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SOME RESULTS ON THE CENTER OF AN ALGEBRA
OF OPERATORS ON /N(G) FOR THE HEISENBERG
GROUP

C. CECCHINI AND A. ZAPPA

1. Introduction. Let G be an amenable locally compact group. We
will use the terminology of [3] and denote by VN(G) the Von Neumann
algebra of the regular representation and by 4 (G) its predual, which is
the algebra of the coefficients of the regular representation. The Von
Neumann algebra VN(G) is, in a natural fashion, a module with respect
to 4(G) [3].

The algebra %7 of bounded linear operators on VN(G), which commute
with the action of 4 (G), has been studied in [6] and in [1]. If UCB(G)
is the space of the elements of VN (G) of the form o7, for some v in 4 (G)
and some 7" in VN(G) (see for instance [4]), in [6] and in [1] it is proved
that, for any amenable locally compact group there exists an isometric
bijection between &/ and UCB(G)*. In these papers it is also proved
that the algebra B(G) of multipliers of 4 (G), which is isomorphic to the
subalgebra # of &7 of the w*-continuous operators of .2, is contained
in the center 2, of 7.

The following conjecture appears natural: Z , is isomorphic to B(G).

The conjecture is motivated, as well as by the previous inclusion, by
the result obtained in [10] for the case G = R.

In [10] the result is obtained making essential use of the usual order of
the real line and, therefore, of the total order structure induced by the
order of R in the set of the irreducible representations of R.

In this paper we focus our attention on the Heisenberg group. For this
group the set of the irreducible representations Uy of G, with A 0, has
a total order structure induced by R [9], as in the case of R; therefore we
can apply a non-commutative version of the techniques used in [10] to
this special group. By doing so, we are able to prove the required state-
ment for a class of operators of &/, which includes those corresponding
to positive functionals on UCB(G).

This limitation however appears quite natural, in view of the techniques
used in the proof, as will be seen in the conclusion, and might be seen in
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itself as a support to the main conjecture. In fact no additional non-
commutative problems arise in the proof.

In Section 2 some preliminaries, true for the general case of locally
compact amenable groups, are given. Section 3 is devoted to the necessary
applications of the direct integration theory for algebras and groups
representations, for the particular case of the Heisenberg group. In
Section 4 our main result is given and in Section 5 some concluding
remarks and comments are made.

2. Some preliminaries.

LemMMma (2.1). UCB(G) is the norm-closure of the set of the compact
support operators in VN(G).

Proof. See [3], p. 227.
ProposITION (2.1). UCB(G) is a C*-algebra.
Proof. See [5], Proposition 2, p. 65.

Let us recall that we can associate to every positive bounded linear
functional ® on a C*-algebra A a representation s of the algebra, in the
following way:

21) (2, 7T) = (me(D)&a| £2), forall T € 4,

where &1, & € 5, are totalizing vectors for ms. This follows from [2],
Theorems 2.4.4, 12.1.3, 12.2.4.

Let 27 be the algebra of bounded linear operators on VN(G), which
commute with the action of 4 (G); let also UCB(G)* be the dual space
of the C*-algebra UCB(G). The isometric bijection ¢ between %/ and
UCB(G)* is defined by

22)  (@(2)(T1),v) = (®,01),

forall T € VN(G),v € A(G), ® € UCB(G)* (see [1] and [6]).
From now on, we shall write ® € %, to denote that ® € UCB(G)*,
o (®) € A.

ProPOSITION (2.2). The functionals & € R are w*-dense in UCB(G)*.

Proof.Since A(G) C B(G) ~ %, wehaveUCB(G) CVN(G) ~ A (G)*C
B(G)* and also UCB(G) C B(G)**. Since the unit ball of B(G) is
w*-dense in the unit ball of B(G)**, for all ® in UCB(G)* there is
{®,} C B(G), such that

(@, — &, x) = 0, forallx € B(G)*,

and therefore in particular for all x € UCB(G).
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The next proposition characterizes the representations of UCB(G)
corresponding to ® € Z.

