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Abstract

In this paper we study composition operators on Hardy—Orlicz spaces on multiply connected domains
whose boundaries consist of finitely many disjoint analytic Jordan curves. We obtain a characterization
of order-bounded composition operators. We also investigate weak compactness and the Dunford—Pettis
property of these operators.
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1. Introduction

Let H(Q) denote the space of all holomorphic functions on 2, where Q is a domain
on the Riemann sphere. For an analytic self-map ¢ of Q (¢ € H(Q), ¢p(Q) C Q), the
composition operator is defined by the formula

Cofi=fop, [feH).

Composition operators play an important role in the study of many problems appearing
in analysis in many cases. For example, a classical result due to Forelli (see [4]) states
that all surjective isometries of the Hardy space H?(D), 1 < p < oo, p # 2, are weighted
composition operators. The study of composition operators on various spaces of
holomorphic functions was initiated at the beginning of the 20th century by the works
of Hardy, Littlewood, and Riesz (see [1]). Over the years, questions related to analytic
properties of C, have been a great motivation for the development of complex and
functional analysis.

One of the famous problems was to characterize compact composition operators
on Hardy spaces H”(D). In the 1980s, MacCluer (see [12] or [1]) proved that
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C,: H?(D) — HP(D) is compact if and only if the pullback measure u, defined by
the formula

Ug(B) := m(¢""'(B))

(where m is normalized Lebesgue measure on 0D and ¢* is the radial limit of ¢) is
a vanishing Carleson measure, that is, y,(W(a, h)) = o(h) as h — 0 for any Carleson
window W(a,h) :={zeD:1-h< |z < 1,|arg(az)| < h}, a € 0D. We note that this
problem was also solved by Shapiro [18, 19]. It should be emphasized that MacCluer’s
result (together with the famous Carleson lemma) contributes to the study of another
class of operators—inclusion operators j,: HP(D) — LP(D, u), where y is a finite
Borel measure. This idea is very useful and often used in contemporary research—
recently composition operators acting between Hardy-type spaces have been studied
thoroughly. The problems of characterizing compactness, weak compactness, absolute
p-summability, and other properties were considered on various variants of Hardy
spaces. We refer to [8—11], where the authors extended the results of Shapiro and
MacCluer to the case of composition operators on Hardy—Orlicz spaces.

In this paper we investigate the composition operators on Hardy—Orlicz spaces on
multiply connected domains © whose boundaries consist of finitely many disjoint
analytic Jordan curves. These spaces are generalizations of classical Hardy spaces
H?(Q) on multiply connected domains Q introduced by Rudin in [15]. Notice that in
spite of many similarities there are significant differences between the theory of Hardy
spaces on the unit disc and on multiply connected domains (we refer to the paper of
Sarason [17] and the book of Fisher [2], where HP(€) spaces are studied). Our goal
is to study order boundedness, weak compactness, and the Dunford—Pettis property of
composition operators acting between Hardy—Orlicz spaces.

2. Preliminaries

Orlicz functions and Hardy—Orlicz spaces on discs. Let @: [0, c0) — [0, o)
be an Orlicz function, that is, a continuous and nondecreasing function such that
lim;, D(#) = 00 and D(¢) = 0 if and only if r = 0.

We will consider Hardy—Orlicz spaces generated by Orlicz functions belonging to
certain classes defined below. These classes have appeared in the monographs [6, 14]
and in the paper [10].

The Orlicz function @ satisfies the A;-condition (@ € A,) if there exist xy > 0 and
¢ > 0 such that the inequality

D(xy) < ¢ D(x)D(y)
is satisfied for x, y > xy. The Orlicz function @ satisfies the A,-condition (@ € A,) if
D(2x) < KD(x)

for some constant K > 1 and x large enough. Notice that the condition @ € A; implies
[ONS Az.

https://doi.org/10.1017/51446788718000277 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000277

258 M. Rzeczkowski [3]

The Orlicz function @ satisfies the A’-condition (@ € A) if there exists some 8 > 1

such that o
lim 262 _

X—+00 X

+o00.

The Orlicz function @ satisfies the A'-condition (@ € A!) if there is some 8 > 1 such
that the following inequality is satisfied:

xP(x) < D(Bx)

for large x.
The Orlicz function @ satisfies the A2-condition (® € A?) if there is some a > 1
such that
(D(x))* < D(ax)

for large x. The condition @ € A? implies that ®(x) > exp(x®) for some a > 0 and large
x (see [14, Proposition 6]).

