A GENERAL PERRON INTEGRAL
P. S. BULLEN

1. Introduction and notation. In this paper integrals are considered
from the point of view of inverting differential operators. In order to do this
it is necessary to introduce integrals more general than the Lebesgue integral
and these integrals turn out to have other interesting properties (6, 7, 12).
The integral introduced here is defined in the setting of axiomatic potential
theory (2, 4). By defining it as generally as possible it not only includes the
James P?*integral but inverts many of the standard second-order differential
operators.

In this section the concepts of potential theory are introduced very quickly;
details can be found in the references (2, 4). In particular the notation will
follow that of Bauer (2). A generalized second-order derivative is introduced
in the second section, and it is used to obtain necessary and sufficient conditions
for a function to be hyperharmonic. In Sections 3 and 4 the general Perron
integral that inverts this derivative is defined. Finally in Section 5 some ex-
amples are given; it is intended to develop these further in a later paper. At
the beginning of each of Sections 2—4, the general conditions that are to hold
in the section are stated and are to be understood as a part of the hypotheses
of any of the results proved in that section. Extra restrictions introduced in
the course of a section will be stated explicitly each time they are used.

Functions will be defined on a locally compact space X with values in the
extended real line. On X there is a harmonic structure as defined by Bauer (2).
11 will denote the family of non-empty open sets of X, and U, with or without
indices, will always denote a member of 1. For every set U, 9 (U) will be the
set of real (that is finite-valued) continuous functions on U, called the harmonic
Sfunctions on U. H(U) satisfies

AxioMm H. The mapping U — O (U), defined on W, is a sheaf.

1l contains a subfamily B of regular sets with the properties that for all
V € B: (a) Vis relatively compact; (b) the boundary of V, denoted by V*, is
not empty; (c) if f is a real continuous function on V*, written f € C(V*),
then there exists a unique continuous extension of f to , whose restriction to
V, Hy, is harmonic in V; further if f > 0, then H,; > 0. V, with or without
indices, will always denote a member of B. If V C U, then V will be said to
be regular in U, written V € B(U). B satisfies '

Axiom B. DB is a base for the topology of X.
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18 P. S. BULLEN

Bauer (2, §1.2) shows that for all V and all x € V there is a non-negative
Radon measure, the karmonic measure, u(V; x), supported by V*, and such that

H,(x) = [fdu(V;x), forall fe G(V*).

If u is a numerical (that is, not necessarily finite-valued) function on U,
then u is said to be hyperharmonic on U, u € ¥ (U), if @) u > — o ; (b) u is
lower semi-continuous (l.s.c.); (c) forall V € B(U) and f € C(V*),f(z) < u(z)
for all z € V* implies H, < u. Bauer (2) has proved

THEOREM 1. Let u be a l.s.c. numerical function on U with u > — o ; then
u € §*(U) if and only if for every V € B(U) and everyx € V

f*u du(V; x) < u(x).

COROLLARY 2. Ifu € G(U), thenu € O (U) if and only if for every V € B(U)
and every x € V, fu du(V;x) = u(x).

This defines the harmonic structure and using two more axioms, 7" and K
below, Bauer is able to extend to this situation many of the results of classical
potential theory.

Lett € €(X)and¢ > 0;then a function # on U is said to be ¢-harmonic on U
if ut € $(U). This class of functions defines another harmonic structure on X
with the same regular sets. Further, the {-hyperharmonic functions are just
those functions with ut € $*(U) and the {-harmonic measure is fu(V; x)/t(x)
(2). If t € H(X), then the constant functions are ¢-harmonic on X.

Axiom T. There exists a positive function t, harmonic on X, such that the
t-hyperharmonic functions on X separate points of X.

Throughout the paper ¢ will denote a positive harmonic function whose
existence is assured by Axiom T. Let §§ be a non-empty set of functions har-
monic on U that is filtered to the right; then we state

Axiom K. If § is bounded above, then sup § € H(U).

