BuLL. AUSTRAL. MATH. SocC. 46803, 46820
VoL. 51 (1995) [291-300]

HIGHER ORDER GATEAUX SMOOTH BUMP FUNCTIONS
ON BANACH SPACES

DaviD P. MCLAUGHLIN AND JON D. VANDERWERFF

For I' uncountable and p > 1 odd, it is shown £,(I') admits no continuous p-
times Gateaux differentiable bump function. A space is shown to admit a norm
with Holder derivative on its sphere if it admits a bounded bump function with
uniformly directionally Holder derivative. Some results on smooth approximation
are obtained for spaces that admit bounded uniformly Gateaux differentiable bump
functions.

INTRODUCTION

Because of their intimate relationship with geometric properties, the existence of
real-valued functions with bounded nonempty support of a given degree of smoothness
(that is, smooth bump functions) is a widely studied topic in Banach space theory (see
[3]). While the questions concerning the best possible order of Fréchet smoothness for
bump functions and norms on L, were completely solved by Bonic and Frampton [1],
the corresponding questions for Gateaux smoothness have remained largely unsolved.
In this direction, Troyanski [10] has shown for p odd, L,(p) admits a p-times Gateaux
differentiable norm if p is sigma finite, while £,(I') does not admit a p-times Gateaux
differentiable norm if T' is uncountable. Fabian, Whitfield and Zizler [5] have shown
that no L, space for 1 < p < 2 can admit a twice Gateaux differentiable norm. A
dramatically simpler proof of this can be obtained using arguments of Borwein and
Noll from [2, Proposition 2.2]. In fact, [8] applies the techniques of [2] to show a wide
class of spaces, including L, for 1 < p < 2, cannot admit continuous twice Gateaux
differentiable bump functions.

This note presents results which provide further evidence of the strength of higher
order and uniform Gateaux differentiability. The first section improves Troyanski’s
result [10, Theorem 3.5] by showing if p > 1 is odd and T is uncountable, then
£,(T) admits no continuous p-times Gateaux differentiable bump function. This is
not just a formal improvement, because Haydon’s striking results [6, 7] show there
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are spaces that admit Lipschitz C°-smooth bump functions but have no Gateaux
differentiable norms. In contrast to this, the second section shows spaces that admit
Lipschitz uniformly Gateaux differentiable bump functions must have Gateaux smooth
norms. More restrictively, we show a space admits a norm with Holder derivative on its
sphere if it has a Lipschitz bump function whose derivative is uniformly directionally
Holder; this sharpens [5, Theorem 3.2].

Throughout this note, X and Y will denote real Banach spaces. The continuous
dual of X is written X*. The closed unit ball and unit sphere on X will be denoted
by Bx and Sx respectively. Because norms are not differentiable at the origin, we
say a norm is, for example, Gateaux differentiable, if it is Gateaux differentiable at all
nonzero points.

1. GATEAUX BUMP FUNCTIONS ON £,(T)

We shall say the function ¢ : X — R is Gateauz differentiable at z, if there is a
A € X* such that 11'_1{(1)[(;5(:: + th) — ¢(z)]/t = A(h) for each h € X; as in [10] we shall
say ¢ is twice Gateauz differentiable at z if ¢'(v) € X* exists in the Gateaux sense for
each v in a neighbourhood of z and

#(2)(h, k) = lim 1 (#'(a + th) - $(2))(k)

exists and is a continuous symmetric bilinear form. Higher order Gateaux differentia-
bility can be defined inductively.

A collection {z., f4} C X x X* is called a Markusevié basis of X if fy(za) =1 for
a = v and 0 otherwise, span({z,}y) = X, and {f,}, is total on X (thatis, fi(2) =0
for all v if and only if z = 0).

LEMMA 1.1. Suppose X is reflexive, {z~, fy} is an M-basis of X with ||z || <
1, and ¢ : X — R is weakly sequentially continuous with ¢(0) = 0. Then {v : ¢(z,) #
0} is countable.

PROOF: Following [10, Lemma 3.7), consider {z : [¢(z4)| > €}. If this set is
infinite, by its relative weak compactness and the Eberlein-Smulyan theorem it has a

weakly convergent subsequence. By the biorthogonality and totalness conditions of the
M-basis, this subsequence must converge weakly to 0. Hence € < 0. 0

Recall that a norm ||| is said to have modulus of rotundity of power type p if there
is a C > 0 such that for every ¢ € [0,2], inf{1—|lz+y| /2: ||z]| = llyll =1, ||z — ]| =
e} > CeP. The following proof uses the fact that spaces admitting such norms are
reflexive; in fact they are precisely the superreflezive spaces (see (3, Chapter IV]).
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THEOREM 1.2. Suppose p > 1 is an odd integer and suppose X is nonseparable
and admits a norm with modulus of rotundity of power type p. If every continuous
symmetric j-linear form is weakly sequentially continuous for j < p— 1, then X does
not admit a continuous p-times Gateaux differentiable bump function.

