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Abstract

In this paper, we present a general framework to construct fractal interpolation surfaces (FISs) on
rectangular grids. Then we introduce bilinear FISs, which can be defined without any restriction on
interpolation points and vertical scaling factors.
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1. Introduction

By using the method of iterated function systems, Barnsley [1] introduced (one-
dimensional) fractal interpolation functions (FIFs). Basically, an FIF is an inter-
polation function whose graph is the invariant set of an iterated function system. Since
then, much work has been done on FIFs, leading to theoretical progress and practical
applications (see, for example, [3, 4, 16, 18-21]).

It is natural to ask whether we can define FIFs in higher-dimensional cases, in
particular, the two-dimensional case. While it is straightforward to define a similar
iterated function system to that in the one-dimensional case, it is hard to guarantee
that the invariant set of such an iterated function system is the graph of a continuous
function.

In [15], Massopust defined fractal interpolation surfaces (FISs) on triangles, where
the interpolation points on the boundary are required to be coplanar. This work was
generalised by Geronimo and Hardin [12] and Zhao [23], where the interpolation
points have more freedom.

Dalla [9] constructed FISs on rectangular grids, where the interpolation points
on the boundary are collinear. Feng [11] presented a more general construction
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of FISs on rectangular grids, but the restrictive condition for continuity is hard to
check.

By introducing a ‘fold-out’ technique, Matysz [14] constructed FISs on rectangles
for arbitrary interpolation points. The main deficiency in [14] is that vertical scaling
factors are required to be equal. This method was generalised by Metzler and Yun [17],
with a function as vertical scaling factor. However, examples in [17] still assumed that
vertical scaling factors are equal.

In this paper we present a general framework to generate FISs. Then we define
a special class of FISs which are called bilinear FISs. We remark that bilinear FISs
can be defined on rectangular grids without any restriction on interpolation points and
vertical scaling factors.

While we were preparing our manuscript, we learned of the work on one-
dimensional bilinear fractal interpolation functions by Barnsley and Massopust [5].
We remark that some ideas of the two papers are similar.

The paper is organised as follows. In Section 2 we recall some ideas needed in
constructing FIFs. In Section 3 we present a general framework to construct FISs.
Bilinear FISs are introduced in Section 4. In Section 5 we give some remarks on
future work.

2. Preliminaries

2.1. One-dimensional fractal interpolation functions. Let xo < x| <--- < xy be
real numbers. Let L; : [xo, xy] = [xi—1, x;] be a contractive homeomorphism satisfying

Li(xo) = xi-1, Lixy)=x, i=1,2,...,N. 2.1

Denote K =[xy, xy] X R. Let yg, y1,...,yy be real numbers. Fori=1,2,...,N, define

a continuous map F; : K — R such that, for a constant 0 < a; < 1,
Fi(x0,y0) =yi-1,  Filxn,yn) = i
|Fi(x,y") = Fi(x,y) < a; -y =y

for all x € [xy, xy] and y’,y” € R. Now, define functions W;: K —» K fori=1,2,...,N
by

2.2)

Wi(x, y) = (Li(x), Fi(x,y)).

Then W; is a continuous function from K to K foreachisothat {K,W;:i=1,2,...,N}
is an iterated function system (IFS).

Barnsley [1] proved that there exists a unique nonempty compact subset G of K
satisfying G = U?il Wi(G), that is, G is the invariant set of the IFS. Furthermore,
G is the graph of a continuous function f : [xy, xy] = R which obeys f(x;) =y,

i=0,1,...,N. We call such a function f a (one-dimensional) fractal interpolation
function.

The fractal interpolation function f defined above is called a linear FIF if for all
1<i<N,

Li(x)=aix +e;, Fix,y)=cix+s;y+gi,
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where a;, ¢;, ¢;, 5;, g; are constants and |s;| < 1. It is clear that g; and ¢; can be found
from (2.1). By (2.2), only one of c¢;, s; and g; can be arbitrary chosen. We always
choose s; to be the free parameter since we require that |s;| < 1. We call s;, 1 <i <N,
the vertical scaling factors of the FIF f.

Linear FIFs have been widely used in applications. For example, one efficient
algorithm was presented by Mazel and Hayes [16] to model discrete data.

2.2. Fractal interpolation surfaces on rectangular grids. Let / =[a,b] and J =
[c,d]. Given interpolation data {(x;,y;,zi;) € R3 |i=0,1,...,N;j=0,1,..., M} such
thata=xp<x; <---<xy=bandc=yy <y <---<yy =d, itis natural to ask the
following questions:

Question 2.1. Can we present a general framework as in [1] to define a fractal function
fonlxJsuchthat f(x;,y;) =z;jforall (i, j) €{0,1,...,N} x {0, 1,..., M}?

