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SEMI-CLASSICAL BOUNDS
ON SCATTERING CROSS SECTIONS
IN TWO DIMENSIONAL MAGNETIC FIELDS

HIDEO TAMURA

Abstract. We prove the uniform boundedness of averaged total cross sections
or of quantities related to scattering into cones in the semi-classical limit for
scattering by two dimensional magnetic fields. We do not necessarily assume
that the energy under consideration is in a non-trapping energy range in the
sense of classical dynamics.

§1. Introduction

The present work is a continuation to [20] where we have studied the
shadow scattering (the quantum total cross section doubles the classical one
in the semi-classical limit) in magnetic fields under the assumption that the
energy under consideration is in a non-trapping energy range in the sense
of classical dynamics and we have proved that the shadow scattering is in
gerenal violated in the case of scattering by magnetic fields. We here study
the problem about the uniform boundedness of averaged total cross sections
or of quantities related to scattering into cones in the semi-classical limit
without assuming such a non-trapping energy condition. In final section
(Section 9), we also study the bound on cross sections for scattering by
magnetic fields with small support. As a conclusion, we can obtain that
such a bound seems to depend on the flux of magnetic fields.

Throughout the whole exposition, we work exclusively in the two
dimensional space R? with generic point = = (z1,22). Let A(z) = (a;(x),
as(z)) : R? — R? be a smooth magnetic vector potential and let

(L1) H(A) = (—i¥ — AY/2= 3(D; — ay)2/2

J=1

be the Schrodinger operator associated with magnetic potential A, where
D; = —i0; = —id/0x;. We sometimes identify A with the one-form A =
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aidzry + agdre and the magnetic field b(z) = 01agy — dra; with the two-
form dA = b(x) dzy A dzy. Throughout the entire discussion, b(x) is always
assumed to satisfy that:

(1.2)  b(x) € C(R?) is a real smooth function with compact support.

The Hamiltonian H(A) describes a quantum particle of unit mass mov-
ing in the magnetic field b. The magnetic potential A(z) with dA = b is not
uniquely determined and cannot be expected to fall off rapidly at infinity,
even if b(z) is assumed to be compactly supported. In fact, A(z) does not
decay faster than O(|z|™1), if

(1.3) 3 = (2m)"! /b(a:) dz

does not vanish (273 being called the flux of magnetic field b), where the
integral with no domain attached is taken over the whole space. We use
this abbreviation throughout. Thus the perturbation H(A) — Hy to the
free Hamiltonian Hy = —A/2 is of long-range class. This implies that
the scattering matrix does not necessarily admit the usual decomposition
Id+{Hilbert-Schmidt class}, Id being the identity operator, as in the short-
range scattering case and also the total cross section is not necessarily finite.
Indeed, it depends on the value 8 and becomes finite only for integer 5 € Z.

We shall explain the above matter more precisely. The total cross
section is invariant under gauge transformations. We fix one of magnetic
potentials A(x) with dA = b and define it as follows:

ai(z) = ~(2m) 10, [ log|x — ylbly)

(1.4)
as(a) = (27) 10y [ loglw — y|b(y) dy.
As is easily seen, A(z) = (a1(z),az(x)) satisfies b = dA and behaves
like ) )
ws) ar(z) = ~Bra|af? + O(ja| ),

az(x) = Bz1/|z|* + O(|z|2)

as |r| — oo. Thus A(x) does not fall off faster than O(|xz|~!) at infinity,
provided that 3 # 0.

We denote by H = H(A) the Schrédinger operator with A(x) defined
above as a magnetic potential. This operator formally defined by (1.1)
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admits a unique self-adjoint realization in the space L2(R?) with domain
H?(R?) (Sobolev space). We also denote this realization as the same nota-
tion H = H(A). As previously stated, the perturbation H(A) — Hy is of
long-range class. Nevertheless we know ([11, 12]) that the ordinary wave
operators

(1.6) Wy(H,Hy) =s— , lirin exp(itH ) exp(—itHy)
— 100

exist and are asymptotically complete

(1.7) Ran W4 (H, Hy) = L*(R?).

It is also known ([9]) that H has no bound states. Hence the scattering
operator

S(H,Ho) = Wi (H, H)W_(H, Hy) : L*(R*) — L*(R?)

can be defined as a unitary operator on L?(R?) and it has the direct integral
decomposition

S(H, Hy) = /0 & S(\: H, Hy) d,

where the fiber S(\; H, Hp) is called a scattering matrix at energy A\ and
acts as a unitary operator on L?(S'), S! being the unit circle. According
to the results due to [1, 10], the scattering matrix has an integral kernel
S(0,w, \; H, Hy) smooth in A > 0 and (0,w) € S* x S!, 6 # w. However
the scattering matrix S(A; H, Hy) does not necessarily take such a form
as Id + T'()\) with Hilbert-Schmidt operator T'(\) acting on L?(S') be-
cause of the long-range perturbation. In other words, the scattering kernel
S(6,w, A; H, Hy) does not necessarily admit the delta-function §(8 — w) as
a singularity near the forward direction 6 = w.

We shall analyse such a singularity near the forward direction. We now
write

y(z) = tan™ (zo/z1), 0 <~ <2m,

for the azimuth angle from the positive z; axis. Then
Vy = (~az/lal?, 21 /|2f?)
and hence it follows from (1.5) that

Ax) =BVr+0(2|7?),  |z] = oo.
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It should be noted that Vv is smooth in R?\ {0}, although ~(z) itself is
smooth only in the plane split along the positive x; axis. We also introduce
the auxiliary Hamiltonian

(1.8) Hs = H(B) = (~iV - B2, B(x) = fVA(x),

for which the perturbation H — Hy is of short-range class. By the chain
rule of wave operators, we obtain

Wi (H,Hy) = Wy (H,Hg)Wi(Hg, Hop)
and hence it follows that
S(H,Hy) = W} (Hg,Hy)S(H, Hg)W_(Hg, Hy),
where S(H,Hg) = Wi(H, Hg)W_(H, Hg). The magnetic potential B(z)

represents so-called magnetic string and has a strong singularity at the
origin. Thus the operator Hg does not necessarily have the same domain
as H or Hy. However it has been proved in [15] that the wave operators
W (Hg, Hp) exist and are complete Ran W (Hg, Hp) = L*(R?). Therefore
the existence and completeness of wave operators Wy (H, Hg) also follow
immediately from (1.6) and (1.7). As is easily seen, Hg is rotationally
invariant and hence it admits the partial wave expansion. This enables us
to calculate explicitly the scattering kernel of S(\; Hg, Hp) ([15]). It takes
the form

(S(A; Hg, Ho)f)(6) = Ozw Ss(6— @) f(0)de', fe L*(SY),

where 6 and ¢ denote the azimuth angles from the positive z; axis and
S3(0) is given by

6
(1.9)  S3(0) = cos B 6(0) — i *sin B exp(imb) v.p. E)%%}i
with m = [f], [ ] being the Gauss notation. Here v.p. stands for the

principal value. If, in particular, 8 is an even integer, then S(\; Hg, Hy) =
Id and also if # is an odd integer, then S(A; Hg, Hy) = —Id. Since H —
Hpg is a short-range perturbation as stated above, the scattering matrix
S(X; H, Hg) has the decomposition Id-+T'(\) with Hilbert-Schmidt operator
T(A). Thus the operator

(1.10) T(N\;b) = i(2m) Y (S(\; H, Ho) — S(\; Hg, Hp)) : L*(S') — L*(S")
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becomes an integral operator of Hilbert-Schmidt class and it has the kernel
T(0,w,\;b) = i(2m) " (S(8,w, \; H, Ho) — S(6,w, \; Hg, Hy)).

We give the concrete expression for T'(6,w; A;b) in the next section (see
Lemma 2.1). This is represented in terms of generalized eigenfunctions
w4 (x, \,w) of Hg and has a definite meaning as a quantity related to scat-
tering involving the pair (Hg, H), when H is considered as a short-range
perturbation to Hpg.