PROOF: Suppose b is a continuous p-times Gateaux differentiable bump function
on X such that 5(0) = 1 and b(z) = 0 for ||z|]| > 1. Now consider ¢ defined by
é¢(z) = b~2(z) if b(z) # 0 and ¢(z) = +oo otherwise. Let X x R be endowed with the
norm ||(z,r)|| = (H:l:”2 +1‘2)1/2 where we are assuming ||-|| is a norm with modulus
of rotundity of power type p on X. Let F = {(z,r) : ¢(z) < r < 4}. Observe
that F is closed. Because X is reflexive, there is a point (zq,7r0) with ||zo|| < 1
and 7o < 5 having a farthest point in F (see for example, (3, Proposition I1.2.7]). If
(z,v) € F and r > 3, we have ||z|| < 1. Whence |r — 7| < 2 and ||zo — z|| < 2 and
so ||(z,7) — (%0,70)|| < V8. On the other hand, (0,1) € F and ||(ze,70) — (0,1)|| >
7o — 1 2> 3. Hence for farthest point (Z,7), we have ¥ < 3 and 7 = §(Z).

Let A = ¢'(Z) and set ¥(h) = (T +h) — #(F) — A(h). Clearly ¢ is p-times
Gateaux differentiable at 0 and for § > 0 chosen so that ¢(Z + h) < 7/2 for ||h|| < 6,
we claim

(1.1) Y(h) > K||h|? for some K >0 andall |k <S4.

To prove (1.1), let p = ||(zo,70) — (Z,7)|| and for ||k|| < § consider 5 = ||(k,A(R))]],
then n > ||h||. The ball of radius p with centre (zo,7) is supported at (z,7) by a
(unique) hyperplane which must be the graph of A+7. Thus, since ||(-,-)|| has modulus
of rotundity of power type p, it follows from [4, Lemma 5] that

c
@o,ma) = &+ b7+ AR > C(2)” +p > - IBIP +5,

where C is the constant from the modulus of rotundity of the p-ball. By the triangle
inequality, for K = 2~?C, we have

() = l(z+ h,é(z + 1)) - (Z+ b, 7+ A(R))]|
2 [|(z0sm0) — ( + b, 7 + A(R))I| = (z0,m0) — (Z + h, 6(Z + b))
2 (K|kI” +p) —p = K ||A]I?-

Thus (1.1) has been verified. However, v is p-times Gateaux differentiable at 0 so for
every h € Sx, using the notation h* = (h,... ,h) (k-times), Taylor’s theorem yields:

tm 7 [0 + th) = 9(0) - Y £6M0) ()] =o0.
k=1
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Since X is reflexive and nonseparable, it admits an uncountable M-basis (see for exam-
ple, [3, Chapter VII)). Hence by Lemmal.1 for h = z., some v we have %(¥)(0) (h") =0
for k=1,...,p—1. Since p is odd, by replacing h with—h if necessary, we also have
%(*)(0)(h?) < 0. In particular, for ¢ sufficiently small, we have

-]

P(th) = $(th) — ¢(0)<Z w“‘)w) h*)+ l|th]|? < uthn’,

which contradicts (1.1). Therefore X cannot admit a continuous p-times Gateaux
differentiable bump function. 1

The following result improves [10, Theorem 3.5].

COROLLARY 1.3. If p > 1 is odd and T is uncountable, then £,(T') does not
admit a continuous p-times Gateaux differentiable bump function.

PRrOOF: This follows from Theorem 1.2, because £,(I') admits a norm with mod-
ulus of rotundity of power type p (see for example, [3, Corollary V.2.1(ii)]) and its
continuous symmetric j-linear forms are weakly sequentially continuous for j < p—1
by [1, Lemma 1]. 1]

2. UNIFORMLY DIRECTIONALLY DIFFERENTIABLE BUMP FUNCTIONS

We shall say a function ¢ : X — Y is uniformly Gateauz differentiable (UG) if for
each z € X there is a continuous linear mapping ¢'(z) : X — Y such that for each
h € Sx and € > 0 there exists a § > 0 for which

|¢(z + th) — ¢(z) — $'(=)eh)]| <elt] forall [f| <4, = € X;

this implies ¢ has a uniform directional modulus of smoothness, that is, given h € Sx
and £ > 0, there is a § > 0 such that

[[#(z + th) + d(z — th) — 2¢(z)|| < et forall0<t <4, z € X.
If for each h € Sx, there are C and aj, > 0 such that
(= + th) — ¢(z) — ¢'(z)(th)]| < Crlt|**™* forallteR, z € X,

then we shall say ¢' is uniformly directionally Holder. This clearly implies ¢ has a
uniform directional modulus of smoothness of power type, that is, for each h € Sx
there are Cp > 0 and ap > 0 such that

l¢(z + th) + (z — th) — 2¢(z)|| < Cat't** forallt >0, z € X.