QuesTioN 2.2. Can we define a fractal function f on I X J which is similar to a linear
FIF such that f(x;,y;) = z;; forall (i, j) € {0, 1,...,N} x {0,1,..., M}?

Denote K = I x J x R. One may define W;; : K — K as follows:

Wii(x,y,2) = ui(x),vi(y), Fij(x,y,2))
= (aix + bj,cjy +dj, eijx + fijy + gijXy + 8ijz + kij),
where the constant s;;, called the vertical scaling factor, can be arbitrary chosen in

(=1, 1), while other constants a;, b;, ¢j,d;, eij, fij, &ij, kij are determined by s;; and the
equations

Wii(x0, Y0, 200) = (Xi=1,¥j-1,Zi-1,j=1)>  Wij(xXn, Y0, 2n0) = (Xis ¥ j15 Zi j—1)»
Wii(x0, ym, 2om) = (Xi=1, Y5 Zi-1,j)s Wii(xn, yms avm) = (X, ¥, 2ij)-
Using the technique introduced in [1], we can prove that there exists a unique
nonempty compact subset G of K satisfying G = Ufi 1 Uj”i | Wij(G). However, in
general, G is not the graph of a continuous function on / X J. Dalla [9] showed that if
each of the sets
{(x()’yj’z()j) : J =0,1,... s M}s {(xN’beNj) : ] =0,1,..., M},
{(xl’y07zlo) : i = 07 1” . '3N}7 {(xl’yM7ZlM) : i = O’ 1?‘ .. ’N}
is collinear, then G is the graph of a continuous function on I X J. This result corrected

a construction by Xie and Sun [22]. _
Another attempt is to introduce a new ‘IFS’ {K, W;; : 1 <i < N;1 < j < M}, where

Wij(x, 9, 2) = (ui(x), v;(y), Fij(x, y, 7)) and

Fir1j(x0.y.2) x=xn,i=1,2,...,N=-1,j=1,2,...., M,
Fij(X,y,Z) = F,-,I-H(x,yo,z) y=yw,i=1,2,...,N,j=1,2,...,M -1,
Fij(x,y,2) otherwise.
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Uy, U
uy /2\3‘
Q\ | | 1 |
X0 X X2 X3 Xy

Ficure 1. Functions u; on I.

However, it is easy to see that, in general, f, ; is not continuous on K. For example, for
fixed (y/,7) e J xRand (i, j) € {1,2,...,N — 1} x{1,2,..., M}, we generally do not
have _ _

XIH?N Fij(x,y',7) = Fij(xn,y', 7).

It follows that {K, V~V,~j 1 1<i<N,1<j< M}isnotanIFS. As a result, we remark that
the method introduced by Chand and Kapoor [8] is not feasible.

In this paper, we will try to answer Questions 2.1 and 2.2 in Sections 3 and 4,
respectively. In Section 3 we extend the fold-out technique used in [14, 17]. In
Section 4 we define bilinear FISs.

3. General construction of fractal interpolation surfaces

Let 1,J and {(x;,y;),zij) € R3 |i=0,1,...,N;j=0,1,..., M} be the same as in
Section 2.2. For convenience, we write Xy = {1,2,...,N}, Zy0 =1{0,1,..., N},
0Zno ={0,N}and intXyo = {1,2,..., N — 1}. Similarly, we can define Xy, Zp10, 0Z 10
and intX /.

Denote I; = [x;_1, x;] and J; = [y;_1,y;] fori € Xy and j € Zy. For any i € Zy, let
u; : I — I; be a contractive homeomorphism satisfying

ui(xo) = xi_1, wui(xy)=x  ifiisodd, (3.1
ui(xg) = x;,  ui(xy) = xi_1 if i is even, and (3.2)
;X)) — u; (X < ailx’ = x| VX', x" el (3.3)

where 0 < @; < 1 is a given constant. Clearly, this implies that u;(xg) = xg, u1(xy) =
ur(xn) = x1, ua(xo) = uz(xg) = x, and so on (see Figure 1). Similarly, for any j € X,
letv; : J — J; be a contractive homeomorphism satisfying

vivo) =yj-1, vjlym)=y; if jisodd, (3.4)
vibo) =yj, Vvjm)=yj-1 if jiseven, and 3.5
V0" = v < B =y'I VY. y" el (3.6)
where 0 < 5; < 11is a given constant. By the definitions of u; and v, it is easy to check

that

u (%) = u,-]ll (x), Vieint¥yoy, and
V;l(_yj) = V]_'-:l(yj)’ Vj € intZy .
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FIGURE 2. [; X J;.

