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Rational Models of the Complement of a
Subpolyhedron in a Manifold with
Boundary

Hector Cordova Bulens, Pascal Lambrechts, and Don Stanley

Abstract. Let W be a compact simply connected triangulated manifold with boundary and let K c
W be a subpolyhedron. We construct an algebraic model of the rational homotopy type of W\K out
of a model of the map of pairs (K, KNoW) — (W, dW) under some high codimension hypothesis.

We deduce the rational homotopy invariance of the configuration space of two points in a com-
pact manifold with boundary under 2-connectedness hypotheses. Also, we exhibit nice explicit
models of these configuration spaces for a large class of compact manifolds.

1 Introduction

Let W be a compact and simply-connected manifold with boundary (in this paper all
manifolds are triangulated). Let f: K = W be the inclusion of a subpolyhedron. The
first goal of this paper is to determine the rational homotopy type of the complement
W\K. We will then apply this to deduce the rational homotopy type of the configu-
ration space of two points in a manifold with boundary under 2-connectedness hy-
potheses. Hence, this paper extends the results of [7, 8] to the case of manifolds with
boundary.

The main result of [8] is an explicit description of the rational homotopy type of
W\K when W is a closed manifold and K is a subpolyhedron of codimension at least
(dim W) /2 + 2. This rational homotopy type depends only on the rational homotopy
class of the inclusion K — W ([8, Theorem 1.2]).

The situation for manifolds with boundary is different. For example, let W be an
n-dimensional disk D" and let K be a point. If K is embedded in the interior of D",
then W\K ~ $”"!. On the contrary, if K is embedded in the boundary of D", then
WA\K =~ *. Hence the complements W\K have different rational homotopy types,
although the two inclusions K — W are homotopic. These examples show that we
need more information to determine the rational homotopy type of W\K. Our main
result is that the only extra information needed is related to the inclusion of 0W n K
in 0W. More precisely, we have the following result.
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Theorem 1.1 (Corollary 4.6 and Theorem 4.5) Let W be a compact simply connected
triangulated manifold with boundary and let K be a subpolyhedron in W.

Assume that
(1.1) dimW >2dimK + 3.

Then the rational homotopy type of W\K depends only on the rational homotopy type
of the square of inclusions

(1.2) (KnoW)—= oW

Ke—— W,

Moreover, a CDGA model of W\K (that is, an algebraic model in the sense of Sullivan
of this rational homotopy type, see Section 2.1) can be explicitly constructed out of any
CDGA model of Diagram (1.2).

Actually, we will see that the high codimension hypothesis (1.1) can be weakened.
Indeed, we will establish a sharp unknotting condition, which is an inequality relating
the connectivity of the inclusion maps and the dimensions of the manifold and the
subpolyhedron (see (4.5) in Corollary 4.6), under which we still get a CDGA model
of the complement.

There is an interesting application of this theorem to the study of configuration
spaces of 2 points in W

Conf(W,2) := {(xl,xz) eWx W:x; # xz}.
Indeed, this configuration space is the complement
Conf(W,2) = W x W A(W),

where A: W — W x W is the diagonal embedding. We will deduce from Theorem 1.1
the following result.

Theorem 1.2 (Corollary 5.5) Let W be a 2-connected compact manifold with a
2-connected or empty boundary. The rational homotopy type of the configuration space
Conf(W,2) depends only on the rational homotopy type of the pair (W, 0W).

In [3] we prove that a large class of compact manifolds with boundary admit CDGA
models of a special form that we call surjective pretty models. This class contains, in
particular, even-dimensional disk bundles over a closed manifold and complements
of high codimensional polyhedra in closed manifolds. As a consequence, such mani-
folds admit a CDGA model of the form P/I, where P is a Poincaré duality CDGA and
I is some differential ideal. Poincaré duality CDGAs come with a natural diagonal
class A € (P ® P)". We then get the following elegant model for the configuration
space (see Section 5.3 for more details).

Theorem 1.3 (Theorem 5.8) Let W be a compact manifold of dimension n with
boundary and assume that W and oW are 2-connected. If (W,0W) admits a sur-
jective pretty model in the sense of (3], then a CDGA model of Conf(W,2) is given
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by

(P/1® P/T) @47 ss""P/I,

where P is the Poincaré duality CDGA and I the ideal associated with the pretty model,
and A' is a map induced by multiplication by the diagonal class A € (P ® P)".

When W is a closed manifold, we have I = 0 and the model of Theorem 1.3 is
exactly that of [7].

In a paper in preparation we will show how to build a model (of dgmodules) of
Conf(W, k), k > 2, which enables us to compute effectively the homology of the
space of configurations of any number of points in a manifold with boundary. This
model will be of the form

( (PID®* @ A(gij:1<i<j<k)
(Arnold and symmetry relations)”

d(gij) = 75()),

mimicking the model in [10].

Here is the plan of the paper. Section 2 contains a very short review of rational
homotopy theory, the notion of truncation of a CDGA, a discussion on CDGA struc-
tures on mapping cones, and the notion of homotopy kernel. Section 3 is a first step to
the understanding of a dgmodule model of the complement W \ K, and in Section 4
we establish a CDGA model of that complement. In Section 5 we apply the previous
results to the model of the configuration space of 2 points in compact manifolds, with
some developments of the examples of configuration spaces on a disk bundle or in
the complement of a polyhedron in a closed manifold.

2 Truncation of Dgmodules and CDGA’s, and CDGA Structures on
Mapping Cones

This section contains a quick review of some classical topics that we will need with
some special development. In particular, in Section 2.3 we explain some notion of
truncation of a CDGA, and in Section 2.4 we show how to endow a mapping cone (or
its truncation) with the structure of a CDGA.

2.1 Rational Homotopy Theory

In this paper we will use the standard tools and results of rational homotopy the-
ory, following [5]. Recall that Apy is the Sullivan-de Rham functor and that for a
1-connected space of finite type, X, Apr (X) is a commutative differential graded al-
gebra (CDGA for short), which completely encodes the rational homotopy type of
X. Any CDGA weakly equivalent to Apy (X) is called a CDGA model of X. All our
dgmodules and CDGAs are over the field Q.
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2.2 Truncation of a Dgmodule

The classical truncation of a cochain complex, i.e., Q-dgmodule, C, is classically de-
fined by (see [12, Section 1.2.7])

C! ifi <N,
(2.1) (TNC)' ={CNnkerd ifi=N,
0 ifi > N.

This comes with an inclusion :7<NC < C, which induces isomorphisms H' (1), for
i < N, and such that H*N (7<NC) = 0.

When R isan A-dgmodule, the truncation 7 <N R is not necessarily an A-dgmodule.
In that case a better replacement would be to take for the truncation a quotient R/
where I is a suitable A-dgsubmodule such that I' = R’ for i > N. In this paper we will
use the following definition.

Definition 2.1 Let R be an A-dgmodule and let N be a positive integer. A truncation

below degree N of R is an A-dgmodule, 7<NR, and a morphism n:R - 7NR of

A-dgmodules verifying the two following conditions:

(i) (+*NR)>N =0and (*NR)<N = RV,

(ii) the morphism 7 is a surjection of A-dgmodules such that H’ () is an isomor-
phism for 0 < i < N.