A generalization of H, will now be defined. Suppose that U is relatively
compact, then for a numerical function f on U* define

1H, = inf{u; u bounded below, » € $*(U), and liminf u(x) > f(2),

T2z, zeU
forall z € U*},
and |H, = —TH_,. f is said to be resolutive on U* if {H isrealand 1H, = |H;
this function is written H;,. If, further, H, is harmonic, then f is said to be
harmonically resolutive on U*. If Axioms T and K are assumed, then all con-
tinuous functions are harmonically resolutive (2, Theorems 14 and 24). Then

for all relatively compact U and all x € U there exists a non-negative harmonic
measure, u(U; x), supported by U*, such that
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H,(x) = [fdu(U;x) for all f € C(U*).
From Bauer (2, Lemma 13, Theorem 19 and 7.6-7.9), we have
THEOREM 3.

(@ ) Iff < g then TH; < TH,.
(ii) For every positive real number a, 1H,; = a TH,.
(i) THspy < 1H;+ TH,.
(iv) |H, < TH,.

(b) If V € B(U), then for every numerical funciion fon V¥ and allx € V,
TH,(x) = [*fdu(V; x).

If U is relatively compact, then a set 4 C U* is said to be negligible if
TH,; = 0, where f is the characteristic function of 4. If a property holds on U*
except on a negligible set, it is said to hold nearly everywhere. In particular if
two functions, f and g, are equal nearly everywhere on U*, then T1H, = TH,
(2, Lemma 5). An enumerable union of negligible sets is negligible.

If U is relatively compact and z € U*, then z is a regular point if

lim H,(x) = f(z) forall f € C(U*).
T2, 2€U
A relatively compact set U is regular if and only if 2 is regular for all z € U*.
If 2 is regular, then for any resolutive function f,
lim UH,(x) = f(2); cf. (2, III).

z->2, T€

For each x € X let N (x) be a fundamental system of regular neighbourhoods
of x. Using Corollary 2, a class of WN-harmonic functions can be defined (2,
Definition 3). The theory of these functions, which parallels the above dis-
cussion, is an apparent generalization. However, it can be shown that the
MN-harmonic structure is just the original harmonic structure (2, Theorem 5).
Throughout the paper, 3 will denote such a map on X.

2. A generalized derivative. In this section, X is assumed to be a locally
compact metric space, with the metric denoted by r and diameters of sets by R.
Further, X is assumed to have a harmonic structure as defined in the previous
section and satisfying all the axioms introduced there.

If f is a numerical function on X, x € X and V € N(x), then

(1) TAf(x; V) = [*fdu(V;x) — f(x) = THs(x) — f(x),

where ¢ is the restriction of f to V*, is the formal definition of an upper difference
operator. In order that this be meaningful, both TH,(x) and f(x) cannot be «,
or both — «. In particular, TH,(x) is certainly finite if f is resolutive on V*.

A similar definition can be made for a lower difference operator |Af(x; V).
When both are defined, then |Af(x; V) < TAf(x; V). If they are equal, the
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common value will be written Af(x; V). In particular, this is the case when f is
resolutive on V*.
Using (1) the generalized upper derivative of f at x (relative to N) is

) = I TAf(x; V)
This upper derivative is properly defined if either (a) f(x) is finite, or (b)
f(x) = ® (—w)and forall VC Vi, V and V,in N(x), THs(x) # o (— »),
where ¢ is the restriction of f to V*. When no ambiguity can result, the letter 9t
will be omitted from the left-hand side of (2).

By replacing lim sup and TA by lim inf and | A, respectively, we define the
generalized lower derivative |Df(x). If both derivatives are defined, then
IDf(x) < 1Df(x), and if they are equal, the common value will be written
Df(x).

The above definitions can be introduced in the #-harmonic structure. In that
case the notation will be TAf (x; V; t), TDf(x; N; £), etc. It can easily be shown
by using the results of the first section that

107(x; Vit) = Ri—)maﬂ ®: V)

if either side is defined, with similar results for the derivatives.
Finally, if f is not defined on the whole of X but only on some U, all the V
that occur in the above definitions must be taken to be regular in U.

