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Complexity of OM factorizations of polynomials over local fields

Jens-Dietrich Bauch, Enric Nart and Hayden D. Stainsby

ABSTRACT

Let k be a locally compact complete field with respect to a discrete valuation v. Let O be the
valuation ring, m the maximal ideal and F'(x) € O[z] a monic separable polynomial of degree
n. Let § = v(Disc(F')). The Montes algorithm computes an OM factorization of F. The single-
factor lifting algorithm derives from this data a factorization of F(mod m"”), for a prescribed
precision v. In this paper we find a new estimate for the complexity of the Montes algorithm,
leading to an estimation of O(n?T¢ + n'*T¢§2T¢ + n?v' ) word operations for the complexity of
the computation of a factorization of F'(mod m"), assuming that the residue field of k is small.

Introduction

Let A be a Dedekind domain whose field of fractions K is a global field. Let L/K be a finite
separable extension and B the integral closure of A in L. Let 6 € L be a primitive element of
L/K, with minimal polynomial f(z) € A[z].

Let p be a non-zero prime ideal of A, v, the canonical p-adic valuation, K, the completion
of K at p, and O, the valuation ring of K.

The Montes algorithm [5, 6] computes an OM (Okutsu—Montes) representation of every
prime ideal 9B of B lying over p [7]. This algorithm carries out a program suggested by
Ore [15, 16], and developed by MacLane in the context of valuation theory [10, 11]. An
OM representation is a computational object supporting several data and operators, linked
to one of the irreducible factors (say) F(z) of f(x) in Op[r]. Among these data, the OM
representation contains all the Okutsu invariants of F', which reveal considerable arithmetic
information about the finite extension of K, determined by F' [4, 14].

The Montes algorithm has been used as the core of several arithmetic routines to compute
prime ideal decomposition, integral bases and the discriminant of L/K, generators of prime
ideals, the JB-adic valuation, vg: L* — Z, the reduction mapping, B — B/, the Chinese
remainder algorithm in B, and the p-valuation of discriminants and resultants of polynomials
with coefficients in K [5, 7, 8, 13].

Also, if the Montes algorithm is combined with the single-factor lifting algorithm [9], together
they yield a fast factorization routine for polynomials over local fields, which turns into an
acceleration of some of the above mentioned routines.

The complexity of the Montes algorithm was analyzed by Ford—Veres [2] and Pauli [18].
Assuming p small, they obtained an estimation of O(n?T<6**¢) word operations for the
algorithm used as an irreducibility test for polynomials over local fields, where n =[L: K| and
0 = vy(Disc(f)). Then, by natural extrapolation arguments they concluded that this estimation
is valid for the general algorithm too.

In this paper, we present a new estimation for the complexity of the Montes algorithm.
To this end, we find the least precision v such that the polynomial f(z) (mod p”) contains
sufficient information to detect that f(z) is irreducible over O,, and the least precision such
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that a factorization of f(z) (mod p”) determines a ‘sufficiently good’ approximate factorization
of f(x) over O,.

In Section 1 we review the role of the Okutsu invariants of the irreducible factors of f(x) over
O,, which are essential for our purposes. In Section 2, we introduce a new Okutsu invariant, the
exponent of the Okutsu discriminant, which is a key ingredient to prove that the irreducibility of
f(z) over O, may be tested by working at precision v = |2§/n| + 1 (Theorem 2.3). In Section 3
we introduce the concept of OM factorization, giving a precise sense to what we mean by a
‘sufficiently good’ approximate factorization. We show that the OM representations satisfying
certain properties are adequate objects to deal with OM factorizations from a computational
perspective, and we prove that an OM factorization of f(x) over O, can be found by working
at precision ¥ =9 + 1 (Theorem 3.13). In Section 4, we review the Montes algorithm as a
device to compute an OM factorization of f(z) over O,. Finally, in Section 5 we use these results
to obtain an estimation of O(n?*¢ + §27¢) word operations for the complexity of the Montes
algorithm used as a polynomial irreducibility test, and an estimation of O(n?¢ 4 nlte§2+e)
word operations for the complexity of the general algorithm. This estimation yields improved
estimations for the complexity of all the arithmetic routines mentioned above. For instance, we
deduce an estimation of O(n?t¢ + nlt€§2+e 4+ n2p17¢) word operations for the complexity of
the factorization of f(z) over Oy[z], with an arbitrary prescribed precision v (Theorem 5.17).
The best known previous estimation for the factorization of polynomials over local fields had
total degree 4 + ¢ in n, ¢ and v [9].

1. Okutsu invariants of an irreducible polynomial over a local field

Let k be a local field, that is, a locally compact and complete field with respect to a discrete
valuation v. Let O be the valuation ring of k, m the maximal ideal, 7 € m a generator of m and
F = O/m the residue field, which is a finite field. Let p be the characteristic of F.

Let k%P C k be the separable closure of k inside a fixed algebraic closure. Let v: k — Q U {oo}
be the canonical extension of the discrete valuation v to k, normalized by v(k) = Z.

Let F(x) € O[z] be a monic irreducible separable polynomial, 8 € kP a root of F(x), and
L = k(0) the finite separable extension of k generated by 6. Denote n := [L: k] = deg F. Let Of,
be the ring of integers of L, my the maximal ideal and Fy, the residue field. We indicate with

a bar,  : O[z] — F[z], the canonical homomorphism of reduction of polynomials modulo m.

Let [¢1, ..., ¢.] be an Okutsu frame of F(x), and let ¢,.11 be an Okutsu approximation
to F(zx). That is, ¢1, ..., ¢r+1 € Olx] are monic separable polynomials of strictly increasing
degree

1<my:=degoy <...<m,:=deg ¢, < mpy1 :=deg drp1 =n,

and for any monic polynomial g(x) € Olz] we have

v(g(0)) < v(i(0)) < v(¢ip1(0))

deg g S omy Mit1

m; <deg g <m;p; = , (1.1)
for 0 <4 < r, with the convention that mo =1 and ¢g(z) = 1. It is easy to deduce from (1.1)
that the polynomials ¢1(z), ..., ¢r4+1(x) are all irreducible in O[z].

The length r of the frame is called the Okutsu depth of F(x). Okutsu frames were introduced
by Okutsu in [14] as a tool to construct integral bases. Okutsu approximations were
introduced in [4], where it is shown that the family ¢1,..., ¢,, ¢r1 determines an optimal
F-complete type of order v + 1,

tF _ {Wo; (¢1; )\17 7/)1)§ ceey ((b'r‘» )\r7 7/%); (¢T+17 )\r+17 wr+1))7 or

(603 (61, At 1)« -5 (B Ars 0); (F, —00,—)), (12)
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for ¢,11 # F or ¢.41 = F, respectively. We call tp an OM representation of F. In the case
¢r+1 = F, we say that the OM representation is exact.

Any OM representation of the polynomial F' carries (stores) several invariants and operators
yielding strong arithmetic information about F' and the extension L/k. Let us recall some of
these invariants and operators.

Attached to the type tp, there is a family of discrete valuations of the rational function field
k(z), the MacLane valuations

vi: k(z) — ZU{o0}, 1<i<r+1,

such that 0 =v1(F) <...<v,41(F). The vi-value of a polynomial in k[z] is the minimum of
the v-values of its coefficients.
Also, tr determines a family of Newton polygon operators

Ni:k;[x]—>2R2, 1<i<r+1,

where 28" is the set of subsets of the Euclidean plane. Any non-zero polynomial g(z) € k[z]
has a canonical ¢;-development

9@) = Y ay@)ti(@)?,  dega, <mi,
0<s

and the polygon N;(g) is the lower convex hull of the set of points (s, v;(as¢?)). Usually, we
are only interested in the principal polygon N, (g) C N;(g) formed by the sides of negative
slope. For all 1 <i<r, the Newton polygons N;(F) and N;(¢;+1) are one-sided and they
have the same slope, which is a negative rational number \; € Q9. The Newton polygon
N,4+1(F) is one-sided and it has an (extended) integer negative slope, which we denote by
)\r+1 ez {—OO}

The triple (¢, v;, A;) determines the discrete valuation v;y; as follows: for any non-zero
polynomial g(z) € K[z], take a line of slope \; far below N;(g) and let it shift upwards till it
touches the polygon for the first time; if u is the ordinate of the point of intersection of this
line with the vertical axis, then v;11(g) = e;u.

In MacLane’s terminology [10, § 4], ¢; is a key polynomial over v;, and [6, Proposition 2.7,(4)]
shows that v;11/e; is the augmented valuation attached to the pair ¢;, v;(d;) + |Aql.

There is a chain of finite extensions: F=Fy CF; C...CF,11 =Fy. The type tr stores
monic irreducible polynomials ¥;(y) € F;[y| such that F; 1 ~F;[y]/(¥:(y)). We have 9;(y) # y,
for all ¢ > 0.

Finally, for every negative rational number A, there are residual polynomial operators

Ry: klz] — Fyly], 1<i<r+1

We define R; := Ry, ;. For all 0 <i < r, we have R;(F) ~ ;""" and R;(¢i4+1) ~ 1;, where the
symbol ~ indicates that the polynomials coincide up to a multiplicative constant in F;. For
i =0 we take Ro(F):=F =15" and Ro(¢1) := ¢1 = 1o. The exponents w;; are all positive
and w41 = 1. The operator R,y is defined only when ¢, # F'; in this case, we also have
Ry 1 (F) ~ tppy1, with 9,.41(y) € Fry1[y] monic of degree one such that ¢, 1(y) # y.

From these data some more numerical invariants are deduced. Initially we take

mo:=1, fo:=degvg, eg:=1, hg:=Vy:=pug:=1v9=0.

Then we define, for all 1 <i<r+1,
h;, e; positive coprime integers such that A; = —h;/e;;
Jii=deg ;
m;:=deg ¢ =ei_1ficimi—1=(eger...ei—1)(fofr ... fi—1)s
i = Zlgjgi(ejfj e eifi — 1)hj/(61 e Bj);
Vi = Zlgjgi hj/(el Ce ej);
Vii=vi(¢i) =ei—1fici(eimiVicy + hi—1) = (€0 - . 1) (fti—1 + Vi—1)-
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The general definition of a type may be found in [6, § 2.1]. In later sections, we shall consider
types which are not necessarily optimal nor F-complete. So, it may be convenient to distinguish
these two properties among all features of a type that we have just mentioned.

DEFINITION 1.1. Let t = (vo; (¢1, A1, ¥1); - . -5 (&4, Aiy i) be a type of order ¢ and denote
miy1 = e; fim;. Let g(x) € K[z] be a polynomial.
e We say that t is optimal if my < ... <m;. We say that t is strongly optimal if m; <...<
m; < Mjyq.

e We define ord¢(g) := ordy, Ri(g) in F;[y]. If ord¢(g) >0, we say that t divides g(x), and
we write t|g(x). This function ordy behaves well with respect to products: ordy(gh) =
ordg(g) + ordg(h).

e We say that t is g-complete if ordg(g) = 1.

e A representative of t is a monic polynomial ¢(x) € O[z] of degree m; 11, such that ord¢(¢) = 1.
This polynomial is necessarily irreducible in O[z]. The degree m;;; is minimal among all
polynomials satisfying this condition.

e For any 0 < j < 4, the truncation of t at level j, Trunc;(t), is the type of order j obtained from
t by dropping all levels higher than j. We have ordryunc,(t)(9) = (ej11.f541) - - - (eifi) orde(g).