We say that the Orlicz function @ satisfies the V,-condition (@ € V) if there exists
some 3 > 1 such that the inequality

D(Bx) > 2BD(x)

is satisfied for large x. It is easy to show that @ € V, implies @(x)/x — +oo0 if x — +co0.
The Orlicz function @ satisfies the V;-condition (@ € V) if

P(x)P(y) < P(bxy)

for some b >0 and x,y large enough. We have the following implications (see
[14, page 43]):
(PeN)= (PeA)= (PeA) = (DeV,),
(PeAN)= (PeV)) = (PeV,).
Moreover, @ € A! does not imply @ € V;, and @ € V; does not imply @ € A°.
Given a measure space (Q, X, u), the Orlicz space L?(Q) := L?(Q, X, ) is the space

of all (equivalence classes of) X-measurable functions f: Q — C for which there is a
constant A > 0 such that

f DA f) du < +o.
Q

It is easy to check that if there exists C > 0 such that @(x/C) < @(x)/2 for all x > 0,
then L?(Q) is a quasi-Banach lattice equipped with the quasi-norm

1l = inf{ 4> 0 fg o D) <1},

It is well known that || - ||¢ is a norm in the case when @ is a convex function. For
d(x) = xP, p € (0, +c0], we have L?(Q) = LP(Q) and the norms coincide. We refer the
reader to [14] for more complete information about Orlicz spaces.
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Let D be the unit disc of the complex plane. Throughout the paper, we identify
0D with T = [0, 2r). In the same way as Hardy spaces H”(D) are defined from the
Lebesgue spaces L”(T), so we define the Hardy—Orlicz spaces H? := H®(D) from the
Orlicz spaces L?(T). For f € H(D) and r € (0, 1), denote by f,: T — C the function
given by f.(el') = f(re'). Following [13], H? consists of analytic functions f: D — C
such that

1/ Nlze := sup |Ifrllecr) < +o0. 2.1

O<r<1

The formula (2.1) defines a quasi-norm in H? and it is a norm when @ is a convex
function. We note that for every f € H?, the radial limit

fi@:= 111111 fréY), teT

exists almost everywhere and || fllge = ||f*||Le(r). Recall that (see [10]) the inverse is

also true: for a given f* € L?(T) such that its Fourier coefficients ]’”\*(n) vanish for
n < 0, the analytic extension

f@=PIf1@:= ) fw', zeD,
n=0

belongs to H? and || fllge = Ilf*|lzcT)-
We denote by HM? the subspace of finite elements of H?, that is, the space of all
f € H(D) such that for every 4 > 0,

sup f DA f(re")]) dt < +oo.

0<r<1 JT
Hardy-Orlicz spaces on planar domains. In this section we recall the definition of
the Hardy—Orlicz spaces on planar domains and some basic properties of these spaces
(see [16]). From now on, by an Orlicz function we mean a convex Orlicz function.
Let Q be a domain on the Riemann sphere. Recall that a regular exhaustion of Q is
a sequence {Q,}> | of subdomains of Q2 which satisfies the following conditions:

(1) Q,cQu forneN;

2) Ul Q=9

(3) every component of 9, is nontrivial for each n € N.

It can be proved that each domain has a regular exhaustion (see [2, Proposition 5.3]).
Recall that the Dirichlet problem is to find (if there exists) a function u: Q —» R

which is continuous and satisfies two conditions:

(1) uis harmonic on Q;

(i) @#=wuon'.

If the Dirichlet problem is solvable for the domain Q, we write Q € (SDP). The

Dirichlet problem can be solved for many domains. For our considerations, the
following result is sufficient (see [2, Corollary 1.4.5]).

https://doi.org/10.1017/51446788718000277 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000277

260 M. Rzeczkowski [5]

ProposiTioN 2.1. If each component of 0Q is nontrivial, then the Dirichlet problem is
solvable in Q.

We can define Hardy—Orlicz spaces on general domains. Let @: [0, +00) — [0, +00)
be a convex Orlicz function. Suppose that Q € (SDP), {€,} is a regular exhaustion of
Q, and zp € Q;. Denote by w,, the harmonic measure on 0€, for a point z3. For
g: Q — C, denote g, := glag,. We define the Hardy—Orlicz space on Q by the following

condition:
H?(Q) :={f € HQ) : Ifllzeq) < +o0},
where
fllsre := lim Ifyllg = lim inf{s 50 f @(@)dwn,m < 1}.
n—oo n—co a0, &

We can also describe H?(Q) in terms of a harmonic majorant. To do that, we need
the following theorem (which can be easily proved by the Harnack theorem and the
maximum modulus principle).