TaEOREM 4. If f € ©*(X), then for any N for which TDf(x; N) is defined,
IDf(x; M) < 0.

The proof follows immediately from the definitions and Theorem 1.
To obtain a converse of Theorem 4 we need

AxioM 1. There is a real function v, hyperharmonic on X, for which
TDv(x; M) < 0, for all x € X and all N.

THEOREM 5. If Axiom 1 is assumed and f is a numerical l.s.c. function on X
such that for some M and all x € X, |Df(x; N) < 0, then f € H*(X).

Proof. For simplicity it will be assumed that for all x 9 (x) consists of all
regular sets containing x.

The proof will require the positive constants to be hyperharmonic. There
will be no loss in generality in assuming this, or even that constants are
harmonic. Let us suppose that Theorem 5 has been proved under this last
assumption. The hypotheses of Theorem 5 imply that if f* = f/¢, then for
some N, |Df'(x; N;t) <0, for all x € X. Hence, since constants are ¢-har-
monic, f* € t — $*(X); but this is equivalent to f € 9*(X).

It is also sufficient to prove the theorem with the inequality assumed to be
strict. Let us suppose that this weaker form of Theorem 5 has been proved
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and let v be the real hyperharmonic function whose existence is assured by
Axiom 1. If then g, =v/n, n =1,2,..., g1, 82 ... 1s a sequence of hyper-
harmonic functions that converges everywhere to zero; further Dg, =
TDv/n < 0, for all n. Suppose f satisfies the conditions of Theorem 5. Then
ID(f + g.) < |Df + 1Dg, < 0. Hence, by the above assumption, f + g,
€ H*(X), for all n. So

141G, V) < TA( + g (x5 V) — [Aga(x; V) < = (1/m) | do(x; V),

for all n, all V, and all x € V. Hence TAf(x; V) < 0 for all V and all x € V,
which implies that f € $*(X), using Theorem 1.

Now let us commence the main part of the proof, subject to these extra
conditions. Since |Df(x) exists and is not « it follows that f > — . Hence it
is sufficient, from the definition of hyperharmonic functions, to show that for
all Vand all v € C(V*), v(2) < f(2) for all z € V* implies H, < f.

Suppose it does not. Then there exists an x3, a V; € N(xy), and a k; € C(Vy)
such that (i) the restriction of %; to V; is harmonic in Vi, (ii) £,(2) < f(z) for
all z € Vy*, and (iii) A1(x1) > f(x1). In fact we can take %; to be equal to v on
Vi* and H,in V; for some suitably chosenv € C(V*).

Write g(x) = f(x) — hi(x) for x € V. Then (a) g is l.s.c., (b) g > — o,
(c) g(2) > 0 for all z€ Vy* (d) g(x1) <0, (e) |Dg(x) = |Df(x) < 0 for all
X 6 Vl.

By its first four properties g assumes a finite negative minimum at a point
x2 € V1. Choose then V € B(V;) N N(x:) and we have

18gQxe; V) = [Hy(xs) — g(xa) > gx2)A(L; V) =0

by Theorem 3(a) and the assumption that 1 € $(X). Hence at x», | Dg(x2) > 0,
which contradicts property (e).
This completes the proof of the theorem.

CorOLLARY 6. (i) If Axiom 1 is assumed and f € €(X) is such that for some
N, | Df(x; N) <0< IDf(x; N) for all x € X, then [ € H(X).

(i1) If Axiom 1 is not assumed, the conclusion of Theorem 5 1is still valid if the
inequality there is taken to be strict. '

Proof. The proof of (i) is an immediate consequence of Theorem 5 and part
(ii) follows from the proof of that theorem.

