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Abstract

A continuous-state population-size-dependent branching process {X;} is a modification
of the Jifina process. We prove that such a process arises as the limit of a sequence of
suitably scaled population-size-dependent branching processes with discrete states. The
extinction problem for the population X; is discussed, and the limit distribution of X, /¢
obtained when X; tends to infinity.
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1. Introduction

A time-homogeneous, nonnegative integer-valued Markov chain {X (r), r = 0,1,...} is
called a population-size-dependent branching process (PSDBP) with discrete states if its tran-
sition probabilities are given by

E[sXD | X (1) = k] = f(k, s)¥, k=0,1,...,

where 0 < s <1 and

e @]

o
flk,s)=> kpjs!, withyp; = Osuchthat Y yp;j=1,  k=0,1,...,
j=0 j=0

is a family of probability generating functions governing the reproduction (see, e.g. [3] and
[8]). In this paper, we call f(k, s) the reproduction generating function of {X (#)}. Compared
with the classical Galton—Watson process (see, e.g. [1]), the PSDBP takes into account the fact
that the reproductive behavior may depend on the current size of the population. This process
has been studied by a number of authors and has been applied in a variety of contexts. In
a series of papers, Klebaner [8], [9], [10] studied the extinction problem of the process and
the convergence of X (¢)/C(t) as t — oo, for suitable normalizing constants C(¢). Jagers
[4] gave sufficient conditions for exponent growth for general branching processes, and as a
corollary obtained the corresponding results for the PSDBP. Lu and Jagers [15] and Wang [18],
[19] studied PSDBPs in random environments. See [5], [7], and [11] for more results on the
discrete-state PSDBP.
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In this paper, we study a continuous-state version of the PSDBP. Let
{Xn(@),1=0,1,...}

be a sequence of PSDBPs. We prove that, under suitable assumptions, the finite-dimensional
distributions of {X,,(t)/n}, n = 1,2, ..., converge to those of a [0, co)-valued Markov process
{Y ()}, asn — oco. We also discuss the extinction problem for {¥ (¢)} and the limiting behavior
of Y(t)/t ast — oo. The process {Y (¢)} is the so-called continuous-state PSDBP, defined as
follows.

A time-homogeneous Markov process {Y(¢), t = 0,1, ...} with state space [0, co) is
called a continuous-state PSDBP if the Laplace transform of its one-step transition probability
P(x,dy) is given by

/ e P(x, dy) = exp{—x F(x. 1)), (L1)
[0,00)
where
Fx,A) = B()A +f (1 = e ™)p(x. du), (12)
(0,00)

with B(x) a nonnegative Borel function on [0, co0) and (1 A s)v(x, ds) a finite kernel from
[0, o0) to (0, 00). In particular, if f(x) = B and v(x, ds) = v(ds) are both independent of
x € [0, 00), the process {Y (#)} degenerates to the classical Jifina process (see, e.g. [6] and
[17]). Thus, we can regard {Y (t)} as a modification of the Jifina process whose reproductive
behavior depends on the size of the population. Obviously, for each x € [0, 00),

f e Q(x, dy) = exp{—F (x, M)}, (1.3)
[0,00)

defines an infinitely divisible probability measure Q(x, dy). In view of (1.1) and (1.3), we have
P('x5 ) = Q(-xa .)X’

where the right-hand side denotes the x-fold convolution introduced in [16, p. 35]. We shall call
the function F(x, 1) defined by (1.2) the reproduction cumulative function (RCF) of {Y (¢)}.

The continuous-state PSDBP can be used to model a number of biological situations and
chemical reactions. For example, for some bacteria whose reproduction depends on their
concentration in the medium, it is suitable to describe the change of the concentration using a
continuous-state PSDBP. See [9], [12], and the references therein for more examples.

In the remainder of the paper, we write N = {0, 1,...}and N; = {1,2,...}. For each
n € Ny, let {X,(t)};en be a discrete-state PSDBP with reproduction generating function
fn(k,s). Then Y, (1) = n~' X, (¢) defines a Markov chain {¥,(1)},eny on Q, := {k/n, k € N}.
For any i,, € Q,, let

Fy(in, M) = n[l — fu(ni,, 1 —A/n)], A< n. (1.4)
In Section 2, we show that the continuous-state PSDBP arises as the limit of a sequence of

suitably scaled PSDBPs with discrete states. In Section 3, we discuss the extinction problem
and prove a limit theorem for the continuous-state PSDBP.
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2. The sequential limit theorems of the discrete-state PSDBP

In this section, we discuss the relation between the discrete-state PSDBP and the continuous-
state PSDBP (see Theorems 2.1-2.2). Atthe end of the section we give two examples to illustrate
the theorems.