Contrary to T=N from (2.1), our truncation 7R is not unique and is not a func-
torial construction.

2.3 Truncation of a CDGA

Definition 2.2 Let A be a connected CDGA. A CDGA truncation below degree N
of A is a truncation of A-dgmodule (<N A, ) such that 7N A isa CDGA and : A —
7<NAis a CDGA morphism.

Equivalently, a CDGA truncation can be seen as a projection 7m: A - A/I where I
is an ideal of A such that I*N = 0, P’ = A>Y and IV @ (kerd n AN) = AN,

Proposition 2.3  Any two CDGA truncations below degree N of a given connected
CDGA are weakly equivalent.

Proof Let A be a connected CDGA and N € N. It is easy to construct a relative
Sullivan model

rA>— (A® AV,D)
such that H*N (1) is an isomorphism, V = V>N and H*N(A ® AV, D) = 0. Indeed,

one builds inductively V = V>N by adding generators to eliminate all the homology
in degrees > N. It is straightforward to check that any CDGA truncation 71: A - <N A
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factors as follows
A T 7N A

N

(A® AV,D)

where m (V') = 0. Since H*N (1) and H*N (1) are isomorphisms and
HN(A®AV,D)=HN(r*NA) =0,

we deduce that m is a quasi-isomorphism. Therefore, any two truncation of A are
quasi-isomorphic to (A ® AV, D), and hence are weakly equivalent ]

2.4 Semi-trivial C(D)GA Structures on Mapping Cones

Let Abea CDGA and let R be an A-dgmodule. We will denote by s* R the k-th suspen-
sion of R, i.e., (s*R)? = R**?, and for a map of A-dgmodules, f:R — Q, we denote
by s* f the k-th suspension of f. Furthermore, we will use # to denote the linear dual
of a vector space, #V = hom(V,Q), and #f to denote the linear dual of a map f.

If f:Q - Risan A-dgmodule morphism, the mapping cone of f is the A-dgmodule

C(f)=(ReysQ,9)

defined by R @ sQ as an A-module and with a differential § such that 6(r,sq) =
(dr(r) + £(q), ~sda(9)).

When R = A, the mapping cone C(f:Q — A) can be equipped with a unique
commutative graded algebra (CGA) structure that extends the algebra structure on
A, respects the A-dgmodule structure, and such that (sq)-(sq’) = 0, for q,q" € Q. We
will call this structure the semi-trivial CGA structure on the mapping cone A® ¢sQ (see
[8, Section 4]). The following result is very useful to detect when this CGA structure
is, in fact, a CDGA structure.

Definition 2.4 Let Abea CDGA. An A-dgmodule morphism f: Q — Ais balanced
if f(x)y=xf(y)forallx,yeQ.

The importance of this notion comes from the following proposition.

Proposition 2.5 Let Q be an A-dgmodule and let f: Q — A be an A-dgmodule mor-
phism. The mapping cone C(f) = A®sQ endowed with the semi-trivial CGA structure
is a CDGA if and only if f is balanced.

Proof In one direction, assume that f is balanced. The only non-trivially verified
condition for C(f) being a CDGA is the Leibniz rule for the differential. Let a, a’ € A
and q, q’ € Q. For products of the form (a,0)(a’, 0) and of the form (a,0)(0, sq) the
Leibniz rule is verified because A is a CDGA and Q is an A-dgmodule. For products
of the form (0, sq)(0, sq"), by semi-triviality of the CDGA structure of the mapping
cone, we have to verify that

(2.2) ( 5(0, sq)) (0,sq") + (—1)"”“(0,5(1)( 6(0,sq')) =0,
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which is a direct consequence of the hypothesis that f is balanced and the formula for
the differential on a mapping cone.

In the other direction, if the Leibniz rule is satisfied for the semi-trivial multiplica-
tion, then (2.2) holds for any g, ¢" € Q, and, again by the formula for the differential on
amapping cone and the semi-trivial multiplication, this implies that f(g)q" = qf(q’),
hence f is balanced. ]

Proposition 2.6 Let A be a connected CDGA and let f:Q — A be an A-dgmodule
morphism. Let p and N be natural integers such that Q<P = 0 and N < 2p — 3. Then
the semi-trivial CGA structure on the mapping cone C(f) induces a CDGA structure
on N(C(f)), and

A— 1N(C(f))

is a CDGA morphism.

Proof First we verify that the truncation 7N (C(f)) is a CDGA. As in Proposi-
tion 2.5 we have to verify the Leibnitz rule. For multiplications between an element of
A and an element of Q the Leibnitz rule is verified, because of the A-dgmodule struc-
ture on Q. Furthermore, for sq € sQ and sq’ € sQ we have that the non-zero elements
in C(f) of the form (0,sg)(0,sq") are, by the hypothesis on Q, of degree > 2p — 2.
Therefore, these products vanish in the truncation 7<N(C(f)), and the Leibnitz rule
is trivially verified.

The fact that the morphism A — 7N (C(f)) is itself a CDGA comes directly from
the CDGA structure of A. [ |

Remark 2.7 In the rest of this paper, when a mapping cone is equipped with a
CDGA structure it will be understood that it comes from the semi-trivial structure.

2.5 Homotopy Kernel
In this section we recall the notion of homotopy kernel and some of its properties.

Definition 2.8 Let f: M — N be amorphism of A-dgmodules. The homotopy kernel
of f is the A-dgmodule mapping cone
hoker f := sTIN Os-15 M,
which comes with an obvious map
hoker f — M; (s'n, m) —> m.

The following result is a consequence of the five lemma and justifies the terminol-
ogy “homotopy kernel”.

Proposition 2.9 Let f: M — N be a surjective morphism of A-dgmodules. Then the
morphism
¢ kerf — hoker f
m +— (0,m)

is an A-dgmodule quasi-isomorphism.
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3 Lefschetz Duality for Manifolds with Boundary

The aim of this section is to prove Proposition 3.1, which is a first step towards the
description of the rational homotopy type of the complement of a subpolyhedron in
a manifold with boundary.

Let W be a compact connected oriented triangulated manifold of dimension n
with boundary and let f: K — W be the inclusion of a connected subpolyhedron of
dimension k in W. Denote by oW the boundary of W and set

(3.1) owK:=Know.
In this section we will construct a dgmodule model of W \ K, extending [10, Theo-

rem 6.3] to manifolds with boundary. Consider the diagram

(3.2) w-" g

which after applying the Apy, functor gives

(3.3) App (W) 221 4 ()

l !

ApL(aW) HAPL(awK)
Recall that for a map of spaces Y — X, we set
APL(X, Y) = ker(ApL(X) —> APL(Y))
The inclusion of pairs
i: (K, dwK) —> (W,0W)
induces an Apy (W)-dgmodule morphism
APL(i)EApL(W,aW) —> APL(K,awK)

Using our notation for mapping cones, suspension and linear duals from Section 2.4,
consider the map

s"#App(i):s "#Apr (K, 0wK) — s "#Ap (W, 0W)
and its mapping cone
(34)  C(s"#Apr(i)) = s "#ApL(W,0W) ®g-nga,, iy s "#Ap (K, 0wK)
with the inclusion
(3.5) s #ApL (W,0W) — C(s"#Ap.(i)).