TueEOREM 2.2. Let p € Q, Q € (SDP), and let u be a subharmonic and continuous
function on Q. Then u has a harmonic majorant if and only if for each regular
exhaustion {Q,} of Q there exists a constant C such that

f udw,, <C,
0 n

where w, , is the harmonic measure on Q,, for the point p.

Now we see that H?(Q) is a set of all holomorphic functions f for which there exists
A > 0 such that the subharmonic function @(A|f]) has a harmonic majorant. Moreover,

Ifllgo@) = inf{e > 01 vype,) < 1},
where vy, is the least harmonic majorant of &(|f|/&). Itis clear that H ?(Q) is a Banach
space. We denote by HM?(Q) the subspace of finite elements of H?(Q), that is, the
closure of H*(Q) in H?(Q).
For further work we need an additional assumption on the domain Q. Let Q be a
bounded domain whose boundary consists of m + 1 disjoint analytic Jordan curves,
that is,

m
r=o0Q=|Jn, (2.2)
k=0
where I'; is an analytic Jordan curve and I'y N I'; = @ for k # j. Assume that I'y is the
boundary of the unbounded component of the complement of Q. Denote by Ej the
bounded component of S 2\Ty and, for k € {1,2,...,m}, denote by E; the unbounded
component of C,,\I';, where C, is the Riemann sphere. From now on, Q will always
be a set of this type. We also define by Hg) (Ey) the subspace of H?(E;) which consists
those functions which vanish at co. In the next step we recall some basic properties of
the Hardy—Orlicz spaces on planar domains. For the proofs, we refer the reader to the
paper [16].
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Turorem 2.3. For every f € H®(Q), we have the following decomposition:

f@) = fo@) + fil@) + -+ fn(2), z€Q,

where fo € H*(Eo) and fi € HJ (Ey) for each 1 <k <m. Moreover, the map f — fy
is a bounded linear projection of H*(Q) onto H®(Ey) and f v~ f; is a bounded linear
projection of H®(Q) onto H(‘)D(Ek).

Let w, be a harmonic measure on dQ. Notice that w, depends on the point p € Q
but it can be shown that, for p and ¢ € Q, w, and w, are boundedly mutually absolutely
continuous. Further, if K is a compact subset of Q, then there is a constant M such
that w,(E) < Mw,(E) for all g € K and all measurable sets £ C € (see [3] for more
details). Thus, we sometimes leave out the lower index indicating the point which
defines the harmonic measure.

Tureorem 2.4. Every f € H®(Q) has the boundary value f* w-almost everywhere on T’
and f* € L*(T', w). Moreover;

o[£, e

Tl

o= L™ 4 .ea
rw-—-z2

) = fr FOdwlD, zeQ.

Finally, the mapping f v~ f* is an isomorphism of H®(Q) onto a closed subspace of
L®T, w) and it is an isometry of HM®(Q) onto a closed subspace of L*(T', w).

Let us remark that for a domain that satisfies condition (2.2), we have dw,({) =
—(1/27)(0/0n;)g({, z) ds, where g(-,z) is the Green’s function for Q with a pole at z,
(0/0n) is the derivative in the direction of the outward normal at JQ, and ds is the
arc length (see [3] or [5]). Moreover, we have ¢| < (dw.({))/ds < ca, { € 09, for some
positive constants ¢y, ¢;. The function P,({) := —(1/27)(8/0n;)g({,2), { € 0L, is called
the Poisson kernel.

Notice that in the case when @ € A,, we have H?(Q)= HM®(Q). Thus,
Theorem 2.3 improves the result of Rudin [15, Theorem 3.2] for the Hardy spaces
HP(Q), 1 < p < oo, because, as we know, each power function @(¢) = #” satisfies the
A,-condition.

Using the characterization of H?(Q) in terms of harmonic majorants, it is easy
to show that conformal maps generate isometries between Hardy—Orlicz spaces on
conformally equivalent domains. Let us remark that each domain Q of the type (2.2)
is conformally equivalent to the so-called circular domain, that is, the domain of the

form
=D \ U(ai + D),
i=1
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where the a; belong to D, r; € (0, 1), and the circles dD, a; + rdD, ..., a, + r,,0D do
not intersect. Thus, we may assume that Q is a circular domain. In this case, we
have E; = C,\(q; + D) fori =1,...,m and Ey = D. For further work we will need