Proposition 2.1. Letr F,(x, L) be defined by (1.4) and let F (x, \) be a continuous function of
(x, 1) € [0, 00) x [0, 00). Suppose that

(A1) foranyi,, Q, 21i, - x, we have F,(i,, \) — F(x,A) asn — oo.
Then F(x, A) is the RCF of a continuous-state PSDBP.

Proof. 1t is sufficient to prove that F'(x, A) has the representation (1.2). Since F(x,0) =
lim,,— 5 F;(in, 0) = 0, for any x € [0, co) we may apply Corollary 2 of [13] to obtain the
representation

F(x,\) = f (11— e_“)(l — e_“)_lG(x, du), 2.1
[0,00)

where G (x, du) is a finite measure on [0, o) and the value of the integrand at u = 0 is defined
as A. Clearly, the representation (2.1) can be written as (1.2) with 8(x) = G(x, {0}) > 0 and
v(x,du) = (1 —e )~ G(x, du). It follows that

/ (1 Au)v(x,du) < oo.
(0,00)

By the continuity assumption on F(x, A), the measure G(x, -) depends continuously on x €
[0, 00), by the weak convergence topology. In particular, G (x, du) is a kernel from [0, co) to
[0, 00). Then B(-) is a measurable function on [0, c0) and v(x, du) is a kernel from [0, c0) to
(0, 00).

Lemma 2.1. Under the conditions of Proposition 2.1, assume in addition that
(A2) for any iy, Qu > iy — x, we have f](nip, 1=)/n — 0asn — oo, where f,(k,s) =
dfa(k,s)/ds.
Then
Hy(in, A) == —nlog f, (niy, e™/") — F(x, 1) (2.2)
asn — oo.

Proof. The assumption implies that f,(ni,, 1 — A/n) — 1. By the mean value theorem,
we have

0 < |Hy(in, ) — nlog f (nin, 1 — 1/n)|
_ (i, e ™My — fulnin, 1 —1/n)|
- fu(nin, 1 —2/n)

- nfl(nip, 1-)|e /" — 1 4 A /n|
- fulnin, 1 — 1 /n)

)

where the right-hand side goes to 0 because f;, (ni,, 1—)/n — 0. Consequently,

|Hp (iy, X)) — nlog f,, (nip, 1 —A/n)| — O. (2.3)
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By using a Taylor expansion, we find that there is a constant 8, € (f,(ni,, 1 —A/n), 1) such
that

1og fu(Min, 1= A/n) = fu(rin, 1 = 2/n) = 1= 36, %[ fu(nin. 1 = 1/n) — 11,
It follows that
lim nlogf,(ni,, 1 —A/n) = lim n[f,(ni,, 1 —A/n) — 1] = —F(x, A). 2.4
n—oo n—oo

By combining (2.3) with (2.4) we obtain the desired result.

Theorem 2.1. Suppose that conditions (Al) and (A2) hold, and that the distribution of Y, (0)
converges weakly to some distribution u on [0,00) as n — oo. The finite-dimensional
distributions of {Y, (t)} then converge to those of a continuous-state PSDBP {Y (t)} with RCF
F (x, )) and initial distribution .

Proof. By the Kolmogorov existence theorem, we can construct a Markov process {Y () };en
on [0, co) with initial distribution x and one-step transition probability P (x, dy) characterized
by (1.1). Let ‘%> denote convergence in distribution. By assumption, we have Y;,(0) 2 Y (0).
In the sequel, we assume that (Y, (0), ..., ¥, (m)) 2 (Y(0), ..., Y(m)) and prove that

(Y, 0), ..., Yo(m + 1) = (Y(0),...,Y(m+ 1)),

from which the theorem follows by induction.
It is sufficient to show that, forevery A; >0, i =0,1,...,m+ 1,

m+1 m+1
E[exp{— Z AiY,,(i)” — E[exp{— Z ,\,-Y(i)H (2.5)
i=0 i=0
for every A; > 0. Since Y, (1) = X, (¢)/n, for any i,, € Q, we have