In applying these results to the definition of an integral it is of importance
to allow an exceptional enumerable set on which the conditions are weaker
than those of the above theorem. In order to get a result of this type, the space
X must be further restricted. Assume now that X is a finite-dimensional
vector space over the reals with a scalar product denoted by (x, ¥). Then

r(x,y) = |x — 3 = (x — 3,6 — Yk

If f is a numerical function on X define
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y _ o [+ ay) — fx)
flx,y) = 113(} .

whenever the limit exists. If f'(x, y) exists for all (x, ¥), is continuous in x for
each v, and is a linear functional in y for each x, then f will be said to be
continuously differentiable. Then for each x € X there exists a unique point of
X, denoted by Vf(x), such that f'(x, ) = (Vf(x), y), for all y € X.

Assume further that the sets of all the 9 (x) are convex. Then we shall say
that N is convex. If x, y are distinct points of X and V € N (x), let y; be that
point of V* of the form ax + (1 — a)y, for some @ > 0. Then define

RN flv) — fx)
ldf(x) = 11;f lms}z(i?fg (5 30) z

If f is continuously differentiable, then simple calculations show that

1df(e) = inf {r(s l—’;—:—i—]» = — [/
Now let the following axioms be assumed.
Axiom 2. If h € t — (X)), then h is continuously differentiable.
Axiom 3. There exists an b € t — O(X) such that for all x € X, |Vh(x)| 5 0.

Axiom 4. (i) For each x € X there exists a V' € N(x) and non-negative Radon

measures ui(x), pe(x) such that if f is a non-negative numerical function on X
and VC V', VE NK), then

J, 1@wne = [ s+ (- 0am0e

> [, s+ (= 05 )an) )

V,*
+ s(x; V) L flax 4+ (1 — a)zp)du2(x) (zp)
Pk
where
s; V) = min* r(x, 2).
F11%4
(i) If A C V*and u1(4) = 0, then A is non-dense in V*.

This axiom expresses the dependence of u(V;x) on V. It is satisfied in
particular if u(V;x) does not depend on V; that is, abridging the above
notation, if u(V;x) = ui(x) instead of u(V;x) > ui(x) 4+ s(x; V)ua(x), as
above. This particular case occurs classically when, for all x and V, u(V; x) is
the uniform distribution of unit mass on the sphere V of centre x.
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THEOREM 7. If Axioms 1, 2, 3, and 4 are assumed and f is a numerical l.s.c.
Sfunction on the finite-dimensional vector space X such that for some convex N

(7) IDf(x; M) <0 forall x € X — E, E an enumerable set,

(i) lim inf {lA{ (; VI)/)} < 0forallx € E,
then f € ©*(X). If Axiom 1 is not assumed, the same conclusion holds if the
inequality in (1) is strict.

Proof. The first part of the proof will follow closely that of Theorem 5. In
particular N (x) will be assumed to consist of all the regular sets containing x;
constants will be assumed to be harmonic and so Axioms 2 and 3 will apply
directly to the harmonic structure; and only the last part of the statement of
the theorem will be proved.

If % is the function whose existence is assured by Axiom 3, redefine the
function g of the proof of Theorem 5 as f — ki + ah where @ > 0 and is small
enough not to change the properties (a)—(e) of g. Since the set E is enumerable,
this number @ can also be chosen so that

ldf(x) #= — |V(h1 — ah) (x)| forallx € E.

The argument of Theorem 5 shows that g has a local minimum at x, and that
x2 € E and further that

lAg(xg, V)
it ey >0
But |Ag(xs; V) = |Af(xs; V), so by Hypothesis (ii)
_ lAg(xg, V) f
0 lxggzi)f SGo VY llgl}}zi?fs(m 7 {g(z) — g(x2)}du(V; x2) (2).