Since (W, 0W) is an oriented compact manifold of dimension n, Poincaré duality
induces a quasi-isomorphism of Ap; (W )-dgmodules

(3.6) Oy Ap (W) — s "#Ap (W,0W)

(see (3.7) in the proof of Proposition 3.1 for an explicit description of Oy, .)
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Proposition 3.1 The map
Ap (W) — Apr(W\K)
is weakly equivalent in the category of Apr(W')-dgmodules to the map
10 @y Apr (W) — C(s"#Apr(i)),
where C(s™"#Apy (i)) is the mapping cone (3.4), 1 is from (3.5), and @y is from (3.6).

Proof First we review from [10, Section 4] a variation of the functor Ap; defined on
ordered simplicial complex and having an improved excision property. Recall from [5,
Chapter 10] that A py, is actually defined first on simplicial sets. Consider the category,
XK, of ordered simplicial complexes. With any ordered simplicial complex, K, we can
associate naturally a simplicial set, K., whose non-degenerate simplices are exactly
the simplices of K (see [4, p. 108]). Define the functor

Apr: K — ADGGC;K — Ap(K,).
This functor verifies the two following properties (see [10, Section 4]):

(a) Apr(|K|) ~ Apr(K) naturally for every ordered simplicial complex (where |K]| is
the geometric realization).

(b) Strong excision property: Let (K, L) be a pair of ordered simplicial complexes.
Let K’ ¢ K a sub-complex and L' = K’ n L. If K’ U L = K, then the inclusion
j: (K',L") - (K, L) induces an isomorphism

Apr(j): Apr (K, L) —> Apr (K, L").
(Note that Apy () is a quasi-isomorphism by the classical excision property.)

Consider now the triangulated compact manifold W and its subpolyhedron K.
Replace those polyhedra W and K by their second barycentric subdivision. Denote
by T the star of K in W, which is a regular neighborhood (see [6, chapters 1 and 2]),
hence T is a codimension 0 submanifold with boundary and it retracts by deformation
onto K. Itis clear that the topological closure W \ T of W \ T is homotopy equivalent
to W\K. Set

0, T=0TnowW,
0. T=@Tn(W~oW))=TnW~T,
aoT: 8+Tma_T,

which gives a decomposition of the boundary of T, 0T = 9, T Uy, 1 0_T.

Our next goal is to set up Diagram (3.8). Let us fix an arbitrary order on the vertices
of the simplicial complex W such that W and the subpolyhedron T, 0T, 0. T, 0_T,
00T, K, and dw K turn into ordered simplicial complexes. We can apply to them the
functor Ap; which is naturally quasi-isomorphic to A p; . To prove the result, it suffices
to show that the mapping cone C(s™"# Ap; (i)) is a model of Ap; (W)-dgmodule of
Apr(W\T). To ease notations, in the rest of this proof we will write Ap; instead of
ApL.

By the strong excision property above, the inclusion of the pair

(T,dT) — (W, W\T U W)
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induces an isomorphism
ApL (W, W\TUOW) —> Ap(T,0T).

Denote by # the dimension of W. By Poincaré duality of the pair (W, W), there
exists an orientation

€WZAPL(W,8W) — SinQ,

i.e., a morphism of cochain complexes that induces an isomorphism in cohomology
in degree n. Using this morphism we can define a morphism of Apr (W )-dgmodules

(DW: APL(W) -— 5_”#APL(W,8W)

(3.7) o — (q)w(a):ﬁ'_>€W(‘xﬁ))’

which is a quasi-isomorphism by Poincaré duality of the pair (W, 0W). The compo-
sition

_— Apy (incl) ew  n
€TZAPL(T,8T)'£APL(W, W\TUE)W) —> APL(W,BW)—>5 Q

induces an isomorphism in cohomology in degree n. Define

(DT: APL(T) —> s_”#APL(T,aT)
a« > (Or(a):prer(ap))
which is a quasi-isomorphism of Apy (W)-dgmodules by Poincaré duality of the pair
(T,dT). Also, using the quasi-isomorphism above and the five lemma, it is not diffi-

cult to see that the morphism

67‘5 APL(T, B_T) —> j_n#ApL(T, 8+T)
« — (Dr(a):prer(ap))

is a quasi-isomorphism of Apy(T)-dgmodules, hence of Ap;(W)-dgmodules.
The inclusion (K, 0wK) < (T,0,T) is a homotopy equivalence and induces a
weak equivalence of Apy (W )-dgmodules
Apr(T,0,T) — Apr(K,dwK).
By the strong excision property, the inclusion
(T,d_T) —> (W, W\T)

induces an isomorphism

Ap (W, W\T) —> Ap,(T,9_T).
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Combining all of these morphisms, we get the following commutative diagram of
Aprp(W)-dgmodules

(3.8)

0 0 App (W) =—=Ap(W) —0

0 (%) APL(j)l
0 ——= Ap (W, W\T) ———— Ap (W) A—O>APL(W\T) —>0
PL ]

= exc

APL(T,a,T) ~| Oy

Sin#ApL(T, 8+ T) —_— Sin#ApL(W, BW)

Sin#ApL(K, awK),m,{"#APL(W, BW),

and the two top lines are short exact sequences.
Properties of mapping cones and of short exact sequences imply that, in the cate-
gory of Apy(W)-dgmodules, the morphism

(3.9) Apr(j): ApL(W) — Apr(W\T)

on the top right of (3.8) is equivalent to the map induced between the mapping cones
of the horizontal maps of the square () in Diagram (3.8),

(3.10) idApL(W) @SOIAPL(W) @ s0 — ApL(W) @SAPL(W, W\T)

Since the vertical maps below the second line of (3.8) are quasi-isomorphisms, the
morphism id,, (w) @s0 in (3.10) is equivalent to

1o®y:Apr (W) — C(s "#Apr(i)).
The morphism Ap () of (3.9) is clearly equivalent to
Apr (W) — Apr(W\K).
This finishes the proof. ]

Rational Model of the Complement of a Subpolyhedron in a Man-
ifold with Boundary

In this section we establish the CDGA model of the complement W \ K under some
unknotting condition, in particular when the codimension of the subpolyhedron is
high (Theorem 4.5). We also state a partial CDGA model without unknotting con-
dition (Proposition 4.7.) We end the section with a few examples that illustrate our
results.

https://doi.org/10.4153/CJM-2017-021-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2017-021-3

Rational Model of a Complement 275

Consider the same setting as at the beginning of Section 3, in particular, Dia-
gram (3.2). Suppose given a commutative diagram of CDGAs

(4.1) A—" B
Lk
0A —— 0B

o9

that is a CDGA model of

(4.2) w <—>j<

ow <—)8

in other words, Diagram (4.1) is quasi-isomorphic to Diagram (3.3). Note that in
Diagram (4.1), 0A and 9B are just the names of some CDGAs.

The goal of this section is to construct from Diagram (4.1) a CDGA model of
Apr (W\K).