The following observations will be useful.
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REMARK 2.1.

() If f: X — R is Lipschitz and UG (respectively and f' is uniformly
directionally Hdolder) and ¢ : R — R is Lipschitz with Lipschitz deriva-
tive, then ¢ o f is UG (respectively has uniformly directionally Hdlder
derivative).

(b) ¥ ¢:X —Y is UG and sup{||¢(z)| : = € X} < N for some N, then ¢
is Lipschitz.

PRrOOF: The proof of (a) is a direct computation so we now prove (b). For fixed
h€ Sy and € =1 we find § > 0 such that

l¢(z + 8h) — ¢(z) — ¢'(z)(6h)| <1 forall z € X.

Hence |[[¢'(z)(6R)| < 2N + 1 and so ||¢'(z)(h)|| < (2N +1)/6 for all z € X. Thus
letting
F,={he Sx:|¢'(z)(h)] < n forall z € X},

o0
we see that |J F, = Sx. Since each Fj is closed, the Baire category theorem shows

n=1
{h € Sx : ||h~ ho|| € 2r} C Fp, for some hg € Sx, ng € N and 7 > 0. Letting
C = no(1 4+ r) we have ||¢'(z)(R)|| < C for all z € X whenever ||h — ho|| < » (h need
not belong to the sphere). Now for any ¢ € X and any h € Sx we have

¢ (2)(rh)l| = ll6'(2)(—ho) + 4'(=)(ho + rh)|| < 2C.
Hence sup{||¢'(z)}| : = € X} < 2C/r which means that ¢' is bounded; thus ¢ is
Lipschitz. a

Observe that the proof of (b) easily adapts to show that a possibly unbounded
uniformly continuous UG function is globally Lipschitz. However, we shall not need to
use this fact in the sequel. The next lemma will enable us to build nontrivial smooth
convex functions from certain smooth bump functions; this is an alternative approach
to the Leduc type function used in the proof of [3, Theorem V.3.2].

LEMMA 2.2. Suppose b: X — [0,1] is a bump function such that b(z) = 1 if
o0
llz]l < 1/r and b(z) =0 if ||z|| > 1/2 where r > 2. Let ¢(z) = 3 r™[1 — b(r~"z)|.
n=1
Then

1
$(0)=0 and ma.x{O, ;(Hz" - 1')} < ¢(z) <r¥(z]| +1) forall z € X; (2.1)
(a) if b has uniform directional modulus of smoothness of power type, so does

é;
(b) if b has uniform directional modulus of smoothness, so does ¢.
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Proo¥F: Clearly ¢(0) =0 so we check the other parts of (2.1). If Z(:z:) =1- b(:c)
then Z(r_("‘*'l)z:) =0 for »™ > ||z||. Thus for ||z|| < 1,(2.1) holds. If "~ < ||z| <
then

n

o(z) = ZrkZ(r_kz) < F<r? o ol e

k=1 =1

3

a

For the other inequality, notice that if r* < ||z|| < **!, we have

ny( -n n 1
#(z) = r"b(r "z) =" > ;”:z:”

Since ¢(z) > 0 for all z it is clear that (2.1) holds.
To prove (a), let Z(:c) =1 - b(z) and observe that

|p(z + th) + ¢(z — th) — 24(z)| = ]Z ™ [b(r~"(z + th)) + b(r~™(z + th)) — 26(r""z)] '

< E [Ch(r™1) 7]

n=1
oo
— t1+ahch Z (rah)—n — Kht1+ah-
n=1

For (b), observe that for any zo € X, there is at most one fu(z) = r*(1 — b{r~"z))
which is nonconstant on {z : ||z — || <1}. Thus the modulus of smoothness depends
only on one such f, which has the same modulus as b (this proof also works for (a)). [

Notice that Remark 2.1(b) implies that if a Lipschitz function ¢ has a uniformly
Gateaux second derivative, then ¢' is Lipschitz. In particular, if ¢ is a bump function,
the space must be superreflexive [3, Theorem V.3.2]. We now sharpen this result.