conformal maps from the unit disc onto E;, i € {0, ..., m}, which are of the form
Iy a4 forzeD\O),
ni(@) =12
3] forz =0,
» for z € Ej\{oo},
N (@)={%-ai
0 forz = o

for 1 <i < m and we put gy = idp.
Now we introduce a useful family of functions defined on a circular domain. Recall
that (see [10]) for a € D and r € (0, 1),

ua,r(z)=( Lr )2

1—arz

is a holomorphic function on D with [lug ||z < 1 =7, llug, ||z~ = 1, and [[uy |gem) =
1/(@~'(1/(1 = r))). We note also that if z € D satisfies the inequality |z —a| < 1 —r,
then

lua, (2 > 1.
For 1 < i< m and a and r as above, we define
1-r

_arr
1 Z—ai

2
' -1
@ = (ar 0D = () . 269
and u), = us-lo. Note that for each 0 <i<m, the function !, extends to a
holomorphic function on E;. Itis also clear that we have an analogous norm estimation:
lletly ey < 1 =1, ldl ey = 1, et Nmoe,) = 1/(@7'(1/(1 = 1)), and

llt} M @) < €A = 1), (2.3)
lletg, M=) = 1,

2.4)

g Mo ¥ ———=
a,rllH?(Q) @ ( ﬁ )
for a positive constant C.
For further considerations, we will need estimations of the norm of the evaluation
functional defined on the Hardy—Orlicz space on a circular domain. Recall that for any
7 € Q, the evaluation functional 6.: H®(Q) — C is defined as follows:

8.f=f@, feH Q.

It was proved in [10] that the norm of the evaluation functional §.: H® - C at z € D
satisfies the inequalities

| | |
—qs—l( )< 5 <4¢-1( ) 25
197 (=) <t — @)
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We denote this fact in short writing ||0.]| * @~ '(1/(1 — |z])). We will show that similar
estimations are true in the case of 8, : H?(Q) — C, z € Q, where Q is a circular domain.

Prorosition 2.5. Let Q be a circular domain and let @ be a convex Orlicz function.
Then for each 7 € Q we have the following estimation:

1
A q)_l(—)‘ 2.6
161l dist(z, Q) o

Proor. First we prove that if w € E;, 1 < i < m, then for every g € Byog,,

1
-1
gl < CP (dist(w, (9E,-)) @.7)

for a constant C > 0. Indeed, put f = g o i;; then we have ||fllgom) = llgllze&,), so, if
z=n;'(w) =ri/(w - a;), then

g = I(f o 17w = ‘f( iy

w —a;
Now, using (2.5),

lw - al )

lgw)l < 4¢_1(m) - _1(m

e
dist(w, OE;)
Fix z € Q. By Theorem 2.3 and inequality (2.7), for each f € By« (q),

= 1
fOI<Ifo@l+ -+ @I <8 ) & —Fmr
Zo (dlst(z, (9E,»))

1

1
<8y ()
; dist(z, )

and this proves the upper estimate in (2.6). To prove the lower estimate, let us notice
that if z € Q satisfies the inequality |z — p| < 1 — s, where s € (0, 1) and p € dD, then

3

0 1
|, (2] > 5.

On the other hand, fori € {1, ..., m}, we have u;’s = uggs on;!, so the inequalities

i 1
|up,s(w)| > 1
remain true for w € A;’S ={z€Q: |a;+rip -z < (1 —s)r}, where r = min|q, 7;-
Now, if we write z € Q in the form z = a; + (1 — s)r + r;)p,

101172 oy

i i
3 1 <oy il < TE
)

4
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Using this fact and the following inequality:

(15‘1(1 1 s) - (p_l((l —rs)r)

1 r
> | —m
|al+rl _Z|

1
> ¢‘1(—),
" \disuz, 0E;)
it is easy to obtain the lower estimation in (2.6). O

3. Composition operators on H?(Q)

In this section we study the properties of composition operators on Hardy—Orlicz
spaces on circular domains. Recall that if ¢ is a holomorphic self-map of Q (in this
case we write ¢ € T := Tq), then for f € H(Q) we define C, as follows:

(Cef)@) = (fop)z), z€Q.

In the paper [16], we investigated compactness of C,: H®(Q) - H?(Q). For
a (convex) Orlicz function satisfying the V,-condition, we characterized compact
composition operators on H?(Q) in terms of Carleson measures. Recall that
the Carleson window on I; Cc ' =0Q with center ¢ € I'; and radius 0 < h <
ming, ; dist(I;, T';) is the set

Wo(&,h)={zeQ:1-h<[, |arg(§z)| <h), i=0,
Wie ) = {zeD:le-al < T fare @) <hf, 1<i<m.