We define the differential cross section for scattering from incident di-
rection w to final one # at energy A > 0. It takes the form

f(w = 6, 0)[% = 2m(20)1/?|S(6,w, A H, Ho) — 8(6 — w)|?
and the total cross section is defined as

mM%mw:/U@ﬁﬂkﬁﬁw

The above integral is convergent for integer § € Z but is divergent for
non-integer B & Z because of strong singurality near the forward direction.
Thus the total cross section oo (A, w) is finite only for § € Z. We now
introduce

(1.11) o(\wib) = (27r)3(2/\)'1/2/[T(B,w,)\;b)|2d6

as a basic quantity to be analysed here. This integral is finite even for the
case B ¢ Z. If, in particular, 5 € Z, then o(\,w;b) just coincides with the
total cross section oot (A, w;b).

We move to the the semi-classical case and formulate the main result.
Let

Hy(h) = —h%2A/2, H(h)= H(h;A) = (—ihV — A)?/2, 0<h< 1,

where the magnetic potential A(z) is again defined by (1.4). For the pair
of semi-classical Hamiltonians (Hg(h), H(h)), the basic quantity o (X, w;b)
is given by

(1.12) op(A,w;b) = o(k,w; gb)

with
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(1.13) g=h"1t>1, k= Ah"2 = \g%

We average this quantity with respect to incident direction w and define
Oav n(A;0) = (27r)‘] /ah(/\,w;b) dw.
Then the main theorem is formulated as follows.

THEOREM 1.1. Let the notations be as above. Assume that the mag-
netic field b(z) fulfills (1.2). Then one has

Tav,h(A;b) = O(1), h — 0,
locally uniformly in A > 0.

Assume that §/h € Z is an integer. Then the total cross section for
the pair (Ho(h), H(h)) is finite and oo p (A, w;b) = op(A,w;b). We define

the averaged total cross section as

O'avtot;,h(/\§ b) = (271-)—1 /Utot,h (/\, ws b) dw.
As an immediate consequence of the above theorem, we obtain the following

COROLLARY 1.2. Assume that (1.2) is fulfilled. If 3/h € Z is an inte-
ger, then
Uavtot,h()\; b) = O(l)a h — 0,

where h tends to zero with restriction §/h € Z. If, in particular, b = b(|z|)
is a radial magnetic field, then oy p(A, w;b) = O(1) as h — 0.

We give another application of Theorem 1.1. Let g = k™! and k = A\h 2
be as in (1.13). Then the differential cross section for the pair (Hy(h), H(h))
is given by
|fu(w — 0, X;0)2 = | fw — 8, k; gb)|2.

Let p(w) be a bounded function with support in a small neighborhood of
some direction wq fixed. We consider the following integral

on(, p, C) = /A/\fh(w 0,002 p(w)](cos ')~ dw B,

https://doi.org/10.1017/50027763000006309 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006309

TWO DIMENSIONAL MAGNETIC FIELDS 31

where C' = (0,00) x A C R? is the cone generated by the compact subset
A C S' and W’ denotes the angle between directions w and wg. The above
quantity represents the total number of particles scattered into cone C at
energy A for the initial state having incident direction w subject to proba-
bility density |p(w)|? ([2], Chap. 7). If supp pN A = 0, then it is easily seen
that o, (A, p,C) < oo even for the case §/h & Z.

COROLLARY 1.3. Assume that (1.2) is fulfilled. Let C = (0,00) x A be
the cone generated by the compact subset A C St and let o, (), p,C) be as
above. If supp pN A =0, then

on(A p,C)=0(1), h—0.

We shall explain the results related to the main theorem. First it should
be noted that the total scattering cross section with incident direction fixed
is not necessarily expected to be bounded uniformly in h, 0 < h < 1. It
may grow exponentially as h — 0 for some incident direction in a trapping
energy range because of the resonance effect. This result is known as the
Breit-Wigner formula in the potential scattering case (for example, see [7]).
The uniform boundedeness as h — 0 of averaged total cross sections has
been verified by Sobolev [17] in the potential scattering case. The study
there has been made on the bound for o,yt01(k,gV'), where oayior(k, gV)
denotes the averaged total cross section at energy k for Schrodinger operator
—A + gV with finite-range potential V. The semi-classical result follows as
a special case from the bound in the parameter range (g, k) with £ ~ g and
g — o0. On the other hand, the magnetic scattering case corresponds to
the parameter range with k ~ g% and g — 0o (see (1.13)). The proof of the
main theorem is, in principle, based on the same idea as developed in [17].
However the idea there cannot directly apply to the magnetic scattering
case. The Hamiltonian Hg defined by (1.8) has the magnetic string B(z) =
BV~(x) with strong singularity at the origin. Several new improvements
are required at many stages of the proof to control the perturbation H — Hpg.

We conclude the section by fixing several basic notations. The notations
(,)and (, ) denote the scalar products in R? and in L?(R?), respectively,
and || || is used to denote the norm of bounded operators. We also fix
Y € C§°([0,00)) as a basic smooth cut-off function. This function has the
following properties: i > 0 is non-increasing and takes the values

(1.14) P(s) =1 for 0<s <1, P(s) =0 for s> 2.
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These notations are often used without further references throughout the
entire discussion.

§2. Integral kernel of operator T'(A;b)

We keep the same notations as in the previous section. In this section,
we give the representations for the integral kernel T'(0,w, \;b) of operator
T'(A;b) defined by (1.10) and for the basic quantity

o (t) = (2m) 7 [ o0, w3b) dw = 2r2N) VAT,

where || |lus denotes the Hilbert-Schmidt norm.

2.1. The representation for the kernel T'(6,w; \;b) has been already
derived in [19]. We begin by making a brief review on the results obtained
there. Let Gg = {z : |z| < R} be the ball centered at the origin with
radius R. For notational brevity, the magnetic field b is always assumed to
be supported in the unit ball

supp b C Gj.

Let A(x) be defined by (1.4) and let B(z) = fVy(z) be as in (1.8). Then
it readily follows that

9%(A(e) - B(a)) = O(J2| 2 ),  Ja| = oo.

Hence we can define a(x) € C*®°(R?\ {0}) as

(2.1) a(z) = — /100(x1a1(5x) + z9az(sz))ds, z #0.

The function a(z) is not necessarily smooth at the origin. It behaves like
O(|z|7!) as |z| — 0. A simple computation yields ([19] Lemma 2.2) that

(2.2) A(z) = B(z) + Va(z) + E(z), z #0,
where E(x) = (e1(x), ez2(x)) is given as

ei(z) = /100 szab(sz) ds, ex(z) = — /100 sz1b(sz) ds.

The vector potential E(x) has support in G but is not necessarily smooth
at the origin.
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Let a(x) be as above and let ¥ (s), s € [0,00), be a basic smooth cut-off
function. It has the properties in (1.14). We often write ¥, (z) = ¢ (|z|/2™).
We now define

(2.3) V =HJ— JHyz = H(A)J — JH(B),
where J is the multiplication operator with function .J(z) defined by
(2.4) J(@) = Poo(@)Ja(z),  Jalz) = exp(ia(z)),
and s (z) = 1 — ho(x), vo(x) = ¥(|z|). We calculate
V = Jo(H(A = Va)to — Yoo (B))

by use of the gauge transformation. By definition, 1o (z) vanishes on G
and hence it follows from (2.2) that A — Va = B on the support of ¥.
Since oo = Poo(|z]) is rotationally invariant, this implies that

(2'5) V= Ja[H(B)y'(/)oo] = Ja[H077;boo] = Ja[l,[)O)HO]y

where the notation |, | denotes the commutator relation. Thus the coef-
ficients of first order differential operator V are all supported in {z : 1 <
|z| < 2} and, in particular, they vanish in a neighborhood of the origin.