Elexp{—Am+1Yu(m + 1)} | Ya(m) = iy]
= E[exp{—Amt1 X" (m + 1)/n} | X, (m) = niy]
= [fa(niy, e~ m /M)
= exp{—in Hy (in, Am+1)}, (2.6)

where H, (-, -) is defined by (2.2). Let 3?"5”) =o({Y,(0), Y,(1),...,Y,(m)}). From (2.6) and
the Markov property, we obtain

m+1 m
E[exp{— > nv, (i)H = E[exp{— Y Y, (i)} exp{—Y,, (m) Hy (Y, (m), Amm}}. @7
i=0

i=0
Since (Y, (0), ..., Y,(m)) 2 (Y(0), ..., Y(m)), we can use the Skorokhod representation the-
orem (see [2, p. 102]) to construct random variables (Z,(0), ..., Z,(m)) and (Z(0), ..., Z(m))
such that

(Zn(0), ..., Zy(m)) = (Y,(0), ..., Yu(m)),

. 2.8)
(Z(O), ... Z(m)) = (Y (0), ..., Y (m)),

https://doi.org/10.1239/jap/1143936253 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1143936253

On a continuous-state population-size-dependent branching process 199

and Z,, (i) — Z(i) almost surely (a.s.) foreveryi =0, 1, ..., m, where ‘2’ means the related
random variables have identical distributions. Since P((Y,(0), ..., Y,(m)) € QT‘I) =1, we
have P((Z,(0), ..., Z,(m)) € Qﬂ“) = 1. From (2.7) and (2.8), we obtain

m+1 m
E[exp{ — Y hiYuli) ” = E[exp{ = XiZn <i>} exp{—Zu (m) Hy (Z,(m), k1 >}].
i=0 i=0
(2.9)
By Lemma 2.1 and the dominated convergence theorem, we see that the right-hand side of (2.9)
converges to

E[exp{— 3 x,»zm} exp{—Z(m) F(Z(m), Amm}}
i=0

= E[exp{— Z)»,’Y(i)} exp{—Y (m)F (Y (m), Am+1)}:|

i=0
m+1

- E[exp{— > x,-Y(i)H,
i=0

where the last equality follows from the Markov property of {Y (¢)}. We thus obtain (2.5).

Proposition 2.2. Let F(x, 1) be a continuous RCF defined by (1.2). Suppose that one of the
following conditions holds.

(B1) For a sufficiently small § > 0, we have
/ (8 Auv(x,du) < e PO
(0,00)

forall x € [0, 00).
(B2) The function
X = B(x) +/ (I Au)v(x, du)

(0,00)
is bounded on [0, 00).

Then there exist probability generating functions { f, (i, -)} such that condition (Al) is satisfied.

Proof. 1f condition (B1) is satisfied, we let

=enfo(p)enf [ e = o(Ge)
fali,s) =expy Bl — (s — D¢+ — (e — Dy| —,du ). (2.10)
n n (0,00) n

Then f,(i,1) = 1 and
| .
> - —/ == e_“”)v(l—, du)
n (0,00) n
1 i
> — —/ (1A un)v(—, du)
n (0,00) n
—/ (n*1 /\u)v(i,du)
(0,00) n

S|~

Ju(i,0) = expy—B

D~

S|~
N——

(
- cnfo{
(

= expy —p
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It follows that f, (i, 0) > O for sufficiently large n > 1. On the other hand, f; (i, s) is clearly
analyticin s € (—1, 1), with

k . N\ k . .
o) o eo] i s )

Thus, f,(i, s) is a probability generating function. Let F; (i,, 1) be defined by (1.4). It is easy
to check that

Fo(in, \) = n(1 — e P@A/my 4 / (1 — e ™)(iy, du)
(0,00)
=n[l — Blip)r/n —e PEM" L F@i, 0),

which converges to F(x, A) if i, — x.
If condition (B2) holds, we choose an integer

K > sup [ﬁ(x)+f (lAu)v(x,du)},
(0,00)

x€[0,00)

and let

. 1 .
hn(i,s):l—i-'g(l/n)(s—])—i-—/ @ =D _ L du). @.11)
K nkK (0,00) n
It is easy to check that 4, (i, s) is a probability generating function and that, if i, — x,
1—h in, 1 * 1F(' A) 1F( A) (2.12)
n — ni,, — — = — s — — , . .
n| i " 1% In 1% X

Moreover, f,(i,s) := [h,(, ¥ isalsoa probability generating function. Let F}, (i, A) again
be defined by (1.4). By a Taylor expansion,

Fu(in, 1) = nK[1 = hy(nin, 1 = 1/m]1 = 30K (K = D [hy(nin, 1 = 3/n) = 112,
where n € (h,(ni,, 1 —A/n), 1). From (2.12) we have
lim F,(i,,A) = lim nK[l — h,(ni,, 1 —A/n)] = F(x, 1),
n— o0 n— oo

which completes the proof.