Now apply the first part of Axiom 4 (the notation will be abbreviated some-
what, the full form being given in the statement of the axiom):

> lim inf f 2(2) G fgxz) dui(x2) (2) + lilg}l(zigx)lf L {g(z) — gx2)}dua(xs) (2)

N(z2)

> lim inf g(z) = g(xz) dui(x2)(2) + 0 >

* Ray  7(3 %)
by Fatou’s Lemma, the fact that g is l.s.c. and «x; a local minimum of g. Hence
3) lim inf 2(z) — g(xz) =0 for u; — almostallz € V*,
Nen  7(8 %)

and in any case the left-hand side of (3) is non-negative for all 2 € V*. That is,

4) lim mff( 2) = flxa) <V(h1 — ah) (x2), I_%%z_!>

N(z2) 7(2, x2)
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for w;-almost all 2 € V* and for all z € V* the left-hand side of (4) is not less
than the right-hand side. By Axioms 2 and 4(ii) this implies that |df(x:) =
~|V(hy — ah)(x2)|, which is a contradiction. This completes the proof of the
theorem.

3. Major and minor functions. In this section X is assumed to be a
finite-dimensional vector space with a harmonic structure as defined in Section
1 and satisfying the Axioms 1, 2, 3, and 4. A function N is given and will be
assumed to be convex. In particular, therefore, Theorem 7 can be applied.
The discussion will occur in some fixed relatively compact open set U.

Let f be a numerical function defined on U. A function m defined on U is
called a minor function of f on U, written m € |IN(f), if and only if there exists
an enumerable subset E of U such that

(i) m € C(TU),
(i) TDmx) < o ifx€ U — E,
(iii) 1Dm(x) < f(x),if x € U — E,
C e TAm(x; V) .
@iv) lmg}(zt)xp s——————(x; 7 <0,ifx € E,
(v) m(z) > 0 for nearly all z € U*.
If —M € [M(—F), then M is said to be a major function of f on U, M € TIN(f).

LeEmMA 8. If M € TIM(S) and m € [IN(S), then
(1) m — M 1is a real continuous hyperharmonic function on U,
@) m > M.

Proof. (i) Note first that [D(f — g) < 1Df — |Dg, and similarly that the
same holds with D replaced by A, provided the terms are defined. If x € U —E,
then TDm — |[DM is defined and hence |[D(m — M) < 1Dm — |[DM < 0.
If x € E, then

lim inf Y22 = DG V)
N(z2) sx; V)
Hence since m — M € G(U), Theorem 7 shows that m — M € $*(U).

(ii) By part (i),m — M € 9*(U) and hence, by definition,m — M > H,_,,.
But for nearly all 2 € U*, m(2) — M (2) > 0and hence H,,_,; > 0, by Theorem
3(a)(i). This completes the proof of the lemma.

A numerical function f on U is said to be 9-integrable on U, written f € J(U),
if given any a > 0 there exists an m € [IMM(f) and an M € TIM(f) such that

0< mx) — M(x) <aforall x€ U.

Lemma 9. If f € S(U), there exists a function F defined on U such that
(i) F =sup{M; M€ TM(f)} = inf{m;m € M)},
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(i) Fe €0),
(iii) for all M € TIM(f) and all m € |IM(S) the functions F — M and m — F
are hyperharmonic in U.

Proof. (i) Let F = inf{m;m € [I(f)}. Then, by Lemma 8, F is an upper
bound of TIR(f). Given an a > 0, let m € [IM(f) and M € TIN(f) be chosen
so that 0 < m(x) — M(x) < a for all x € TU. Then 0 < F(x) — M(x) < a
and so F = sup{M; M € TI(f)}.

(if) and (iii) follow immediately from (i) and Lemma 8.

If f,g,... are H-integrable on U, then F, G, ... will denote the function
defined by Lemma 9 for f, g, . . . respectively.

It is important to allow an additional exceptional set in the definitions of
IM(f) and TM(f). This set in the classical case is a set of measure zero (7); it
ensures that functions equal except on such sets are D-integrable together.
Let 3(U) denote the subsets Z of U for which there is associated a v, € €(U)
whose restriction to U is hyperharmonic, such that Do,(x) = — o for all
x € Z. 3(U) contains at least the empty set and a simple calculation shows
that it is closed for finite unions. Further properties for 3(U) will be assumed
later, Axioms 5 and 6. Now modify Part (iii) of the definition of |9 (f) to read

(i)’ TDm(x) < f(x) for all x € U — Z — E, where Z € 3(U) and E is an
enumerable subset of U.