A Carleson function p,, is defined on the 1nterva1 (0, min; ; dist(I';, I';)) by the formula
pe(h) := 5nax Sup He(Wi(€, h)),

<I<

where p, is the pullback measure, that is, ,u¢(B) = w((¢*)(B)) for any Borel set B C Q.
Since the pullback measure is regular (see [16, Theorem 4.11]), we can replace in the
definition of p, the Carleson windows by circles centered at ¢ € I" and with radii 4 > 0,

intersected with Q, that is, the sets S h)={z€ Q: |z - & < h}.

THeorEM 3.1. Let ¢ € T and let @ € V, be an Orlicz function. The composition
operator C,: H Q) — H®(Q) is compact if and only if

o7'(3
=0 el (o)

As a consequence, we obtain the following result.

ProposiTioN 3.2. Let ¢ € Y and let @ € V, be an Orlicz function. The composition
operator Cy,: H?(Q) — H?(Q) is compact if and only if. for each 0 < i < m,

1
lim sup & ( )||c oy = 0. 3.1)
5217 pegD l-s
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Order-bounded composition operators. We recall that an operator 7: X — Z from
a Banach space X into a Banach subspace Z of a Banach lattice Y is order bounded if
there is some positive y € Y such that [T x| < y for every x in the unit ball By of X.

Let Q be a circular domain. For p € Q, denote by w := w,, the harmonic measure
on 0Q with respect to p. By Theorem 2.4, we conclude that for every f € H?(Q), the
boundary function f* exists w-almost everywhere on dQ and f* € L?(0Q, w). Let ¢ be
a holomorphic self-map of Q and let C,,: H ?(Q) — H?(Q) be a composition operator.
Since each such operator is bounded (see [16]), the operator ap : H?(Q) — L?(0Q, w)
given by @ f=(Cyf)" is well defined.

Tueorem 3.3. Let @ be an Orlicz function and ¢ € (. The composition operator
C,: H*(Q) — H®(Q) induces an operator C,: H*(Q) - H?(0Q) given by C,f =
(Cof)*, which is order bounded in L?(0Q) (respectively in M®(0Q)) if and only if
dist(¢*, 0Q) > 0 w-almost everywhere and the function @~'(1/(dist(¢*, 0Q))) belongs
to L?(0Q) (respectively belongs to M®(0Q)).

Proor. We present the proof in the case of M?(4Q) (in the case of L?(0Q), the same
argument can be applied). Suppose that g(¢) := @~!(1/(dist(¢*(&), 0Q))) belongs to
M®(6Q). By the estimate (2.6), we conclude that there exists a constant C > 0 such
that, for every f € Byo(q), the inequality

I(Co )N =1 (@ N < 10 ey < Cgé)

is satisfied for w-almost all £ € 9Q, that is, C, is order bounded in M ?(5Q). Assume,
conversely, that C, is order bounded in M ?(9Q). Then by the definition there exists a
function g € M®(AQ) such that |C, f] < g. Using the harmonic measure w, to express

Lf (@),
f (Cof) dw,| = ‘f E;fdwz <f gdw,
0Q 0Q 0Q

for every z € Q and every f € Byaq). Now taking the supremum over f € By (),

”6(/J(Z)||<f gdwz
Q

[0p).f1 = 1f(@(2))] =

and, by (2.6),

1
@‘1(—)<Cf dw,.
dist(¢" (2), 99) a0 S

Notice that the function z — faQ g dw, has the boundary function g for w,-almost
all £ €0Q. Since @7 '(f) — co0 as t — oo, we obtain that dist(¢*(€), Q) > 0 for
w-almost all £ € 9Q and |®~'(1/(dist(¢*, 0Q)))| < Cg w-almost everywhere, that is,
|d~1(1/(dist(¢*, 0Q)))| € MP(OQ). o

Tueorem 3.4. Let Q be a circular domain, ¢ € Y, and let @ be an Orlicz function.
Suppose that Cy: H®(Q) — M®(0Q) is order bounded. Then Cy: H®(Q) —» H?(Q) is
compact.
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Proor. Let {f,} be a sequence in the unit ball of H?(Q) such that f, — 0 uniformly on
compact subsets of Q as n — oo. Let g € M®(0Q) be such a function that |C,h| < g for
each h € By« (). By Theorem 3.3, we have that dist(¢*, 0Q2) > 0 w-almost everywhere
on 90Q, which implies that |f, o ¢*| = 0 w-almost everywhere on 9Q. Since we
also have Ia;fnl < g, f, o ¢* — 0 in the norm of L?(0Q, w). Using a variant of the
classical Schwartz criterion (see [10, Proposition 3.8]), we deduce that C,, is compact
on H®(Q). o

Now we show that for fast-growing Orlicz functions @ the classes of compact and
order-bounded composition operators coincide.