PROPOSITION (2.3). Let ® € UCB(G)*; let w5 be the representation of
UCB(G) associated with ®. Then & € R if and only if for all {T.} C
VN(G), such that T, — 0 in the w*-topology and for all w € A(G),

(2.3) (1r<p(wTa))\|n)—&->0, VA, 1 €0,
Proof. If (2.3) holds, then for all w € 4 (G)
(0(®)(To), w) = (&, wl,) = (N(WTa)&IEz)—C:Oy

where &1, £ € ., are totalizers for ms. Then & € Z.

In order to prove the converse implication, let us prove that if ® € #
then (2.3) is satisfied for all w € A(G) and for all {7,} C VN(G),
T.— 0 in the w*-topology, such that ||T.]| £ 1, Va. Indeed, if this
property is satisfied, then the functional ¥ € VN(G)* defined by setting

(24) (¥, T) = (xa(@T)N| 1), for A, 1 € Hry, w € A(G) fixed,

is w-continuous on [VN(G)]; and therefore ultraweakly continuous on
VN(G). On the other hand, for VN(G) weak and ultraweak continuity
coincide, and therefore ¥ is w-continuous on VNN(G) and the thesis is
proved. Then let

{T.} CVN(@G), |T.] £1Va, T,— 0 in the w*-topology.

(a). Let A = we(A)¢1, n = me(B)Es, with 4, B with compact support
on G. For ¢> 0, let u € A(G) with compact support such that
lle — w|l4cey < e. Then, for all a, the support of T, is compact and

[uTe — wla|lace) < e
Then
[{(me (WT)N )| = [(ma (BT (wla)A)E|Es)]
< [(me (BT (uTa)A)&iE2)|
+ [(me (B (wTy — uTo)A)E|E2)|
< [me(BY(uTa)A)|é)| + el [|BI] [|4]] e

Since the support of B*(uT,)A is contained, for all @, in a compact K
(independent from a), we have

Bt(uT,)A = v(Bt(uT,)A4) forall a,
if v€ A(G) and v(x) =1 for x € K. Since Bt(uT,)A — 0 in the
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w*-topology, then by w*-continuity of ¢(®),
(re (B (uTo)A)Ei|E2) = (@, v(BH(uTa)A4))
= (o(®)(Br(ul,)4), v) — 0.

(b). Let now X\ = me(4)&1, n = me(B)ke, with 4, B in UCB(G); for
e>0, let A’, B’ € UCB(G) with compact support, such that
|4 — 4’| < ¢, [|[B — B'|| < e. Then

[{me (WT)Nn)| = [(me(BT (wTa)4)Ei|Es)|
< [(me (B (wTa)A")b1]&2)]
+ [{me((B — B )" (wlL) (A — A'))&lE)]
+ [(me ((B — B')T(wT.)A")&E2)|
+ [(me (B +(wT,) (4 — A')Ei|E2)]
| (mg (B (wTa)A")E1|£2)]
+ [lmell (1B = B'[| |4 — A"l
+ B = B[ 4] + 1B] |4 — 4"[) [[wTall
< [(re (Bt (wTa)A")&iE2)]
+ llmell lw]acor(e + [|A"]] + B[] ) «.

Now, since {me(4)E, A € UCB(G)}, {me(B)ts, B € UCB(G)} are dense
in ., from (b) the required property follows.

IIA

Let ® € UBC(G)* and let w5 be the canonically associated repre-
sentation of UCB(G); let us denote by 3¢ the representation of the

group G, which is the restriction to {U,, x € G} of ms. From Proposition
(2.3) we have:

COROLLARY (2.1). Let ® € UCB(G)*. Then ® € R if and only if s 1s
canonically defined by ws®, in the sense that, for all \,n € # vy, w € A(G),
the functional ¥ € VN(G)* defined by

(¥, T) = (ma(wD)N n)

is obtained extending by w*-comtinuity and linearity its restriction to
{U., x € G}.