4.1 Dgmodule Model of the Complement W\K

Let A be a CDGA such that we have the following zig-zag of quasi-isomorphisms
P~

The morphism p’ induces a structure of A-dgmodule on Diagram (3.3), and the mor-
phism p induces a structure of Z—dgmodule on Diagram (4.1). From Diagram (4.1)
we deduce an A- dgmodules morphism between the homotopy kernels of « and 8 (see
Section 2.5)

@:hoker « — hoker f3.
Note also that by Poincaré duality of the pair (W, 0W ), we have a quasi-isomorphism
of A-dgmodules

04: A —> s "#hoker .
Proposition 4.1 An A-dgmodule model of Apr (W) — Apr (W\K) is given by the
composite

A TZ> s "#hoker a"—= C(s™"#9p),

where C(s™"#@) is the mapping cone of the A-dgmodules morphism
s~ "#@:s""#hoker f — " #hoker a.
Proof Since (4.1) is a CDGA model of (3.3), hoker « is weakly equivalent as an

A-dgmodule to Ap; (W,0W) and hoker § is weakly equivalent as an A-dgmodule
to Apr (K, dwK). Hence, the result is a direct consequence of Proposition 3.1. ]
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Remark 4.2 If the morphisms « and f3 are surjective, then we can work with the
genuine kernel instead of the homotopy kernel.

The major flaw of the dgmodule model of W \ K of Proposition 4.1 is that there
is no natural CDGA structure on it. The next proposition is a first step to endow this
dgmodule model of W \ K with the structure of a CDGA.

Proposition 4.3 Assume we have an A-dgmodule morphism ¢': Q - A weakly equiv-
alent to

s "#@:s "#hoker f — s "#hoker a.
Then an A-dgmodule model of Apy (W) — Apr (W\K) is given by A < C(¢'), where
C(¢') is the mapping cone A & sQ.

Proof This is a direct consequence of Proposition 4.1. ]

Remark 4.4 The existence of such a morphism ¢' is guaranteed if we take for Q a
cofibrant A-dgmodule model of s~"# hoker .

This new dgmodule model C(¢') = A @, sQ of W\K has the advantage that A
is a CDGA, and therefore, under some dimension hypotheses, the semi-trivial CGA
structure on the mapping cone described in Section 2.4 makes it into a CDGA. We
develop this in the next section.

4.2 CDGA Model of the Complement W\K

We work in the set-up of diagrams (4.1) and (4.2) described at the beginning of the
section. Remember also the notion of semi-trivial CDGA structure on a mapping
cone from Section 2.4 and the notion of CDGA truncation from Section 2.3. Under
some codimension and connectedness hypothesis for the inclusion f: K = W we can
construct a CDGA model of W\K. More precisely, we have the following theorem.

Theorem 4.5 Let W be a compact connected oriented triangulated manifold of di-
mension n with boundary, and let K ¢ W be a subpolyhedron of dimension k. Consider
Diagram (4.2) and its CDGA model (4.1). Let r be an integer such that the induced
morphisms on homology H.(f;Q) and H,(9df;Q) are r-connected, that is,

He,(W,K;Q) =0 and He, (0W,dwK;Q) = 0.

Suppose we have an A-dgmodule Q weakly equivalent to s™"#hoker B such that
Q<"% = 0 and an A-dgmodules morphism

(4.3) ¢9:Q— A
weakly equivalent to
s "#@:s""#hoker § — s™"#hoker a.
If

(4.4) r>2k-n+2,
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then every truncation T<"~""'(C(¢")) of the mapping cone C(¢') = A®: sQ equipped
with the semi trivial structure is a CDGA, and the morphism
A —> TSn—r—l(C((P!))

is a CDGA model of the inclusion W\K - W.
Moreover, it is always possible to construct an A-dgmodule Q and a morphism ¢' as
in (4.3).

This generalizes the main result of [8, Theorem 1.2] to manifolds with boundary.
A first direct consequence of this theorem is the following corollary on the rational
homotopy invariance of the complement under some connectedness-codimension
hypotheses.

Corollary 4.6  Let W be a compact triangulated manifold with boundary and K c W
be a subpolyhedron. Assume that W and oW are 1-connected and that the inclusions
K— W and KnoW — oW

are r-connected with

(4.5) r>2(dimK) - dim W + 2.
Then the rational homotopy type of W\K depends only on the rational homotopy type
of the diagram

awk <L aw

The hypothesis (4.4) (or equivalently (4.5)) is called the unknotting condition.

In Example 4.9 we will show that the unknotting hypothesis cannot be removed
from the statement of the theorem, because without this condition there exists homo-
topic embeddings with non-rationally equivalent complements (this cannot happen
under the unknotting condition, essentially because under this hypothesis the homo-
topy class of the embedding determines its isotopy class). At the end of the section
we will give other examples illustrating the main theorems of this section (Examples
4.10-4.12).

Proof of Theorem 4.5 Let Abea CDGA such that we have a zig-zag of CDGA quasi-
isomorphisms

Ap (W) <——A——A
p

Set N := 2(n — k) — 3. By Proposition 2.6 (with p = n — k), *NC(¢') admits the
structure of a CDGA induced by the semi-trivial CGA structure on the mapping cone,
and the composite

A——=C(¢) NC(g')
is a CDGA morphism.
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We now prove that H>N (W \ K) = 0, where (co)homology of spaces is understood
with coefficients in Q. By excision and the connectedness hypotheses on H(df) and

H(f),
ng(K Uawk E)W, K) = ng(aw,awK) =0,
He, (W,K) =0.
Lefschetz duality and the long exact sequence of the triple (W, K Uy, ,x 0W, K) give
H>" (W~ K) 2 Hey (W, K Up, x 9W) = 0.
The unknotting hypothesis (4.4) implies that N > n—r—1; therefore, H*N (W \K) = 0.
By Proposition 43, A — C(¢') is an A-dgmodule model of Ap (W) -
App (W\K). This implies that
HN(C(9")) = HM(W\K) = 0;
therefore,
proj: C(g') — 7¥(C(¢))
is a quasi-isomorphism.
Thus, the CDGA morphism A — 7°N(C(¢')) is a model of A-dgmodules of

Ap (W) - Apr (W\K). We will prove that it is actually a CDGA model.
Take a minimal relative Sullivan model (in the sense of [5, Chapter 14])

(4.6) — Ap (W) ——— APL(W\K)

NG

(A® AV,D).

By Proposition 4.3, A~ A® AV is an A-dgmodule model of A — C(¢"). Since
(A® AV,D) is a cofibrant A-dgmodule, we can construct a weak equivalence of
A-dgmodules

LA® AV — C(¢h),

making the following diagram commute, where the upper part is of CDGA and the
lower part is of A-dgmodaules,

(4.7) App (W) —— Ap (W\K)

By Lefschetz duality and the hypothesis on the dimension of K,
H" % (W, W\K) = Ho (K, dwK) = 0.
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By minimality of the Sullivan relative model (4.6), this implies that V<"~%=1 = 0,
Therefore, (AZ2V)*N = 0 and, since (1N C(¢'))>N = 0, this implies that the compo-
sition ‘

k(A AV, D) = C(g') ™ N (C(9)
is a morphism of CDGA. Thus, all the solid arrows in Diagram (4.7) are of CDGAs.
This proves that A — 7V (C(¢"')) is a CDGA model of W\K < W, as claimed.