Now we will rewrite (3.1)—(3.6) for simplicity. Let 7 : Z x {0, N, M} — Z be defined
by
(i.0) = i-1, T,N)=1G,M)=1i if i is odd,
R V2 (i, N)=1G,M)=i—1 ifiiseven.
Then u;(x) = X forall i € Zy and k € 0Zy. Similarly, v;(yr) = yz(jx forall j € Zy
and k € 0Z 0.
For example, if both i and j are odd,
(Xi=1, Y j=15 Zi=1,j=1) = (X2(i,0)> Y1(.0)> Ze(0,0).7(.0)) = (Xr(i=1,0)> Y7(}i0)> Te(i=1,0),7(j.0))>
(X0, Y5 2ij) = (X (i,Ny» Y2, M)> Ze(iN) (M) = (X 1,N)» Ye(uM) > Ze(i+1,N),w(uM))

(see Figure 2).
Denote K = I x J x R. For each (i, j) € Zy X Xy, let F;; : K — R be a continuous
function satisfying

Fij(xe, ye, 2ie) = Zeiioros Yk, €) € 0Zno X 0Zp0,  and 3.7
|Fij(x,y,2) = Fij(x,y, ) < vijld’ =", V(x,y)elIxJandZ,z” €eR, (3.8)

where 0 < y;; < 1 is a given constant.
Now, for each (i, j) € Zy X Xy, we define W;; : K — I; x J; X R by

Wii(x,y,2) = (ui(x), v;(y), Fij(x,y,2)). 3.9
Then {K, W;; : (i, j) € Zy X Zy} is an IFS. By definition, for any (i, j) € Zy X Xy, we
have
Wii(xk, Yo, 2ke) = (Xe(iys Y0y Zaibyrio))s (K, €) € 0Zyg X 0Z 0.

Tueorem 3.1. Let {K, W;; : (i, j) € Zy X Xy} be the IFS defined as in (3.9). Assume that
{Fij : (i, )) € Zny X Xy} satisfies the following matching conditions:

(1) forallieintZyyg, j€ Xy and x* = ui_l(xi) = u;rll (%),

Fij(x*,,2) = Fis1j(x",y,2), VyelJzeR, and (3.10)
(2) forallieZy, jeintZyandy* = v/‘.l(yj) = vj‘.jl(yj),
Fij(x,y",2) = Fiju(x,y",2), Vxel,zeR. (3.11)
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Then there exists a unique continuous function f :1xJ — R such that f(x;,y;) =
zij for all (i, j) € Zyo X Zpo and G = U jesyxs,, Wij(G), where G = Graph(f) =
{(x,y, f(x,y) : (x,y) € I X J} is the graph of f. We call G the FIS and f the FIF
with respect to the IFS {K, W;; : (i, j) € Zy X Ty}

Proor. Let C(I x J) be the set of all continuous functions on I X J. Define T :
C(IxJ)— CxJ) as follows: given p e C(I X J),

Tp(x,y) = Fij(u; ' (0),v;' ), p; ' (0, v 00),  (y) € Lix Jj, (3.12)

for all (i, j) € £y X Xy;. From (3.10) and (3.11), we know that Tp is well defined on
the boundary of I; x J; for all (i, j) € Zy x Zy. It follows that T : C(I X J) — C(I X J)
is well defined.

Let C*(Ux J)={pe CUxJ): p(xi,y;) = zij, forall (i, j) € Zyp X Zp0} and let
p € C*(IxJ). For any (i, j) € Xy X Zpr0, choose k € 0Zy and € € 9%y such that
i =7(i,k) and j = 7(j, £). By the definition of 7, x; = u;'(x;) and y, = vjfl())j). Using
(3.7) and (3.12),

Tp(xi,y)) = Fij(xi, ye, D, ¥e)) = Fij(Xi, Yer 2ke) = Zatipoatio) = Zij-

It follows that T is a map from C*(I x J) to C*(I x J).