Proof. If the functional ¥ is obtained extending by w*-continuity and
linearity its restriction to { U,, x € G}, then ® € %, by Proposition (2.3).
Let us prove the converse implication. The linear space spanned by the
set {U,, x € G} is w*-dense in VN(G); therefore, for any T € VN(G),
there is {7} C VN(G), such that

Ta = Z Czany

2€Ty
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where ¢ € C and T, is a finite subset of G and T, — T weakly. If
w € 4(G), we have

wl, = Z cov(x)U,.

2€ T,
By Proposition (2.3), if ® € #, then for all \, n € ",
(ro@T)N|n) = GZF e v(@)(ra(Ua)Nn) — (ma@T)\|n).

Hence s is defined by {ms(U,), x € G}.

3. Some facts on the Heisenberg group. Let G be the Heisenberg
group; if we denote an element of G by [x, ¥, 2], where x, ¥, 2 € R, then
for [x, y,2], [x', ', 2] € G

[x,9,2] [«', 9", 2'] = [x + &',y + 9,2 + 2y + 2]
Let usrecall [9] thatforall X € R, \ # 0, the map Uy of Ginto & (L2(R))
defined by
(3.1)  (Ux([x,3,2]) £)(t) = 2+ f (¢t + x),

witht € R, f € L*(R), [x, ¥, 2] € G, is an unitary continuous irreducible
representation of G; furthermore every unitary irreducible representation
(of dimension > 1) of G is unitarily equivalent to U,, for some X\ € R,
N # 0.

LeEmMA (3.1). The following decomposition in direct integral holds:

().
>
(3.2) L*G) = f SN,

where A € R, S\ = L2(R) for all A\ € R, and d\ is the Lebesgue measure
on R;
(ii). For every T € VN(G)

&)
33) T =f Thax,

where for all N € R, A # 0, (VN(G))» = Z(L*(R)), that s the set of all
bounded operators on L*(R);
(iii). For every T € & yn(s), the center of VN(G),

(©]
B34) T = f t(\) L,

where t € L*(R);
@iv).

D
35) U =f Ud.
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Proof. By Proposition 18.7.7 of [2] and by the characterization of the
dual G of the Heisenberg group, [9], there exists a measure d\ on R such
that (3.2), (3.3) and (3.4) hold. We note in particular that, for every
z € R,

(3.6)  Uw,.a/h = e™f,

where f\ € S\ for every . Since the irreducible representation of G for
which (3.6) holds is unique, for X # 0, 5 is isomorphic to L2(R), for
all A £ 0, as is well known from the general theory, and (3.5) holds.

Let us prove that dX is the Lebesgue measure on R. Let v € 4(G) and
let f, g € L?(G) such that

v([x, Y z]) = <f|U[x,y.z]g>

for every [x,y, 2] € G. Then, by the above decomposition,

v([x, v, 2]) = <f® fxdx) f@ Ux ([, v, z])gxd)\>

= f ° <fx Ur(x, 9, Z)gx>d)\ = f f ADe™ ™ V(¢ + x)ddn.

Letussetx = %,y = ¥ and ¢¥(2) = v([X, 7, 2]); we have, for almost all
X, ¥, that ¢(2) € A(G) and

Y(z) = f f H@)e Vg (t + z)dtd\ = f e™P(N)dn,

where

ey =ff7(3e"’_”“gx(t + %)dt.

This relation expresses the ordinary Fourier transform on the real line,
and therefore dX is the usual Lebesgue measure on R.

Let us prove finally that (VN(G))\ = £ (L?*(R)), for all A € R,
N # 0. Indeed it is easy to check that, if A # 0, (VN(G))» contains the
operators on L2(R) of the form

u(x) f(t) = f(t + x), v(k) f(t) = e*' f(¢) for all x, & € R.

It is easy to check that the commutant of #(x) and v (k) is ¢**. By a well
known result (see for its most general form [8]) (VN (G))x coincides with

% (L*(R)).