This gives rise to new classes of major and minor functions, T (f) and
LM (f) say, and hence to a new class of integrable functions, &' (U). Clearly
S(U) C ¥ (U) and we have

Lemma 10. F(U) = J'(U).

Proof. This is clearly true if 3(U) only contains the empty set; so we can
assume it to contain other sets. From the above remark it is sufficient to prove
3(U) C JW).

If fe€ §(U) and a > 0, choose m’ € [ (f) and M’ € TV (f) so that
0 < m'(x) — M'(x) < 3a for all x € U. Let Z be the union of the exceptional
sets from 3(U), and E the union of the two enumerable sets, associated with
these two functions. Let v, the function associated with Z, be so chosen that
2a > v; > 0, as can clearly be done using Axiom 7. Define

m(x) = m' (x) + v5(x), M@x) = M'(x) —vy(x) forallx € U.

Then 0 < m(x) — M(x) < @ and if it can be shown that m € |[IM(f) and
M € TIM(f), the proof will be complete. The conditions (i), (iv), and (v) are
immediate. As v, € $*(U), TDvz(x) <0 for all x € U and so since
1Dm < TDm’ + 1Dv;, Condition (ii) is also satisfied. The same inequality
also shows that if x ¢ Z — E, then Condition (iii) holds. If, however,
x € Z — E, then [Dm(x) = — o < f(x), and so (iii) holds for all x € U — E.
A similar argument can easily be given for M.
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As a result of this lemma Condition (iii) will be replaced by (iii)" and the
class of integrable functions J (U) by the class 3’ (U). The prime in the nota-
tion will, however, be omitted.

LevmMa 11, If $'(U) and "' (U) are two classes of harmonic functions on U and
if &'(U) C 9" (U) and t € &' (U), then ' (U) C I (V).

The proof is immediate from the definitions. However, note that if the regular
sets associated with £’ (U) form a proper subset of those associated with
9" (U), the derivatives used must be defined using an N for which all the
N (x) consist of sets from this proper subset, and wherever such an N is used,
it must always be so chosen.

4. The 9-integral. In this section, X is assumed to satisfy the same
conditions as those stated at the beginning of Section 3. The fixed 9t is again
assumed to be convex and the set U is now assumed to have nearly all of the
points of U* regular.

If f € §(U), and F as usual denotes the function defined by Lemma 9, then
the Qo-integral of f over U is defined to be

Folx) = —F(x) = fU,,f, forallx € U.

If & is a function on U* that is nearly everywhere equal to a continuous
function, the De-integral of f over U is defined to be

Fo(x) = Fo(x) + He(x) = [p.0..f, forallx e U.
THEOREM 12. If f and g are H-integrable on U, then
(1) f > g implies that Fs > Gs;
(i) for all real numbers a, b, af 4+ bg € JF(U) and
[vox (af + bg) = aFo(x) + bGa(x),  forallx € 1U;
(ii1) if also |f| € J(U), then
Jvasfl <Joselfl,  forallx€U;
(iv) Fe € C(U) and
lim Fs(x) = ®(2),

z->2, 2€U

at all the regular points of z of U*, in particular therefore nearly everywhere.

Proof. These results are immediate consequences of the definitions, the
assumed properties of U and U¥*, and the results quoted in Section 1.