For any p € C*(I X J), we define |ple, = max{p(x,y) : (x,y) € I X J}. From (3.8),
we can easily see that T is contractive on the complete metric space (C*(I X J),| - |)-
Thus there exists a unique function f € C*(I X J) such that T f = f, that is,

Feey) = Fiui (0,07 0, £ 007 00, () € 1% U (3.13)
Now, let G = Graph(f). By (3.9) and (3.13),

U w6

(i, )EENXZ

= U 10,900, Fiey, foe ) : (ny) € Ix )

(i, ))EZNXZp

= {1y By @7 00, £ 00,07 00) £ () € 0 x )
(i, ))EENXZy

= | 1@y fem e elxiy=aG.
(i, )EENXZM

Assume that fe C*(I x J) satisfies G = U jezyxzu W,-‘,-(é), where G = Graph(f).
Then we must have

Fij(6, 3, f(6,9) = fa(0),v;(0),  Y(x,y) € IxJ,

so that f satisfies 7f = f. Since T is contractive on (C*(I X J),|-|«), we know that
f = f. This completes the proof of the theorem. O

https://doi.org/10.1017/5S0004972715000064 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972715000064

[7] Fractal interpolation surfaces on rectangular grids 441

Remark 3.1. The main difficulty of constructing FISs is the continuity. All other
aspects are similar to the classical arguments in [1, 3].

Generally, the IFS (K, W;; : (i, j) € Zy X Xy} is not hyperbolic. However, we can
still show that G = Graph() is the attractor of the IFS. The spirit of the proof follows
from [1, 3]. In the rest of this section, we will use d(-, -) to denote the Euclidean metric.
For any two nonempty compact subsets B, C of R¥, we define their Hausdorff metric
by

dy(B,C) = max{r?&x 1;1613 d(x,y), r;leacx r}{lelg d(x, y)}.
For any closed subset X of R¥, let H(X) be the family of all nonempty compact subsets
of X. It is well known that (H(X), dy) is a complete metric space. For details about

the Hausdorff metric, see [2, 10].
Define L : H(I x J) —» H(I x J) by

LB = ) 10,900 () eB), BeHUIXJ).
(. )EENXZy

It is clear that L is contractive on H(I X J), and I X J is the attractor of L.

TueoreM 3.2. Let f be the fractal interpolation function with respect to the IFS
{K,W;j: (i, j) € Xy X Zy} and G = Graph(f). Then for any A € H(K),

lim dg(W"(A),G) =0,
where WO(A) = A and W' (A) = W(W"(A)) for any n > 0.
Proor. For any A € H(K), we define

Axy = {(x,y) € I X J : there exists z € R such that (x,y,z) € A}.

It is clear that Ayy € H(I X J). Let E,, = {(x, y, f(x,y)) : (x,y) € L"(Axy)}. Since I X J
is the attractor of L,
lim dy(L"(Axy), I x J) = 0.

Thus, noticing that f is uniformly continuous on / X J,

lim dy(E,,G) = 0. (3.14)

n—oo

Let
ty =sup{lf(x,y) =zl : (x,y,2) € W'(A)}, Vn=>1.

By the definition of Hausdorftf metric, we have dgy(E,, W"(A)) < t,. Given n > 1, for
any (x,y,z) € W"(A), there exists (x*,y*,z") € W !(A) and (i, j) € Zy X ) such that

()C, Vs Z) = (ui(X*)’ Vj(y*)s Fij(-X*9y*9Z*))~
Lety = max{y;; : (i, j) € Zy X Zy}. By (3.8) and (3.13),
e y) — 2l = IF(x ", fOx,3) = Fiy(x, v, 2
SHFGEY) =2 < Yt
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so that t,, < yt,_;. Since y < 1, we have lim,,_, #, = 0 so that
lim dy(E,, W'(A)) = 0.

Combining this with (3.14), we see that the theorem holds. O

4. Bilinear fractal interpolation surfaces
Let g, h, s be continuous functions on [ X J satisfying
gxi,yj) =zij, V(I J) € 0Zyg X 02y,
h(xi,yj) = zij, V(i J) € Zno X Zpyo, and
s* = max{|s(x,y)| : (x,y) e IxJ} < 1.
Recall that K = I x J X R. For each (i, j) € Zy x Xy, we define F;; : K — R by

Fij(x,y,2) = s(ui(x), vi())(z = g(x, y)) + h(ui(x), v;(y)), (4.1)

where u; € C(I) and v; € C(J) satisfy (3.1)=(3.6). Then for all (i, j) € Zy X X and
(k, 5) € GZN,O X aZM,o,

Fij(xa, ye, zie) = h(ui(xr), vi(ve)) = M(Xrigy» Yo(i) = Zaik) (i)

so that (3.7) holds. Since s* < 1, we can easily see that (3.8) holds.
Giveni € intXyp and j € Xy, let x* = ui‘l(xi) = ”i_+11 (x;). Forany y € J and z € R,

Fij(x",y,2) = Fip1 j(x", y,2) = s(xi, v;() (2 = (X", ) + h(x;,v;(y))
so that (3.10) holds. Similarly, (3.11) holds for alli € 2y, j € int¥y;o and y* = v}‘.l(yj) =
V]_'-:l(yj)'
By Theorem 3.1, we have the following result.