Lemma (3.2). (). Let Z vencey, Z vwie denote the center of UCB(G)
and VN(G) respectively. Then

Zveney = Z vney N UCB(G);
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(ii). If T € Z vyeer, v € A(G), then vT € Z yencoys
(iii). Let T € Z vxncers
(©]
T=f t(N) hdx;

then T € Z ycneé if and only if t € C,(R), that s the set of the uniformly
continuous bounded functions on R;

(iv). If T € Zyona, there are vy € A(G), Ty € Z vy such that
T = vng.

Proof. (i). If T € Zyops, then T commutes with {U,, x € G},
generating VN(G). The converse is obvious.
(ii). By the above decomposition of VN(G), for all v € 4A(G), we can

write
®
v = f wi)\,

where \ € R, d\ is the Lebesgue measure on R and v, € & () *.
Let us set 4,(A\) = (w, ) for a.e. A € R; it is easy to see that
A, € LY(R); moreover, if w € A(G), then

(3.7) Av’w = Av * Aw'
Indeed, for z € R, we have
(Uro,0,21, vw) = (Uto,0,2,v) (Upo,0,21, W)

= f f "4, () Ay (v)dudy = f f e™ 4, () Aw(\ — p)dNdu
=fe"”(A,,*A,,,) (A)dA,

where A = u 4+ ». On the other hand, by definition,

(UIO,O.Z]) vw) = fei)‘zA vwo\)d)‘y

and since z is arbitrary, (3.7) follows.

If T e gVN(G)y

D
T =f t(N) ha,
v € A(G), let us consider vT € UCB(G). For all w € A(G) we have

@T, w) = (T, vw) =ft()\)A,,w()\)d>\
=ft(>\)(Av*Aw) (\)dx =fft(>\)Ao(u — N)Aw(p)dNdp
=f(t*gv)(“)Aw(#)dﬂ = (S’ ‘10),
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where 4,(u) = 4,(—p) for all x € R, and

®
S =f (t % 4,) (p) Ldp.

From this equality, true for every w € 4(G), it follows that v7" = S.
Since S € Z yx(a), we conclude that 97" € Z yops).
(111) Let T € vacg(@),
®
T=f t(N) L@N;
let us prove that ¢t € C,(R). Let v, € A(G) be an approximate identity
on A(G). For all o, v.T € Z yen(sy, by (ii), and hence

®
vaT =f ta()\)I)\d)\.
Let us prove that {, € C,(R). For all w € 4(G), we have, with the
notation in (ii),
@1, w) = (T, vaw) =ft()‘)Avaw()\)d>\ =f(t* Ay) (W) Ay (w)dp.
On the other hand

T, w) = fta (w) A, (w)du.

Then, since w is arbitrary in 4 (G), we have to(u) = (t* 4, ) (1), for a.e.
u € R. Since t € L”(R), 4,, € L*(R), it follows that t, € C,(R). This
implies that ¢t € C,(R). Indeed we have

loaT — T = |JvavoTo — voTo|l = || (vav0 — v0) Tl

< lwavo — vof[4l| 7]l — 0,
and therefore ||ty — t||, — 0.
Conversely, let us suppose that ¢t € C,(R). If ¢ € LY (R), ¢y € L*(R)
satisfy t = ¢ * ¥, we define vy, € A(G) and Ty € VN(G) in the following
way:

D
Vo =f vad), where (vp, ) = ¢(A) fora.e. A € R,

@
T =f Y (N) Lan;
then " = UoTo.
(iv). This follows immediately from (iii).

We note that it is possible to choose vy € 4 (G) such that

lvollacer = 14l 2wy
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From Theorem 2.9 in [7] it follows immediately that every unitary
representation of G can be written as

D

Let us consider ® € UCB(G)* and the canonically associated repre-
sentation of UCB(G), me; from Theorem 8.5.1 of (2], it is possible to
write 7 as a direct integral of irreducible representations of UCB(G):

®
(3.9) 7o =f m'dm(r).