2.2.  Aspreviously stated, the operator Hz = H(B) admits the partial
wave expansion. Let A;, | € Z, be the eigenspace of the operator —id/96
acting on L?(S!) with eigenvalue /. Then we have

L2((0,00):dr) @ L2(S") = 37 @ (L2((0,00);dr) @ A,).
ez

We use the unitary mapping
(2.6)  (Uu)(r,0) = r/?u(rd) : L*(R?) — L*((0,00);dr) ® L*(S*)
to obtain that Hp is formally decomposed as

Hg~UHU™ =) @ (P ®1d),
lez

where
P= (=07 + (= 1/ ?)/2, v=[-gl
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The operator P, has a self-adjoint realization in L?((0, 00); dr) with domain
D(P) = {f € L*((0,00)) : Aif € L*((0,00)), lim r~V/|f(r)| < o0},

where the operation P, f is interpreted in the distributional sense. Hence the
operator Hg formally defined by (1.8) also admits a self-adjoint realization
(denoted by the same symbol Hg) in L?(R?) with domain

D(Hg) =Y _oU ' (D(P) @ Ay).
lez

Let v(z;w) be the azimuth angle from w. We write
oz, \,w) = exp(iV2X\(z,w)), Hopo = Apo,

for the generalized eigenfunction of the free Hamiltonian Hy = —A/2. As
is well known, g is expanded as

@27 wola hw) = 3 explilllr/2) exp(ilb(2))Jy (V2X 2],

ez

where () = v(z;w) and J, denotes the Bessel function of order p. We also
define the generalized eigenfunctions of operator Hg. These eigenfunctions
are formally defined as

@i(x> )‘7“}) = W:l:(H,B7 HO)SDO

by use of the intertwining property. However this definition does not have
the rigorous meaning, because ¢q is not in L?(R?). To give the precise
definition, we make use of the expansion formula (2.7) for ¢y and of the
well-known asymptotic formula of the Bessel functions

(2.8)  Jy(r) = (2/m)Y 2" 2 cos(r — (2p + V)7 /4) (1 + un(r)) + O(r~)

as 7 — 00, where uy(r) obeys the bound (d/dr)™un(r) = O(r~1"™). We
now define fi;(r) as

fa(r) = exp(iilllﬂ/Q)Jm(r) — exp(Livr/2)J,(r), v=]|l-8|
Then it follows from (2.8) that

Far(r) = Cor ™/ exp(Fir) + exp(Fir)O(r~*/2) + exp(ir)O(r~/?)
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for some constants C'y;. This relation yields that
(d/dr)fa(r) £ifu(r) = 032, r— .

Hence fi(r) and f_;(r) satisfy the incoming and outgoing radiation condi-
tions at infinity, respectively. Let 6(x) = v(z;w) be again the azimuth angle
from w and let {(z) = v(z; —w). If we make use of expansion formula (2.7)
and of the simple relation exp(i|ll|m + ilf) = exp(il{), then we can define
the incoming eigenfunction ¢ associated with wave operator W, (Hg, Hp)
as

(2.9) ¢i(z, A\ w) = Zexp(imr/?) exp(ilf(z))J, (V2 |z]), v =[-8,

ez

and the outgoing eigenfunction ¢_ associated with W_(Hg, Hy) as

(2.10) @ (z, A, w) = > exp(—ivm/2) exp(il((x))J,(V2X|z]), v = |l - 3].

lez

As is easily seen, the two eigenfunctions above are connected with each
other through the relation

oz, \w) =exp(i(v —Dm)e_(x, A\, w).
The scattering matrix S(\; Hg, Hp) has the property
(2.11) S(X\;Hg, Ho) : ¢ (x,\,-) = @4(z, A, )

as an operator acting on L*(S') = 3,.,@®A;. This implies that S(X;
Hg, Hp) acts as the multiplication operator with exp(i(l — v)m) on each
eigenspace A; and hence the integral kernel of S(X; Hg, Ho) is given by
(o}
S(0,w; \; Hg, Ho) = (2m) 7" Z exp(i(l — v)m)exp(il (6 — w)),

=~

which leads us to (1.9) after a simple calculation. Here the coordinates over
S1 are identified with the azimuth angles from the positive z; axis.

2.3. We write R(u; H), Im ;2 # 0, for the resolvent (H — u)~!. Let

LAR?) = L*(R% () dz),  (x) = (14 [2")"/2,
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be a weighted L? space. According to the results due to [9], the operator H
has the following spectral properties: (1) H has no bound states; (2) The
boundary values R(A +1i0; H), A > 0, of resolvents to the positive real axis
exist

R(A+i0; H) = lifg R(\+ie; H) : L*(R?) — L2 (R

for s > 1/2, where the convergence is locally uniform in A > 0. The lemma
below has been obtained as Proposition 5.1 of [19].

LEMMA 2.1. Let V and J be defined by (2.3) and (2.4), respectively.
Then the operator T'(X\;b) has the following integral kernel:

T(6,w,A;b) = (2m) 2((J* = V*R(A +1i0; H))Ve_ (A, w), 01 (A, 0)),

where (, ) denotes the L? scalar product in L*(R?) and pi(\w) =
v+ (z,\,w) are the eigenfunctions of Hg defined by (2.9) and (2.10).

This lemma shows that T'(\; b) : L2(S') — L?(S?!) is of Hilbert-Schmidt
class for all A > 0 and hence it follows by definition that

(2.12) Tav(A; ) = (2m)2(2A) T 2(|(T*T) (A ) |1 1v,s

where (T*T')(X\;b) = T*(A\;b)T(A;b) and || |1y stands for the trace norm.
We calculate the integral kernel of (T*T)(A;b) by making use of Lemma
2.1. For notational brevity, we write S(X) for S(\; H, Hy) and Sg(\) for
S(A; Hg, Hp). Since both the operators are unitary, we obtain

(T*T)(Asb) = i(2m) " {SHNT (A b) = (S5NT(A: )"}

By (2.11), Sj(A) maps ¢4 (z, A, -) to @_(z, A, -) and hence the integral kernel
of (S5T)(A;b) is represented as

(SET)(0,w; Asb) = (2m) (I = VI R(A +i0; H(A)) V- (X w), o~ (A, 0))

by Lemma 2.1. Thus the kernel of operator (T*T")(\;b) is decomposed into
the sum T} (0, w, A\;b) + T2(6,w, A; b), where

Ty = i(2m) "} (JV = VT)p- (A w), - (1, 6),
Ty = (2m)"2(E'( H)Vip_ (A, w), Vo (A, 0))

https://doi.org/10.1017/50027763000006309 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006309

TWO DIMENSIONAL MAGNETIC FIELDS 37
and E’(X\; H) is given as
E'(\H) = (d/dNE(N; H) = (2m1) " (R(\ +i0; H) — R(\ —40; H))

with the spectral resolution E(A; H) of H. We assert that T} (6, w, \;b) = 0.
To see this, we recall the definition (2.3) of V' and compute

JV —V*J =1 — 2, Hy),

where 1 — 2, has compact support. Since H gY— = Ap_, the above as-
sertion follows at once. Thus the representation for the integral kernel of
(T*T')(A; b) is obtained as

(2.13) (T*T)(0,w, \;b) = (21) 2(E'(\ H)Wo_ (A w), Ve_(),0)).