THEOREM 13. Let U, C be a relatively compact open set with nearly all the
points of Ur* regular. Then if f € J(U), this implies that f1 € J(U,), where
f11s the restriction of f to Uy. Further, if x € Uy,

Joreefi =fvef + Hars(x),

where ¢ is the restriction of F to U,*.
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Proof. Since U, is relatively compact and F ¢ €(U), H, is defined and
harmonic. Let m, 3 be any minor and major function of f on U respectively.
For all x € U, define

my(x) = m(x) — Hy(x),  Mi(x) = M(x) — Hy(x).
Then m; is a minor function of f; on U; and M, is a major function. The proof
of this is immediate using Lemma 9 and the properties of regular points. Fur-

ther, given any @ > 0 if m and M are so chosen that 0 < m — M < a, then
0 <my — M, <a. Hence

Joiof = —inf{mym € (M)} = — sup{My; M € TIM())
= [v.f + Hy(x), forallx¢c U,
The general case follows from this.
THEOREM 14. If f€ J(U) and f(x) = g(x), x € U — Z, Z € 3(U), then
g € S(U) and Fy = Gs.
The proof is immediate.
TaeorEM 15. (i) If f € S(U) and f > 0, then Fs € O*(U).

(it) If both f and |f| are H-integrable, then Fs is the difference of two functions
hyperharmonic in U.

Proof. Part (ii) is an easy consequence of (i) and (6); and in (i) it is sufficient
to show that Fy € $*(U). By Theorem 13, if V € B(U) and x € V, and if f,
is the restriction of f to V and ¢ the restriction of Fy to V*, then

[yufi = Fo(x) — Hy(x)  forallx € V.

Since f; > 0, it follows from Theorem 12 that for all x € V, Fo(x) > Hy(x).
This, by Theorems 1 and 3 and the definition of hyperharmonic functions,
proves that Fo € *(U).

THEOREM 16. Suppose that F ¢ C(U) and that DF exists on U — Z, Z € 3(U)
and that TDF and |DF are finite except on an enumerable set where

lim AF(x; V) _
na Sk, V)
Then if f = DF where DF is defined and is zero elsewhere,
fe W) and [v.f = —F@) + He@).

This results immediately from the fact that ¥ — Hy is both a major and a
minor function for f on U.

CoROLLARY 17. If Fy and Fs both satisfy the conditions of Theorem 16 and if
DF, =DF,on U — Z, Z € 3(U), then F, — Fy € $(U).

In order to prove differentiability properties of the integral two further
axioms are needed.
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Axiom 5. () If Z, € 3(U),n =1,2,..., then
U Z, € 3.

(1) If E is an enumerable subset of U, then E € 3(U).

Ax10M 6. Suppose given a set Z C U there exists a sequence u, of real continuous
hyperharmonic functions on U such that (i) lim u, = 0, uniformly in U, (ii) for
somea > 0, |[Du,(x) < —aforallx € Zandalln =1,2,....Then Z ¢ 3(U).

An easy implication of this last axiom is that if # is a real continuous
hyperharmonic function on U, then the set of points x at which |Du(x) = —

is in 3(U).

TaEOREM 18. If Axioms 5 and 6 are assumed and f € J(U), then DFs(x)
exists and equals —f(x) for all x in U except perhaps in a set of 3(U).

Proof. 1t is sufhcient to consider the case Fj.

For all # > 1, choose a major function, M,, of f on U so that 0 < u, =
F — M, < 1/n. By Lemma 9, u, is a real continuous hyperharmonic function
on U. Let U, =U — Z,, Z, € 3(U) be the set of points at which |Du, is
finite for all n.

Since TDF, = 1D(—F) < —|DM, — |Du,, it follows that TDF;, < «~ on
a set Uy = Uy — Zy, Zy € 3(U). Further, TDFy < —f — |Du,, on a set
Us = Us— Z;, Zs € 3(U).

The functions u,, n = 1,2, ..., satisfy the conditions of Axiom 6 and so
let Z,, € 3(U), m > 4, be the set of x such that |Du,(x) < —1/m for all n.
Then

TDFy(x) < —f(x) + 1/m forallx € Uz — Z,.
Hence in

Z € 3(U), 1DFy < —f and 1DFy < o.
A similar argument shows that |[DF, > —f and |DFy > — o in a set
U— 2", 2" € 3(U). This completes the proof of the theorem.