From Corollary (2.1) and (3.8), (3.9) it follows immediately that:

COROLLARY (3.1). Let ® € UCB(G), ms the canonically associated
representation of UCB(G) and ws€ its restriction to G. Then ® € R if and
only if

®
310) 7= [ wam)

where dm () is supported on the set of irreducible representations = of the
algebra obtained extending the group representation U, for some N #= 0.

Proof. This is immediate if we note that 75 is irreducible if and only if
78 ¢ is also.

Remark (3.1). Let us denote by . the set of the functionals ® ¢ %,
such that the support of the measure dm (7) in (3.9) has void intersection
with the set of the irreducible representations 7 of the algebra UCB(G),
obtained by extending the group representations U, for some A 5 0.

If ® ¢ #, it is possible to write

(3.11) & = & + @,
where & ¢ ¥, &' € A4.

Remark (3.2). For every a € R, let us denote by .#, (respectively .%,)
the set of the functionals ® € &% such that the measure dm(\) in (3.8)
is supported on the interval [a, + o) (respectively (—0, a]).

PROPOSITION (3.1). Let & € UCB(G)*. For every e > 0, there exist &y,
®, € UCB(G)* such that

(i) & € —x(i.ﬁ)rs, ®, € j{ﬁf)_a, for some N € R, 6 > 0;
(i) |® — (P + ®1)| < e

Proof. Let ¢ > 0; let also {a;} be a increasing sequence of R, such that
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a; — a.y > 28. For every 1, we define 7, € C,(R) by

1 yfora;, —8/2 < AN <a;+ 8/2

r{A\) =)0 yforn<a; — 6, N> a;+ 6

linear, fora; — 8 £ N\ < a; — 8/2,
ai+5/2§)\§ai+5

and R, € UCB(G) by

®
R, =f ri(N) LdA

and also ¥,, ¥ € UCB(G)* by
(\I,tr T) = (¢1 RiT)
(¥, T) = (&, X R.T), forall T € UCB(G).

Since Y ||V = ||¥] < ||®||, then, for every ¢ > 0 and for every
& > 0, there exists some 7, such that [[¥;] < ¢;let N = axr
Let us define g, ¢z € C,(R) by

gl , for A > N+ 6

gu(N) = {0 ,for N +6/2 > A

linear, for N\ +6/2 S NS N+ 0
1 ,for)\<)\0—6

qgr(\) = ({0 yfor A > N — 8/2
linear, for Ao — 6 S A < \g — §/2

and Qu, Q1 € UCB(G) by

® D
On =f ge(W) DA\, Qr =f gz (\) Lhd\.
The functionals ®,, ®, € UCB(G)* such that
(82, T) = (&, QuT), (&5, T) = (&, Q.T) forall T € UCB(G)

are the required functionals. Indeed (i) is an immediate consequence of
the definition and (ii) follows from the identity

$ — (‘I’M'i‘ ‘I’L) = Vi

4. The main results.

LEMMA (4.1). Let ® € X, ® = 0. If & € M,, for some Ny € R, then
for every T € UCB(G) such that Tx = 0 for X = o, we have (®, T) = 0.

Proof. If &, &, are totalizing vectors for ws, then, since ® € Z,

(@, T) = (ra(T)&ilt2) =f(7rx(T)£ul£2x)dm(>\),
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where the integral is given by the direct decomposition of ms, as in (2],
N € R, m(T) are the irreducible direct integrands of we(7") and &g
(z = 1, 2) are the vectors in ) such that

D

Ei = Et)\dm(x)r /L = ly 2'

Since, for every A\, we have m\(T") = T3, then

(®, 1) =f<Tx$1x|52A>dm()\)
and since (T\&n|éar) is supported on A = Ao, the above integral is null.

LEMMA (4.2). Let Mo € R, Ny # 0, fi, € L2(R), || froll2 = 1. For every
v € A(G) and for all [x,y, 2] € G, let

(4.1)  on(lx, 3,2 = o(lx, 3, Z])eﬂ“ffxo(t)em"’fxo(l + x)dt.
Then vy, € A(G).
Proof. Let v € A(G), and vV, 9® € L2(R) such that
v([x,,2]) = @V Uy, 0®), foralllx,y, 2] € G.