Recall that all the coefficients of V' are supported in {z: 1 < |z| < 2}.
Let ¥o(x) = ¢(|2]/22), so that ¥V = Vipy = V. Taking account of these
facts, we now define the following two operators:

(Z0N@) = [ (Vi) @A w)f () do s LHST) — LA(R?),
D(\) = o E'(\; H)y : L*(R?) — L*(R?).
Then we combine (2.12) and (2.13) to obtain the following

LEMMA 2.2. Let the notations be as above. Then the operator (T*T')
(A;b) is decomposed as the composition of three operators

(T*T)(Asb) = (2m) 22" (MT(N)Z(A)

and one has

av (A1) = (20) V22 (NI Z(N) |-

2.4. We turn back to the semi-classical case. We use g and k with the
meanings ascribed in (1.13). Taking account of relation (1.12), we define
the two Hamiltonians as follows:

H(g) = H(gA) = (=iV — gA)*/2, Hp(g) = H(9B) = (—iV — gB)?/2.
The outgoing eigenfunction ¢_(z, k,w;g) of Hg(g) is given by

(2.14) @ Zexp (—ivm/2) exp(il{(z))J], (\/—ILLI) v=I|l-gpBl

leZ

https://doi.org/10.1017/50027763000006309 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006309

38 H TAMURA

with the azimuth angle ((z) = v(z; —w) from —w. We further define the
following operators:

J(9) = Yoo(x) exp(iga(z))x,  Ja(g) = exp(iga(z))x,

V(g) = H(9)J(9) — J(9)Hp(9) = Ja(9)[¥0, Hol,

(Z(k;9) ) (@) = [(V(9)p-)(x, k,w; g) f(w) dw : L(ST) — L*(R?),
T(k; g) = 2 E'(k; H(g))¥2 : L*(R?) — L*(R?),

(2.15)

where a(z) is defined by (2.1) and
E'(k; H(g)) = (2mi) " {R(k +i0; H(g)) — R(k — i0; H(g))}.

Then it follows from Lemma 2.2 that the quantity o,y p(A;b) in Theorem
1.1 is expressed as

(2.16)  Tavp(N;b) = gav(k; gb) = (2k) "2 Z* (k; 9)T'(k; 9) Z (K; 9) || 1

with ¢ = ™' and k = A2 = Ag?. This relation plays a basic role in
proving the main theorem.

83. Main lemmas and proof of Theorem 1.1

In this section we prove Theorem 1.1, accepting the two main lemmas
below (Lemmas 3.2 and 3.3) as proved. The main body of the present work
is occupied by the proof of these two lemmas.

3.1. The proof of the theorem is based on the singular number (s-
number) theory of bounded operators. Let X;, 1 < j < 2, be separa-
ble Hilbert spaces and let B, = B,(Xi,X2) denote the class of finite-
dimensional operators K : X1 — X5 with dimRan K < n. For a bounded
operator F': X; — Xy, we define the singular numbers of F' as follows:

snt1(F) = min [|[FF— K[|, n >0,

where || || stands for the norm of operators from X; into Xs. If, in partic-
ular, F': X; — X; is a non-negative compact operator, then the s-numbers
sn(F) are nothing but the eigenvalues of F. We here summarize several
basic properties of s-numbers which are repeatedly used throughout the
argument below. We refer to [8] and [18] (Lemma 3) for the proof of these
properties.
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PROPOSITION 3.1. (1) s,(F) = s, (F*).
(2) Let Fy, F5: Xy — X5 be bounded operators. Then

Spam—1(F1 + Fp) < 8,(F1) + sim(F2).

(3) Let Fy: Xy — Xy and Fy : Xo — X3 be bounded operators. Then

5n+7n71(F2F1) S 3n<F1)3m(F2)-

(4) Let F: X; — X be a compact operator. Suppose that (F+1d)~! :
X1 — Xy is also bounded. If s,(F) < 1, then

sa((F 4+ 1d)™") < (1= s,(F)) .

We now formulate the two main lemmas from which Theorem 1.1 is
obtained by repeated use of Proposition 3.1.

LEMMA 3.2. Let Z(k;g) : L?(S') — L%(R?) be defined in (2.15). Then
there exists L > 1 large enough such that for n > Lg

sn(Z(k;g)) < Ce™ ™
with some C, d > 0 independent of n and g > 1.

LEMMA 3.3. Let I'(k; g) : L*(R?) — L%(R?) be defined in (2.15). Then
there exists M > 1 such that forn > Mg

sn(L'(k;9)) < Cg°
with some C' > 0 independent of n and g > 1.

3.2. We first complete the proof of Theorem 1.1, accepting the two
lemmas above as proved.

Proof of Theorem 1.1. We write

en = en(k;g) = sn(Z(k; 9)"T(k; 9)Z (k3 9)), n>1.
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Then it follows from (2.16) that
oav(k; gb) = (2k) 1/226 .

Let L and M be as in Lemmas 3.2 and 3.3, respectively. We set J = [Lg],
N = [Mg] and m = N + 2J. Then the sum above is decomposed into

i o(k; ) + Ii(k; g) + Ia (ks g),

where

Iy = Zern I = Z€m+2g 1, I ‘—Zem+2j

Note that k& = Ag?, A > 0 being fixed. Since e,, < 4 for all n > 1 by Lemma
2.2, we have
(2k) 72 Io(ks9) = O(1), g — oo.

We evaluate the other terms. We decompose
m+2j—1=(N+1)+2(J+j)—2

and use Proposition 3.1 to obtain that

Ii(k;g) < sn+(D(ks g)) iSJ-H(Z(k;g))Q'

This, together with Lemmas 3.2 and 3.3, yields the bound
(2k) 21 (k; g) = O(1).

Similarly we can show that Iy(k;g) also obeys the same bound as above.
Thus the proof is complete. B

§4. Proof of Lemma 3.2

We first prove Lemma 3.2. This lemma is easy to prove. We begin by
recalling the definition (2.14) of eigenfunction ¢_

o (@, k,wig) = 3 exp(—iv/2) exp(ilG(2)), (VERlal), v = |- gBl,

lez

where ((x) = y(z; —w) is again the azimuth angle from —w.
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LEMMA 4.1. Assume that r is in a compact interval [0, R]. Then there
exists L > 1 such that for v > Lg

|J, (V2kr)| + |(d/dr)J,(V2kr)| < C e~
with some d, C > 0 independent of v.

Proof. The proof uses the Poisson integral representation for the Bessel
function ([5] p.81)

cos(r cos 0) sin?? 6 df

1 ™
(@1 )= /2 +1/2/

and the Stirling formula for the gamma function
L(p) = (2m)!2e7Pp? 2 (1 4 o(1)),  p — oo
If v > Lg for L > 1, then it follows from these two relations that
], (V2kr)| < C(ck/v?)"/? < C(1/2)Y, re0,R],

for some ¢, C > 0. A similar argument applies to (d/dr)J,(v2kr) for
v > Lg with another L > 1. This completes the proof. 0

Proof of Lemma 3.2. A simple consideration yields

exp(il{(x)) = exp(ily(x; —w)) = exp(ily(x)) exp(il(m — w)),

where v(z) is again the azimuth angle from the positive z; axis. Recall
the definition (2.15) of operator V(g), V(g) = Ja(g)[%0, Ho], where ¢y =
¥(|z]) is a function of |z| only and J,(g) is the multiplication operator with
exp(iga(z)), a(z) being defined by (2.1). Hence we see from Lemma 4.1 that
the integral kernel of operator Z(k;g) : L?(S') — L?(R?) is represented in
the form

(4.2) Z(x,wik,g) = Zf,,(x; k,g) ® exp(—ilw), v =|l—gf|,
leZ

where f,, has support in {z : 1 < |z| < 2} for all v and obeys the estimate

(4.3) [fo(zsk,g)l SCe ™, v> L,
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with the same constants d, L as in Lemma 4.1. Assume that n > Lyg for
some Lj > 1. We choose L; so large that

[I| >n/2>L1g/2 = v=]|l—-pBg|>n/3>Lg

and we denote by Z,(k;g) : L?>(S') — L?(R?) the integral operator with
kernel

Zn(z,wik,9) = > fulzik,g) ® exp(—ilw)
[l]<[n/2]

for n as above. As is easily seen, dim Ran Z,,(k; g) < n — 1, so that
sn(Z(k;9)) < 1Z(k; g) = Zn(k; g)ll < Ce™ ™

for some d, C > 0, which follows from (4.3) at once. This proves the
lemma. 0

85. Proof of Lemma 3.3

The proof of Lemma 3.3 is rather long. The present and following three
sections are devoted to the proof of this lemma. The proof is based on the
three key lemmas (Lemmas 5.1 ~ 5.3) formulated below. We here complete
the proof of Lemma 3.3, accepting these three lemmas as proved.