THEOREM 3.5. Let Q be a circular domain, ¢ € Y, and let @ be an Orlicz function such
that @ € A?. The following assertions are equivalent:

(1) C,: H*(Q) — H*(Q) is compact;

(2) C,: HY(Q) —» M®(0Q) is order bounded.

Proor. We proved in the previous theorem that condition (2) implies (1). Now
we show the inverse implication. More precisely, we prove that condition (3.1) in
Proposition 3.2 implies (when @ € A?) order boundedness of C,. H 2(Q) —» M?(0Q).

Assume that C,: H ?(Q) — H®(Q) is a compact operator. In particular, we have (3.1),
that is, for each 0 < i < m,

1
lim sup &~ ( )llC Mps||1-1¢(9) 0.
s—1- pedD 1-

This equality means that for every & > 0, there exists sy € (0, 1) such that for sy < s < 1,
pedD,and0<i<m,

1 1
f qb( qb-( W o |))dw 3.2)
90 \& T—s"P
Notice that the inequality Iug (@l = 1 7 holds for all z € Q which satisfy [z — p| < 1 - s.
Analogously, for 1 <i<mandze {z €Q:|a;+rip—2z <(1-s)r},
lul, ()] > 5

For r = mingg;, 1i, we define
D ={£€dQ: lai+rp-¢"©OI<-9r}, 1<i<m,
Dy :={£€dQ: p-¢ @<= s)r}).

For s close to 1, the family {D” }, contains pairwise-disjoint subsets of Q.

Using (3.2),
1 1
oo ()
w(D;") de 1-5

Let Q, := {z € Q| dist(z, 0Q) < h}. Notice that Q;, (for small 4 > 0) can be covered by
fewer than C/h balls with radius 2/ and centers at Q2 for a certain constant C (we can
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put C = (2n/h) 3.1 (r;/r)). Using this fact and the equivalence of harmonic and arc
length measures, and taking 2k = (1 — $)r,

o

— > (¢ € 00 disy'(€),00) < h})qﬁ(i qu( 4 ))

2h
By concavity of @1,

7l g i)l )

Now put g(¢) = @ (1/(dist(¢*(&),0Q))), & € 0Q, and x = ®~'(1/h). For x large
enough,

C'D(x) > w({€ € 0Q: g(&) > x})<p(;_z)

rx \|*

a’e
In the last inequality, we have twice used the condition A2. For a given B > 1, we can
find & > 0 to have B = r/(8a*&?). Then, for x big enough,

w({é € 0Q: B(Bg(£)) > B(BX)N[D(Bx)]* < C'dD(x) < P(B),

so, for large A,
2r
w(lE € 00: P(Bg() > ) < 7.
Thus, the function ®(Bg) € L?(0Q, w) for all B > 1. Using Theorem 3.3 and the fact
that g € M?(9Q), we deduce the order boundedness of C,,: H?(Q) — M?(9Q). ]

Weak compactness and the Dunford—Pettis property of composition operators.
In this section we will study weak compactness and the Dunford—Pettis property of
composition operators. We start with the following criterion, which was proved in [7].

LemMa 3.6 [7, Theorem 4]. Assume that the Orlicz function @ satisfies the A°-
condition and X is a subspace of M®. Then the linear operator T mapping X into
some Banach space Y is weakly compact if and only if for some p € [1, o) and all
& > 0 there exists C, > 0 such that

ITfII < Cell fllp + ellflle
forevery f € X.

TueoreM 3.7. Let Q be a circular domain and ¢ € (. Assume that the Orlicz function
& satisfies the A-condition. If the composition operator Ce: H®(Q) - H®(Q) is

weakly compact, then, for eachi € {0,...,m}, the following condition is satisfied:
1 .
li (D_l(—) ! =0. .
lim :;16% s ICput), llgo) =0 (3.3)
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Proor. We only need to use that the restriction of C,: H 2(Q) — H?(Q) to HM®(Q)
is weakly compact. From Lemma 3.6 and Theorem 2.4, one has that, for every £ > 0,
there is a constant K, such that for each f € HM?(Q) the following inequality:

ICo fllaey < Kallfllg @) + &l fllae)

is satisfied. Using estimations (2.3) and (2.4) fore > 0 and f = uiw,

ICetdl, I < Ke(1 = ) + g#%).