Moreover, for 7 = 1,2, A € R, let (¥ € L?(R) such that

o =fv>‘<‘)d>\.

We have, by definition, for all [x, y, z] € G,

(2,3, 2)) = @O ULy, av®) (fol Une([%, 3, 2]) fro)-

If U® U, is the tensor product of the regular representation U and
Ux,, then

(%, 9, 2]) = 0P ® £l (U ® Uh,) ([%, 3, 2]) @ ® fro))
= ('”(l) ® fko[U([xr Yy, Z])vm ® U)\o([xr Y, Z])f)\o>

=f<vxm ® frolUn([x, 3, 2™ @ Uy ([x, ¥, 21)fre )dN

_ f . f f T DN ok, @ e (o

X dsdt.
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By setting 7 = (M =+ N\os)/ (A + \o), w = 5 — 1, we have
v)\o([x’ Yy, Z])

Sof frle

Xei()\+)\o)(z+ry) (2)(

) )f“(’ o w)

w—I—x)

Un

(\ + o)

X o (7 + w + x) drdw.

I S
(N =+ o)

Fora.e. A\, w € R (namely for A % —X\gand A # 0) let g%, », 2% » be

the functions of L?(R) defined by

) o) Ao ) ( A ) :
r)=v — - ——cw], =1,2
g)\+)\0 w( ) A (r ()\ + )\0) f)\O 4 + ()\ + )\0) w 1
and let gy;a . be the linear continuous functionals on & (L2(R)) such
that

(gH-)\o,wy T) = <g)(\2)\o wITgH—)\o w forall T € e@(Lz(l{))

Let us show that for a.e. A € R

f||gx+x0,,,,||dw < [l caceny-

Indeed, for a.e. w € R and all 7" € Z (L*(R)),

| @rirones D) = [egiro el 2 [1Te 00l 2= 11711 1g88h0.ul |2 |18X500.0] |2

and hence

f [lgrr0.0| [dww

:f sup {l(g%+)\o,wy T)" for TE g(L2(R))v ”TH é l}dw

éf”g)(\ﬁ)‘o,wlh Hggl)—)\o,wHZd‘w

(ng{Exo,wllfdw) (f”g{?xow“? dw) 2
(f f (gii)xo,w(r)fdwdr) ( f f (€ (f))2dwdr)1/2
(ff(vx<1>(t)fm(5))2dtds) (ff(v‘(Q)(t)on(S))thds)1/2

= [P 1] [ ®] |2

IIA
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By Lemma (3.1) (ii), [[oa@|l2]lox®]|2 = |loa]| and the inequality follows.
Then, for a.e. A € R, the integral

fgx+>\o,wdw

is finite and has value in &Z (L2(R)). Set

2N Pro =fg>\+xo,wdw

By Lemma (3.1) (ii), for a.e. A € R, g&x1ay € (VN(G))a; then there exists
g € VN(G)* such that, for all " € VN(G),

O]
(g, T) =f(g)\, 1)‘)d)\, if T ——-f T)\d)\

Let us prove that g € A(G). Let us notice that, for a.e. A € R,
[gxiroll = [lonl]. Hence

[ llgelian = [ limlian = lollaco
On the other hand, for [x,y,2] € G, A & —\,,

‘U)\O([IX), Y, Z]) = fd)‘f <g)(\2>\0,wlU>\+)\o([x: ¥, z])gi?xo,,,)dw
= fd}\f (@ tr0.00 Oano ([%, 9, 2])dw

:fd)\(g)\+)\0’ U)\+)\o([x1 Y, Z)]) :f(g)\v UX([xy B2 Z])d)\
= (g, U([x,y,2])) = g([x, 5, 2]).
Therefore v\, € 4(G).

PrOPOSITION (4.1). Let Ao € R, N\ # 0 and fo, € L2(R), || frolle = 1.
Let a(¥\,) be the map in VN(G) defined by

4.2) (c(Wm)(T),v) = (T,v,), forall T € VN(G).