5.1. We first derive several basic relations which are required to for-
mulate the key lemmas above. We decompose the magnetic potential
A = A(z) into A = Yoo A + hpA. We further rewrite A by use of rela-
tion (2.2). Let E(x) be as in (2.2). Since ¥ E = 0, A is written as

(5.1) A=Y B+ aViy + YA+ V(Poa) = A1 + V(¢soa).

We set By = aVpg+ 1A, so that A} = Yoo B+ By. As is easily seen, A;(z)
and Bj(z) are smooth functions and, in particular, B;(z) has support in
Gy = {z: |z|] < 2}.

We here introduce the following two Hamiltonians:

K(g) = (—iV — gA1)?/2,
Kgs(g) = (—iV — g9 B)?/2 + Ng*i1

with N > 1, where ¢; = 9(|z|/2) has support in G4. The choice of N
is specified in the later discussion (see Lemma 6.1). Obviously both the
Hamiltonians admit self-adjoint realizations in L?(R?) with the same do-
mains D(K (g)) = D(K3(g)) = H?(R?). The Hamiltonian K (g) is unitarily

(5.2)
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equivalent to the orginal one H(g), which follows from (5.1) at once, and
also K3(g) has the partial wave expansion. Let

W(g) = K(g) - Ks(9)

be the difference between the two Hamiltonians defined above. All the
coefficients of first order differential operator W (g) have support in G4 and
obey the bound O(g?) as g — oco. Hence it satisfies the relation

(5.3) YW (g) = W(g)a = W(g),

because ¥y = ¥ (|z|/2?) = 1 on G4. Taking account of this fact, we obtain
from the resolvent equation that

YW (g){ R(p; K (g)) — R(p; Kp(g)) b2
= =W (g)R(1; K (g))w2 - vaW (9) R (15 K(g))1b2

with = k + i€, 0 < € < 1, and hence we have

(Id — oW (9)R(p; K (9))12) (Id + oW (9)R(1; K(g))2) = Id.
Similarly we have

(1d + 2 W (g) R(p; Kg(g))h2) (Id — oW (g) R(; K (9))¥2) = Id,
so that
(5.4)  (Id + oW (9)R(u; Kg(g))b2) ™" = (Id — 2 W (9) R(1; K (g) J1b2).
It follows again from the resolvent equation that

Vo R(pu; K(9))2(1d + oW () R(p; Kp(9))1p2) = baR(u; K(g))¥e,

which implies that
(5.5) 2 R(u; K(9))02 = o R(1; Kp(g))w2(1d + 2 W (9) R(1; K(g))b2) ™"

5.2. We denote by K?(g) the self-adjoint operator obtained from
K (g) by imposing the zero Dirichlet conditions on the boundary 0Gg of
Gy = {z : |z| < 9}. In other words, KP(g) = K(g) as a differential
operator and its domain is

D(K"(g)) = (Hg(Go) 0 H*(Go)) ® (Hp(G§) N H*(GS)).
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We also define K é) (g) for Kg(g) in a similar way. Both the operators are
regarded as an operator acting on L?(R?) and their difference is still

W(g) = K”(g9) — K3 (9) = K(g9) — Kp(g).-

The support of 19 is completely contained in Gg ; supp 2 C Gg C Gy.
Thus we repeat the same argument as above to obtain

(5.6) (Id + oW (g)R(p; K5 (9))2) " = (Id — 2 W (9)R(1; K P (g))9b2).

We now decompose the operator 9 R(u; K(g))2 in (5.5) into the compo-
sition of three operators

(5.7) Yo R(p; K(g))b2 = Fi(p; ) Fa(ps; 9)Fs(ps g)

where

Fi(1;9) = Y2 R(1; Kp(g))2,
(5.8) Fo(; g) = 1d — oW (9) R(p; K (g)) e,
F3(p;9) = (Id + Y (p; 9)) 7
with
Id + Y (u; 9) = (Id + Y2 W (g) R(1; Kp(9))h2) Fa (3 9).-
We can rewrite Y (u;g) as

(5.9)  Y(u;9) = vaW(9){R(n; K3(g9)) — R(u; K§ (9)) }baFa(1; g)

by use of (5.6). The second main lemma follows from the three lemmas
below. These lemmas are proved in Sections 6, 7 and 8.

LEMMA 5.1.

limsup s; (Fy (k +i€;9)) < Cg!

e—0

with some C > 0 independent of g > 1.
LEMMA 5.2. There exists M > 1 such that for n > Mg

lim sup s, (Fy(k + i€; g)) < C g*

e—0

with some C' > 0 independent of g > 1.
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LEMMA 5.3. There exists another M > 1 such that for n > Mg

limsup s, (F3(k +i€;9)) <2, g> 1.

e—0

5.3. We shall complete the proof of Lemma 3.3, accepting the three
key lemmas above as proved.

Proof of Lemma 3.3. By the principle of limiting absorption,
Yo R(k +i€; K(g))tha — o R(k +10; K(g))¢2, €— 0,
in norm as an bounded operator acting on L*(R?) and hence we have

Sn<w2R(k + iG; K(Q))wz) - 5n<w2R(k + ’iO; K(Q))wz), e — 0,

for each n > 1. By Proposition 3.1 and by the three lemmas above, it
follows from (5.7) that

sn(P2R(k £ 10; K (g))¢o) < C g°

for n > Mg with some M > 1. Since the two operators H(g) and K(g)
are unitarily equivalent to each other as previously stated, this proves the
lemma. 0

86. Proof of Lemma 5.1

The present section is devoted to the proof of Lemma 5.1. The proof
is reduced to the semi-classical resolvent estimate in a non-trapping energy
range.

6.1. We first determine how large N is chosen in (5.2). The Hamilto-
nian K3(g) has

Voo B = Bpoc VY = Bpoo (1) (—wa/r?, 1 /1%), 7 =al,
as a magnetic potential. We compute the magnetic field
deoB = B(YL(r)/r)dzy A dzs.

Hence the classical system associated with Hamiltonian Kg(g) is given by

o = By (lz)ay/[x] — Ny (|z)z1 /=],

(6.1)
zy = — B (|z))z1/|z| — Ny (lz))z2/|2l.
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This classical system conserves the energy
(2} (£)? + x5(t)%) /2 + Ny (z(t)) = const.

We say that energy A > 0 is in a non-trapping energy range, if all the solu-
tions z(t; A) with energy A of equation (6.1) escape to infinity, |z(t; A)| — oo,
as t — Foo.

LEMMA 6.1. One can take N > 1 so large that the energy A\ = kg2

under consideration is in a non-trapping energy range for the classical sys-
tem (6.1).

Proof. The system (6.1) is spherically symmetric. We consider this in
the polar coordinate system (r,6). We have the conservation law for two
quantities (energy and angular momentum)

((r’)2 + r2(9/)2)/2 + Ni(r) = A, r2¢’ + Bboo(r) = p.
Hence it follows that
(r)2/2 4 (p — Brhoo(T))*r72/2 + Napy (1) = A

We now choose N > A large enough. Then N;(r) = N > A for 0 <r < 2.
This implies that G3 is a classically forbidden region. On the other hand,
if » > 2, then ¥ (r) = 1 and hence

(d/dr)((p = B)*r%/2 + Ny (r)) <0,

because 9] = 9’(r/2)/2 < 0 (recall that the basic cut-off function % is
non-increasing). This proves the lemma. 0

We now fix N as specified in Lemma 6.1. Then Lemma 5.1 is obtained
as an immediate consequence of the lemma below.

LEMMA 6.2. Let N be as above. Then one has
(2) = R(k + i, Kp(g))(2)~* : TA(R?) — TX(R), s> 1/2,
is bounded with bound O(g~') as g — oo uniformly in e, 0 < € < 1.