Since lim,_, ;o0 (P(x)/X) = +00, (1 — 5)@~'(1/(1 —5)) = 0 for s — 1~. This easily
implies (3.3). O
Applying Theorem 3.7 and Proposition 3.2, we obtain the following equivalence.
CoroLLARY 3.8. Let Q be a circular domain and ¢ € . Assume that the Orlicz function

@ satisfies the A-condition. Then the composition operator Co: H 2(Q) —» H?(Q) is
compact if and only if it is weakly compact.

Notice that @ € A implies @ € A!, which in turn implies @ € A°. Hence, by
Theorems 3.7, 3.5, and Proposition 3.2, we get the following result.

THEOREM 3.9. Let Q be a circular domain and ¢ € Y. Assume that @ is an Orlicz
function and ® € A?. The following assertions are equivalent:

(1) C,: H*(Q) — H®(Q) is compact;

2) C,: HY(Q) —» M*(3Q) is order bounded;

3) C,: H?(Q) — H?(Q) is weakly compact;

4) foreachiel0,...,m},

1 ,
tim sup &~ (—— )ICut =0.
J sup @ T et llieey

The next theorem describes the connections between compactness and weak
compactness of composition operators defined on Hardy and Hardy—Orlicz spaces on
circular domains.

TueorEM 3.10. Let Q be a circular domain and ¢ € Y. Assume that @ is an Orlicz
function and @ € V,. If one of the following conditions:

(1) C,: H2(Q) —» H*(Q) is compact;
(2) ®eAand C,: H?(Q) — HP?(Q) is weakly compact
is satisfied, then the composition operator C,: H*(Q) — H*(Q) is compact.

Proor. Assume that C,: H*(Q) — H*(Q) is not compact. Hence, by Theorem 3.1
(recall that if ¥(r) = %, then H?(Q) = H*(Q)), there exist 8 € (0, 1) and sequences
{£,) € 09 and {h,} C (0, 1) such that h, — 0 and u,(S (&,, rh,)) = Bh, for every n € N,
where r = mingiy, ;-
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For i € {0---m}, from the sequence {£,} we take a subsequence {fﬁl}n such that
{¢l}, cTi. Forie{l---m},put p\, = r;/(€: — a;) and p° = £°. It is obvious that p, € 6D
fori e {0---m}andn € N. Define v (z) := u;,. .- Z€Q. By (2.4),

1
()’

This implies that the sequence {g’}, defined by g := @~!(1/h,)v', n € N, is bounded
in HM®(Q) for each i € {0 - - - m}. Since @ € V,, we have also lim,_,,o (&~ (x))/x =0

and
hﬁd)_l(i) -0,

so the sequence {g'} tends to zero uniformly on compact subsets of Q and
g%l — O because |Ig)llg1 ) < 7, @' (1/h,). Then, in both cases, we would have
||C¢,gf1|| e — 0. In the case (1), this follows from Proposition 3.2, but in the case (2)
this follows from Lemma 3.6. We are going to show that this is not true. Indeed,

S oz oo [ oo (5o an
> fs<f,,,rh,,) ¢(g¢“(hin)|v§;(z>|)du¢.

Notice that for z € S (&,, rh,), we have Vi (z)| > }T. By convexity of @ and the fact that

n €N,

[V lle@) =

Be(,1),
g} 0 90 | f v (z)I)d,u
f(;g (,3 B Y
h
ﬁhn rin)) >
This implies that ||C¢,g£l|| e = B/4 and proves the theorem. |

Finally, we show that for a certain class of Orlicz functions the classes
of composition operators with the Dunford—Pettis property and weakly compact
composition operators coincide.

TueOREM 3.11. Let Q be a circular domain, ¢ € Y, and let @ be an Orlicz function with
® € V,. Then the composition operator C,: H?(Q) — H®(Q) which is a Dunford—
Pettis operator satisfies (3.1), that is,

1
lim sup @~ ( )”C(pupg”Hq’(Q) 0
s—1- pedD 1-

foreveryief0,...,m}.
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Proor. Put gt = o1/ - sHul, ; for i € {0,...,m}. If (3.1) were not satisfied,
we could find a sequence {p,} C dD and a sequence of numbers {s,} C (0, 1) with
lim,, e 5, = 1 such that ||Cyg!, | |lgo) > 6 > 0 for every n > 1 and some 0 < i < m.
But we have (1 — 5)2®~'(1/(1 — 5)) = 0 when s — 1~. Therefore, g;”’sn — 0 tends to
zero uniformly on compact subsets of Q. Since on the unit ball of H?(Q) the weak-star
topology is a topology of uniform convergence on compact subsets of (2, we have that
g;n’xn — 0 weakly as n — oo. Thus, ||C, g;',msnll e — 0 and we get a contradiction. O

CoroLLARY 3.12. Let Q be a circular domain, ¢ € Y, and let @ be an Orlicz function
with @ € V,. Then the composition operator Cy,: H Q) — H®(Q) is a Dunford—Pettis
operator if and only if it is compact.