Then
(i) o(¥) € A
(ll) If T € gVN(G)! then U(‘I’)\O)(T) E gVN(G) and ’L:f

D
T=f t(\) Iax

is the direct decomposition of T, then

@D
(4.3)  o(¥) (D) =f t(N + No) @A,
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Proof. By definition, ¥y, is bounded and linear and [[¥,[ < 1. If
u,v € A(G) then

(o (0n) (1), v) (0(¥ne) (1), wv) = (T, (uv)xo)
= (T, un)) = @I, v) = (¢(¥n) (@]), ).

Therefore o(¥),) € .
(li). Let T E QPVN((;) and
@D
T=f t(\) Lndn,
with ¢ € L*(R). Then, for all v € 4(G),

(U(\I’)\o) (T)v 1}) = (Ty v)\o) = f (gk+)\0) t()\ + x0)-[)\-!-Ao)d>‘-

On the other hand

Exiror Iagre) = W Er4ro,wr IN4no) = g)\i—)\o.w g)\%l—)\o,w w
(@0 Do) = | dw(@pronm Hne) = | (@%r0.wlghire.0)d

=ffvx(l)(l)fxo(5)vx(2) Ofe(®)dtds = 0 ™) = @, L)

and so

(e(I)(T),v) = ft()\ + Xo) (n, L)X = (S, 0),

where S € & yne) and Sy = t(A + No) I, for a.e. A € R.

THEOREM (4.1). Let ® € UCB(G)*, ® ¢ R. If ® = & + @, where
S, ¥R, and ¥ is not zero on & vy, then there exist
So € VN(G), ¥ € UCB(G)* such that

(4.4)  o(¥) o(P) (So) # () o (¥) (So).

Proof. Let us prove the theorem for ® € .. Indeed, if ® = & + @,
where @ # 0, then & is central if and only if &’ is also.

(a). Let us suppose ® € #,™, for some a ¢ R. We choose, for
example, ¢ = 0 (if @ £ 0 the proof is the same).

Let T € 2 yon(e such that (&, T) # 0; by Lemma (3.2) there are
20 € A(G) and Ty € & yn such that T = v,To. Let t, € L*(R) such
that

D
T =f to(N) @M.

Take a sequence {r,} in R* such that », — 4+ and define {u,} by setting

M1 = V1
#nzl"n-—l-l_yn—l_'—ymforn:213-~H
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Let us define Sy € & yy(e by

@
So =f So()\)[xd)\,

where so € L*(R) is the function

so(A) = 0, forn =20
50()\) = t()(}‘ + “n)y for —be — U < N < —pp + vy

Let us prove that (&, vSy) = 0, for all v € 4(G).
If {®,} is a sequence of .#, such that
(w)

P, —5 P,
a

we denote by A, the maximum positive number such that &, € #),. We
have N\, — +0o0. Otherwise there would be a subnet {\s} converging to
some A € R and therefore for all 8 the support of the measure dm would
contain X\ and therefore the support of the measure dm(r) associated
with me by (3.7) would contain the representation U, against our
hypothesis.

Let now v € 4(G). By Lemma (3.2),

@D
S = 7150 S prcg(é) and S =f S()\)I)\d)\,

where s(\) = (so* 4,)(\), for a.e. A € R,
If4, € C,(R)and supp (4,) C (—. K], then supp (s) C (—o0, K];
therefore by Lemma (4.1) it follows that (&,, v.50) = 0, for all @ = ok,
where ax is such that N\, 2 Ag; we conclude, by taking the limit, that
(®,vSy) = 0. Let now supp (4,) be not necessarily compact. For e > 0,
let W€ C.(R) such that [|[4, — W] < ¢ and w € A(G) such that
A, = W. Then
I(CI), vSO)| = ‘(‘Pr (7} - 'Z,U)So) + (@, wSO)I
= [(®, (@ — w)So)| = [[®] [|So] [lv — w]|4