5. Some examples. In this section a few examples of the preceding theory
are given. It is intended to develop these further and to discuss the Axioms 1-6
in a later paper.

Let X be the real line and 9 (X) the class of linear functions. The U consists
of all bounded open sets. If V = (a, b) and f(e) = ¢, f(b) = d, then
x—a)d+ (b — x)c

b—a !
a b—«x

”(V;x) =:Zx)::(]/€b+b—aea,

H(x) =
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where ¢, denotes the unit mass supported by the set {x}. Since all relatively
compact U are regular, the extension to TH, is unnecessary and all real func-
tions on U* are harmonically resolutive. The empty set is the only negligible
set. The class $*(U) is just the collection of continuous concave functions.
The validity of Axioms H, B, T, and K is either immediate or classical. If

Nx) = {(x —a,x+0);a>0,b6> 0},
then

o db — @)+ afe - B) — (@t DY)
Dfe; ) = Hol‘fiw{ @¥ oy }

and the existence of this limit is equivalent to the existence of the Peano
second derivative. If, however, Nt(x) = {(x — a,x + a); a > 0}, then

Df(x: %) = lim {ﬂx A ) 2f(")},

a-0+

which is the symmetric Riemann (or Schwarz) derivative. Using the latter
example, the validity of the remaining axioms is readily checked. Axiom 1 is
seen to hold by taking v(x) = —x2. Since the differentiability used in Axiom 2
is the ordinary first-order differentiability, its validity is immediate. The non-
constant harmonic functions all satisfy Axiom 3. Finally since for these
V,u(V;x) =%{e, + €}, Axiom 4 holds. The sets 3(U) are the sets of Lebesgue
measure zero (6, p. 299), which implies Axiom 5. Axiom 6 is implied by another
known result (5, Theorem 3). Finally, the integral defined above with this
derivative and harmonic structure is just the James P2-integral (5, 6).

The above example can be generalized to $(X) being the set of functions
of the form I+ mh(x), where % is some fixed twice-differentiable strictly
monotonic function and /, m are real numbers. If then V = (a, d) and f(a) = ¢,

f(d) =d,
_ d@) — k(@) + c(k(®) — h(x))
Hx) = 2 () — h(a) :
(Vi) < MO = h@) ) = h()

() — h(a) h(b) — h(a)

If f is assumed to be differentiable a suitable number of times, then

Df(x; M) = %( "— %’7‘)(3‘),

which is a special case of the operators considered by Rudin (11). It corre-
sponds to the case, using his notation, of ¢(f) = 0; in the definition of his
operator (11, (2.3)), the functions # and v are

hE) = hx)

u(t) =1 and () = m)
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All the axioms H, B, T, and K hold, and constants are harmonic and the only
negligible set is the empty set. Axiom 1 holds with
v(x) = — xh(x) + fh(x)dx,

and Axioms 2 and 3 are immediate. Further discussion will be left for a later

paper.
There are several other situations to which the theory developed here can
be applied. If X is R*, n 2, and 9 (X) is the set of classical harmonic func-

tions, the properties of the harmonic structure are well known (3). The
differential operator defined above is, in this case, the Blaschke operator
(1, 3). All the axioms H, B, T, and K hold as well as Axioms 1, 2, and 3.
Theorem 7 becomes a result due to Rudin (10). This will extend to $(X)
being the solutions of general second-order elliptic differential equations
satisfying certain conditions (2). A further extension to X being considered a
Green space (2, 6) is also possible.

Again if X = R*, n » 1, the possibility of §(X) being the solutions of a
general parabolic differential equation could be considered (2). Finally, since
the definition of the derivative does not require X to be more than locally
compact, the problem of defining the integral over non-compact sets could
be discussed. This would be important for instance if X is the real line and
H(X) the solutions of ¥ — (a? + 1)y = 0 (9); the generalized derivative
then coincides with another operator considered by Rudin (9).
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