Proor. By the previous theorem, we know that if C,: H®(Q) — H®(Q) is a Dunford-
Pettis operator, then it satisfies (3.1). By Proposition 3.2, this is equivalent to the
compactness of Cy,: H?(Q) — H?(Q). The reverse implication is obvious. O

References

[11 C.Cowen and B. MacCluer, Composition Operators on Spaces of Analytic Functions (CRC Press,
Boca Raton, FL, 1995).
[2] S.D. Fisher, Function Theory on Planar Domains (Wiley, New York, 1983).
[3] S.D. Fisher and J. E. Shapiro, ‘The essential norm of composition operators on a planar domain’,
Lllinois J. Math. 43 (1999), 113-130.
[4] E Forelli, ‘“The isometries of H?’, Canad. J. Math. 16 (1964), 721-728.
[51 1. B. Garnett and D. E. Marshall, Harmonic Measure (Cambridge University Press, New York,
2005).
[6] M. A. Krasnosielskii and J. B. Rutycki, Convex Functions and Orlicz Spaces (Noordhoff,
Groningen, 1961).
[71 P. Lefévre, D. Li, H. Queftélec and L. Rodriguez-Piazza, ‘A criterion of weak compactness for
operators on subspaces of Orlicz spaces’, J. Funct. Spaces Appl. 6(3) (2008), 277-292.
[8] P.Lefevre, D. Li, H. Queftélec and L. Rodriguez-Piazza, ‘Some examples of compact composition
operators on H?’, J. Funct. Anal. 255(11) (2008), 3098-3124.
[9] P Lefevre, D. Li, H. Queffélec and L. Rodriguez-Piazza, ‘Compact composition operators on H?
and Hardy-Orlicz spaces’, J. Math. Anal. Appl. 354(1) (2009), 360-371.
[10] P.Lefevre, D. Li, H. Queffélec and L. Rodriguez-Piazza, ‘Composition operators on Hardy—Orlicz
spaces’, Mem. Amer. Math. Soc. 207(974) (2010), 1-74.
[11] P. Leféevre, D. Li, H. Queftéleci and L. Rodriguez-Piazza, ‘Nevanlinna counting function and
Carleson function of analytic maps’, Math. Ann. 351 (2011), 305-326.
[12] B. D. MacCluer, ‘Compact composition operators on H”(By)’, Michigan Math. J. 32 (1985),
237-248.
[13] M. Mastyto and P. Mleczko, ‘Solid hulls of quasi-Banach spaces of analytic functions and
interpolation’, Nonlinear Anal. 73(1) (2010), 84-98.
[14] M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Pure and Applied Mathematics, 146 (Marcel
Dekker, New York, 1991).
[15] W. Rudin, ‘Analytic functions of class H,’, Trans. Amer. Math. Soc. 78 (1955), 46-66.
[16] M. Rzeczkowski, ‘Composition operators on Hardy—Orlicz spaces on planar domains’, Ann. Acad.
Sci. Fenn. Math. 42 (2017), 593-609.
[17] D. Sarason, ‘The H” spaces of an annulus’, Mem. Amer. Math. Soc. 56 (1965), 1-78.

https://doi.org/10.1017/51446788718000277 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000277

[16] Composition operators 271

[18] J. H. Shapiro, ‘The essential norm of a composition operator’, Ann. of Math. (2) 125 (1987),
375-404.
[19] J. H. Shapiro, Composition Operators and Classical Function Theory (Springer, New York, 1991).

MICHAL RZECZKOWSKI, Faculty of Mathematics and Computer Science,
Adam Mickiewicz University, 61-614 Poznan, Poland
e-mail: rzeczkow @amu.edu.pl

https://doi.org/10.1017/51446788718000277 Published online by Cambridge University Press


mailto:rzeczkow@amu.edu.pl
https://doi.org/10.1017/S1446788718000277

	Introduction
	Preliminaries
	Composition operators on H()
	References