Thus, for a general type of order i dividing F, we have my |...|m; and w; > 0, but not
necessarily m; < ...<m; =deg F, and w; = 1. These were particular properties of our optimal
and F-complete type tr of order ¢ =7 + 1, constructed from an Okutsu frame and an Okutsu
approximation to F'.

An irreducible polynomial F' admits infinitely many different OM representations. However,
the numerical invariants e;, f;, by, for 0 <7 <7, and the MacLane valuations vi,...,vp41
attached to tp, are canonical invariants of F'.

The data A.y1,%,-+1 are not invariants of F'; they depend on the choice of the Okutsu
approximation ¢,1. The integer slope A,.41 = —h,41 measures how close ¢,11 is to F. We
have ¢,41 = F if and only if h, 1 = oco.

DEFINITION 1.2. An Okutsu invariant of F(x) is a rational number that depends only on
617"‘76T7f07f17"'>f7"7h17"'7h7"

We are specially interested in the following invariants of the polynomial F(z):

e(F):=e(L/k), the ramification index of L/k;
f(F):= f(L/k), the residual degree of L/k;
w(F) :=max{v(g(0)) | g(x) € O[z] monic of degree less than n};

d(F) :=v(Disc(F)).

The different ideal of L/k is Diff (L/k) = (mp )¢~ 177, for some integer p > 0, which is not an
Okutsu invariant of F'. Also, p =0 if and only if L/k is tamely ramified.
The results of the next proposition are taken from [6, Corollary 3.8] and [13, Theorem 1.7].

PRrROPOSITION 1.3. We have identities

e(f)=eper...e, [f(F)=fofr... fr,
WE) ==Y (&5 erfr—Dhj/(er.. . ¢€)),

5(F) = nu(F) + J(F)p.

Thus, e(F), f(F) and p(F) are Okutsu invariants of F', but §(F) is not. Nevertheless, the
lower bound by an Okutsu invariant, §(F') > nu(F'), will be essential for our purposes.
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DEFINITION 1.4. The length of a Newton polygon N is the abscissa of its right end point;
we denote it by ¢(N).

The following lemma will be frequently used.

LEMMA 1.5 [6, Proposition 2.7, Lemma 2.17, Theorem 3.1]. Let t be a type of order r.
Then:
(i) vi(a)=eg...e;i—1v(a), foralla €k and all 1 <i<r+1;
(ii) ¢(Ny11(g)) =orde(g), for any non-zero polynomial g(z) € k[x];
(iii) v(4:(0)) = (Vi+|Nil)/(eo ... €i1) =pi—1 +v;, for all 1 <i<r+1;
(iv) v(@i(0))/m; =Vig1/(mit1eq ... €;), for all 1 <i < r.

We end this background section by recalling the Okutsu equivalence of irreducible separable
polynomials over O, and the concept of width of such a polynomial.

LEMMA 1.6 [9, Lemma 3.1]. Let t be a strongly optimal type of order r, and let ¢ € O[z]
be a monic polynomial of degree m,,1. Let F' € O[z] be an irreducible separable polynomial
such that t | F', and let 6 € k°P be a root of F'. Then, the following conditions are equivalent:

(a) ¢ is a representative of t;

(b) v(¢(0)) > Viga/(eo - . er) = (mpga/my)o(6r(6)).

DEFINITION 1.7. Let F' € O[x] be a monic irreducible separable polynomial of Okutsu depth
r, and let tp be an OM representation of F' as in (1.2). Let t := Trunc,(tp). We say that a
monic polynomial G € O[z] is an Okutsu approximation to F, and we write F ~ G, if G is a
representative of t.

We also say that F' and G are Okutsu equivalent polynomials.

By Lemma 1.6, this definition does not depend on the choice of the OM representation of F'.
The binary relation = is an equivalence relation on the set of all monic irreducible separable
polynomials in O[z] [4, Lemma 4.3]. Okutsu equivalent polynomials have the same Okutsu
invariants and the same MacLane valuations [4, Corollary 3.7].

For F as above, and 1 <i<r+1, let Rep,;(F) C O[z] be the set of all representatives of
Trunc;_1(tg). Consider

Vi :=={v(¢(0)) | ¢ € Repi(F)} CQU {o0}.

By the formula (1.1), ¢; € Rep,(F') and v(¢;(0)) = Max(V;), for all 1 <i<r. By definition,
Rep, 1 (F) is the set of all Okutsu approximations to F'(x). The set V’r+1 is not finite, and it
contains oo, because F' € Rep,.,(F).

The sets Vi, ..., V, are finite and easy to describe [9, Proposition 3.4].

PROPOSITION 1.8. For any A€ Q, let My :={m € Z|1<m <|A} U{|\}. Then,
Vi={(Vi+m)/(eo...ei—1) | me My},
for all 1 < i < r. In particular, #V; = [|\i]] = [hi/ei]-
The width of F(z) is defined to be the vector of positive integers,
#FVe, oo #Ve) = ([hafedd, . [he/er]).

As we shall see in Section 5, it is a fundamental invariant for the analysis of the complexity of
the Montes algorithm.
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2. The Okutsu discriminant

We keep all notation from the previous section. In this section we introduce a new Okutsu
invariant of an irreducible polynomial F(z) € O[z], linked to the problem of determining the
least exponent v such that all polynomials of degree n = deg F, belonging to F(z) + m”[z], are
irreducible in O[z].

DEFINITION 2.1. Let F(z) € Olz] be a monic irreducible separable polynomial of degree n
and tz an OM representation of F' as in (1.2). If r is the Okutsu depth of F(z), we define the
Okutsu discriminant of F(z) as the ideal m%(¥) where

Vi1 |\ n
So(F) = =l + vy = SN A 2.1
0( ) G(F) H T 1;7‘ €y...€_1 My ( )

The exponent do(F) of the Okutsu discriminant coincides, up to a certain normalization,
with the ordinate of the left end point of N,.(F).

LEMMA 2.2. With the above notation, denote w;:=wv;(ag;(F)), for 1<i<r, where
ap;(F) € Olz] is the 0th coefficient of the ¢;-development of F. Then:

(1) uy <wugfer <...<wuy/(eg...er—1)=00(F);

(2) 6o(F) <26(F)/n, and equality holds if and only if r =0, orr=1, e1f1 =2, p>e;.

Proof. Denote w; =n/m; = (e;fi) ... (erfr). The Newton polygon N;(F) is one-sided, with
end points (0, u;) and (w;,v;(F)) [6, Lemma 2.17]. Also, the leading term of the ¢;-adic
expansion of F is ¢;*. Thus, v;(F) = w;V; and

u; _uilF) +wild|  wi(Vi £ [Ail)

(0

_pteil®) (2.2)
€y...€;—1 €y ...€6;—1 €y...€;—1 m;

the last equality by Lemma 1.5(iii). By the properties (1.1) of the Okutsu frame, u; < us/e; <

c..<ur/(eg...er—1). Also, by Lemma 1.5(iv),
ur/(€g...er—1)=(n/my)v(¢r(0)) = Vig1/e(F) = do(F).

On the other hand, since e; f; > 1, for all 1 <i <, we have v, < p, = u(F). Thus, do(F) <
2u(F) <28(F)/n, by Proposition 1.3. Also, equality holds if and only if g, =v, and F
determines a tamely ramified extension of k (that is p = 0). The formulas for y,., v, in Section 1
lead to the conditions of item (2). O

The aim of this section is to prove the following result.

THEOREM 2.3. Let F(z), G(z) € Olz] be monic separable polynomials of degree n, such that
F = G (mod m”), for some positive exponent v.

(1) If F is irreducible and v > §o(F), then G is irreducible and G = F.

(2) If G is irreducible and v > 2§(F)/n, then F is irreducible and F ~ G.

COROLLARY 2.4. Let F(z), G(x) € O[z] be monic separable polynomials of degree n, such
that F'= G (mod m”), for v > 2§(F)/n. Then, F is irreducible if and only if G is irreducible.
If this is the case, then F' =~ G and the extensions of k determined by F' and G are isomorphic.

Proof. By Theorem 2.3 and Lemma 2.2, F is irreducible if and only if G is irreducible, and
then F'~ G. In this case,

v(Res(F, G)) =v(Res(F,G — F)) = nv > 26(F).
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In particular, for every root 8 € k5P of F', we have nv(G(0)) = v(Res(F, G)) > 26(F'). Thus, the
conditions of [17, Proposition 4.1] are satisfied, and [17, Lemma 4.3] shows that k(0) = k(6'),
for adequate choices of roots 0, 8’ € k5P of F', G, respectively. O

The first item of Theorem 2.3 follows immediately from Lemma 2.2. In fact, for 6 € k5P
a root of F, the assumptions of the first item imply that v(G(0)) > §o(F) = nv(¢-(6))/my,
and this is precisely the condition to be an Okutsu approximation to F' (cf. Lemma 1.6). As
mentioned in Definition 1.1, this implies that G is irreducible.

The second item is more subtle and its proof more involved. We need some previous results.

DEFINITION 2.5. Let t = (¢o; (1, A1, ¥1); -+ -5 (di—1, Ai—1, ¥i—1)) be atype of order i — 1 >
0, and let F(z) € O[z] be a monic polynomial. We say that F(x) is a polynomial of type t if it
satisfies the following conditions:

(i) Ro(F)=F =§°, for a certain positive exponent ap;

(ii) N;(F') is one-sided of slope A;, for all 1 < j <

(ili) R;(F) ~ @[J;j, for a certain positive exponent a;, for all 1 < j <.

If F is irreducible and tz is an OM representation of F', then F is of type t. The following
properties of the polynomials of a certain type are taken from [6, Lemma 2.4, Corollary 2.18].

LEMMA 2.6. Let t be a type of order i — 1 > 0, and let F(x) € Olx] be a monic polynomial
of positive degree. Then, the following conditions are equivalent:
(i) F is of type t;
(ii) deg F' =m; ord¢(F);
(iii) all irreducible factors of F' in Olx] are divisible by t.
In this case, we have N;(F) = N; (F).

7

LEMMA 2.7. Let t be as above and let F,G € O[z] be monic irreducible separable
polynomials, both divisible by t. Let £(F),¢(G), \(F), A(G) be the lengths and the slopes
of the Newton polygons N;(F'), N;(G), respectively. Then,

o(Res(F, G)) > fo ... fi1E(F)(G) (Vi +min{A(F)], [N(G)[}).

