0] € |[] Rlnonsta gets color Fllc O([0)).
The product []- O is colorful, which means that ¢s(Zhonsta) = | [1¢ Rlnonsta =7
and that each solid color occurs densely. By Claims 1-4 the order-type of block
nC MH(n) for [0] € | ]_[C R|nonstd is:

e k if [0] has solid color [k] with k € X.

o w + {n + w* if [A] has solid color [k] with k < ko (which includes k = 0
because ko > 0).

e Either kg or w + { + w™ if [0] has solid color [k] with k > kg and k ¢ X.

e Either kg or w + (i + w* if [0] has a striped color.
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Therefore Zyonea = 6 (X U{w + {n + w*}). Thus
[[.£ =2 2 2 ZutZiwa = oteXU{o+i+o7)).
as desired. 4

LemMa 6.9. Let X C N\ {0} be a Boolean combination of X, sets, thought of
as a set of finite order-types. Let O be a computable colored copy of @. There is a
computable copy L of o (constructed from ©O) such that for every cohesive set C, if
[1c O is colorful. then T[] L has order-type  + ¢ (X U {w + (n + w*}).

ProoOF. The X = () case is Lemma 6.7, so we may assume that X # (). Let ko be
the least element of X. By putting X in disjunctive normal form and noticing that
finite intersections of X, sets are X, and that finite intersections of I, sets are IT,,
we may write X as a finite union X' = (J,_y X;. where each X; is the intersection of
a X, set and a IT; set. It is convenient to further assume that ky € X; foreachi < N.

Let O = (R.N, <z, G) be a computable colored copy of w, and let R denote
(R. <®). We define a uniformly computable sequence (M, : r € R) of O-structures
that are finite models of I'. Let (-,-): {0,....N — 1} x N — N be a computable
bijection with computable projections 7y and ;. Compute each M, as in the proof
of Lemma 6.8, but for set X, (G(,) and color F(r) = 7;(G(r)).

Let £ be the generalized sum ) ., M,. as in the proof of Lemma 6.8. Then £
is a computable copy of w. Let C be a cohesive set for which [[. O is colorful.
Then again [[. £ = Zgq + Znonsia- Where | [ [ Rlsa and | [ Rlnonsta denote the
standard and non-standard parts of ]_[C R,

Zgd = Z HC M(')(”)-

01| R|s

Zoonstd = Z l_[C MG(")’

[01e | l_[C 7?‘|nonstd

and Z4q & w.

Again, think of e (Zonsa) as being colored by Gllc ©, where the block [ M)
corresponding to [0] € | [ Rlnonsta gets color Gllc ©([0]). The product []- O is
colorful, which means that es(Znonstd) = | [ 1 Rlnonsta = # and that each solid color
occurs densely. The order-type of block [ [~ My, for each [0] € |[ [ Rnonsta can
be determined as in the proof of Lemma 6.8.

o If Gllc (A7) is solid color [(i. k)] where k € X;. then [Tc Myg) = k.

o If GI1c O([07) is solid color [(i. k)] where k < k. then [le Moy 2o +8n+
w*.

o If GI1c O([0)) is solid color [(i. k)] where k > ko and k ¢ X;. then [Te Mo
either has order-type k¢ or order-type w + (i + w*.

e Suppose that Gllc ©([0]) is a striped color. As 7y(G(r)) < N for every
r € R, the cohesiveness of C implies that there is an i < N such that
(V*°n € C)(no(G(0(n))) =i). Therefore lim,cc 71(G(0(n))) = oo because
Gllc O([0)) is striped. and so [1c M) either has order-type k¢ or order-
type @ + {n + @™ as in the proof of Lemma 6.8.
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Therefore Zhonstd = 6(Uicy XiU{o +p+0*}) =6 (X U{w + n + w*}).
Thus [[o £ = o +6(X U{w + {n+ w*}) as desired. -

We end with the main result of this section by combining Theorem 5.3 with
Lemmas 6.5 and 6.9.

THEOREM 6.10. Let X C N\ {0} be a Boolean combination of X, sets, thought of
as a set of finite order-types. Let C be a co-c.e. cohesive set. Then there is a computable
copy L of w where the cohesive power [ L has order-type w + 6 (X U{w + {n +
®*}). Moreover, if X is finite and non-empty, then there is also a computable copy L
of w where the cohesive power [| L has order-type w + ¢ (X).

Proor. Let C be a co-c.e. cohesive set. By Theorem 5.3, let O be a computable
colored copy of w such that [[. O is colorful. Let X C N\ {0} be a Boolean
combination of X, sets. Let £ be the computable copy of w constructed from O for
X as provided by Lemma 6.9. Then [[- £ = o +6(X U{w +{n +w*}). If X is
finite and non-empty, then we may alternatively apply Lemma 6.5 instead of Lemma
6.9 to obtain a computable copy £ of w with [[- £ = o + a(X). -
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