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ABSTRACT. In this paper a local ergodic theorem is proved for positive
(multiparameter) superadditive processes with respect to (multiparameter)
semiflows of nonsingular point transformations on a o-finite measure
space. The theorem obtained here generalizes Akcoglu-Krengel’s [2] local
ergodic theorem for superadditive processes with respect to semiflows of
measure preserving transformations. The proof is a refinement of Akcoglu-
Krengel’s argument in [2]. Also, ideas of Feyel [3] and the author [4], [5]
are used.

1. Preliminaries and the Theorem. Let k be a fixed positive integer and R* denote
the additive semigroup of all vectors t = (¢, ..., %) with;, > 0. If a = (@;) and b =
(b;) are two vectors with 0 < a; < b;, (a, b] denotes the set {r € R* :a, < 1, < b}, and
9 denotes the class of sets of this form. If r is a positive real number, we write J, =
(0, re], where 0 and e are the vectors with all coordinates equal to zero or one,
respectively.

Let® = {6,:rER"} bea k-parameter measurable semiflow of nonsingular point
transformations on a o-finite measure space (X, %, p). Thus each 6, is a measurable
point transformation from X into itself such that pu.(0, 'E) = 0 whenever R(E) = 0; and
the transformation (¢, x) = 0,x from R*, X X into X is measurable. In this paper we shall
assume that 0 satisfies:

) w(E) > 0 implies (0, 'E) > 0 for some t € R*,
) f € L (n) implies J f(0,x) d p(x) < o for all t € R®,
X
3) fELL(p) impliesf j f(8,x) df du(x) < .

x ‘1

By a process in L? (), where 1 < p =< o, we mean a family F = {F,},c s of functions
in L? (). A process F is called positive if F; € L”, () for all I € $, linearly bounded
if there exists a positive real number r such that
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1
sup — |[F, < e
icJ, ’1|

where |I| denotes the Lebesgue measure of I € $, and superadditive (with respect

to 0) if
4) F,+0,<F,, foralll € $andr € R,
®)) z F, = F, whenever I, ..., 1,

i

1

I

i

are disjoint sets in $ and

n

r=U1

i=1
is also in $.
If both F and —F are superadditive, F is called additive.

DEFINITION. ([2]). Let {1} be a family of sets in $, where r ranges over the positive
rational numbers. {1,} is called regular (with constant C) if there exists another family
{1} of sets in $ such that I, C I, for all r, 1] C I, whenever r < s, and [I,| = C|L,| for
all r. We shall write lim,_,o I, = 0 if for each a > O there is an ry > 0 such that I} C
Jo for all r < r.

We are in a position to state the theorem.

THEOREM. Assume that 0 satisfies conditions (1), (2) and (3). If F is a positive
superadditive process in L?(p), where 1 = p < o, and if {I.} is a regular family of
sets in $ with lim,_ I, = 0, then g-lim,, (1/|1,|) F, exists and is finite a.e. on X,
where q-lim,_, means that the limit is taken along the positive rational numbers.

2. Proof of the Theorem. Since the proof is rather long, we shall divide it into
several steps.
(I) First, by conditions (2) and (3), if we define, for a measurable function f on X,

K.f(x)=f@®x) (tER,, x€EX),

then {K,} may be regarded as a k-parameter semigroup of bounded linear operators on
L'(p), strongly integrable with respect to the Lebesgue measure over ever finite
interval I € $. This together with condition (1), implies (cf. the proof of Theorem 2
in [5]) that there exists a vector a = (a;) € R", and a function u € L*(p.), with u >
0a.e. on X, such that ||K,||' e, =< exp (2 a;t,) for all £ = (,) € R%, and strong-lim, .,
K, = I (the identity operator) on L'(u dp.). Therefore, considering the measure u d
instead of ., there is no loss of generality in assuming that ||k, = exp (2 a;t;) for all
¢t € R and strong-lim,_o K, = I on L'(p.).
(1) By step (1), if we let