Proof. For all 0 < j <4, denote £;11(F) := £(Nj1(F')) = ordryunc, (v) (F) = ordy, R;(F), the
last equalities by Lemma 1.5(ii). Since R;(F') ~ @/}f”l(F) and deg R;(F) coincides with the
degree £;(F)/e; of the unique side of N;(F'), we have

éj(F) =€ deg RJ(F) = 6jfj£j+1(F) = (ejfj) “e (ei_lfi_l)f(F), 1 g] <1. (23)

We consider an analogous notation and equality for the polynomial G.
We now apply an inequality concerning the v-value of the resultant of two polynomials in
terms of their Newton polygons [6, Theorem 4.10]:

v(Res(F, G)) = Res;(F,G) + ...+ Res;(F, G)
= foo Fialg(F)YG(G) N+ fo- - fist l(F)(G) min{[A(F)], N(G)[}

1<<i
= fo. .. firrl(F)UG)(V; + min{|\(F)|, [MNG)]}),
the last equality by (2.3) and the explicit formula for V; in Section 1. O

LEMMA 2.8. Let t = (¢o; (1, A1, ¥1); -+ -5 (diz1, Ai—1,%i—1)) be a strongly optimal type of
order i — 1 >0, and ¢(z) € Olx] a representative of t. Let F(z) € O[x] be a monic polynomial
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FIGURE 1. Newton polygons N,;(Fs), N;(Fs), for 1 < j <i.

of type t and degree n > m;. Then,
UZ(F) "l‘gl)\minl < 26(F)
€y...€6;1 = n

where 0(F) := v(Disc(F')), £ is the length of the Newton polygon N;(F) with respect to the
pair (t, @), and Ayin is the slope of N;(F') for which |Amin| is minimal.

)

Proof. Let F'=F;...F,; be the factorization of F' into a product of monic irreducible
polynomials in Olz], with degrees n1, ..., n,, respectively. By Lemma 2.6, all factors F,(x)
are of type t, N;(F) = N (F), and N;(Fs) = N, (Fs).

For 1 <s<gand 1< j <1, we introduce the following notation (see Figure 1):

Ezg(Nz(F)), Zj,s ZE(N](FS)), gs = éi,s ZE(NZ(FS)),
u;,s := the ordinate of the left end point of N;(F);
s := the slope of N;(Fj).

We may have F,(z)=¢(x) for some factors. In this case, N;(Fs) is one-sided of slope
ps = —0o0 [6, §1.1], and u; s = 00, €5 = 1.

By Lemmas 1.5 and 2.6, we have n = m;¢ and n, = m;{s, for all 1 < s < g. By the theorem
of the product [6, Theorem 2.26],

Ni(F) = Ny(Fy) + . .. + Ni(F,), (2.4)

so that £ =01 + ...+, and [Amin| = mini<s<g{|ps|}. Now, we divide the factors Fy into two
categories, according to £5 > 1 or £5 = 1.

If £, > 1, then deg ¢ =m; < n,. Let 8, € k be a root of Fy and choose a representative ¢;
of t such that the value v(¢;(6s)) is maximal (cf. Proposition 1.8). Denote by N/ the Newton
polygon operator with respect to the pair (t, ¢;); let A; s be the slope of the one-sided polygon
N/ (Fs), and let 1; s be the irreducible factor of the corresponding residual polynomial R}(F}).
By [4, Theorem 3.9], the Okutsu depth of F; is greater than or equal to ¢, and the type

(o3 (D1, A1, Y1) o5 (Pim1s Nim1s Yim1)s (Gay Niss Yis)),

is the truncation of an OM representation (1.2) of Fs. On the other hand, [5, Theorem 3.1]
shows that the Newton polygons N;(Fy), N/(F}) have the same right end point, and |ps] < |Ai s]-
Thus, ;s is less than or equal to the ordinate of the left end point of N/(Fy), and Lemma 2.2
and (2.2) show that

nsui,s _ ’[’LSES(V; + |/’Ls|) > (gs)sz(‘/z + |Amin‘)
60...6i_1_ €y...€—_1 ~ €y...€—1 '
On the other hand, if ¢, = 1, the type t is Fs-complete (cf. Definition 1.1), deg Fs = m; and

the Okutsu depth of Fy is ¢ — 1. In this case, the ordinate u;  is not a canonical invariant of
Fy; for instance, we may have u; ; = 00, if F; = ¢. Nevertheless, if ¢ > 1, let us denote by u;_; s

26(F.) >

(2.5)
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the ordinate of the left end point of N;_1(F;); by the very definition of the MacLane valuation
v;, we have (,V; = v;(Fy) = e;_1ui—1,s, and Lemma 2.2 shows that
) . 2 .1/
26<FS) 2 NsUi—1,s _ nsgs‘/z _ (@s) mzvvz ) (26)
€yp...€;_2 €y...€1 €y...€1
If i = 1, we have V4 =0, so that (2.6) holds in this case too.
We are ready to prove the lemma. On one hand, since v;(F') = £V;, we have
n(vi(F) + £ Amin|) = nl(V; + [Amin|) = miEZ(Vi + [Amin])-
On the other hand, since fo ... fi—1 =m;/(eo ... €;—1) and
S(F)= Y 0(F)+2 Y v(Res(F, 1)),
1<s<g 1<s<t<g

by (2.5), (2.6) and Lemma 2.7, we obtain

20 ... e;_10(F) > miVi< IRAETEY eset>

1<s<g 1<s<t<g
+mi)\min|(2(£s)2+4 > ut),
sel 1<s<t<g

where I :={1<s<g|¥; >1}. Thus, in order to prove the lemma it is sufficient to check that

DU +4 D Ll =+ ..+ L)

s€l 1<s<t<g
It is an easy exercise to show that this is always the case, with the only exception g =1, 1 = 1.
But in this case, deg F' = m,;, which is against our assumption. O

LEMMA 2.9. Let t be a type of order i — 1 and ¢ a representative of t. Let F, G € Olz| be
two polynomials such that F'= G (mod m"), for some positive integer v. Let S be a side of
N; (F) of slope A and right end point (¢, u), such that u+ |\ <ep...e;—1v. Then, S is a
side of N (G) and Ry ;(F) = Ry ;(G).

Proof. Let F(z) =) ., as(z)p(z)*, G(x) = Y o<, bs(¥)d(x)®, be the canonical ¢-expansions
of F and @, respectively. For the elements a€ O, we have v;(a)=¢eg...e;—1v(a),
by Lemma 1.5; thus, v;(F —G)>ep...e;—1v, by the hypothesis. Since F(z)— G(z)=
> o<s(@s(x) = bs(x))p(x)® is the canonical ¢-expansion of F' — G, [6, Lemma 2.17] shows that

€y ... €1V < v (F — G) =min{v;((as — bs)$*) | 0 < s}.

Therefore, the two clouds of points {(s, v;(as¢®)) | 0 < s}, {(s, v;(bs®*®)) | 0 < s}, have the same
points with ordinate less than eq . .. e;_1v. Let L be the line of slope A containing .S. No point
of the cloud of F lies below the line L, and only the points of S lie on this line. The condition
u+ L\ <ep...e_1v implies that the cloud of points of G has the same properties. Thus, S
is also a side of N; (G).

Let A= —h/e, with h,e positive coprime integers. Let v;11 be the MacLane valuation
determined by t, ¢, A. By the definition of v;41 (cf. Section 1),

’UZ'+1(F — G) =ey...€e_1ev> e(u + f|)\|) = Ui+1(F) = ’UZ'+1(G).
Therefore, Ry ;(F) = Ry (G), by [6, Proposition 2.8]. O

Proof of Theorem 2.3. The first item of Theorem 2.3 was proved right after Corollary 2.4. Let
us prove the second item. Let r be the Okutsu depth of G(x). Let t¢ be an OM representation
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ey €1V -
Ui(F)+E‘)Lmin| 1
0 (F) - ‘
0 4

FIGURE 2. Newton polygon N;(F) in the context of the proof of Theorem 2.3.

of G(z) as in (1.2), and consider the strongly optimal type
t:=Trunc,(te) = (Yo; (1, A1, Y1) - - -5 (B, Ar, 1)),

admitting G as a representative. In order to prove the theorem, it is sufficient to show that
In fact, R.(F) = R,.(G) implies that t is F-complete too; thus, F' is a representative of t, and
F =~ G, by the definition of ~.

By hypothesis, F' = G = ¢;° (mod m), for a certain positive exponent ag. Let us prove (2.7)
by induction on i. We assume that it is true for all 1< j < i (thus, we make an empty
assumption if ¢ = 1). Since G is a polynomial of type t, our assumption implies that F' satisfies
the conditions of Lemma 2.8; thus,

0 (F) 4+ €| Amin| < 20(F) -
€y...€i—1 n

v, (2.8)

where ¢ = £(N;(F)) and Ay, is the largest slope of this polygon (|Amin| is minimal).

Let Smin be the side of N;(F') of slope Apin. By Lemma 2.9, Sy, is one of the sides of N;(G)
(see Figure 2). Since G is irreducible, N;(G) is one-sided, so that N;(G) = Smin. Thus, the left
end point of Sy,i, has abscissa zero, so that N;(F) = Spin = N;(G). Also, R;(F) = R;(G), again
by Lemma 2.9. O

REMARK 1. In [1], the reduced discriminant m® () of an arbitrary polynomial F(z) € O[]
is introduced, and it is shown that Corollary 2.4 holds with 20*(F’) in the place of 26(F')/n.
However, the reduced discriminant does not satisfy 0*(F) < d(F')/n, so that Theorem 2.3
cannot be deduced from this result.

For instance, suppose p is odd and consider F(z)=2* + arx? + br? € O[x], with ab(a® —
4b) ¢ m. This polynomial is irreducible; in fact, if we choose ¢ (z) = x as a lift of the irreducible
factor of F, the Newton polygon Ni(F) is one-sided of slope —1/2 and R_151(F)(y) =
y? +ay + b is irreducible in F[y]. One checks easily that

So(F)=2, §"(F)=3, &(F)=6.

By the first item of Theorem 2.3, any monic polynomial G(z) € Olz] of degree four such that
F =G (mod m?), is irreducible. If we do not know the irreducibility of F, Corollary 2.4 shows
that we can test its irreducibility by working modulo m*. However, according to the criterion
of the reduced discriminant, we should work modulo m” to test the irreducibility of F.
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3. OM factorizations of polynomials

In this section, we deal with the problem of finding ‘sufficiently good’ approximations to the
irreducible factors of a polynomial in O[z]. We first extend the notion of Okutsu equivalence
in Section 1 to non-irreducible polynomials.

DEFINITION 3.1. Let F, G € O[z] be monic separable polynomials, and let F'=F} ... Fy,
G =G ...Gy be their factorization into a product of monic irreducible polynomials in Ofz].
We say that F' and G are Okutsu equivalent, and we write F'~ G, if g = ¢’ and F, ~ G, for all
1< s < g, up to ordering.

An expression of the form, F = P, ... P,, with Py,..., P, € O[z] irreducible, is called an
Okutsu factorization of F.

Clearly, every F € Ox] admits a unique (up to =) Okutsu factorization. However, this
concept is too weak for our purposes. For instance, if all factors of F' are Okutsu equivalent
to P, then F ~ PY is an Okutsu factorization of F' which is unable to distinguish the true
irreducible factors of F.

DEFINITION 3.2. Let F=P;...P;, be an Okutsu factorization of a monic separable
polynomial F' € Olx]. For each 1 < s < g, let F be the irreducible factor of F which is Okutsu
equivalent to Ps, and let 65 € k°°P be a root of Fj.

We say that F'~ P, ... P, is an OM factorization of F' if

v(Ps(0s)) > v(Ps(0)), V1<s#t<yg. (3.1)

3.1. OM factorizations and OM representations

In this section, we study basic properties of the OM factorizations and we find a characterization
of condition (3.1) in terms of OM representations of the factors of F, which facilitates the
computation of these factorizations in practice.