Remark 2.1. An analogue of condition (B2) was used in [14] in the study of the convergence
of branching particle systems to measure-valued processes. Although this condition is more
natural and easier to understand than condition (B1), it is not always satisfied, even in some
simple cases, as we will see in Example 2.1. We also remark that if

sup |:,8(x) +/ v(x,du)i| < 00,
x€[0,00) (0,00)

then both (B1) and (B2) are satisfied.
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Proposition 2.3. Let F(x,A) be a continuous RCF defined by (1.2), and assume that the
conditions of Proposition 2.2 hold. Suppose in addition that

(B3) the function x +— f(O,oo) uv(x, du) is bounded on [0, 00).

Then there exist probability generating functions { f, (i, )} such that conditions (Al) and (A2)
are satisfied.

Proof. By Proposition 2.2, there exists a family of probability generating functions { f,, (i, -)}
such that (A1) holds. If (B1) holds then f;, (i, s) is defined by (2.10) and we have

Jrin, 1=) = B(in) +/ uv(in, du).
(0,00)
We have the same equality if (B2) holds and f, (i, s) = h, (i, )X, with h, given by (2.11).
By (B3) and the continuity of F(x, A), it follows that f; (ni,, 1—)/n — 0 for any i, such that
Qn 3ip = x €10, 00).

Theorem 2.1 and Proposition 2.3 imply the following result.

Theorem 2.2. Let{Y (t)} be a continuous-state PSDBP with continuous RCF F (x, \) satisfying
the conditions of Proposition 2.3. Then there exists a sequence of discrete-state PSDBPs { X, (t)}
such that the finite-dimensional distributions of { X, (t)/n} converge to those of {Y (t)}.

Recall that a Jifina process is the limit of a sequence of Galton—Watson processes (see, .g.
[6]). Thus, the above theorems generalize the classical result in some sense. In the remainder
of this section, we give two examples to illustrate the theorems.

Example 2.1. Let {X,,(¢)};en be a sequence of discrete-state PSDBPs with reproduction dis-

tributions

—k/n k j
() _ € ( /n) ’ j>o0.
J ]!

Then -
; k(1 —ys)
falk.s) ="k pisi = exp{——}
j=0 .
and, as i, — x, we have
Fy(in, &) :=n(l — fo(nin, 1 — x/n)) = n[l —e™"*/" - xi,

and f, (niy, 1)/n = iy/n — 0. Suppose that X,,(0) = n. Then ¥, (0) = X,,(0)/n = 1, and
Theorem 2.1 implies that the finite-dimensional distributions of {Y,,(¢)} converge to those of a
continuous-state PSDBP process {Y (¢)} with RCF F(x, 1) = Ax and Y (0) = 1. Clearly, the
limit process {Y (¢)} is deterministic. It is not hard to see that condition (B1) holds for {Y (¢)},
but condition (B2) does not hold.

Example 2.2. Let ¢ € (0,1], 8 > 0,and y > 0, with 8 < 1 + y. Let {X,,(¢)};cn be a
sequence of discrete-state PSDBPs with reproduction distributions given by

k/n
- ﬂa ) j= 0»
(’1) — 1+ k}/
P ety )it
_ > 0.
(1 +ky)it!
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Then
o k/nec1 _
0 Ba™/ (1 —s)
k,s)= el =1 — ————
Jnlk, ) ;“’J ’ 1+ ky —kys
If i, — x, we have
inA )C)\’
Fo(in, ) = ﬂa— — F(x,A) = ,30‘—’
I 4+iyyr 14+ yix
and
it 1) _ petn

n n

By Theorem 2.1, if ¥}, (0) converges in distribution then the finite-dimensional distributions of
{Y,(¢)} converge to those of a continuous-state PSDBP with RCF F(x, 1). It is not hard to
show that F(x, 1) has the decomposition (1.2) with 8(x) = 0 and

X

v(x,du) = ﬂzaze_“/yx du
y2x

for x > 0.