T,=exp (- at)K, (t=()€ER),

then T = {T,} is a k-parameter semigroup of positive contractions on L'(.).
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Let us now fix an & € L'(p), with 2 > 0 a.e. on X, such that

qllm——f T,hdt = ha.e. onX.

r—0 I

Write

F! = min {F,, f Thd:y (€ 9).
1

Clearly, F* = {F/} is a linearly bounded superadditive process in L'(j) with respect
toT,i.e., TF, <F" foralll €% and:€E R%. Thus by a standard argument (cf. e.g.
the proof of Lemma 4.7 in [2]), there is a positive additive process G in L'(), with
G < F", such that if we set H = F* — G then

6) hm f 2 Tu,z "o i Hyppdpe = 0.

(1II) In this step we shall prove a local maximal lemma which is essential in the proof
of the theorem. Although the proof is similar to that of Akcoglu-Krengel’s maximal
inequality [2], we prefer to give the complete proof.

LEMMA. Let W = {W,} be a positive superadditive process in L' () with respect to
T and {1.} a regular family of sets in $ with lim,_o 1, = 0. Let o > 0 and E € F with
w(E) < . Suppose

qhm sup —W, >oaonkE.

Given a set D € ¥ define
8(D) = g-lim inf—l—f W, dp.
r—0 |Jr| D
Then we have
k
8(D) = %C“ exp ( Z ) w(E N D).

PROOF. For an € > 0, choose 0 < r < 1 so that

@) f W, dp < 3(D) + ¢,

17

and also so that

w((E N D)AB;'(E N D)) < € whenever ¢t € J,,

where the sign A stands for the symmetric difference. Further, choose 0 < ry < ...
<ry, withI, CJ,,forall 1 =n =M, so that if we put

https://doi.org/10.4153/CMB-1985-023-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1985-023-8

208 R. SATO [June
1
EE=ENDNj{max —W >a
1=n=M |[r"| "

then w((E N D)\E') < € and p.(E'AB,"E’) <3eforallt € J,. Since E' CEND,
it follows that

w(D N8, 'aE") > w(E') — 3e > p(E N D) — 4e
for all ¢ € J,. Define A(x) = {t € J,,:0,x € E'}. By Fubini’s theorem we then have

f |A(x)] dp(x) = f p(D N O 'E") dr > |J,n| (W(E N D) — 4e).
D I

On the other hand, to each t € A(x) there corresponds an n(t) € {r,, ..., ry} such
that

alln| < W,

n(r)

(0.x) = exp (2 a;t;) Wiy, (X),

and since {/,} is regular, there exists a nested family I;, C ... I; CJ,, in $ such that
I, Cl} and |I;| =C|I| Fixana €1}, and put U, = (¢t — a) + I, for t € A(x).
Since ¢t € U, for all t € A(x), Lemma 4.1 in [2] may be applied to infer that there are
finitely many vectors ¢',...,t" in A(x) such that the sets t/ + I}, are disjoint and

|A(x)] = 35 2 || = 34C 2 L.
j=1

j=1

Therefore
a ) m
—~C NAW)| = & 2 )
3 J=1
m k .
< z exp (2 ait‘f) Woii,,(%)
j=1 i=1
< eXp (E ) 2 ’J+ln(1lb(x)
i=1 j=
k
= exp (2 al>
i=1
and thus

[ woan=2c"ep -3 a) [ |aw] dpeo
D 3 D

> 3ﬁ C"exp (=2 @) |J,n] (W(E N D) — 4e).
By (7) we obtain

5(D) + e > % C ' exp (=3 a) ((E N D) — 4e),
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and letting e — 0, the desired inequality follows.

(IV) In this step, using the lemma, we shall prove that g-lim,_,o (1/|L,[) H, = O a.e.
on X. To do this, let « > 0 and E € ¥ with p(E) < . Suppose

—
r—0 ’

1
g-lim sup mH,, >aonk.