We denote by ¢f, Ab, ¥, VE etc. the data at the ith level of a type t.

LEMMA 3.3. Let t, t' be two strongly optimal types over O. The following conditions are
equivalent:

(a) Rep(t) = Rep(t'), where Rep(t) denotes the set of representatives of the type t;

(b) there exist representatives ¢, ¢’ of t, t', respectively, such that ¢ =~ ¢';

(c) ord¢(F) =ordy (F), for all polynomials F' € Olz].
When these conditions are satisfied, we say that the types t and t’ are equivalent.

Proof. By Definition 1.7, (a) and (b) are equivalent. Suppose that t and t' admit a common
representative ¢. By [4, Theorem 3.9], [¢t, ..., ¢f] and [¢t', ..., ¢t)], are Okutsu frames of
¢; thus, r =7' and the two types have the same Okutsu invariants and MacLane valuations
V1y...,Up41 [4, Corollary 3.7]. Hence, the two types have the same Newton operators Ny.1,
and (c) follows from Lemma 1.5(ii). Finally, since the representatives of t are monic polynomials
¢ of minimal degree such that ord¢(¢) =1, (¢) trivially implies (a). O

If two strongly optimal types t, t’ of order r are equivalent, then Lemmas 1.5 and 1.6 show
that ¢t ~ ¢, for all 1 <i <r. Since ¢ is a representative of Trunc,_;(t), the truncations of t
and t’ of any order 0 <4 < r are equivalent too.

By [4, Theorems 3.5,3.9], the mapping, t — Rep(t), induces a 1-1 correspondence between
equivalence classes of strongly optimal types and equivalence classes of monic irreducible
separable polynomials in O[z], under Okutsu equivalence.

https://doi.org/10.1112/51461157013000089 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157013000089

150 J.-D. BAUCH, E. NART AND H. D. STAINSBY

Let F € Olz] be a monic irreducible separable polynomial, and let r be its Okutsu depth.
We recall that an OM representation of F is just an optimal type tz of order r + 1, satisfying
any of the following equivalent conditions:

— tp is F-complete; that is ordg,. (F) = 1;

~ tp|Fand F ol

By Lemma 3.3, if t  and t/z are OM representations of F, the types Trunc, (tr) and Trunc, (t%)
are equivalent.

DEFINITION 3.4. Let F, G € O[z] be monic irreducible separable polynomials of Okutsu
depth rp, rg, and let t 7, t be OM representations of F', G. Take ngF =1= ¢8G, by convention.
The index of coincidence of F and G is the maximal index 0 < j < min{rp + 1, rg + 1}, such
that qi);F ~ gi);G. We denote this index by i(F, G).

The following properties of i(F, G) are easy to check:

— i(F, G) does not depend on the chosen OM representations tr, tg;
— i(F, G) depends only on the classes of F' and G modulo =;

- F~Gifand only if i(F,G) =rp +1=rg + 1.

The next result is easily deduced from [6, Proposition 3.5,(5)].

PROPOSITION 3.5. Let F, G € O[x] be monic irreducible separable polynomials, and let
0 € k5P be aroot of F'. Let t be a type of orderi > 1 over O, such that t | F and Trunc;_;(t) | G.
Let M\(G) be the slope of (the one-sided polygon) N;(G).Then,

v(G(0))/deg G = (V; + min{|Ai[, [MG)[})/(mieo - - - €i-1),
and equality holds if and only if t{G.

LEMMA 3.6. Let F, G € O[x] be monic irreducible separable polynomials, and let 6 € k5P
be a root of F. Let t be a strongly optimal type of order i over O, such that t | F. Then, the
following conditions are equivalent:

(a) £ G;

(b) i(F, G) > i;

(c) v(G(8))/deg G > Vip1/(miy1eo - . . ;) =v(;(0))/m.

Proof. By [5, 6], the type t may be extended to an OM representation tgy of F. If t |G,
it may be extended to an OM representation tg of G too; thus, <;Sfil ~ qﬁgfl, because they
are both representatives of t. Thus, (a) implies (b). Conversely, let tg be an arbitrary OM
representation of G, and suppose (bff_l z(bff_l. This implies that qﬁfﬁl is a representative
of t; thus, the types t and Trunc;(tg) are equivalent. By the last item of Definition 1.1,
0 < ordg, (G) < ordrrune, (to) (G) = ordg(G). Therefore, (a) and (b) are equivalent.

Let us show that (a) and (c) are equivalent. If 1§ { G, then v(G(6)) =0 and t{G; thus (a)
and (c) are both false in this case. Suppose ¥§ | G, and let 1 < j < i+ 1 be maximal such that
Trunc;—1(t) | G. Let Aj+1 be the slope of N;1(F). The Newton polygon N, (G) with respect
to t has a positive length by Lemma 1.5; let A(G) € Q¢ be its slope. By Proposition 3.5,

v(G(0))/deg G = (V; + min{[N;], NG)[})/(mjeo - . - ej-1),

and equality holds if j < ¢, because Trunc;(t){ G. If t | G, then j =i+ 1, and v(G(0))/deg G >
Vi_,_l/(mi_i_leo .. 61'). If t'i'G, then j < i, and

W(GO) _ Vit Nl u(65(0) _ v(6:(6) _ Vi
deg G mjeq ... €51 m; Somy mii1€0 ... €
by Lemma 1.5 and the properties (1.1) of the Okutsu polynomials. O

https://doi.org/10.1112/51461157013000089 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157013000089

COMPLEXITY OF OM FACTORIZATIONS 151

LEMMA 3.7. Let P, Q € Olx] be monic irreducible separable polynomials such that P~ Q.
Let t = (¥o; (01, M, ¥1); - - -5 (dry Ay 1)) be a strongly optimal type admitting P as a
representative. Then, there exist unique data (Ag,¥q) (or (—oo, —), if P=@Q), such that
to = (Yo; (@1, A1, ¥1); -+ 5 (@, Ar, ¥r); (P, Ag, ¥q)), is an OM representation of Q).

Proof. Since @ is also a representative of t, we have ord¢(Q) = 1, and the Newton polygon
N, 1(Q) with respect to t and P has length one by Lemma 1.5. Let A\g € Z U {—oc} be the
slope of this polygon. If A\g # —oo (that is P # Q), the residual polynomial Ry, ,4+1(Q) has
degree one; let 1o be the monic polynomial obtained by dividing this polynomial by its leading
coefficient. By construction, tq | Q. By the last item of Definition 1.1, ordg,, (Q) < ordg(Q) = 1;
thus, orde, (Q) =1, so that tg is an OM representation of Q. Also, once we choose P as a
representative of t, the condition tg | Q uniquely determines these data (Ag, ¥q). O

The computation of an Okutsu factorization F'~ P, ... P, of a monic separable polynomial F’
is equivalent to the computation of a family tg,...,tr, of OM representations of the
irreducible factors of F'. In fact, from the Okutsu factors P, ..., P, and strongly optimal
types ti,...,ty such that each t, admits Ps as a representative, we may construct the OM
representations of Fi, ..., Fy, as shown in Lemma 3.7. Conversely, from the family tg,, ..., tx,
we may take P, := ¢23FfH ~ F,, as Okutsu factors, where 75 is the Okutsu depth of Fj.

We now describe the property of being an OM factorization in terms of the family

tp,...,tp, of OM representations.
PROPOSITION 3.8. Let F' € Olz] be a monic separable polynomial and Fy, . .., Fy € O[z] its
monic irreducible factors, with Okutsu depth ry, ..., 1y, respectively. Let tp,, ..., tr, be OM

representations of the factors, and let P, := gb:F 31 Let I be the set of ordered pairs (s,t) of
indices such that i(Fs, Fy) = rs + 1, and for each (s, t) € I, let \s ; be the slope of Ny._y1 ¢, (F}).
Then, the Okutsu factorization F'~ Py ... P, is an OM factorization if and only if

‘)\s,s‘ > |)\s,t|, V(S, t) S I, S 7& t. (32)

Proof. Denote t; := Trunc, (tF,), and choose a root 85 € k%P of Fj, for each 1 < s < g. Let
(s,t) be an ordered pair of indices, 1 < s,t < g. Suppose i(Fs, Fy) =75 + 1. Then, Lemma 3.6
shows that t | Fy, and

v(Pe(00) = (Vs + [sl) fe(F),

by Lemma 1.5. Suppose now i:=i(Fs, F}) <rs. Since i(Ps, Fy) =i(Fs, Fy) =14, Lemma 3.6
shows that Trunc,(tg,){ Ps. By Proposition 3.5,

My Vi min{[AFL A e Vit A
~

v(Ps(0:)) =
( s( t)) m; ey...ei_1 m; €p...€_1
ts ts ts
My Vz‘+1 Vrs+1
= ~
ity c e S e(R)’

the last inequality by the explicit formulas of V; in Section 1. Hence, the condition (3.1) is

equivalent to (3.2). O
DEFINITION 3.9. Let F € O[z] be a monic separable polynomial and Fi, ..., F, € O[z] the
monic irreducible factors of F'. We say that a family tr,, ..., tr, of OM representations of the

factors faithfully represents F if any of the two following equivalent conditions is satisfied:
(a) tp 1 F, VI<s#t<g;
(b) ordg, (F)=1,V1<s<g.
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By construction, ordg, (Fy)=1; hence, the conditions (a) and (b) are equivalent because
OI'thS (F) = Zlgtgg OI‘thS (Ft)

COROLLARY 3.10. With the notation in Proposition 3.8, if F~P;... P, is an OM
factorization, then the family tg,, ..., tr, faithfully represents F'.

Proof. If tg, | F, then F} is a polynomial of type tp, (Lemma 2.6) and this implies A\s ; = As s
(Definition 2.5). O

Finally, we show that any family of OM representations that faithfully represents a
polynomial F', leads immediately to an OM factorization of F.

LEMMA 3.11. Let F € O[z] be a monic separable polynomial and tp,, ..., tp, a family of
OM representations of the irreducible factors of F', that faithfully represents F'. Then, if we take
arbitrary representatives Q1, . . . , Q)4 of these types, we get an OM factorization, F' =~ Q1 ... Qg,
of F.

Proof. We keep the notation from Proposition 3.8. Consider an index 1< s < g. All data
ej, fj, hj, V; we are going to use correspond to the type tp,. Since ords, (Fs) =1, the Newton
polygon N, ., . (Fs) has length one and slope —hs € Z<o U {—0oc}. By [6, Theorem 3.1],

0(Qs(0s5)) = (Ve w2 + hs)/e(Fs) = (Ve g1 + [ Ass| + hs) /e(Fy),

the last equality by the recurrence V,._ 12 =€, 11 fr.+1(€r,+1Vr, 41 + hp,41), in Section 1, having
in mind that e, .41 = fr,41 =1 and h, 41 = |As 5|
For all ¢t # s, we have tg, t Fy. If t5 | Fy, then Proposition 3.5 shows that

v(Qs(6)) = (Vi1 + min{[As o[, [Ase[})/e(Fs) < v(Qs(6s)).