Proof. By Lemma 6.1, A is in a non-trapping energy range. Hence the
lemma follows from the semi-classical resolvent estimate due to [6, 14]. []
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6.2. For later references, we here prepare two simple lemmas which
will be used to prove Lemma 5.3. As previously stated, Kg(g) admits the
partial wave expansion. If we use the unitary mapping ¢ in (2.6), then this
operator is expanded as

Ka(g) ~ Y @®(Palg) © Id)
ez

where

Pai(g) = (=07 + (1 = gBtoo(r))? — 1/4)r™2) /2 + Ng*uy (r).

Similarly we have the expansion

KZ(9) = @&(Pj(9) ® Id)
lez

for operator K é) (g), where Pﬂl? (g) is obtained from Ppg(g) by imposing the
zero Dirichlet boundary condition at r = 9.

LEMMA 6.3. Let x9 = xo(r) be the characteristic function of the in-
terval [0,9]. Then one has that

XoR(k +ie; Pai(g))xs + L*((0, 00): dr) — L*((0, 00); dr)

is bounded with bound O(g™"') uniformly in |l € Z and €. If, in particular,
| > Lg with some L>> 1, then the operator obeys the bound O(I72).

Proof. The first statement is an immediate consequence of Lemma 6.2.
The second one readily follows from tha fact that

62) (- gBomr)P =1/ 2> CP >k, [I] > Ly,
for 0 < r < 9, provided that L > 1. 1
LEMMA 6.4. One can take another L > 1 so large that for |l| > Lg
XoR(k +i€; P (9))xo : L*((0,00);dr) — L*((0,00); dr)

is bounded with bound O(I72) uniformly in €. In other words, k is not the
eigenvalue of P/g (g) for 1 as above and there exists the limit

xoR(k +i0; P3)(9))xo = lim xo R(k + ie; P5 (9))x9
uniformly in | as a bounded operator on L?((0,00);dr).

Proof. This lemma also follows from (6.2) at once. U
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§7. Proof of Lemma 5.2

In this section we prove Lemma 5.2. The proof is based on the asymp-
totic distribution of eigenvalues with sharp remainder estimate.

7.1. Recall the notation K (g) in (5.2). It has

K(z.&9) =€ — gAi(x)]?/2,  (x,€) € RP?,

as its symbol. We denote by K (g) the part of the operator K”(g) re-
stricted to the interior domain Gg. We consider the eigenvalue problem

(7.1) KP(g)u = 7u, u € Hy(Go) N H%(Gy).

We evaluate the number of eigenvalues lying in the interval (k — g,k + g) of
the above problem. Let {7;}, 7, = 7;(g), be the eigenvalues of (7.1) and let
{u;}, u; = u;j(x; g), be the corresponding normalized eigenfunctions. Then
the spectral function is defined as

e(z,m59) = Y uy(w; 9)u(z; g),

T, <T

so that the number of eigenvalues less than 7 is given by

N(rikR(g) = [ elw,mig)da.
79
We assert that
(7.2) N(r; KP(9)) = cor + O(+'/?), 7 — 0,

if the ratio k = 7/g ranges over a compact interval ¥ = [k, kg], 0 < k1 <
Ko < 00, where

co = (2m) 2vol{(z,€) : x € Gy, K(z,£;9) < 1)} = (2m) 'meas(Gy)

and the remainder estimate is uniform in ¢ > 1 and x € X. We first
complete the proof of Lemma 5.2, accepting (7.2) as proved.

Proof of Lemma 5.2. Recall the definition (5.8) of Fy

Fy(k +ic; g) = Id — W (g) R(k + ie; K (g))a,
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where the coefficients of first order differential operator W(g) have support
in G4 and obey the bound O(g?). Hence the second operator on the right
side can be regarded as an operator from L?(Gy) into itself. We set

T(k + i€; g) = oW (9) R(k + ie; K (9)) : L*(Gg) — L*(Gy).

Let E(g) denote the spectral resolution over the interval (k — g,k + g) of
KP(g). We now use (7.2) with 7 = k + g ~ g?. Then it follows that

m(g) = dimRanT(k +i€e; g)E(g) = O(g), ¢ — oc.
unifomly in €. As is easily seen,
V(KR(g) +1)7": L*(Go) — L*(Go)

is bounded with bound O(g) and hence W (g)(KE(g)+1)~! is also bounded
with bound O(g3). Thus we have that

T(k +ie; g)(1d — E(g)) : L*(Gg) — L*(Gy)

obeys the bound O(g*) uniformly in e. We now assume that n > Mg > m(g)
for some M > 1 and use Proposition 3.1 to obtain that

sn(Fa(k + i€ ) < s1(1d) + | T(k + ic; g)(1d = E(g))¢2| = O(g")
uniformly in e. This proves the lemma. 0

7.2.  We come back to (7.2). This formula is a more or less well known
result. We give only a sketch for a proof. We divide Gg into three regions
Gg = Uy, 0 <5 <2, where Qg = {z : |2| < 8} and

Q={z:7<|z|<9-1/7Y%, Qy={z:9-2/7"? <|z| <9}.

Let {0, ¢1, p2} be a smooth partition of unity on Gg subject to this division
and normalized by

wo(z)? + p1(z;7)% + pa(;7)° = 1.

We write exp(—tK{(g))(z,y), t > 0, for the Green kernel of the semigroup
exp(—tKP(g)). Then we have

m

| exp(~tK{ (9)) (2, )| < exp(~tHo)(z,z) = O(t™"), t—0,

https://doi.org/10.1017/50027763000006309 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006309

50 H. TAMURA

by the Feynman-Kac-Ito formula ([3]). This implies that e(z,7;9) = O(r)
uniformly in g and hence

(7.3) /G wo(z;7)%e(x, 73 g) dz = O(T1/?).

According to definition (5.2), K2 (g) acts as (—iV — gBV~y)?/2 near the
boundary Gy. Since exp(i[gS]y(x)) is smooth in Q4, this operator is trans-
formed to (—iV — (98— [g8])V~)?/2 by the gauge transformation, which has
smooth coefficients bounded uniformly in g > 1 in the region ;. Hence
we can apply the same argument as in [16] to obtain that
(7.4) /G o1 (z;7)%e(z, 7, 9) de = (27) 71 /G o1(z;7)2 de T + 0(71/2).

9 9

On the other hand, the problem in the interior domain € is treated as the
semi-classical problem on the number of eigenvalues less than x = 7/¢2,
k € ¥ being fixed, of the operator (—ihV — A;)%/2, h = g~'. We can
neglect a contribution from the boundary 0Gg and it essentially becomes
the problem over the whole space R?. We use the method standard in the
semi-classical spectral analysis (for example, see [13]) to obtain that

/ wo(@)’e(w, 7ig) dz = (27)_1/ oo(z)? dz T+ O(7Y/?),
Gg Go
which, together with (7.3) and (7.4), proves (7.2).

§8. Proof of Lemma 5.3

We here prove the last lemma (Lemma 5.3). The proof uses a simple
theory of ordinary differential equations.

8.1. We first recall the definition (5.9) of Y (u;9), p = k + te. It con-
tains the difference between the resolvents R(u; K3(g)) and R(y; KﬂD(g)).
Both the resolvents have the polar coordinate decomposition (see subsection
6.2). Thus we consider the operator

Ty(11;.9) = o{R(p; Pai(g)) — R(1; P4 (9))}xo : L*((0,00); dr)
— L*((0,00); dr),

where 15 (z) = 1(|z|/22) is regarded as a function of r = |z| and xg = xo(r)
is again the characteristic function of the interval [0,9]. If || > Log with
some Lg > 1, then there exists the limit

UnR(k +i0; P (9))xo = lim va R(k + ie; P3) (9))xo
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in norm as a bounded operator on L?((0,00);dr) (see Lemma 6.4). On the
other hand, the resolvent R(k + ie; Kg(g)) has also the limit

2R (k +10; Kp(g))xo = lim o R(k + ie; K3(g))xo : L*(R*) — L*(RY
by the principle of limiting absorption and hence 2 R(k + i€; Pgi(g))xo
converges in norm as a bounded operator on L?((0,00);dr) uniformly in
l € Z. Thus we can define
Li(k; g) = lim Dy(k + ie; g) = L*((0, 00); dr) — L*((0, 00); dr)
for |l] > Log, where the convergence is uniform in .