On the other hand ||jv — @||4(¢y = |4, — W]: and therefore
I(CP, USo)I < e

Since ¢ is arbitrary, (®,9S)) = 0 and therefore o(®)(S;) = 0. Let us
consider, for all n, ¥_, € UCB(G)*, as defined in Proposition (4.1).
Since the unit ball of UCB(G)* is compact in the w*-topology, there is
¥ € UCB(G)* such that

(¥_yny vT) = (¥,9T), forallvT € UCB(G),

by taking a subnet of {u,}. If ¢(¥) € &7 is the operator associated to ¥,
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let us prove that
4.5)  o(¥) (So) = T

Indeed, we notice that, for all A € R,
so(N — ua) P to(N),

because, for X € [—v,, v,), So(N — us) = to(N) and, for all X € R, it is
possible to choose 7 such that, for n = #, we can choose N\ € [—v,, v,).
On the other hand

(o (¥_p,) (So), v) =fso(>\ — ) (In, 02)dN — ((0(¥) (So) ), va)dN

= (o(¥)(So), v).
It follows then, for a.e. A € R,
((@ () (So))n, ) = to(N) (Ix, »)

and therefore

(a(¥) (So),v) = (To,v).

Since v € 4(G) is arbitrary, (4.5) follows.
Briefly, if Sy and ¢ are defined as above, we have

(4.6)  a(2)a(¥)(So) = a(2)(T) # 0, 0 (¥)a(2)(So) = 0.

(b). If ® € L., ® for some a € R, the proof is the same as in (a).
(c). In the general case let, fore > 0,7 € Z ycn(é), | T|| £ 1such that

[(®, T)| = sup {|(&,5)],S € Zyeney) — e

We can suppose that 7' = v,T%, where vy € A(G), |v| =1, Ty €
Z venwd, |Toll £ 1. For € > 0, let ®,, &, as in Proposition (3.1), then

$y = ‘1>MI + ‘I’M”, b, = ‘I’L' + ‘DL”y
where &/, ®,' € ¥, @/, &, € # and &,/ € ;f;'ﬁa, B, € Lrons
QM/ E X(:-lesy ¢Ll e Qg)\o—ts'
From property (i) of Proposition (3.1) and since &# is norm closed,

from the hypothesis on ® it follows that (as necessary replacing ®,,

(@2, T) # 0, | 22| < w(e),

where w(e) =0 for ¢ > 0. Indeed if ® € %, then the norm of the
functionals (® — &,/ — ®,’), ®,,//, &, are small.
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Then if we construct Sy € VN(G), ¥ € UCB(G)* for ®,/, as in the
case (a), we have

[(0(2)a(¥) So), 20)| = [(2, )] 2 [[@iz] — e
= [ @izl + [ @rizll — ¢
[(e(®)o (2)(S0), v0)| = [(0(¥)o(Par + 21)(S0), vo)| + ¢
= [(@(¥)o(Pa” + 21)(So), v0)| + ¢
S [ @uizll + ¢+ wle).

Since € is arbitrary, the result follows.

5. A concluding remark. In the abelian case of R, the total order of R
induces a total order structure again in the set of the functions

{Hh(x) = e™, N € R},

seen as coefficients of the (unidimensional) irreducible representations
of R.

On the other hand, in the case of the Heisenberg group, the total order
structure of the set of the irreducible representations U, of G, with
N # 0, induces only a partial order in the set of their coefficients, while
the order induced in the set of the restrictions to the center of G of the
same coefficients (not zero on & ¢) is total. Indeed, for all A € R, A\ # 0,
the restriction to Z ¢ of a coefficient of the irreducible representation U,
is given by

(Un([0,0,2]) f| &) =e™(f]|g),

for f, g € L2(R); therefore all the coefficients of an irreducible repre-
sentation restricted to & ; are functions on £ ¢ which differ only by a
scalar factor (not zero in the above hypothesis).

In view of our techniques, it is easy to note that the difference of our
result from the one obtained for G = R reflects these structural differences
between the dual objects of the Heisenberg group and the real line.
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