If t,1F;, then i:=i(Fs, Fy) =i(Qs, Ft) <rs, and Trunc;(tr,)tQs, by Lemma 3.6. Thus,
v(Qs(0:)) < Viy1/e(Fs) <v(Qs(0s)), as in the proof of Proposition 3.8. O

Let us see an example. Take a, b € O such that v(ab) =0 and consider
F1=m+7r—|—7r2—|—7r4a, F2=x+7r—|—ﬂ'3+7r4b, F=FF5.
The Okutsu factorizations, F ~ 2% ~ z(z + ), are not OM factorizations of F', because they
both lead to tg, = (y; (z, -1,y + 1)) | F.
The Okutsu factorization F ~ (z + 7)? leads to a family of OM representations that faithfully

represents I, because these Okutsu factors are sufficiently close to the true factors to distinguish
them:

tp,=(y;(@+m, =2, y+1){F, tp=(y(@+m -3, y+1))1F.

Let us choose as representatives of the above types tr,, tm,, the polynomials Q; =x+
7+7% Qy=x+ 7+ . By Lemma 3.11, F =~ Q1Q5 is an OM factorization. The new OM
representations of Fy, F, determined by @1, Q5 are:

tFl = (y, (x +m+ 7T27 747 Y +a))a th = (y7 (I‘ +m+ 7-(-33 747 Yy +5))

The Montes algorithm computes a family tp,...,tr, of OM representations faithfully
representing F', and derives from it an OM factorization F ~ P, ... P,, as indicated in

Lemma 3.11 (cf. Section 4). This is the starting point for the fast computation of an
approximate factorization of F with a prescribed precision, by means of the single-factor
algorithm [9].
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3.2. Polynomials having the same OM factorizations

The aim of this section is to prove Theorem 3.13, where we find the least precision v such that
two polynomials congruent modulo m” have the same OM factorizations. To this end, we need
a result similar in spirit to Lemma 2.8.

LEMMA 3.12. Let t be a strongly optimal type of order i —1>0, and ¢ € Olz] a
representative of t. Let F' € O[z] be a monic polynomial such that {(N; (F)) > 1, and denote
0(F) :=v(Disc(F)). Let Smax be the first side (from left to right) of N, (F') and let Ayax be
its slope. Let u > u' be the ordinates of the end points of Spax. If €(Smax) = 1, let Shext be the
second side of N; (F') and let Ayext, be its slope. Then,

5(F) > u, if £(Smax) > 1,
T W+ [Mnextl,  if £(Smax) = 1.

Proof. Let F'=F;...F, be the factorization of F into a product of monic irreducible
polynomials in O[x]. For all 1 < j <14, 1< s < g, denote:

tj,1 = Truncj,l(t);
ljs = L(N; (Fy)) = ordg; , (F}), the abscissa of the right end point of N, (F});
u;,s == the ordinate of the left end point of N, (F).

By [6, Lemma 2.17], the right end point of N (F}) is (¢;,s, v;(F5)). If t;_1 | Fs, then Lemma 2.6
shows that deg Fy = m;{; ;. In particular, v;(Fs) = ¢; ;V; and u; s = £; s(V; + |Aj s]), where \;
is the slope of Nj*(FS). If t;_11Fs, then ¢; s =0 and u; s = v;(Fy).

By the theorem of the product (2.4), u=wu;1+ ...+ u; 4, and there exists an irreducible
factor Fy, such that N, (Fj,) is one-sided of slope Amax. Since Fy, is a polynomial of type t,

Lemma 2.6 shows that deg F,) =m;{; s, for all 1 < j <.
CrAM. For all s # sg, we have v(Res(Fs, Fs,)) = t; .

In fact, suppose first that t{Fs. Let 0 <j <4 be the first level such that t;{F,. For all
j <k <i, the Newton polygon N, (F,) is the single point (0, vy(Fs)). By the definition
of the MacLane valuations, u; s =v;(Fs) =e€;—1...¢€;410j41(Fs). If j=0, then v(F;)=0
and we deduce that w;s=0. If 0<j<i, then t;_1|F,, and v,;11(Fs)=r¢;(v;(Fs)+
4, min{|A; 4|, |A;|}), by the definition of v; ;. Hence,
Uis = ei—1 ... el (Vi +min{[Aj 5], [Aj]}) Seimrooeilys (Vi + [N

)

).
On the other hand, Lemma 2.7 applied to the type t;_; shows that
v(Res(Fs, Fs,)) = fo . - fi=1ljsljs0 (Vi + min{|Aj}S|, | Amax|})

Vi+ sl Vi + Ajisl
= mjej»séjﬁo#e;jl = deg(Fso)fj,sﬁ
Vi + |\
> mifj,sji‘j’s Zein el (Vi | Ajsl) = uis.
€0...€-1

If t | F§, we have directly u; s = £; s(Vi + |A\i s|) < v(Res(Fs, Fs,)), by Lemma 2.7 applied to
the type t. This ends the proof of the claim.

From now on, we denote p; ; := v(Res(Fj, F})). We are ready to deduce the lemma from the

claim and the equality
S(F)= > 6(F)+ Y. per

1<s<g 1<s,t<g
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Suppose first that there is at least one Fy, # Fy,, such that t | Fy, and \; 5, = Anax. In this
case, the claim shows by symmetry that ps, s, > u; s,; hence,

5(F) > 2psl,so + Z Ps,so Z Z Uj,s = U.

S$7£80,51 1<s<g

Suppose now that for all Fy # F,, such that t|F,, we have \; s 7# Amax. In this case,
li 5o = 0(Smax) and u ="+ ¥; )| Amax|- If €; s, > 1, we have deg Fi, = m;{; 5, > 2m;, so that
the Okutsu depth of Fj, is greater than or equal to i. Lemma 2.2 shows that 26(Fy,)/deg Fs, >
Ui se/ (€0 - .. €i—1), and we deduce that 0(Fs,) = mu; s, /(€0 - .. €i—1) = u; s,- Hence,

5(F) = 6(F50) + Z Ps,s0 = Z Uj,s = U.
s#S0 1<s<g
Finally, suppose that ¢; s, = £(Smax) = 1. In this case, ord¢(Fs,) =¥ 50 =1, vi(Fs,) = li,s, Vi =
Vi, and u; s, = Vi + [Amax|- Since £(N; (F')) > 1, this polygon has at least a second side Spext
of slope Anext. Let I be the set of all indices 1 <t < g such that N, (F}) has slope Apexs. By
the claim, for all ¢t € I, we have

20150 2 2Uip =L 1 (Vi 4 |Anexs|) + it = 0i(Fsy) + | Anext| + iz,

so that
5(F) 2 2 Z pt,so + Z ps,so 2 Ui(FSO) + |)\next| + Z ui,s

tel sEIU{so} s#so

= [Anext| + (Z u) — [Amax| = [Anext | + - O

S

REMARK 2. In Lemma 3.12, if ¢ divides F', then we understand that Sy,.x is a side of slope
Amax = —00, and u = oo [6, § 1.1]. The statement of the lemma and all arguments in the proof
remain valid in this case.

It is easy to construct examples showing that the inequalities of Lemma 3.12 are sharp.
For instance, F(x) =22+ 7" has u=6 =v (if v(2) =0); while F(x) = (v + 7*)(z + ) has
w =|Apext| =1 and § =2, if v > 1.

THEOREM 3.13. Let F,G € O[z] be monic separable polynomials, and denote §(F):=
v(Disc(F)). If F =G (mod m®¥)*1) then F ~ G and any OM factorization F ~ P, ... P, of
F is also an OM factorization G~ Py ... P, of G.

Proof. Let F1, ..., F, be the monic irreducible factors of F', ordered so that F ~ P, for all
1< s<g. Our aim is to attach to every Py an irreducible factor G4 of G, such that G4 ~ P
and either (3.1) or (3.2) are satisfied for the pair Ps, G.

Let us fix an index 1 < s < g. Let r be the Okutsu depth of P, and let

tFS = (’(/)Oa ((bla )\17 ¢1)7 ey (¢T7 )‘7‘7 ’(/}7‘)7 (PS7 )‘FS7 Q/JFS))a

be the OM representation of Fs determined by P, satisfying tp, 1 F} for all ¢ # s. We admit
exact OM representations in which A\p, = —0o and ¢, is not defined.

Consider the strongly optimal type t:= Trunc,(tp,). Since Fs &~ P;, the polynomial Fy is
a representative of t too; thus, ord¢(Fs)=1. The proof of the theorem requires different
arguments according to ord¢(F) =1 or ord¢(F) > 1.
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S(F)+1 |
M/"r |}\next|

!
u' A

v; (F) 1

0 1 12 0 12

FIGURE 3. Newton polygon N; (F') in the context of Lemma 3.12.

Case ordg (F) = 1. Since 1 =ord¢(F) =>_, ., orde(F}), we have ordg(F;) =0, for all ¢t #s.
By Definition 1.7, F; % Fs =~ Py, for all t # s.

For monic polynomials P, Q € O[z] of Okutsu depth zero we have P~ @Q if and only if
P=Q. Thus, if r=0, then P,=F, =1y is coprime to Fj, for all t# s. By hypothesis,
G =F =F)...F, thus, by Hensel’s lemma, G has a unique irreducible factor (say) G, such
that G, =1 is coprime to G/G,. Hence, P, ~ Gy, v(Ps(65)) >0 and v(Ps()) =0, for any
choice of roots 0, 6 € k%P of G5 and G/Gj, respectively. Thus, (3.1) is satisfied for the pair
Py, G.

If >0, we may consider t,_;:=Trunc,_1(t). By the last item of Definition 1.1,
ordg, ,(F) > ordy,_,(Fs) = e fr orde(Fs) > 1. Since t| Fs, the polygon N (Fs) is one-sided
of slope A, and it has length ord, ,(Fs) > 1, by Lemma 1.5. By (2.4), N7 (F') has a side S of
slope A, and length £(S) > 1, where £(S) is the length of the projection of S to the horizontal
axis.

We now apply Lemma 3.12 to the pair t,_1, F. If £(Spax) =1, then S # Spax, because
£(S) > 1. In any case, Lemma 3.12 shows that 0(F) + 1 is greater than the ordinate of the
point of the vertical axis lying on the line determined by S. By Lemma 2.9, the Newton
polygon N (G) has a side of slope A, and R,(G) = R,(F); thus, ord¢(G) :=ordy, R,(G)=
ordy, R.(F) =:ord¢(F) = 1. Hence, there is a unique irreducible factor (say) Gs of G, such
that ordy(Gs) =1, and ord(Gop) = 0, for any other irreducible factor Gy of G. By Lemma 2.6,
deg G5 =my_ 11 ordg(Gg) = m,_41; thus, G is a representative of t, and G, ~ P;,. Finally, the
set I in Proposition 3.8 contains only the pair (s, s), so that (3.2) is trivially satisfied.