It remains to prove the existence of an A-dgmodule Q and a morphism ¢'. Since
H>*(hoker B) = H**(K,dwK) = 0, we have H<"~¥(s7"# hoker ) = 0. Therefore,
there exists a cofibrant A-dgmodule model Q of s™"# hoker f8 such that Q<" = 0,
Since, by Poincaré duality, s™"# hoker a ~ A, there exists an A-dgmodule morphism

(p!: Q— A
weakly equivalent to s™"#¢. ]

Actually, even when the unknotting condition (4.4) of Theorem 4.5 is not satisfied,
we still get a partial model of W\K. More precisely, we get a CDGA model of W\K
up to some degree, i.e., a model of the truncation of Apy (W\K). This is the content
of the next proposition.

Proposition 4.7  Consider the same hypotheses as in Theorem 4.5 except that we do
not assume the unknotting condition (4.4)

Let I: A(W) —» A(W\K) be a CDGA model of App (W) — Apr(W\K) such that
A(W) and A(W\K) are connected. Set N = 2(n — k) — 3. Then the CDGA morphism

A—C(¢)
is a CDGA model of the composite
ol A(W) — A(W\K) — 7N A(W\K).

Proof of Proposition 4.7 The proof is very similar to that of Theorem 4.5. The de-
tails to change are left to the reader. ]

Remark 4.8 We would have preferred in Proposition 4.7 to state that A —
7*N(C(¢")) is a CDGA model of Apr (W) — 7N (Ap (W\K)), but the latter is
not well defined because Ap; (W\K) is not connected, and hence we cannot take its
truncation. This is the reason for considering instead a model I: A(W) - A(W\K)
between connected CDGAs.

Note that N = n — (2k — n + 2) — 1, and therefore, under the unknotting condition
r > 2k—n+2, wehave that N > n—r—1. But, Poincaré duality and the r-connectedness
imply that H*"~"(W\K) = 0. Hence, Theorem 4.5 is actually a corollary of Proposi-
tion 4.7

We finish this section by illustrating our main results with a few examples.

Example 4.9 We sketch first an example showing that the unknotting condition
(4.4) cannot be removed in Theorem 4.5 and Corollary 4.6. This example is fully de-
tailed and generalized in [8, Section 9]. Take W = S' the 15-dimensional sphere, with
empty boundary, and K = $3xS”. We will construct two embeddings f;: $*xS7 — S%,
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i = 1,2, which are homotopic but with non rationally equivalent complements. There-
fore, a CDGA model of their complements cannot be uniquely deduced from a CDGA
model of the embeddings.

The first embedding is obtained as the composite

fi:8?x 8 > R* xR =R? c R c R U {00} = SP.
Since this embedding factors through an equator $*, it is easy to check that the com-
plement W \ f1(K) is homotopy equivalent to the suspension of the complement
in $'. Therefore, all products in the rational cohomology of W \ f,(K) are trivial.
Actually, one can show that W \ f;(K) ~ §* v §7 v S,
To define the second embedding, we use the Hopf fibration 7: S — S® with fibre

S7. Consider a subequator S*> c S8, Then 77!(S?) is homeomorphic to S* x 7, and
this defines an embedding

f2:S3 x S7 ~ 7_[—1(33) SN 515’

whose complement is W \ f,(K) = 77'(S® \ §?) ~ §* x §7. Therefore, there are
non-trivial products in the rational cohomology algebra of W \ f,(K).
In this example, with the notation of Theorem 4.5,

n=dim(W) =15 k=dim(K)=10, and H,(W,K;Q) #0,
so we need to take r < 2, but 2k — n + 2 = 7; thus, inequality (4.4) is not satisfied.
Example 4.10 We now illustrate Theorem 4.5 with two elementary examples of
embeddings of the point in a disk. Let W = D" be the n-disk (with n > 3) with
boundary W = $"!, and let K = {*} be a single point.

(a) Consider a first embedding f: K — W as a point in the interior of the disk.
Then Diagram (4.2) becomes

W:D"<f—3K={>e}

|

ow = s <738WK =2,
and a CDGA model of this diagram is

p=id

A=Q B=Q

a=incl i i =0

0A = (Q ® Qz,_1, 0) W dB = 0.

Then hoker « ~ Qz, and hoker § = Q. Therefore, the zero-map
(p! =0: an —> A= Q
is a A-dgmodule model of

s™"#@:s""#hoker f —> s "#hoker .
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Thus,
C(¢') = Q@y: s(Qity) = (R Quuy-1,0)
with the obvious algebra structure is a CDGA model of the complement, which is
expected, since W\ f(K) ~ §"1,
(b) Now consider an embedding f: K < S$"~! ¢ D" of the point in the boundary
of the disk. Then dw K = {*} and a CDGA model of Diagram (4.2) is now
¢=id

A=Q B=Q

a—incll \Lﬁ—id

0A=(Q®Qz,1,0) o OB =Q.

Then hoker 8 ~ 0 and a model of s "#¢ is again a zero-map ¢':0 — A = Q but with a
different domain. Then C(¢') = Q ® 0 = Q is a CDGA model of the complement, as
expected, since W \ f(K) is contractible.

Example 4.11 Here is a more interesting example illustrating Theorem 4.5. Con-
sider a real vector bundle £ of rank 10 over the base S> x S> with non-zero Euler
class. Let W = D¢ be the associated disk bundle with boundary oW = S¢, the sphere
bundle. Denote the projection of the bundle by 7 and set K = S° x S>. One can con-
struct an embedding f: K — W such that 7f is homotopic to the identity map and
dwK = S x {xo}, where x, € S° is the base point. A CDGA model of Diagram (4.2)
for such an embedding is given by

A= (A(x.9),0) — = B= (a(x,7),0)

I |

0A = (A(x,y,2),dz=xy) Nrres 0B = (A(x),0)

with deg(x) = deg(y) = 5and deg(z) = 9, where each map in the diagram sends each
generator to itself or to 0 when it disappears.

One computes that a model of the A-dgmodule morphism s °#¢ between the
suspensions of the linear dual of the homotopy kernels of the vertical maps is given
by

9:Q=(QueQv,0) — A= (A(x,),0)
with deg(u) = 10, deg(v) =15, the A-dgmodule structure on Q determined by xu = v
and yu = 0, and ¢'(%) = xy. Thus,

C(¢') = (A®Q(u, xu), Du = xy)
= (Q(Lx,y,xy,u,xu), Du=xy),

with deg(u) =9, is a CDGA model of the complement W \ K. Therefore, this com-
plement has the same rational cohomology algebra as $° v §° v §!* but is not a formal
space, because there is a non-trivial Massey product.
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Example 4.12  Our last example illustrates the partial model of Proposition 4.7.
Recall the two non-isotopic embeddings f;: S x §7 < §%, i = 1, 2, from Example 4.9.
Although the two complements do not have the same rational homotopy type, we
will show that Proposition 4.7 implies that their 7-skeletons are rationally equivalent.
Indeed, for both embeddings a CDGA model of Diagram (4.2) is given by

A=(A(2),0) —> B = (A(x,),0)

l iﬁ

BA:084>BB:O

with deg(z) = 15, deg(x) = 3, and deg(y) = 7. The map between the homotopy
kernels of the vertical maps is equivalent to ¢, and a model of its suspended dual
s™15#¢ is given by

¢':Q = (Q(es, 7g> 12> @15),0) — A = A(215,0),

where the A-module structure on Q is trivial and ¢' is determined by ¢'(@) = z, and
its mapping cone is

C(¢") = (Q(L, &4, 117, E11, W, 2), D(w) = 2).