8.2. Let Lo > 1 be as above. We now define v; = vi(r; k, g), |l| > Log,
as a real solution to Pg;(g)v; = kv; in (0, 00) with normalization

9
[ sk g dr = 1.
0
In other words, v; solves the equation
(8.1) — v +q(r;g)v =2kvy, € (0,00),

where
qi(r; 9) = (1 = gBthoo(r))* — 1/4)r~% + 2Ng*¢y (r).

Such a solution exists uniquely except for the sign . We define I; as
(8.2) Tu = (u, Xovy)rXov; : L2((0,00);dr) — L2((0,00); dr),
where ( , ), denotes the L? scalar product in L?((0,00);dr).

LEMMA 8.1. Let v, |l| > Log, be as above. Then one has

8
[t g) 2 ar = 0

for any d > 1 and, in particular, Ijiy obeys the bound O(|l|=%) as a bounded
operator on L?((0,00);dr).
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Proof. Let ¢ € C§°([0,9)) be a non-negative function with compact
support. We take the scalar product in L2((0, 00); dr) of p?v; with equation
(8.1). Since q(r;g) > CI? > k for r € (0,9), we integrate the resulting
relation by parts to obtain that

(o1, pui)r < CU (v, @'vr)r + (701, o01)r |} = O(72).
The lemma is proved by repeated use of this inequality. U

LEMMA 8.2. Assume that |l| > Log for Lo > 1 as above. Let I'i(k;g)
and I; be defined as above. Then one has

Ly(k; g)vba = Ti(k; g) Iiba
as an operator on L?((0,00);dr).

Proof. Let u; = tou — Ippou for u € L?((0,00);dr). Then wu; has
support in [0,9] and it follows by definition that

(83) (ul> ngl)r =0.
To prove the lemma, it suffices to show that
(8.4) Iy (ks g)ug = 0.

Let Gi(r,r") be the Green function of R(k + i0; Pg(g)). It takes the form
Gi(r,r") = fi(r_)hy(r4), where r_ = min (r,7’') and ry = max (r,7’). The
functions f; and h; are linearly independent solutions to (Pg(g) — k)w =0
in (0,00). The function f; concides with v; and is bounded near the origin
r = 0. On the other hand, h; coincides with crl/QH,Sl)(\/Z_k:r), v=|l-gp,
for r > 9 and satisfies the outgoing radiation condition at infinity, where
H,Sl) is the Hankel function and the constant ¢, ¢ = ¢(k,g), is chosen in
such a way that the Wronskian for pair of solutions (f;, h;) equals one. By
(8.3), we have

(R(k + i0; Psy(9))u)(r) = hu(r) / w()w()dr' =0 at =9,
0
This shows that
R(k +10; Pai(g))u = R(k +10; P3(g))u;

and hence (8.4) is obtained. N
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LEMMA 8.3. Assume again that |l| > Log. Let
Py = (=07 + (I* = 1/4)r7%) /2

be the operator obtained from the free Hamiltonian Hy = —A/2 by the
expansion in angular momentum channels. Then one has

(Pou + 1d)"?Ty(k; g) = L*((0, 00);dr) — L*((0, 00); dr)
is bounded and obeys the bound O(I™1).

This lemma can be easily verified by use of Lemmas 6.3 and 6.4. We
skip the proof. We now combine the three lemmas above to obtain that for
any d > 1

1(Por + 1d)"/*Ty(k; g)nll = O(g™%), g — oo,
uniformly in |I| > Log as a bounded operator on L?((0,00);dr). Since
(Poy + Id)Y2Ty(k + ie; g) — (Py + Id)*Ty(k; g), € — 0,

converges in norm uniformly in |I| > Lyg, it follows that: For given d >> 1,
there exists €(d, g) > 0 such that

(8.5) 1(Por + 1) 2Tu(k +iesg)in]| < Cg™¢, g > 1,
for 0 < € < €(d, g) and [ as above.
8.3. We are now in a position to prove Lemma 5.3.

Proof of Lemma 5.3. We recall the definition (5.9) of Y (k +i¢; g). The
operator has the composition

Y (k + i€ g) = W(g)(Ho + 1d) "2 Fy(k + ic; g) Fa(k + i€; g),
where Fy is defined by (5.8) and
Fy(k + i€ g) = (Ho+ 1d)*o{ R(k +ic; Kp(g)) — R(k + i K (9)) })o.
It has been already shown (Lemma 5.2) that

limsup s, (Fy(k +ie; g)) < Cg*

e—0
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for n > Myg with some M; > 1 and also we have
s1(W(g)(Ho + Id)_l/Q) <Cg
We assert that there exist M > 1 such that

(8.6) lim sup s, (Fy(k +ie;9)) < C g7 d>1,

e—0

for n > Mg. If this is verified, then it follows from Proposition 3.1 that

limsup s, (Y (k +i€;9)) < 1/2, g>1,

e—0

for n > Mg with another M > 1 and hence we have
sn(Y(k+ie9) <1/2, n> Mg,

for 0 < € < €(n, g) with some €(n, g) depending on n and g. This, together
with Proposition 3.1 again, implies that s, (F3(k +1i€; g)) < 2 for € as above
and the lemma follows at once.

We shall prove the above assertion (8.6). Let U be the unitary mapping
defined by (2.6) and let

Q- L*((0,00);dr) ® L*(S*) — L%((0,00);dr) @ A,

be a projection, where A; is again the eigenspace of —i9/00 associated with
eigenvalue [. Define

Fyn(k+ieg) = Fu(k +ie; o)UY Z ® QU : L*(R?) — L*(R?).
] <[n/2]

As is easily seen,
dim Ran{R(k + i¢; Pgi(g)) — R(k + ie; PﬁDl(g))} <2
as an operator from L2((0,00);dr) into itself and hence
dim Ran Fy . (k + i€; g) < n.
We now assume that n > 2Log + 2. Then it follows from (8.5) that

| Fa(k+ie; g) — Fyn(k+ie g)|| < (l?;%xg [(Por+1d) 2Ty (k+ie; o < C g™
0

for d > 1 and € > 0 as in (8.5). This proves (8.6) and the proof is complete.
U
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89. Sacttering by magnetic fields with small support

We here study the cross section for scattering by magnetic fields with
small support. Throughout the section, we fix h = 1 and again assume
the magnetic field b(x) € C§°(R?) to be supported in the unit ball Gy,
supp b C Gj.

We consider the magnetic field

br(z) = R™?b(z/R), 0< Rk,

with support in Gp. As is easily seen, bp conserves the flux

/de:c: /bd:c: 273,

The corresponding megnetic potential Ag(x) is given by Ag = R~ A(z/R),
dAr = bgrdx| N dzg, where A is still defined by (1.4). We denote by
H(AR) the Hamiltonian with Ag as a magnetic potential and by o(\,w;bg)
the quantity defined by (1.11) for pair (Ho, H(ARr)). We also denote by
Tiot (A, w; br) the total cross section for integer 8 € Z.

We now consider the integral

/a()\,w; br) dA
I

for compact interval I = [¢,d], 0 < ¢ < d < oo, fixed. The aim here is

to study the bound of this integral as R — 0 and the special emphasis is
placed on the dependence on the value (3.