Case ordg (F') > 1. Since Fy ~ Ps is a representative of t, we have ord¢(Fs) =1, so that
Ny41(Fs) has length one and slope As s, in the notation from Proposition 3.8. Since F' =
Py ... Py is an OM factorization, (3.2) holds; this implies that N, (F') indeed has a side Spax
of slope Amax = As s and end points (0, w) and (1, «’), by the theorem of the product (2.4).
We now apply Lemma 3.12 to the pair t, F'. Arguing as before, N, ,(G) coincides with
N, 1(F), except for, eventually, the ordinate u of the point of abscissa zero (see Figure 3). Thus,
N, 1(G) also has a first side Spax(G) of length one and slope A, s(G), with [Ag s(G)| > [As ],
for all ¢ such that t | F;. The equality of the Newton polygons (up to the first side) and the
theorem of the product, show that all irreducible factors Gy # G of G, which are divisible by
t, have N,41(Go) one-sided of slope A, ; for some ¢ # s. Hence, (3.2) is satisfied for P, G as
well. O

https://doi.org/10.1112/51461157013000089 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157013000089

156 J.-D. BAUCH, E. NART AND H. D. STAINSBY

Ly L

FIGURE 4. The A-component of a polygon; Ly is the line of slope A having first contact with the
polygon from below.

4. The OM factorization algorithm

Let us go back to the global setting of the introduction. Let A be a Dedekind domain whose
field of fractions K is a global field. Let L/K be a finite separable extension and B the
integral closure of A in L. Let § € L be a primitive element of L/K, with minimal polynomial
F(z) € Alz].

Let p be a non-zero prime ideal of A, v := v, the canonical p-adic valuation, K, the completion
of K at p, and O, the valuation ring of K,. We denote by F = A/p the residue field of p. We fix
a local generator 7 of p; that is, an element m € A, whose image in the local ring A, generates
the maximal ideal. If A is a principal domain, we assume moreover that p = wA.

We review in this section the factorization algorithm developed by Montes in his 1999 PhD
thesis, inspired by the ideas of Ore and MacLane. It was first published in [5], based on the
theoretical background developed in [6]. A short review may be found in the survey [12] as
well.

The algorithm is based on four routines: Factorization, Newton, ResidualPolynomial and
Representative. Let us briefly review them.

Routine Factorization(F, ¢)

INPUT:
— A finite field F.
— A monic polynomial ¢(y) € Fly].

OUTPUT:
— The factorization of ¢(y) into a product of irreducible polynomials of Fl[y].

Routine Newton(t, w, g)

INPUT:

— A type t over A, of order i — 1 > 0, and a representative ¢ € A[z] of t.
— A non-negative integer w.

— A non-zero polynomial g(z) € K|[z].

Compute the first w + 1 coefficients ag(z), . . . , aw(x) of the canonical ¢-expansion of g(z) and
the Newton polygon N of the set of points (s, v;(as¢®)), for 0 < s < w.

OUTPUT:
— N = N; (g), the principal ith order Newton polygon of g with respect to the pair (t, ¢).

DEFINITION 4.1. Let A € Q¢ and let N be a Newton polygon. We define the A\-component
of N to be S\(N):={(z,y) € N|y— Az is minimal}. If N has a side S of slope A, then
SA(N) = S; otherwise, Sx(N) is a vertex of N (see Figure 4).
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Routine ResidualPolynomial(t, A, g)
INPUT:
— A type t over A, of order i — 1 >0, and a representative ¢ € A[z] of t.
— A slope A= —h/e € Q«q, with h, e positive coprime integers.
— A non-zero polynomial g(x) € K|[z].
Let g(z) =) o<, as()d(z)® be the canonical ¢-adic expansion of g(x). Let S be the A
component of N;(g), and let s be the abscissa of the left end point of S. Let d := d(S) be the
degree of S, so that sg + de is the right end point of S. The points of integer coordinates lying
on S have abscissa s; := 59 + je, 0 < j < d.

Compute, for each abscissa s;, the residual coefficient c; € IF; defined as

0, if (s, vi(as;¢°)) lies above S,
G {zfill(Sj)Ri_l(aSj)(z,-_l), if (57, vi(as,¢*)) lies on S,
where to(s;) =0, t;_1(s;) is described in [6, Definition 2.19] for ¢ > 1, and z;_1 € F; is the
image of y through the isomorphism F; ~F;_1[y]/(¥i—1(y))-
OUTPUT:

— The residual polynomial Ry ;(g)(y) :=co + c1y + . . . + cqy? € F;[y], with respect to the triple
(t, ¢, \).

The routine Construct carries out the procedure described in [6, Proposition 2.10]. It will
only be used to construct representatives of the types.

Routine Comstruct(t, A, ¢, V)

INPUT:

— A type t over A, of order ¢ — 1 > 0, and a representative ¢ € A[z] of t.
— A slope A= —h/e € Q«g, with h, e positive coprime integers.

— A polynomial ¢(y) € F;[y], of degree d.

— A positive integer V' > ed(eV; + h).

Let (s, u) be minimal non-negative integers such that V' = ue + sh. Our aim is to construct a
polynomial g(z) € A[x], whose ith order Newton polygon with respect to (t, ¢) is contained in
the segment of slope A, degree d and left end point (s, u) (see Figure 5), and having moreover
a prescribed residual polynomial.

Let o(y) = ao + a1y + . . . + aqy® € F;[y]. If i = 1, the coefficients a; € F1 = F[y]/(¢0(y)) can
be expressed as polynomials in zy of degree less than fj, with coefficients in F. If we denote by
a;(x) their arbitrary liftings to A[z], we take

9(@) = o(2)* (ap(2)m" + a1 (2)m" " P(2)° + . .. + ag(z)m" =" ¢(a) ™).
If ¢ > 1, the polynomial we are looking for is
g(x) = ¢(x)* (9o(x) + g1(2)d(2) + . .. + ga(x)$(2) ),
where g;(z) € A[z] are the output of Construct (Trunc;_1(t), Ai—1, ¢;, w;), for adequate
polynomials ¢;(y) € F;_1[y] with deg ¢; < fi—1, and integers w; > V;.
OUTPUT:
— A polynomial g(z) € Afz] such that v, (g) =V and 3" %Ry ;(9)(y) = ¢(y).

Routine Representative(t)

INPUT:
— A type t over A, of order i > 1.
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s—iv—de

FIGURE 5. Routine Construct.

Express 1;(y) =y + o(y) € F;[y], for some polynomial (y) of degree less than f;. Let g(x) be
the output of Construct (t,\;,cp,V;11), for an adequate constant ¢ € F; [6, Theorem 2.11].

OUTPUT:
— A representative of t, constructed as: ¢(x) = ¢;(z)%F + g(x).

We now describe the Montes algorithm in pseudocode. Our design is slightly different from
the original one. The output OM representations are optimal and complete types of order r + 1,
as described in (1.2), where r is the Okutsu depth of the corresponding p-adic irreducible factor.
In the original version, types of order r + 2 were used in some occasions (cf. [4, Theorem 4.2]).
The changes we introduce do not affect the complexity. The order of a type t is the largest
level 4 for which all three fundamental invariants (¢;, A;, ¥;) are assigned.

THE MONTES ALGORITHM

INPUT:
— A monic separable polynomial F(z) € Alz].
— A non-zero prime ideal p of A.

1 Initialize an empty list OMReps.

2 Factorization(F,F).

3 FOR each monic irreducible factor ¢ of ' DO

4 Take a monic lift, ¢(x) € A[z], of ¢ and create a type t of order zero with
YE—o, wte—ord, F, ¢ o.

5 Initialize an empty list Leaves, and the list Types =[t].
WHILE #Types >0 DO

6 Extract (and delete) the last type to from Types. Let ¢ — 1 be its order.
7 Newton (tg ,wito ,F). Let N be the Newton polygon.
8 FOR every side S of N DO
9 Set )\f" «— slope of S. IF )\11_:0 = —o0, THEN add t := (to; (qb;:o, —00,—)) to Leaves
and continue to the next side S.
10 ResidualPolynomial (tg, /\EO LB
11 Factorization(F;, R;(F)).
12 FOR every monic irreducible factor ¢ of R;(F) DO
13 Set t < to, and extend t to an order i type by setting 1 « 1.
14 IF wfo =1, THEN add t to Leaves and go to 6.
15 Set wf, < ordy R;(F), and call Representative(t) to fill ¢}, ;.
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FI1GURE 6. Connected tree of OM representations of the irreducible factors of F' whose reduction
modulo p is a power of 1. The leaves are represented by A.

16 IF deg ¢f,, = deg ¢* THEN set ¢f «— ¢t |, w! —w? |, and delete all data in
the (i 4+ 1)th level of t.
17 Add t to Types.
END WHILE
18 Add all elements of Leaves to the list OMReps.
OUTPUT:
— An OM factorization of F' over O,[x], and the corresponding family tr,, ..., tr, of OM

representations of the irreducible factors of F'. The Okutsu factors are the ¢-polynomials at
the last level of these types.

When the WHILE loop (corresponding to some irreducible factor ¢ of F) ends, the list
Leaves contains a tree of F-complete optimal types in 1-1 correspondence with all irreducible
factors of F(x) over Op[x], which are congruent to a power of ¢ modulo p. The nodes of this
tree (except for the root node) are labelled with a triple of fundamental invariants (¢;, A;, ¥;).
Each leaf of the tree determines the type obtained by gathering the invariants of all nodes in
the unique path joining the leaf to the root node. See Figure 6.

Step 16 takes care of the optimization. The list Types stores only strongly optimal types.
If the enlarged type t of order i of step 13 still has this property, then it is added to Types.
Otherwise, we send the (i — 1)th order type to to Types again, but equipped with a different
(and better) representative; this is called a refinement step [5, §3.2].

When the algorithm ends, the list 0MReps contains a forest (disjoint union of trees) of optimal
F-complete types. Nevertheless, the list OMReps is only a sequence of the leaves of all these
trees, and the tree structure is not preserved.

The Montes algorithm as an irreducibility test

For any level 4, the existence of two sides of different slope in N, (F'), or two coprime factors of
R;(F) in F;[y], implies that F(z) is not irreducible [6, Theorems 3.1,3.7]. On the other hand, if
no factorization has been detected in lower levels, the Newton polygon N;” (F) is one-sided and
the corresponding residual polynomial R;(F) is irreducible in F;[y], then F(z) is irreducible
(6, Corollary 3.8].

Therefore, we can use the following version of the Montes algorithm as an irreducibility test
for polynomials over O,[z].
IRREDUCIBILITY TEST
INPUT:

— A monic separable polynomial F(z) € Alz].

— A non-zero prime ideal p of A.

1 Factorization(F,F). IF there are at least two irreducible factors THEN return false.

2 Consider a monic lift, ¢(z) € A[z], of the unique irreducible factor ¢ of F' and create a
type t of order zero with:  ¢§ — ¢, wt—ord, F, ¢} ¢.

3 Initialize the list Types=[t].
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WHILE #Types > 0 DO
Extract (and delete) the last type to from Types. Let ¢ — 1 be its order.
N=Newton (tg ,wfo ,EF). IF N has at least two sides THEN return false.
Set )\fo «— slope of the unique side of N. IF X;O = —oo, THEN return true.
ResidualPolynomial (tg, /\20 LF).
Factorization(FF;, R;(F')). IF there are at least two irreducible factors THEN return
false, ELSE let ¢ be the unique irreducible factor of R;(F).