Using the notation of Proposition 4.7, n = dim(W) = 15, k = dim(K) = 10, and
N =2(n - k) -3 =7. Thus, the N-th truncation of C(¢') is

#C(0") = (A en ). 0).

which is a CDGA model of $* v §7. Proposition 4.7 states that it is also a model of
both seventh truncations of connected CDGA models of the complements W~ f; (K).
This was expected, since these complements are homotopy equivalent to $* v §7 v S"
and S$* x 87, which have 7-skeletons equivalent to $* v 7.

5 Rational Model of the Configuration Space of Two Points in a
Manifold with Boundary

In this section we use the results of Section 4 to describe the rational homotopy type of
the configuration space of two points in a compact manifold with boundary under the
2-connectedness hypothesis. In particular, we prove in Corollary 5.5 that the rational
homotopy type of Conf(W,2) depends only on the rational homotopy type of the
pair (W, 0W) when W and 0W are 2-connected. We also construct in Theorem 5.4
an explicit CDGA model of Conf(W,2). Moreover, in Theorem 5.8 we describe an
elegant CDGA model for Conf(W,2) when the pair (W, 9dW) admits a pretty sur-
jective model in the sense of [3].

Fix a compact connected orientable manifold of dimension n, W, with boundary
OW. Let

AW e— WxW; x+—(x,x)

https://doi.org/10.4153/CJM-2017-021-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2017-021-3

Rational Model of a Complement 283

be the diagonal embedding. The configuration space of two points in W is the com-
plementary space

Conf(W,2) :== (W x WNA(W) ={(x,y) e W x W|x # y}.

Notice that the diagonal embedding A is such that A(W) = W and A™'(dW x
0W) = 0W. In other words, with the notation of (3.1),

dwxw(A(W)) = A(OW) = 9W.

Therefore, according to Corollary 4.6, if W and 0 W are connected enough, then the
rational homotopy type of Conf(W,2) = W x W\A(W) is determined by the square
(5.1) of Proposition 5.1. The goal of the next section is to compute a CDGA model of
that square.

5.1 CDGA Model of the Diagonal Embedding of the Pair (W,oW) into
(Wx W,o(W x W))

The goal of this section is to prove the following proposition.

Proposition 5.1 Let W be a compact connected orientable manifold with boundary
OW. Suppose given a CDGA surjective model [3: B——s> 0B of the inclusion oW —
W. Then a CDGA model of the square

(5.1) WxW<—2 DOw

|

where A is the diagonal map and 0A is the composition oW LW xow - (W xW)
is given by the CDGA square

(5.2) BeB—" -B
txl iﬁ
B®B aB

(ker f®ker f3) i

where y is the multiplication, « is the projection on the quotient, and i the map induced
by Bo .

The rest of this section is devoted to the proof of this result and for the rest of it we
will use the notations introduced in the proposition. First, notice that, since W is a
manifold with boundary, W x W is also a manifold with boundary

(W x W) =W x oW Uyyxaw OW x W.
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In other words we have a pushout (and homotopy pushout)

(5.3) (W x W) =—W x (aW)

j\ pushout j\

(OW) x W <—0W x dW.

The key argument to prove Proposition 5.1 is that Diagram (5.1) is the right upper
half of the following diagram

(5.4) Wx W oW

J

O(Wx W) <—W x (dW)

J pushout J

(OW) x W <—0W x W <——9W,

where the maps are the obvious inclusions and diagonals, and the small left lower
square in (5.4) is the homotopy pushout (5.3).

Lemma 5.2 The following diagram is a CDGA model of diagram (5.4):

(5.5) B®B ! B
P———>B®OJB B
\L pullback iﬁ@id

dB®B— dB® dB ——> 3B,
idep

where P is the pullback of the small square, o is the morphism given by the universal
property, and y are the multiplication morphisms.

Proof of Lemma 5.2 Using the classical CDGA models for products and diagonal
maps on spaces, the fact that Apy turns homotopy pushout of topological spaces into
homotopy pullbacks of CDGAs, that a pullback of CDGA surjections is a homotopy
pullback, and standard techniques in rational homotopy theory, we get that a CDGA
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model of Diagram (5.4) is given by the following diagram, where P’ denotes the pull-
back of the left bottom corner of the square

mult

APL(W) ®APL(W)

|

P’ %APL(W) ®APL(8W)

i pullback i

ApL(8W) ®APL(W) E—— APL(aW) ®APL(8W) E—— ApL(aW)

App (W)

This diagram is easily seen to be equivalent to Diagram (5.5).
|

The following lemma computes the small lower left pullback square in Dia-
gram (5.5).

Lemma 5.3 We have a pullback in CDGA:

idg®p
B®B
(ker f@ker B) B®dB

ﬁ@id}}l lﬁ@id@g

dap®p

1dsp

Proof Consider the following diagram of CDGA’s where the internal square is a pull-
back and « is the map induced by the universal property:

B®B
~

0B® B——== 0B ® 0B.
ld33®ﬁ

It is straightforward to check that « is surjective and that ker a = ker  ® ker 3. There-
fore, we have an induced isomorphism

B®B =

— —> [ |
“ ker B ® ker B

Proof of Proposition 5.1 Diagram (5.1) is the upper right part of Diagram (5.4);
therefore, by Lemma 5.2, a CDGA model of (5.1) is given by the upper right part of
(5.5). Using Lemma 5.3, which computes the pullback P, we deduce that this CDGA
model is (5.2). [ |
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5.2 A First CDGA Model of Conf(W,2)

Let f3: B——=> 0B be a surjective CDGA model of i: 0W — W. Using the results of

Section 4, a CDGA model of Conf(W,2) = W x W\A(W) can be obtained from a
CDGA model of

WxW W

E

a(W X W) <T)8W = awxww,

which, by Proposition 5.1, is given by

BeB—+ B
al iﬁ
B®B H‘aB

(ker f®ker f8) i

Theorem 5.4 Let W be a compact triangulated manifold with boundary such that W
and OW are 2-connected. Let f3: B——=> 0B be a surjective CDGA model of OW -~ W
and consider the map

u:ker B ® ker f — ker 8
induced by the multiplication y: B® B — B. Suppose given a B® B-dgmodule morphism
§:D—B®B
weakly equivalent to
s #us s ker B — 52" #(ker B ® ker )

and such that D" = 0.
Then every truncation T<*"3C(8") of the mapping cone of &' admits a semi-trivial
CDGA structure and

B® B — 15"73C(8")
is a CDGA model of App (W x W) — Ap(Conf(W,2)).
Proof Since W and oW are 2-connected, the morphisms A: W — W x W and

0A:0W < 9(W x W) are 2-connected. So we are under the hypothesis of Theorem
4.5 with r = 2, and the result is a direct consequence of it. ]

We deduce the rational homotopy invariance of Conf(W,2).