3. The extinction of the continuous-state PSDBP

In this section, we discuss the extinction problem for the continuous-state PSDBP {Y;}.
Since {Y;} has continuous states and its Laplace transform cannot be expressed explicitly, we
cannot infer that ¥; tends to either O or oo, as we do for the discrete-state PSDBP (see, e.g. [9])
and the classical continuous-state branching processes (see, e.g. [1]). However, we can still find
some interesting properties (see Theorems 3.1-3.3) of the extinction, under certain conditions.
We can also study the limit distribution of Y; /¢ as Y; tends to infinity (see Theorem 3.4).

Let {Y:};en be a continuous-state PSDBP with RCF F (x, 1) and initial state Yy = xo > 0.
Let

F®(x, 0) := d*F(x, 1) /dak,

and write my (x) = (= D¥1F® (x, 04) if the required derivative exists. Obviously, my(x) > 0
and
F(x,2) < m(x)A. 3.1

Lemma 3.1. Suppose that my(x) < My (x &3V 1) forallx > 0 and k € N, where My is
a positive constant depending only on k. Then, for any k > 3, there exists a positive constant
Ay such that

|E[{Yir1 —mi (YY) | Vil < A2 v D, (3.2)

Proof. We shall prove the inequality by induction on k. Note that

d¥ exp{Y; (Am (Y;) — F (Y, M)}
dak A0+

|E[{Y;11 —mi (Y)Y }* | V]| = (3.3)

It is easy to show that

|E[{Yr 1 — mi(YDY,Y | Vil = m3(Y)Y: < M3Y;.
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Now suppose that (3.2) holds for all i, 3 < i < k. From (3.3), by tedious calculations, we
obtain

|E[{Yi11 — mi (Y)Y )* | v
k—3

k—1 ;
<Y, ]2:; (j. ~ 1)m,»(w E[{Yr1 —mi (Y)Y} | v
k—1Dk—2
rmir) + EEEE D 2 omy 2

k-3
< (Mk Ly (’]‘ B i)MjAk_ J+ WMZMH)(Y,"—Z VD, G4
=2

where the term containing the summation disappears if k = 4. Let

k—3
k—1 (k—1)(k —2)
Ay =M MiAp_i + ———MorMy_».
k k+j2_;<j_1> jAk—j + 3 2Mk—2

Then (3.2) follows from (3.4) for i = k.

Lemma 3.2. Under the assumption of Lemma 3.1, for any k > 2 we have

k
BIYE, | Yil = (mi(Y)Y)* + (2)m’;2(Y,>mz<Yz>Ytk—1 + R(Y;, k), (3.5)
where
k
k . .
IRV, )| = > (l) E[{Y, 11 —mi(Y) Y} | Yil(my (Y)Y)K (3.6)
=3

< Bk(Ytk_2 v 1), forsome By > 0.
Proof. When k = 2, we obtain (3.5) from
E[YZ 1 | Yil = mi(Y)Y7 + ma(Y))Y,.
Note that, for k > 2,

BIYY, | Y/l = E{{Yi1 —mi (Y)Y, + mi (Y)Y} | ¥,]

k
= (m1 (Y)Y + (

2>m]1(_2(Yt)m2(Yt)Ytk_l + R(Y:, k). (3.7)

Equations (3.2) and (3.6) imply that

k k
IRV B <) (?)A;M{‘_i(Y,i_z vy < Pvin )y <Il‘> AMET(3.9)
i=3 i=3
By combining (3.7) with (3.8), we recover (3.5) with
K e '
Be=Y_ (JA,»M{“‘,
=3

forall k > 1.
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Theorem 3.1. Ifsup,c(g o) m1(x) < lormi(x) /' 1asx — oo, then Y; — 0 a.s.

Proof. Note that
ElYi41 | il =Ym(Y;) < Y;.