Since ||T,], = 1 and strong-lim,_, T, = I, it follows that g-lim,,, T*1 = 1 a.e. on X,
where T denotes the adjoint operator of T,.. Therefore the limit function

2n

*
2 Thon

v = lim | J,-»
n

i =1

(the a.e. existence of the limit is easily checked) satisfies 0 < v =< 1 a.e. on X. This
together with (6) proves that given an € > 0 there exists a set D € %, with
R(E\D) < €, such that

lim

n | Jy-n

Since H is a positive superadditive process in L'() with respect to 7, the lemma
implies that

I le“" dp« =0.
D

0= % C ' exp (=3 a) (W(E) — ).

Letting e — 0, we have that w(E) = 0, and the desired result follows.

(V) We shall next consider the process G. By [1], G can be written as G = G' +
G", where G’ and G" are positive additive processes in L'(p) (with respect to T) such
that (i) G’ is singular and (ii) G" is absolutely continuous. Since G' has the localization
property ([1]), i.e., given an € > 0 and a set E € ¥, wth w(E) < o, there is an r >
Oand aset D € %, with w(E\D) < €, such that [, G/ dp < €|I| for all I € § satisfying
I C J,, it may be seen, as in step (IV), that g-lim,_, (1/|,|) G/ = 0 a.e. on X. The
details are omitted.

For the process G”, there is an f € L' (n) such that G} = [, T.fdt forall I € $.
On the other hand, it is well known and easily checked that the class

.1
{g € L'(p): g-lim |7—| f T,g dt = g a.e. on X}
r—0 r 1,
is dense in L'(p). Further, using the lemma, it follows easily that
1
g-sup — f T.gdt <xae.onX
r<l |1’| 1

for all g € L' (). Thus Banach’s convergence theorem proves that
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1 1
-lim — G = ¢-lim — f T.fdt
i o O qum:,J

exists a.e. on X.

(VI) We shall conclude the proof as follows. We have proved that g-lim, ., (1/1,)
F ;’ exists a.e. on X. Here, replacing h by Nh, with N = 1, and noticing that limy_.,
Nh = © a.e. on X, we observe immediately that g-lim,_, 1/(|1,]) F;, = fexists a.e. on
X. To see that f < ® a.e. on X, we first notice that f = g-lim,_,, (1/ J]) F, a.e.onX.
Next, fix a function g € L'(p) N L*(w) with g > 0 a.e. on X Since F is superadditive
with respect to T, it follows that for n = 1,

271
fszg dp = ( T, ik2_”)Flz—n>g dp
i =1

2n

1 1
= f sz_,,< > T?:',z*" ..... ikz"')g) du,

| Jy=n 2k =t

) F;,-, = fa.e. on X and where

where lim, 1/(|J,-

2n

. 1 ,
L'(u)-h:n vl 2 Tion ) 8=8

k .
[T =1

exists and g’ satisfies g’ > 0 a.e. on X, because T;; as an operator of L' (), converges
strongly to the identity operator when ¢ = (¢, . . ., ) tends to O (cf. Theorem 1 in [5]).
Using Fatou’s lemma, [ fg' dp < [ F 1,8 dp < , and this in turn implies that
f <« a.e. on X. The proof is completed.

3. A concluding remark. We assumed in the Theorem that the process F in L”(.)
is positive; but this assumption may be replaced by the following weak boundedness
assumption:

1
?g/p |1]

for some positive number r, where F;, denotes the negative part of the function F;.
To see this, let F~ = {F, },ey. Clearly, —F is a linearly bounded superadditive
process. Since ||K|l. = 1 and ||K, |l (uap) = exp (2 a;t;) for all £ = (¢,) € R%, by step (I),
it follows from the Riesz convexity theorem that sup;e; ||Ki||.rua,) < @ for all I € $.
Thus, modifying an argument in the proof of Lemma 4.7 in [2], we can construct a
positive additive process G in L”(u dp) such that F~ = G and such that G is linearly
bounded. (In case p = ®, we put G,;(x) = K|I| forx EX and I € $. Then G = {G,}
is a positive additive process in L”(u d) satisfying F~ = G.) Since F = (F + G) —
G, where F + G is a positive superadditive process in L”(u dp.), the Theorem ends the

proof of our assertion.

IFll, = K <o
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