9.1 We shall formulate the main result obtained here. Let
(9.1) a=1for peZ, a=min{v=|l-08;leZ} for B & Z.
If we write 8= [8] + k, 0 < Kk <1, for B € Z, then @ = min (k, 1 — k).
THEOREM 9.1. Let the notations be as above. Then one has
/IU(A,M; br)d\ = O(R**™%), R — 0,

and if, in particular 0 € Z, then

/atot()\,w;bR) d\=0(1), R—O0.
I
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We shall give a simple application of the above theorem. Let |f(w —
6, A\;br)|? be the differential cross section for pair (Hy, H(AR)) and let C' =
(0,00) X A be the cone generated by the compact subset A C S*, where A
does not contain the incident direction w. Then the integral

[ 15 = 6.5 bm)2 do
A

is finite even for § ¢ Z and describes the total number of particles scattered
into cone C at energy A. The following result is obtained as an immdiate
consequence of Theorem 9.1.

COROLLARY 9.2.
// |f(w— 8, \;bR)|*dOd\ = O(R**™%), R —0.
IJA

Remark. Theorem 9.1 should be compared with the bound obtained
by Enss-Simon [4] in the case of potential scattering. Let Vg(z), z € RZ,
be a finite-range potential with support in G and let oyt (A, w; Vg) be the
total cross section for the Schrédinger operator Ho+ Vg. Then the following
bound has been obtained in [4] (Theorems 3.1 and 3.2) :

/Utot(/\,w; Vg)d\ = O(R™%), R -0,
I

and if, in particular, Vg > 0, then the bound above is of order O(1), where
the order relations are independent of Vg. The corresponding bound for the
magnetic scattering case seems to depend strongly on the flux of magnetic

fields.

9.2. We shall prove Theorem 9.1. The first step toward the proof is
to show the following

LEMMA 9.3. One has the relation
o\, w;br) = Ro(R?)\, w;b).
The lemma may be verified by making a change of variables. However

we give an alternative proof. The proof is based on the lemma below, which
has been already obtained as Lemma 5.3 of [19].
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LEMMA 9.4. Let F,(y), y = (x,w), be defined by
(9.2) Fu(y) = (2m) /2 / exp(iv2hy) (20) " VAF(A) dA

for F € C3°((0,00)). Let ¢, = ¢(|z|/L), L > 1, where ¢ is as in (1.14)
and z is in the straight line (impact plane) 11, perpendicular to direction
w. Write S and Sg for the scattering operators S(H, Hy), H = H(A), and
S(Hg, Hy), respectively. Then the limit

(S~ Sp)Eull = Jlim (S ~ Sp)orFu]
exists, where the limit is denoted as the term on the left side, and one has
(9.3) (5 = SRl = [ IF()Po(wib) dx

Proof of Lemma 9.3. The quantities on both sides of the relation in the
lemma are continuous in A > 0. Hence it suffices to prove the lemma in the
weak form. The lemma is verified in almost the same way as in the proof
of Theorem A.1.1 of [4]. We give only a sketch for the proof.

Let

(Urf)(z) = R™ f(x/R) : L*(R?*) — L*(R?)
be a unitary operator. Then a simple computation yields
UrHoUz' = R*Hy, UrHUR' = UpH(A)UR' = R*H(AR).

Hence it follows that UgSUR' = S(H(AR), Ho) for S = S(H, Hy). We
can also show that URSﬁUﬁl = Sp for Sy = S(Hg, Hy). Thus we use the
relation (9.3) to obtain that

JIFOIPohwibr) dx = (S ~ S9)Uz ol
for any F € C§°((0,00)). The function (Uy'E,)(y) = RE,(Ry) on the right

side is represented by integral (9.2) with F replaced by R~Y/2F(R~2)). This
yields

/|F(A)|20(A,w;bR) d\ = R/!F(/\)|20(R2)\,w;b) d\

by making a simple change of variable and the proof is complete. 0
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Let F € C§°((0,00)) again. We define
or(R) = /F(/\)o(/\,w;bR) dx.
Then it follows from Lemma 9.3 that

op(R) = R‘I/F(R’2>\)o()\,w;b) dA.

We evaluate the integral on the left side. If, in particular, we take F'(\) > 0
with /=1 on I, then

/U()\,w;b;g) d\ < op(R).
I

9.3. We recall that V' = J,[¢o, Ho| (see (2.5)), where J, is the mul-
tiplication operator with exp(ia(z)) and a(x) is defined by (2.1). We note
that V' has only the radial differentiation 9/0|z| as a first differential oper-
ator and its coefficients are supported in G = {z : 1 < |z| < 2}. We can
represent o (A, w;b) as

(A wib) = 2n(20) 2 (E' NV - (A w), Ve (Aw)),

where F()\) is the spectral resolution associated with H = H(A), E'(\) =
dE(X))/d\ and ¢_(A\,w) = ¢_(z,\,w) is the outgoing eigenfunction of
Hz = H(B), B = BV~y(x), with eigenvalue A (see (2.10)). This relation
can be obtained in the same way as used to prove Lemma 2.2 (see also
Proposition 5.2 of [19]). Thus the quantity op(R) under consideration is
now rewritten as

or(R) =27rR™! /(QA)*/?F(R*?A)(E/(A)V%(A,w), V(A w))dA.

We evaluate this integral by use of partial integration. We note that A ~ R?
when ) is restricted to the support of function F(R™2.).

9.4. We first prove the theorem for the case 8 ¢ Z. We have to look at
the behavior of p_(z,\,w), z € G, as A — 0, where G = {z : 1 < |z]| < 2}
again. Let « be as in (9.1) and let {* € Z be such that o = |I* — .

According to definition (2.10), the main contribution comes from Bessel
function J,(v/2\|z|) of order a, and ¢_ behaves like

o_(z, \,w) = Cqexp(il*C(x))A?|z|* + 0(A*/?), X =0,
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for some constant C,, uniformly in z € G, where ((z) = v(z; —w) is the
azimuth angle from —w, so that ¢(x)/d|z| = 0. The remainder estimate
above remains true in the C* topology as a function of . Thus the lemma
below can be easily verified and the bound O(R?**~2) in Theorem 9.1 follows
from this lemma by partial integration.

LEMMA 9.5. Let o be as above. Then one has:

o (2, M\ w) = ON2),  (82/0]2]oN)p_(z, A,w) = O(A/2~1),
(0/0lel)p- (2,7, 0) = OOP), (8]0N)p. (2, ) = O,

where the order relation means that the L? norm in G obeys the prescribed
bound as A\ — 0.

Next we discuss the case g € Z. We assume for a moment that § =0,
so that B(z) = fV~(xz) = 0 and also

o_(z,\,w) = oz, \,w) = exp(iV2A(z,w)).
As is easily seen,
Vi =27  exp(ia(e))(Ado)po + O(A/?),

where the order relation is used with the same meaning as in Lemma 9.5.
We can rewrite the leading term on the right side as

27! exp(ia(x))(V, 0o Viho) + O(AY/?).
Hence it can be further rewritten as
27 1(V — i Va), exp(ia(z))po Vi) + O(A/?)

by a simple use of gauge transformation. According to relation (2.2), A(z)

= Va(z) on G. Since
IEQ)(V —iA)|| = [IEQ)(H + \)/2(H + \) 72V —id)| = O(A?)

as a bounded operator on L2(R?), we have

[iEowe @Rz <o
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On the other hand, it is easy to see that V(8/8\)p_ = O(A~'/2). Thus the
desired bound O(1) in Theorem 9.1 is obtained for the case 3 = 0.
A similar argument applies to the general case 3 # 0 also. In this case,

<p_(a;, A, w) = exp(iﬂ((x))goo(x, A, w),

which can be seen from definition (2.10). We should note that exp(i¢(z))
is smooth in R?\ {0} for 8 € Z and also it follows that 3V((z) = BVy(z) =
B(x). Since 9¢(z)/0|x| = 0 as previously stated, we have

Vi = exp(i(a(z) + B¢(x)))[vo, Holwo.

This enables us to repeat the same arguemnt as above and we can obtain
the desired bound O(1) for the general case also. Thus the proof of Theorem
9.1 is now complete.
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