By the supermartingale convergence theorem, we know there exists a nonnegative integrable
random variable Y such that
Y, - Y as. (3.9)

Consider the following two cases.
Case 1. supxe(o,oo)mﬂx) < 1. Letm = supxe(oyoo)ml(x) < 1. For any A > 0, by (3.1)
and the dominated convergence theorem we have

1> E[e ] = lim E[e *""+!] = lim E[E[e """ | ¥;]] = lim E[e”"F""})]
t—00 t—00 =00
> lim Efe™"*] > lim E[e™ "*] > ... > lim E[e ™" "] =1,
t—00 t—00 t—00

which implies that Y = 0 a.s.
Case 2. m1(x) /' 1. There exists a §(x) > O such that m(x) + §(x) /' 1. From (3.9) we

find that
n—1
[T +5¥01— 0 as.,
i=0
asn — o0. Let
Y
X; =

[TiZotmi () +8(¥D1
Obviously, X, is anonnegative supermartingale. There thus exists an integrable random variable
X such that X; — X a.s. Hence, ¥; = X; ]_[ﬁ;(l)[ml(Yi) +58(Y;)] — O as.

Theorem 3.2. (i) Suppose that m := inf y¢(0,00) M1(x) > 1 and m(x) < M for some M > Q.
Then Y; — Y € [0, o] a.s.

(ii) If B := infr¢(0,00) B(x) > 1 and xo > 0, then Y; — 00 a.s.

(i) If B == SUPye(0.00) B(X) < 1 and, as A — oo,

1
sup / <— A u)v(x, du) — 0, (3.10)
xe(0,00) J (0,00) \ A

then there existanr, 0 < r < 1, and a Ay, Lo > 0, such that, for any A > Ao, we have
F(x,A) <ra. 3.11)

@av) If, for . = Ao > 0, F(x, A) satisfies (3.11), then Yy — Y € [0, o0] a.s.

Proof. (i) Since F G (x, 1) > 0, by a Taylor expansion it is easy to show that
F(x,2) = (mi(x) = yma(x)M)h. (3.12)
By combining (3.12) with the assumptions, we obtain

F(x,)) > ai, (3.13)
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for a sufficiently small A > 0 and some constant ¢ > 1. From (3.13), we have

Ele Vet | y,] = e ViF Uik < gmad¥s < o=hY0,
Thus, {e~*¥7} is a nonnegative supermartingale. There exists a nonnegative random variable
X € [0, 1] such thate ™Y — X a.s. Hence, ¥; — Y = —A‘llogX € [0, oo] a.s.

(ii) Note that F'(x, A) > B(x)A > BA. By an argument similar to that used in proving (i), we
have
Y, > Y €[0,00] as.

Now note that, for A > 0,
0 <Ele "] = lim E[e *""+'] = lim E[E[e */**! | ¥,]] = lim E[e"V/F¥1:})]
t—00 t—00 t—00

< lim E[e *Y#] < lim E[e*~1#] < ... < lim E[e—"f""'*] = 0.
11— o0 11— o0 11— o0

Thus, ¥ = oo a.s.

(iii) Since B < 1, there exists a §; > 0 such that 8 +8; < 1. From (3.10), there exists a g > 0
such that, for A > Ao,

1
sup / (— A u)v(x, du) < 6.
xe(0,00) J (0,00) \ A

Thus, (3.11) holds for A > Ag.
(iv) Suppose that (3.11) holds for A > A9 > 0. Then

E[e*)»oyzﬂ | Y] = e ViF(Yi,h0) 5 o=7hoYr 5 o—ho¥:
Hence, there exists a random variable Y € [0, oo] such that Y; — Y a.s.

The main ideas of the following two theorems come from [9].

Theorem 3.3. If, for any x > 0,

0
/ e—xF(x,A)—A da < ,
0 x+1

then there exists a random variable Y such that Y; — Y a.s. and P{Y =0} < 1/(xg + 1).
Proof. The proof is similar to that of Theorem 1.2 of [9]. We omit it here.

Remark 3.1. Theorem 3.1 and Theorem 3.2 discuss extinction form(x) < l and m(x) > 1,
respectively. Theorem 3.3 gives a nontrivial upper bound for the extinction probability.

In the following we will consider the distribution of lim,_,, ¥;/t when m(x) — 1 as
x — oo (withm(x) > 1)and Y; — oo ast — oo. To this end we let e(x) = m(x) — 1 and
consider the following two conditions:

(El) xe(x)=c+nkx), 0<c<oo, limy o n(x) =0,

(E2) limy s 0o ma(x) = 02, 0<o <oo.
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Theorem 3.4. Suppose that (E1) and (E2) hold. Under the assumption of Lemma 3.1, if
Y; — o0 a.s., then the distribution of Y;/t converges to the T (r, &) distribution on [0, 00),
where o = 2/02 andr = 20/02; that is,

r

L'(r)