9 Set t < to, and extend t to an order i type by setting 1 « 1.

10 IF ordy R;(F') =1, THEN return true.

11 Set wf,; < ordy R;(F), and call Representative(t) to fill ¢t ;.

12 IF deg ¢}, = deg ¢! THEN ¢} — ¢t |, w} —wf ;, and delete the (i + 1)th level of t.

13 Add t to Types.

END WHILE
OUTPUT:
— true if F(z) is irreducible over O,[z] and false otherwise.

o N O Ok

5. Complexity analysis of the Montes algorithm

All tasks we are interested in may be performed modulo p”, for a sufficiently high precision v.
Thus, we may assume that the elements of A are finite m-adic developments. In particular, the
computation of the p-adic valuation v = v, has a negligible cost.

DEFINITION 5.1. An operation of A is called p-small if it involves two elements belonging
to a fixed system of representatives of A/p.

Working at precision v, each multiplication in A costs O(v17¢) p-small operations if we
assume the fast multiplications techniques of Schonhage—Strassen [19].

Let q:=#F. We assume that a p-small operation is equivalent to O(log(q)'™¢) word
operations, the cost of an operation in the residue field F = A/p. This is the case in most
of the Dedekind rings that naturally arise in practice.

5.1. Complexity of the basic subroutines

LEMMA 5.2 [3, Corollary 14.30]. Let F be a finite field with qr elements, and g(x) €
Flz] a polynomial of degree d. The cost of the routine Factorization(F, g) is O(d**€ +
d'*<log(qr)) operations in F.

The following observation is easy to prove by an inductive argument.

LEMMA 5.3. Let myq, ..., m; be positive integers such that my | ...|m; and m; <...<m,.
Then, my + ...+ m; < 2m;.

LEMMA 5.4 [18, Lemma 18]. Let t be a strongly optimal type of order i —1>1. Let
a(x) € O[z] be a polynomial with deg a < m;. The computation of the multiadic expansion
of a(x),

a(z)= > ai(@)da(2) ... pioa(z),  degaz <ma, (5.1)

J=1,di-1)

where 0 < j < exfx, for all 1 < k < i, has a cost of O((m;)'T¢) operations in A.
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Actually, in [18] it was proved an estimation of O(m?) operations in A, assuming ordinary
arithmetic. If we assume fast multiplication, the cost of the computation of the ¢;_1-expansion
of a(x) may be estimated in O((m;)'*€) operations in A [3, Theorem 9.15]. By using this
estimation, the proof of [18, Lemma 18] leads to Lemma 5.4.

LEMMA 5.5. Let t be a strongly optimal type of order i — 1 > 0, with representative ¢(x).
Let w be a positive integer and g(x) € A[x] a polynomial of degree d > wm,. Then, the cost of
the routine Newton(t,w,g) is O(wd'*) operations in A.

Proof. The computation of the first w + 1 coefficients of the ¢-development of g(x) requires
w + 1 divisions with remainder

g=0¢-q1+ay, q=¢-@+a, ... , Q=0 Qi1+ a,.

The number of operations in A that are necessary to carry out each one of these divisions is
O(d**+€) [3, Theorem 9.6]. Thus, we want to see that this cost dominates the whole routine.
The next step is the computation of v;(ay), for 0 < k < w. Denote by a(x) = ax(x) any of these
w + 1 coefficients, and consider the multiadic development (5.1) of a(z). By [8, Lemma 4.2],
vi(a(z)) = (.min, ){vi(aj) +j1vi(é1) + - -+ Jic1vi(di-1) - (5.2)
J=015--00i—1
By [6, Proposition 2.15], we may use closed formulas for the values v;(¢;) in terms of the
Okutsu invariants, and since deg aj < my, [6, Proposition 2.7] shows that

vi(aj) =eo ... e;—1 min{vy(c) | ¢ coefficient of a;(z)}.

Thus, the cost of computing v;(ay) is dominated by the cost of the computation of the multiadic
development of a;. By Lemma 5.4, the total cost of this step is (w + 1)O((m;)' ™) operations
in A. This cost is clearly dominated by the cost of the first divisions with remainder.

Finally, the computation of the Newton polygon has a cost of O(w?) multiplications of
integers. If we work at precision v, (5.2) shows that eq . ..e;—1v is an upper bound of v;(ag);
hence, each multiplication of integers of this size requires O(log(m;v)!*¢) word operations.
Since w < d/my;, this complexity is also dominated by that of the first divisions with remainder,
which is O(w(dv log(q))**¢) word operations. O

LEMMA 5.6. Let t be a strongly optimal type of order ¢ —1 >0, with representative
(), and take A€ Q<o, ¢g(x)€ Alz]. Let S be the A-component of N;(g), and
let d=4d(S) be the degree of S. Then, the cost of ResidualPolynomial(t,\,g) is
O(d(fo - . fi—1)(m;) T log(q)) p-small operations.

Proof. Let e be the least positive denominator of A. Let sy be the abscissa of the left end point
of S, and take s; := s + je, for 0 < j < d. We assume that in a previous call to the routine
Newton, we computed (and stored) the coefficients a,; of the ¢-adic expansion of g(z), and
their (¢1, ..., ¢;—1)-multiadic expansion. Also, along this computation it is easy to store the
necessary data to compute the exponents t;_1(s;) at zero cost [6, Definition 2.19)].

Thus, the computation of the coefficients co, . . . , ¢q € F; of the residual polynomial Ry ;(g),
requires two tasks:

(a) compute R;_1(as,)(y) € F;_1[y], for each 0 < j < d;

(b) compute ¢; := szf(sj)Ri,l(asj)(zi,l) € F;, for each 0 < j < d.

Denote by C;(d) the cost of the computation of Ry ;(g), measured by the number of p-small
operations. Since deg as; <m;= ei—1fi—1m;_1, the Newton polygon Ni,l(asj) has length less
than e;_1 f;_1; hence, the \;_1-component of this polygon has degree less than f;_;. Therefore,
the cost of task (a) is dominated by C;_1(fi—1)-
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The computation of zfi‘ll(sj) requires O(log(#F;)) multiplications in F;. Since #F; =
gfofi=1 the cost is O((fo . .. fi_1)**“log(q)) p-small operations.

Since deg R;_1(as;) < fi—1, the cost of the computation of R;_1(as;)(z;—1) by Horner’s rule
is O(f;—1) multiplications in F;; thus, it is dominated by the computation of a power of z;_1.
Altogether, we get

Ci(d) < (d+1)(Ciza(fiz1) + (fo - - - fim1)*T log(q)).

From this recurrence, it is easy to derive

Ci(d) = (d+1)O(fo - .. fimrlog(q) (fo™ + (fof)" + ...+ (fo. .. fim)'F)).

Finally, we may use Lemma 5.3 to estimate

(}+6 + ...+ (fo . fi_l)lJrE < (mo)lJrE + ...+ (mi)lJrE = O(mzl-i_s) O

LEMMA 5.7. Let t be a strongly optimal type of order i — 1 > 0, with representative ¢(x).
Let A= —h/e, where h,e are positive coprime integers. Let o(y) € F;[y] be a polynomial of
degree d, and V > ed(eV; + h) a positive integer. Then, the cost of Construct (t,\,p,V) is
O((fo - - - fi—1d)*>T€V1T€) p-small operations.

Proof. The output polynomial is constructed as

9(x) = ¢(2)*(g0(x) + g1(2)p(2)" + ... + ga(x)$(2)™),

where 0 < s < e, and the polynomials g;(x) € A[z] may be taken as the output of an adequate
call to Construct at level ¢ — 1. In particular, deg g; <m;, for all j.

We must compute the polynomials ¢(z)%, ¢(x)¢, go(x), ..., ga(x), and finally compute
g(z) by Horner’s rule. This latter task requires d + 1 multiplications of polynomials. In each
multiplication, the two factors have degree (bounded by)

(my, emy), (e + 1)mg, emy), ((2e + 1)mg, emy), ..., ((d+ e+ 1)m;, em;),

respectively. The multiplication of two polynomials of degrees m’ < m requires O(m!'Tc)
operations in A. Thus, if we denote m;11 := edm;, the number of operations in A required
for the final evaluation of g(x) is of the order of

(emi)l'“(lpre 4ot 4+ d1+€) = O((emi)1+€d2+6) = O(d(miH)He).

This estimation clearly dominates the cost of the computation of ¢(z)* and ¢(x)¢. Thus, we
analyze only the cost of the computation of go(z), . . ., ga(x).

Denote by C;(d) the total cost of Construct, measured by the number of operations in A.
We have seen that C;(d) = d(Ci_1(fi_1) + O((m;1)'7)). By using Lemma 5.3, this recurrence
leads to

Cl(d> = O(d (mi+1)1+e +d fifl(mi)l-"_s +...4+dfio1... fo(m0>1+€)
O(d fi,1 e fo((mi+1)1+€ + (mi)l‘“ +...+ (m0)1+6))
=0(d fi—1 ... fo (mis1)'T). (5.3)

Finally, we may work with precision v := |V/(eq . .. e;—1€) | + 1, without changing the desired

properties of g(z):

vit1(9) =V, Yy "Ry (9)(y) = oY),

where v; 41 is the valuation determined by t, ¢ and A. In fact, suppose G(x) = g(z) + h(x),
for a polynomial h(z) e A[z], all of whose coefficients ¢ satisfy vy(c) >V/(eg ... ei—1€).
Then, vi+1(c) = (e - . . ei—1€)vp(c) >V, by Lemma 1.5, so that v;41(h) > v;41(g), and v;41(G)
=v;+1(g). Also, we get R ;(G)(y) = Rx,:(g9)(y) by [6, Proposition 2.8].

~—
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Therefore, the total cost of Construct, measured in number of p-small operations, is obtained
by multiplying the estimation of (5.3) by v1*e. O

COROLLARY 5.8. Let t' = (’(ﬁo, (¢1, )\17 'l/)l), ey (d)i*la )\ifl, d)ifl); (¢, )\, w)) be an optima]
type of order i > 1, where A = —h/e for some positive coprime integers h, e, and y # ¥ (y) €
Fi[y] is a monic irreducible polynomial of degree f. Let V :=ef(eV; + h). The cost of the
computation of a representative ¢’ of t' is O((fo ... fi_1f)*TV1T¢) p-small operations.

Proof. The polynomial ¢'(z) is constructed as ¢(z)¢f + g(x), where g(z) is the output of the
routine Construct(t,\,¥(y) —y/,V). The computation of ¢¢/ by repeated squarings costs
O((efm;)'*¢) operations in A; this cost is dominated by the estimation (5.3) of the cost of the
computation of g(z). Thus, the corollary is an immediate consequence of Lemma 5.7. O

5.2. Complexity of the polynomial irreducibility test

The aim of this section is to prove a new estimation for the complexity of the polynomial
irreducibility test based on the Montes algorithm. In comparison with previous estimations [2,
18], the total degree in n and 0 is reduced from 4 + € to 2 + €.

THEOREM 5.9. The cost of the irreducibility test over Oy[x], applied to a monic separable
polynomial F € A[z] of degree n, is O(n*T¢ 4+ n'T¢(1 + §) log(q) + 6**€) p-small operations,
where § := v,(Disc(F)).

COROLLARY 5.10. If we assume p small (that is, log(q) = O(1)), we obtain an estimation of
O(n?*€ + §%+¢) word operations.

Before proving this theorem, we discuss some features of the flow of the algorithm. The
irreducibility test provides as a by-product an optimal type t of order r, represented by a tree
with unibranch nodes and a unique leaf.