THEOREM 2.3. If b is a bounded bump function on X such that b' sat-
isfles a uniform directional power type condition, then X admits a norm v with
Hélder derivative on its sphere (that is, there exist K > 0, 0 < a € 1 such that
v'(z) — v ()l < K ||z — y||* for all z,y with v(z)=v(y) =1).

PROOF: (a) According to Remark 2.1, by composing b with an appropriate real-
valued function, we may assume b satisfies the hypothesis of Lemma 2.2. Let ¢ be the
function given by the Lemma 2.2. Following [3, Theorem V.3.2], let ¥ be defined by

¥(z) mf{z o;f(zi) :z = Za,z., a; 20, Za, =1, ne N}

=1

Then 1 is convex and satisfies (2.1). Thus the proof of [9, Proposition 1.6] shows 3
is Lipschitz. Now, for h € Sx and ¢t > 0 fixed and any =z € X, we choose a convex
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n n
combination z = Y a;z; satisfying Y a;¢i(2;) < ¥(z) +et* s, Hence,

i=1 =1
(2.2)
P(z + th) + 9(z — th) — 2(z) < P(z +th) + p(z — th) — 2 ) ai(z:) + 26t + =+
=1
<Y (e +th) + Y cud(zi — th) — 2 ) as(z:) + 2et! ok
=1 =1 =1

= zn: a;[¢(zi + th) + ¢(zi — th) — 2¢(z)) + 2et' ok

=1

< (K + 2e)t1ton,
Motivated by [2, Proposition 2.2], we consider the following sets:
Fp={h€ Sx : (z + th) + P(z — th) — 2¢(z) < nt'*% forall ¢t >0, z € X}.

Because % is Lipschitz, we know ¥(z + h) 4+ ¥(z — h) — 2¢(z) < nt' T/ for all ¢ >
he Sx, z¢€ X and n > 2L where L is the Lipschitz constant of 9. This mth

(2.2), shows U F, = Sx. The continuity of ¢ ensures each F, is closed, so the

Baire category theorem shows there are hg € Sx, ngp € N and § > 0 such that
{h € Sx:||h—he|| <46} C Fny. Welet a =1/ng and C = ng(1 +26)'** to obtain
(for h not necessarily in Sx)

(2.3) ¥(z +th) +¥(z —th) — 2¢(z) < Ct**® forall >0, z€ X, ||h— hol < 26

If h € Sx is arbitrary, then we can write éh = (—ho)/2 + (ho + 26R)/2. Thus using
(2.3) and the convexity of ¥, for K = C/§**®, we obtain

Y(z + th) + ¥(z — th) — 2¢(z) < Kt'*® forallt >0, z € X and h € Sx.

Hence (3, Lemma V.3.5] shows that 7' is a-Hélder on X. Now set 1‘/;(::) =
(#(z) + ¥(—=))/2. Then ¢' is a-Hélder and Lemma 2.2 shows

(24)  F0)=0 and max{0, (lzll ~r)} < F=) < 4(=) < (Jel] +1).

The convexity and symmetry of ¥ along with (2.4), show that the set {z : 1/:(::) 2}
is bounded, convex, symmetric and has norempty interior. Therefore, one can use the
implicit function theorem as in the proof of [3, Theorem V.3.2] to show the norm whose
unit ball is {z : ibv(:c) < 2} has a-Hélder derivative on its sphere. 0
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In the above theorem, if ap 2> a for each h € Sy, then the proof shows that X
admits a norm with a-Holder derivative on its sphere. We now look at some properties of
spaces that admit UG bump functions. In what follows, fog(z) = inf{f(y)+g(z —y):
y € X} denotes the infimal convolution of f and g; the subdifferential of f at z is
defined and denoted by 9f(z) = {A € X*: A(y —z) < f(y) — f(z) for all y € X}.

LEMMA 2.4. Suppose the function g is a continuous convex UG function. If f
is convex, then fOg is continuous convex and UG provided it is finite valued.

PROOF: Let h € Sx be fixed, let ¢ > 0 and choose § > 0 such that
(2.5) g(z+ th) + g(z — th) — 2¢9(z) < —;—t forall 0<t<é, z€ X.