X
lim P{Y,/t < x} =/ s" e ds.
11— o0 0

Proof. The proofis very similar to that of Theorem 1.5 of [9]. In the following we emphasize
the differences.
By the method of moments, we shall prove that

Br = lim E[(Y;/1)*] < oo,
n—oo
with 81 = c and, fork > 1,
B = (c + 3k — Do) e

We will use induction on k. For k = 1, by starting from (E1) and iterating, we find that

t—1
E[Y,] = x0 +tc+ Y _En¥l. (3.14)
i=0

From (3.14) it is easy to obtain 81 = lim;—, » E[Y;/t] = c. Now suppose that, foralli < k—1,
Bi = lim;,o0 E[(Y;/1)] < 00. Leta") = E[Yf]and y (x) = kn(x)+ () (02 —m2(x)). Then,
by Lemma 3.2 and the argument in the proof of Theorem 1.5 of [9], we have

k _ _
a® = 4 [kc + <2>o2}a§" Y L E[YFly (v)] + ELDi 4],

where D; j is a random variable such that | D; | < Ck(Ylk 2y 1) for some positive constant
Cx. We point out that, in our case,

0 < lim E[|D; /"] < G lim (B[Y} 2/t 1+ 1/ = 0.
t—00 =00
The remainder of the proof is similar to that of Theorem 1.5 of [9].

Acknowledgements

The author is greatly indebted to Professor Zenghu Li for his supervision. Thanks are also
due to the referee for helpful comments.

References

[1] ATHREYA, K. B. AND NEY, P. (1972). Branching Processes. Springer, Berlin.

[2] ETHIER, S. N. AND KurTZ, T. (1986). Markov Processes. Characterization and Convergence. John Wiley, New
York.

HOPFNER, R. (1985). On some classes of population-size-dependent Galton—Watson processes. J. Appl. Prob.
22,25-36.

[4] JAGERs, P. (1996). Population-size-dependent branching processes. J. Appl. Math. Stoch. Analysis 9, 449—457.
[5] JAGERs, P. AND KLEBANER, F. C. (2000). Population-size-dependent and age-dependent branching processes.
Stoch. Process. Appl. 87, 235-254.

JIRINA, M. (1960). Stochastic branching processes with continuous state space. Czech. Math. J. 8,292-313.

[3

[6

—

https://doi.org/10.1239/jap/1143936253 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1143936253

On a continuous-state population-size-dependent branching process 207

[7]
[8]

[9]
(10]

(11]
[12]
[13]

(14]
[15]

[16]
(17]
(18]

[19]

KLEBANER, F. C. (1983). Population-size-dependent branching processes with linear rate of growth. J. Appl.
Prob. 20, 242-250.

KLEBANER, F. C. (1984). Geometric rate of growth in population-size-dependent branching processes. J. Appl.
Prob. 21, 40-49.

KLEBANER, F. C. (1984). On population-size-dependent branching processes. Adv. Appl. Prob. 16, 30-55.
KLEBANER, F. C. (1985). A limit theorem for population-size-dependent branching processes. J. Appl. Prob. 22,
48-57.

KLEBANER, F. C. (1993). Population-size-dependent branching processes with a threshold. Stoch. Process. Appl.
46, 115-127.

LaBKOVsKIL V. (1972). A limit theorem for generalized branching random processes depending on the size of
the population. Theory Prob. Appl. 17, 72-85.

L1, Z. H. (1991). Integral representations of continuous functions. Chinese Sci. Bull. 36, 979-983.

L1, Z. H. (1992). Measure-valued branching processes with immigration. Stoch. Process. Appl. 43, 249-264.
Lu,Z. W. AND JAGERS, P. (2004). A note on the asymptotic behaviour of the extinction probability in supercritical
population-size-dependent branching process with independent and identically distributed random environments.
J. Appl. Prob. 41, 176-186.

Sato, K.-L. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge University Press.
SENETA, E. AND VERE-JONES, D. (1969). On a problem of M. Jifina concerning continuous state branching
processes. Czech. Math. J. 19, 277-283.

WANG, H. X. (1999). Extinction of population-size-dependent branching processes in random environments. J.
Appl. Prob. 36, 146—154.

WanG, H. X. aAND DAL Y. (1998). Population-size-dependent branching processes in Markovian random
environments. Chinese Sci. Bull. 43, 635-638.

https://doi.org/10.1239/jap/1143936253 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1143936253

