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Quantum logic as an implication
algebra

P. D. Finch

For the purpose of this paper a logic is defined to be a
non-empty set of propositions which is partially ordered by a
relation of logical implication, denoted by "<" , and which, as
a poset, is orthocomplemented by a unary operation of negation.
The negation of the proposition x is denoted by WNx and the

least element in the logic is denoted by 0 , we write NO =1 .

A binary operation "»" is introduced into a logic, the
operation is interpreted as material implication so that 'x - y"
is a proposition of the logic and is read as '"x materially

implies y" . If material implication has the properties

I1. (x ~0) =Nz ,
I2. if x =y then (z+x) s (z-+y),
I3. if xz <y then x> (y>z2)=x >z,

b, = {y >Ny ~»Hx)} ,

then the logic is an orthomodular lattice. The lattice

operations of join and meet are given by

Lt}

Ne + N(Nx ~ Ny)
Bz » Nz » y))

xVy

T AY

and, in terms of the lattice operations, the material implication

is given by
(x>y)=(y Ax) v lx .

Moreover the logic is a Boolean algebra if, and only if, in

addition to the properties above, material implication satifies

I5. {xz »y) = (By > Nzx) .
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1. Introduction

In what follows we adopt, without repetition of them, the definitions
and terminology introduced in the summary above. For the connection
between the logic of quantum mechanics and orthomodular lattices we refer
to Finch [3] and [5].

The statements of the summary are immediate consequences of the
results in Finch [4]. Thus suppose that L is a logic which admits a
binary relation "+" with properties Il through to Ik. For each y in

L define a map "y of L into itself by the equation

xﬂy = N(y + Nx) .

By I1, 1ny =y and I2, I3 and Ik just assert that the “y form a

Sasaki set of projections on L . By the theorem of Finch [4] it follows
that L[ 1is an orthomodular lattice, that

(1.1) (x +y)=(yrx) vz

and that the lattice join and meet are given, in terms of the operation
">" by the formulae in the summary. Conversely in any orthomodular
lattice one can define an operation "+" by equation (1.1) and this

operation has the properties Il through to Ib.
Finally I5 is equivalent to
(1.2) (y Az) vix= (Ny Alx) vy .

This is clearly true in a Boolean algebra. Conversely if (1.2) holds in

the orthomodular lattice L one deduces easily
£ Ay =0 1if and only if x =My .

From this one deduces that complementation in L is unique, and hence,

Birkhoff [2] (Theorem 17, p. L44t), that L is a Boolean algebra.

2. Interpretation of the operations

The interest of the results established above comes about because
they indicate that one could proceed axiomatically and introduce the logic
of quantum mechanics as an implication algebra, that is as a logie which

admits an operation of implication with the properties Il through to Ik.

https://doi.org/10.1017/5S0004972700041642 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700041642

Quantum logic as an implication algebra 103

Conversely a "quantum logic" which does have the structure of an
orthomodular lattice is a logic admitting such an operation of material
implication. Boolean logics were treated as implication algebras in Abbot

and Kleindorfer [1].

In Finch [5] it was shown that if one has a binary operation "o" on

a logic L such that
Cl. lox=ux, _
C2. if x =y then x o z=y oz,
C3. if =y then (zoy)oax=z0zx,
ch, {Mxoy)loy=biz,

then L is an orthomodular lattice and
xoy=(xVvDNy)Ary.

In fact Cl to Cl are equivalent to Il to Ib; to see this one need

only observe that

(2.1) x oy =Ny »> Nx)
and
(2.2) x>y =Nl ox) .

Similarly I5 is equivalent to
T OoOYy=Yyox .

In Finch [5] it was suggested that the operation "o" could be
interpreted as an operation of logical conjunction. This suggestion
seems t0 run counter to the usual interpretation of the lattice
operations in quantum logic, where it is customary to interpret the
lattice meet as logical conjunction. It was pointed out in Finch (5]
however, that there is a certain plausibility in the properties Cl
through to C4 when "o" is interpreted as an operation of logical
conjunction. There is, perhaps, even more plausibility in the properties
I1 through to Ik, and their consequences, when "»" is interpreted as

material implication. For instance one has
PROPOSITION 1. 1In an orthomodular lattice L

(x +y) =1 ifad only if x =<y .
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Proof.
(g +y)=1=Nyox=0
= (Ny vNx) hx =0
= Ny v Nz = Nz
= x =<y .
REMARK. It is perhaps worthwhile observing that if one interprets

lattice meet as logical conjunction and, by analogy with Boolean logic,

introduces material implication by the equation
x+y = NNy Ax)

then one would have (x +y) =1 if and only if Ny A x =0 . In this
case one would not be able to relate "material implication" to "logical
implication" in the way of the proposition, except when the logic is a

Boolean logic.

As a further consequence of interpreting "»" as implication and
"o'" as conjunction we note an interesting analogy with Brouwerian
lattices. We recall that a Brouwerian lattice is a lattice L in which,
for any elements @ and b , the set of all elements & in L such that
aNx <hb has a greatest element b : a . As noted in Birkhoff [2] a
Brouwerian logic is a Brouwerian lattice with b : a relabelled as
a > b , the operation of implication in the logic. By way of analogy we

have
PROPOSITION 2. In an orthomodular lattice
x<(y +3) ifand only if z oy <z .
Proof. We note firstly that
(y>z)oy={zry)viybry=zny.
Thus
xs(y>az)sxzoy=(y>2z)oys<z.
Conversely

zoysz=(xVvly) AyszAy
=x Vvl <(znary)viy

sxg=axVvVlN=y->z.
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One of the difficulties in the interpretation of the operation "o"

as conjunction is its non-commutativity. For this reason intuition is not
a good guide in deciding, in a particular context, whether or not the
conjunction of x and y should be x °y or y o x . To some extent
the preceding results are a help because their analogue with x o y
replaced by y © & lead to a Boolean algebra. To see this we replace

x oy by y ox in Proposition 2 and prove

PROPOSITION 3. If L[ <s an orthomodular lattice in which for any
two elements y and 2z in L there exists an element z :y of L
such that

x<z:y ifandonlyif yox =<z,
then L i& a Boolean algebra.

Proof. Since Ny ox <x one has x =x : Ny . Similarly since

Ny oy =0 one has also y <x : Ny . Thus
xvy=x:DN .
Since Ny o 1 = Ny we deduce
xVvy=1l=Ny=zx.
Thus

xAYy=0=NxvVvily=1
=x =Ny .

It follows that complementation in the orthomodular lattice L is

unique, that is L 1is a Boolean algebra.
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