Let r denote the function fog. It is well-known that r is convex, and continuous
provided it is finite valued. Fix 2 € X and 0 < ¢ £ §. Now choose y € X such that
r(z) + (e/4)t > g(y) + f(= — y). From this and (2.5) we have

r(z + th) + r(z — th) — 2r(z) < r(2 + th) + r(z — th) — 2[g(y) + f(z —y)] + %t
<g(y+th)+ fz—y)+9(y—th) + f(z - y)
—2[g(y) + f(= —y)] + %t

= g(y +th) + 9y — th) — 29(y) + St <et.
Since r is continuous and convex, this shows r is UG. Indeed if A € Or(z), then
0 < r(z+th)—r(z)—A(th) < r(z +th)-r(z)+r(z —th)—r(z) <elt] for |t|<é.

i

Recall that a norm is strictly convez if its sphere contains no line segments. It is
easy to show that a norm is Gateaux differentiable if its dual norm is strictly convex
(see [3, Proposition I1.1.6(i)]), whereas the converse can fail badly (see [3, Theorem
VIIL.5.2 and Theorem VIL.5.4]). The next theorem is in contrast to Haydon’s results [6,
7] showing there are spaces admitting Lipschitz C'*°-smooth bump functions on a space
that has no Gateaux smooth norm. '

THEOREM 2.5. Suppose X admits a bounded UG bump function. Then the
following hold.
(a) Every convex function f bounded on bounded sets can be approximated
uniformly on bounded sets by UG convex functions.
(b) X admits a norm whose dual is strictly convex.
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PRrOOF: (a) We construct a continuous convex ¥ as the proof of Theorem 2.3.
Arguing as in (2.2), for fixed h € Sx and € > 0, there is a § > 0 such that

(2.6) Y(z +th) +¥(z - th) —2¢¥(z) < et forall0<i<§, z € X.

As in Lemma 2.4, this inequality means 1 is UG. Moreover, as in (2.4) in the proof of
Theorem 2.3, #(0) = 0 and (z) > max{0, ||z /r ~ 1} for some r > 0. Let ¥n(z) =
¥(2n2rz). Then ¥, is UG, ¥a(0) = 0, and one easily checks ¥n(z) > n|z| — 1/n
for all z. For n > ||A|| where A € 8f(0), ¥, f is finite valued and hence continuous
convex and UG by Lemma 2.4. From [8, Lemma 2.4] it follows that 1,0 f converges
to f uniformly on bounded sets.

(b) Using (a) one can easily construct a UG convex function f such that f(0) =0
and B = {z : f(z) < 1} is a bounded symmetric convex set with nonempty interior.
Let ||| denote the norm whose unit ball is B. If ||-|| is not Gateaux differentiable, then
it would not be Gateaux differentiable on some finite dimensional subspace and hence it
would not be Fréchet differentiable on this subspace; this would contradict the implicit
function theorem. Thus we have ||-||'(z) = f'(z)/(f'(z)(z)). Now suppose ¢, € X*
are such that ||¢|| = |||l = 1 and ||¢ + 9¥|| = 2. To prove strict convexity, we show
¢ = 1. Choose z, suchthat ||z,|| =1 and (¢ + ¥)(za) — 2. Hence ¢(z,) > 1—€, and
¥(2n) 2 1—€, where ¢, | 0. By the Brgndsted-Rockafellar theorem [9, Theorem 3.18],
there are ¢n,%¥, € X* such that ¢, and 1, attain there norm on B at u,,v, where
lttn = 2all < y/&, 190 — 20l < v/Em, g0 — 8l < /B and [ — ]| < y&n. Now for
SOmMe G, b, we have andn = f'(vn/ ||un|) and bnpn = f'(vn/ |[vall). Since f is UG and

|len — v} — 0, this implies ap,¢n — bntpn v 0. By passing to a subsequence, we may
assume @, — @ and b,y — b, and so @, — b, w 0. Moreover, @¢, —bpp, — TPp—bp.
Hence @ = by which means @ = b because ||¢|| = ||¢|| and ||¢ + | = 2. Since
inf{||f'(z)|| : |zl =1} >0, @ # 0 and ¢ =9 as desired.

We do not know if the norm given in (b) is UG. Moreover, it is not clear if there
is an analog of (a) for nonconvex continuous functions. However, we have the following
partial redress. First recall that a norm is said to be locally uniformly rotund (LUR) if
[l£n — z|| — O whenever z,z, € Bx are such that ||z, + z|| — 2; see [3, Chapter VI]]
for a thorough account on spaces admitting LUR norms.

COROLLARY 2.6. Suppose X admits a bounded UG bump function and a LUR
norm. If f: X — R is continuous and € > 0, then there is a continuous Gateaux
differentiable function g such that |g(z) — f(z)| <€ forall z € X .

PROOF: By Theorem 2.5(b) and Asplund’s averaging theorem (3, Theorem I1.4.1],
X has a LUR with strictly convex dual norm so we can apply (3, Theorem VIII.3.12(ii)]. 0
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