Tueorem 4.1 [17]. Let {K, W;; : (i, j) € Zy X Xy} be the IFS defined by (3.9), where F;;
is defined by (4.1) for (i, j) € Zy X Xy. Then there exist a unique continuous function
fsuchthat f(x;,y;) = zij forall (i, j) € Zyo X Zpp and G = U(i,j)eszzM Wii(G), where
G = Graph(f) = {(x,y, f(x,)) : (x,y) € I X J} is the graph of f.

The function s in the above theorem is called the vertical scaling factor function of
the FIF f. We remark that all s are constant functions in examples in [17]. In order to
solve Question 2.2, we will present a class of FISs which are easily constructed and in
which s is a piecewise bilinear function.

Firstly, we define u; and v; to be linear functions satisfying (3.1), (3.2), (3.4) and
(3.5) for all i e Xy and j € X);. We define g to be the bilinear function on 7 X J
satisfying

g(xi,yj) =zij, V(i J) € 0Zno X 0Zpp.
Equivalently,

1
m((b —x)(d = y)z00 + (x —a)(d — y)zno

+(b - x)(y - zo.m + (x —a)(y — A)zmn)-

gx,y) =
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Ficure 3. Bilinear FIS in Example 4.1.

Then we define 2 : I X J — R to be the function such that Al;xy; is bilinear for all
(@, _]) € Xy X Xy and

h(xi,y)) = zij, Y, J) € Zno X Zpmo-

Let {s;; | (i, j) € Zno X Zpr0} be a given subset of R with |s;;| < 1 for all 7, j. We define
s : I X J — R to be the function such that s|;x; is bilinear for all (i, j) € £y X £), and

s(xi, y) = si5, Y0, J) € Zno X 2.

For all (i, j) € Zy X Zy, we define F;; : I X J xR — R by (4.1). Then the fractal
interpolation function f determined by {K, W;; : (i, j) € Zy X Zp} is called a bilinear
FIF. We call G = Graph(f) a bilinear FIS. Also s;;, (i, j) € Zno X Zpp, are called
vertical scaling factors of f.

Clearly, a bilinear FIS is determined by interpolation points {(x;,y;, ;) : (i, j) €
Zn0 X Zyo) and vertical scaling factors {s;; : (i, j) € Zno X Zp0}. This property is
similar to the linear FIF in the one-dimensional case.

ExampLe 4.1. Let N = M =3. Letx; =i/N and y; = j/M, for all i € Zy and j € Zy.
Let Z = (2ij)i,jezyoxzyo aNd S = (i), jezyoxzy, D chosen as

302 4 02 03 04 08
7= 0 2 3 1 g = 0.1 05 09 02

1 01 3}) 03 02 04 03}

4 1 2 5 05 04 08 02

The corresponding bilinear FIS is shown in Figure 3.

ExampLe 4.2. Let p(x,y) = sin(m(x*> + y?)), x,y € [0, 1]. See Figure 4 for the graph of
p-Let N =3 and M = 2. Define x; = i/N and y; = j/M, foralli € Zyo and j € Zyo.
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FiGure 5. The bilinear FIS in Example 4.2.

Various algorithms can be devised to obtain S = ()i, jezyoxzsy, SO that the
corresponding FIS fits the graph of p as well as possible. Here, by using a genetic
algorithm (see [13] for details), we obtain

0.035 -0.458 -0.130 0.837
S=] 0018 0472 0402 -0.289].
-0442 099 -0.231 -0.99

The corresponding bilinear FIS is shown in Figure 5.

5. Further remarks
In this section, we give some remarks on further work.

QuesTioN 5.1. How can we obtain the box dimension of a bilinear FIS?
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It seems that the method in [5] is helpful, where Barnsley and Massopust obtained
the box dimension of a one-dimensional bilinear FIF with x; = i/N for all i =
0,1,...,N. However, dealing with FISs is more involved.

QuesTtioN 5.2. How can we construct recurrent FISs on rectangular grids which can
be easily generated? In particular, we hope that vertical scaling factors are easily
determined (for example, by a genetic algorithm) when we want to use recurrent FISs
to fit given data.

From Example 4.1, we expect that bilinear FISs will be used to generate some
natural scenes. However, in order to fit given data more effectively, we need recurrent
FISs. In [6, 7], Bouboulis, Dalla and Drakopoulos presented nice methods to generate
recurrent FISs, although the restrictive conditions for continuity are hard to check.
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