Corollary 5.5 Let W be a compact manifold with boundary. If W and oW are
2-connected, then the rational homotopy type of Conf(W,2) depends only of the ra-
tional homotopy type of the pair (W,0W).
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The rational homotopy invariance of Conf (W,2) when W is closed and 2-con-
nected was established in [7], and [2] gives partial results in the I-connected case.
When W is not simply-connected, [11] shows that there is no rational homotopy in-
variance.

Remark 5.6 If we have a CDGA quasi-isomorphism B —> B’ and a B’ ® B'-
dgmodule morphism 8”: D’ — B’ ® B’ that is weakly equivalent as a B® B-dgmodule
morphism to s™2"#y, then it follows immediately from Theorem 5.4 that

B ® B —» T52n73c(6/!)
is also a CDGA model of Ap,(W x W) — Apy(Conf(W,2)).

5.3 A CDGA Model of Conf(W,2) when (W,0W) Admits a Surjective Pretty
Model

Let W be a compact manifold of dimension n with boundary oW such that both W
and 0W are 2-connected. In this section we will construct an elegant CDGA model
of Conf( W, 2) when the pair (W, 0W) admits a surjective pretty model in the sense
of [3, Definition 4.2]. Let us recall what this means. Suppose we have

(a) aconnected Poincaré duality CDGA, P, in dimension #,

(b) a connected CDGA, Q,

(c) a CDGA morphism, ¢: P - Q.

Since P is a Poincaré Duality CDGA, there exists an isomorphism of P-dgmodules
Op: P —> s"#P.

Consider the composite

l.o—n s -n 6;1
(5.6) e :sT"#Q sT"#P

P,

which is a morphism of P-dgmodules. Assume that the morphism
99's#Q — Q

is balanced (see Definition 2.4) and consider the CDGA morphism

(5.7) P@id:P @y ss"#Q — Q By 55 "#Q.

When (5.7) isa CDGA model of the inclusion oW — W we say that it is a pretty model
of the pair (W, dW). If, moreover, ¢ is surjective (and hence also (5.7)), we say that
is is a surjective pretty model. Then if we consider the differential ideal

(5.8) I=¢'(s"#Q) c P,

[3, Corollary 4.4] states that the CDGA P/I is a CDGA model of W. In [3] we
proved that many compact manifolds admit surjective pretty models as examples
even-dimensional disk bundles over closed manifolds, complements of high codi-
mensional polyhedra in a closed manifold, as well as any compact manifold whose
boundary retracts rationally on its half-skeleton (see [3, Definition 6.1].)
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The objective in this section is to use this model, P/I, of W to construct an ele-
gant model for Conf(W, 2), analogous to the one constructed in [7] for configuration
spaces in closed manifolds.

Since P is a Poincaré duality CDGA, for any homogeneous basis {4; }¢<i<y of P,
there exists a Poincaré dual basis {a’ }o<i<ny characterized by e(aia;f) = §;j where
€ : P" — Q is an orientation of P and §;; is the Kronecker symbol. Let A € (P ® P)"
be the diagonal class of P ® P defined as

N
A= Z(—l)‘“"lai ®aj.
i=0

Denote the projection by 7: P — P/I. Taking the image of the diagonal A by the
projection 7 ® m: P ® P — P/I ® P/I we get a truncated diagonal class

A=(n®n)(A)e(P/I®P[I)".
Define the map
(5.9) A:sPJI—>P/I®P/I; s "x > A-(1®x).

Lemma 5.7 The map A s™"P/I - P/I®P/I defined in (5.9) is a P/I ® P/I-dgmod-
ules morphism.

Proof In[7,Lemma 5.1] it is shown that for P a connected Poincaré duality CDGA,
the morphism A'ts™P - P® P;s"x ~ A(1® x) isa P ® P-dgmodules morphism.
We have the commutative diagram

s"P—2 _pep

s”nl ln@n

s"P/l ——P[I® P/I.
Al

Since P/I is a P-dgmodule generated by 1 € P/I, this implies that AisaPe® P-
dgmodules morphism, and the surjectivity of the morphism 7: P — P/I implies that

AisaP /I ® P/I-dgmodules morphism. [ |
The main result of this section is the following theorem.

Theorem 5.8 Let W be a 2 connected compact manifold of dimension n whose bound-
ary is 2-connected. Suppose that (W, 0W) admits a surjective pretty model of the form

(5.7), and let A be the P/1® P/I-dgmodules morphism defined in (5.9). Then the map-
ping cone

C(A) = (P/T@P|T) @ ss"P[I
equipped with the semi-trivial structure is a CDGA model of Conf (W, 2).

Before proving the theorem, let us fix some notation and prove a lemma. Set

B=P&,ss"#Q and 0B=Q@&ss "#Q.
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By hypothesis

B=¢®id:B > 0B
is a surjective CDGA model for the inclusion oW < W. Also, let B’ := P/I and
notice that the obvious projection & 0: B — Bisa quasi-isomorphism of CDGA.

—1
According to Theorem 5.4 and Remark 5.6, we only need to show that A" is equivalent
to s~2"#u, which is the content of the following lemma.

Lemma 5.9  There exists a B® B-dgmodules commutative square:

Al

s"P/I P/I®P/I
epl; ;iemp
s~ #ker B erye—— s™"#ker B ® ker B.
s "#p

Proof By Poincaré duality of the CDGA P, we have a P-dgmodules isomorphism

0p : P —> s "#P. This morphism induces, by construction of the differential ideal
I c P (see (5.6) and (5.8)), a P-dgmodules isomorphism
0p: P/T —> s "#ker ¢.
The morphism
B=¢®id:B > 0B

is a surjective CDGA model of 0W — W. We have an obvious isomorphism ker 8
ker ¢ as P-dgmodules. So, we have a P-dgmodules isomorphism (that we will also
denote 0p)

0p: P/T —> s "#ker B.
An easy computation shows that for (p,u) € B=P & ss™"#Q and x € P/I,

0p((pou) x) = (p,u)0(x).

Thus, 0p is a morphism of B-dgmodules and, via the multiplication y: B® B — B, it is
a B® B-dgmodules morphism. As a direct consequence, we have the B® B-dgmodules
isomorphism

Opep: P/I® P/ —> s"#ker f® s "#ker B = 57" #(ker f ® ker B).

By Lemma 5.7, the morphism AisaP /I ® P/I-dgmodules morphism, and hence
it is also a morphism of B ® B-dgmodules.
Consider the diagram of B ® B-dgmodules

—1

s"P/I A P/I®P/I
GPl/E Ei9p®911
s~ #ker B — s~"#ker B ® ker B,

sT"HE
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and let us show that it commutes. Since P/I is a B ® B-dgmodule generated by the
element 1 € P/, it suffices to prove that

0p®0p(B (s1)) = s "#u(0p(s"1)).
A straightforward computation shows that this is the case. [ |
Proof of Theorem 5.8 Since W and W are 2-connected, Lemma 5.9, Remark 5.6,
and Theorem 5.4 imply that
P/I®PJI — =" 3C(A)

is a CDGA model of Conf(W,2) = W x W. Moreover, we can verify that the mor-
J— —!
phism A' is balanced, therefore C(A") is also a CDGA when equipped with the semi-
trivial structure. By the 2-connectedness of the manifold W and for degree reasons
we have that
C(A) = " 3C(R)
is a CDGA quasi-isomorphism. [ ]

5.4 A CDGA Model for Conf(W,2) when W is a Disk Bundle of Even Rank Over
a Closed Manifold

We apply the model constructed in Section 5.3 to disk bundles.

Let & be a vector bundle of even rank, 2k, for some k > 2, over some 2-connected
closed manifold, M, of dimension m. Then the disk bundle D¢ is a compact manifold
of dimension m + 2k with boundary the sphere bundle S¢&.

Let Q be a Poincaré duality CDGA model of M, let Aq € (Q ® Q)™ be a diagonal
class for Q,and let e € Q** nker(d ) be a representative of the Euler class of £&. Denote
by (Ag - (e ®1))' the Q ® Q-dgmodule morphism

(8q-(e®1)'ss"™Q — Q@ Qs " ™g — Aq- (¢ 7),
which is balanced. Consider the mapping cone

Q ® Q @ 55_(m+2k)Q,

(8q-(1®¢))!

which is a CDGA.

Theorem 5.10  With the notation above, assume that the vector bundle & is of even
rank 2k > 4, and that the base, M, is a 2-connected closed manifold. Then

Q ® Q EB SS_(m+2k)Q

(Aq-(1®e))!

is a CDGA model of Conf(DE,2).

Before proving this theorem, let us first deduce the rational homotopy invariance
of that configuration space.
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Corollary 5.11 The rational homotopy type of the configuration space of 2 points in
a disk bundle of even rank > 4 over a 2-connected closed manifold depends only on the
rational homotopy type of the base and on the Euler class.

Proof of Corollary 5.11 By the main result of [9], the base of the bundle admits a
Poincaré duality CDGA model, Q. Let e € Q nker(dq) be a representative of the
Euler class. By Theorem 5.10, a CDGA model of the configuration space, and hence its
rational homotopy type, since it is simply connected, depends only on those data. W
Proof of Theorem 5.10 Denote by z a generator of degree 2k and define the CDGA

pi= (%,Dzzo),

(z° - ez
which is a Poincaré CDGA in dimension #n = m + 2k. Define the CDGA morphism
o:P— Q
by ¢(q1+922) = q1+q2-e, for q1, q2 € Q. Then [3, Theorem 5.1] and its proof establish
that the pair (D¢, S&) admits a surjective pretty model associated with ¢. We will then
use Theorem 5.8 to establish the model of Conf (D¢, 2).
Following the notation of [3, proof of Theorem 5.1], one computes that
I1=¢'(s"#Q) = ®'(s*Q) =z- Q.

We need to compute the truncated diagonal class A € P/T® P/I. Let {q;} be a ho-
mogeneous basis of Q and let {g; } be its Poincaré dual basis. Denote by w € Q™ the
fundamental class of Q, so that we have

qi-q; =90ij-w mod Q™.
Then
(5.10) {a:}vi{qi -z}

is a homogeneous basis of P and —wz is a fundamental class of P. Then the Poincaré
dual basis of (5.10) is given by,

(g (e-2)} u{-q:}
because of the four equations
qi~q]*-(e—E) =-0;jwz mod P<",
qi-(-q7) =0 mod P<",
(9:2)-(qj(e~2)) = qiq; (Ze-2") =0 mod P<",
(9:2) - (-q]) = -qiq;z = -0ijwz mod P<".
Therefore, the diagonal class in P is given by

Ap = Z(—l)l‘“l(qi ®qi(e-2)-qz® qf) eP®P,

1

and, since I = Qz, the truncated diagonal class is

8p =3 (-1)"q;@qgjec P/T@ P/I.
1
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The diagonal class of Q is
Ao = (-D)"g;®q; € Qo Q;

therefore, using the canonical isomorphism P/I ¥ Q, we have
Ep :AQ '(1®€).
The theorem is then a direct consequence of Theorem 5.8. ]

Note that the total space, E¢, of the vector bundle ¢ is homeomorphic to the inte-
rior of D&, and therefore Conf(E¢, 2) ~ Conf(DE, 2). In particular, when the bundle
is trivial, the above gives a model of Conf(M x R2k, 2). Hence, we recover partially
the result [1, Theoreml].

Interestingly enough, we get different models when the bundle is not trivial. Con-
sider for example the quaternionic Hopf line bundle, 7, over S*, of rank 4. In that
case we can take Q = (Q[x]/(x?),dq = 0), with deg(x) = 4, as a model for S*
and the Euler class is represented by e = x. Using the model of Theorem 5.10, one
easily computes that the rational cohomology algebra of Conf (D4, 2) is the same as
H*(S* v §* v §';Q), but Conf (D7, 2) is not formal, because it admits a non-trivial
Massey product in degree 11.

By contrast, for the trivial bundle of rank 4 over $*, € = $* x R*, one computes that
Conf(De, 2) is formal and its rational cohomology algebra is given by

H*(Conf(s4 XR4,2);Q) /\(X,X )u)

112

(x2, X2, ux —ux')’

with deg(x) = deg(x") = 4 and deg(u) = 7.

Thus, the two compact manifolds D7 and De of dimension 8 are homotopy equiva-
lent but their configuration spaces have different Poincaré series. This is because their
boundaries, D = S” and dDe = S* x S, are not homotopy equivalent.

5.5 A CDGA Model for Conf(W,2) when W is the Complement of a Subpolyhe-
dron in a Closed Manifold

Let V be a 2-connected closed manifold of dimension #n. Let K ¢ V be a 2-connected
subpolyhedron such that dim V > 2dim(K) + 3. In this section we explain how to
build a CDGA model of Conf(V \ K, 2).

Let T be a regular neighborhood of K in V; in other words, T is a compact codi-
mension 0 submanifold of V that retracts by deformation on K. Then let W be the
closure of V' \ T in M, which is a compact manifold with boundary oW = 0T. The
interior of W is homeomorphic to V' \ K. Therefore, Conf(V \ K, 2) is homotopy
equivalent to Conf (W, 2).

Let us recall how to build a pretty surjective model of (W, 9W). By [3, Proposi-
tion 4.5] one can construct a surjective CDGA model ¢: P - Q of K — V, where P
is a Poincaré duality CDGA and Q>"/27! = 0, such that the pretty model associated
with ¢,

p@id: PP ss "#Q — QP ss "#Q,
q)!

99!
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is a CDGA model of (W,0W). Therefore, by Theorem 5.8, a CDGA model of
Conf(V \ K, 2) is given by P/I® P/I @y ss"(P/I).

Let us illustrate this for the configuration space of a punctured manifold. Let V be
aclosed 2-connected manifold and set W = V ~\{x,}, with xo € V. Let P be a Poincaré
duality CDGA model of V with fundamental class w € P". Pick a homogeneous basis
{a;}o<i<n of P with ag =1and ay = w. Let {a] } be the Poincaré dual basis. Then the
diagonal class is

N-1
A=1®w+(-1)"0®1+ ), (-1)\%la; ® a}
i=1

with1< deg(a;) <n—1,for1< i< N -1 In that case we can take I = Q - w and we
get that P = P/(Q- w) isa CDGA model of V \ {x,} and the truncated diagonal is

_ N-l
A= (-D)lla; ® a;.
i=1

Thus,
P@P@Pss"P
2
is a CDGA model of Conf(V ~ {x¢},2).
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