A, 1 A 1s Wy
WO (¢1 1 1//1) ......... (¢ - 1 1 1/’ 1) (¢r,)»r, I//,) -t
(@9, 2y, )

If ord¢ (F') = 1, then F' was recognized to be irreducible. Otherwise, after several refinement
steps, a representative ¢,;1 of t was eventually found, such that N, 1(F) had more than one
side, or R,1(F") had more than one irreducible factor; then, F' was recognized to be reducible.
In this latter case, all irreducible factors of F are of type t (Definition 2.5), and they have
degree a multiple of m,41, by Lemma 2.6. In particular, n = fm,1, for some integer f > 2.

We may choose a monic irreducible polynomial ¢ € F,y1[y] of degree f and use Re-
presentative to construct a representative ¢ € A[x] of the type of order r + 1:

t' = (o; (61, A1, ¥1); - o5 (Dry Ay Ur); (Drg1, —1,00)).

The polynomial ¢ is irreducible over O, and it has degree m,2 = fm,11 = n. The irreducibility
test applied to ¢ performs the same steps at all levels ¢ < r, the same refinement steps at level
r+1 to find @41, and it will compute N,41(¢) and R,;1(¢), to deduce the irreducibility of
¢ from the property R,11(¢) ~ 1. We shall see below that the cost of reaching ¢,1 depends
only on n and ¢,11. By Lemmas 5.5, 5.6, the cost of the computation of N,11(¢), R,+1(¢) is
not lower than the cost of the computation of N,11(F), R,+1(F'), respectively. Hence we have
the following remark.

REMARK 3. For the estimation of the complexity of the irreducibility test, we may assume
that the input polynomial is irreducible.
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For the estimation of the complexity we need to estimate the cost of advancing from the
(¢ — 1)th node of the tree to the ith node. This step may require several iterations of the WHILE
loop, because of the refinement steps at the ith level. Thus, the crucial questions are the
evaluation of the cost of each iteration at the ith level and to find an upper bound for
the number of these iterations.

LEMMA 5.11. The width of F at the ith level, [|\;|], is an upper bound for the number of
iterations of the WHILE loop at the ith level, that are necessary to reach the right values

of (¢i, Aiy i)
Proof. The first WHILE loop at the ith level picks the type of order i — 1 > 0,
t = (Yo; (01, A1, ¥1); - -5 (i1, i1, Yi-1)),

and a representative ¢ of degree m; (a first candidate to be the polynomial ¢;), from the list
Types. Then, it computes the slope A = —h/e, with h, e positive coprime integers, of the one-
sided Newton polygon N;(F') with respect to (t, ¢), and the unique irreducible factor ¢ € F;[y]
of the residual polynomial R ;(F). Finally, it constructs a representative ¢’ of the type

t' = (Vo5 (¢1, A, 1) - -5 (Pim1, Xim1, ic1); (0, A, ).
Let f=deg, V =ef(eV; + h). By [6, Theorems 2.11, 3.1], deg ¢’ = efm;, and

v(@(0)) = (Vi + [AD/(eo - - - eim1) <v(¢'(0)) = (V + [N])/(eo - - - i),

where 6 is a root of F in Ky, v is the canonical extension of v, to Ky, and )\ is the slope of
the Newton polygon N;11(F'), computed with respect to (t', ¢').

The loop is a refinement step if and only if deg ¢/ = m;, or equivalently, e = f = 1. In this
case, ¢’ is also a representative of t, and we proceed to a new iteration of the WHILE loop
at the ith level, with the pair (t, ¢’) as starting data. Otherwise, [5, Theorem 3.1] shows that
v(¢(0)) is maximal among all other representatives of t; thus, it may be taken as an Okutsu
polynomial of the ith level. We take ¢; := ¢, A\; := A, ¥; := ¢ and we proceed to a new iteration
of the WHILE loop at the (i 4+ 1)th level with the pair (t, ¢’) as starting data.

Therefore, the number of iterations of the WHILE loop at the ith level is bounded from
above by the number of values of v(¢(f)), where ¢ runs on all possible representatives of t.
This number of values is [|\;|] by Proposition 1.8. O

Proof of Theorem 5.9. By Remark 3 we may assume that the input polynomial F' is irreducible
over Op[z]. Let r be the Okutsu depth of F and tr, = (¢o; (¢1, A1, ¥1); . . -5 (dr, Ar, ¥r)) the
strongly optimal type of order r computed along the flow of the algorithm.

We shall frequently use an estimation that is an immediate consequence of formula (2.1) and
the inequality do(F') < 26/n of Lemma 2.2:

3 _ N, (5.4)

€y...€;—1 MM,
1<i<r 0 1—1 i

The initial steps compute the pair (t, ¢), where t = (1) is the type of order zero determined
by the unique irreducible factor of F modulo p and ¢ is a monic lift to A[z] of 1. The
cost of these operations is dominated by the factorization of F' modulo p, which costs
O(n?*¢ + nl*€log(q)) p-small operations.

Each iteration of the WHILE loop calls each subroutine Newton, ResidualPolynomial,
Factorization and Representative only once. Let R be one of these subroutines; by
Lemma 5.11, the total cost of the calls to R of all iterations of the WHILE loop is not greater
than

Z |Ail Cr,i, (5.5)

1<i<r
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where Cy; is an upper bound of the cost of any call to R along the different iterations of the
WHILE loop at the ith level. We proceed to estimate Cy; and (5.5), for each subroutine. We
keep the notation introduced in the proof of Lemma 5.11 for the data t, ¢, A, ¥, e, f, h, ¢,
V', t/, used in any of these iterations.

R=Newton. By Lemma 5.5, the cost of one call to Newton depends only on n =deg F' and
w:=L(N;(F)) =n/deg ¢. Since deg ¢ =m; =e;_1fi_1m;—1 does not depend on the choice
of ¢, the cost is constant for all the iterations at the ith level. By Lemma 5.5, this cost is
O((n/m;)n'*e) operations in A.

By Theorem 2.3, we may work at any precision v > 2§/n, so that we may take

Ch.i = O((n/my)n'T<(6/n)*+¢) = O((n/m;)6*+°)
p-small operations. By (5.4), we obtain
A 2
Z |Xi] Cri =g§ite Z [A: n <ot Z # nt_ 0(52—1-5).
1<i<r 1<i<r m 52,0 eim1 My

R=ResidualPolynomial. By Lemma 5.6, the cost of one call to ResidualPolynomial depends
only on fy, ..., fi—1 and the degree of the side d(N;(F)) =w/e =n/(m;e). Thus, the cost is
constant for all refinement steps (e = 1) and eventually lower in the last iteration of WHILE
(ef >1). By Lemma 5.6, we may take

Cri = O((n/mi)(fo - fimr)m; " 1og(q)) = O((n/eq . . . ei—1)n'*log(q)) (5.6)
p-small operations. By (5.4), we obtain
g
3 I Cos <t logle) 30— — 01+ log(g)s).
- . €y ...€6;—1
1<i<r 1<i<r

R=Factorization. The cost of one call to Factorization depends only on deg R ,(F') =
d(N;(F)) =w/e=n/(mje), and it is O((n/m;)** + (n/m;)**<(fo ... fi—1) log(q)) operations
in F;, by Lemma 5.2. We may estimate
Cri = O((n/mi)***(fo ... fim1)'™ + (n/mi) 7 (fo . .. fi1)*™ log(q))
= O(n2+6/(m1‘(60 e 67;_1)1+6) + (77,/60 e ei_l)lJrefo ‘e fi—l log(q))

p-small operations. Both summands of this expression are dominated by the estimation of (5.6).
Thus, the total cost of Factorization is dominated by the total cost of ResidualPolynomial.

R=Representative. The cost of one call to Representative is O((fo ... fi_1f)?TV1Te) p-
small operations, by Corollary 5.8. Along the refinement steps, we have f=1, V=V, + h;
since the value of h = |A| grows at each iteration, the cost is dominated by the cost of the last
iteration, where f = f;, V =V;11 =¢; fi(e;V; + h;). Thus, we may take

Cri=O((fo .. fim1 i) (Vig1)'™)

p-small operations. We have, Vii1/(eg...¢€;)<Viy1/(eo...e) <20/n, by the recurrent
formulas for V; (Section 1), and Lemma 2.2. Hence, fo ... f;Vit1 < 20. By (5.4), we obtain

| i

. 1+e . - 1+e f.
D Nl Cri <205 37 il fo- o fi= 20 0 i
1<ir 1<i<r 1<i<r
1+e€ |)\2| 77,2 2+¢€
<20 Y S — — =0(5*"). O

€y...€—_1 My
1<i<r 0 i—1 i
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5.3. Complexity of the general factorization algorithm

Let F,...,F, € Oylz] be the monic irreducible factors of the input polynomial F € Alx].
Denote ns = deg Fy, ds = §(Fs), and let r5 be the Okutsu depth of Fy, for all 1 < s<g.

The output of the Montes algorithm is a forest 7 =7; U...U 7, a disjoint union of k
connected trees, one for each irreducible factor of F. Let R C 7 be the set of the k root nodes
of T, each one labelled by an irreducible factor 1)y of F (see Figure 6). If we agree that the
root nodes have level zero, the level of a node n €7 \ R is, by definition, the level of its
unique previous node plus one. These nodes are labelled by a triple of fundamental invariants,

n= (¢n7 )\1’17 1Z)n)

Notation. For each n € T of level i, we denote:
t, := the type of order ¢ obtained by gathering the fundamental invariants of all nodes in
the unique path joining n with its root node;

F, := the product of all irreducible factors of F' which are divisible by ty;

B := the set of nodes of level i + 1 whose previous node is n. We say that the nodes of By,
are branches of n.

Let £ C 7T be the set of all leaves of 7. These leaves are in 1-1 correspondence with the g
irreducible factors of F' over O,. Suppose that n is the leaf attached to Fi. The level of n is
rs + 1, and we denote by ts :=t, the corresponding type of order r; 4+ 1. By construction, t,
is an OM representation of F, and the family of the ¢, 1 polynomials of t1, ..., t, is an OM
factorization of F' over O,. In particular, F,, = Fy, by Corollary 3.10.

The root nodes are determined by the factorization of F over F[y]. Hence, their computation
has a cost of O(n?*€ + n!*<log(q)) p-small operations. Let

Rout:={Newton7 ResidualPolynomial, Factorization, Representative},

be the family of the four fundamental subroutines of the Montes algorithm. For each routine
R € Rout and each node m € 7 \ £, let Bg m be an upper bound of the cost, measured by the
number of p-small operations, of any call to R along the different iterations of the WHILE loop
that are necessary to compute all nodes of By,. Then, the total cost of the Montes algorithm is

0(n2+f+n1+ﬁlog(q)+ >y Bmm). (5.7)

RERout mET\E

Our first task is to find estimations for these upper bounds Bg m.

LEMMA 5.12. For allm € 7 \ L, we have Fyn =[[,,cp,_ Fn-

Proof. For an arbitrary node n € 7, let £,, C L be the set of leaves that are connected to n.
By definition, F}, is the product of all irreducible factors of F' attached to the leaves in £,,. On
the other hand, Ly, is clearly the disjoint union of all Ly, for n € B,,. O

LEMMA 5.13. Let m€ 7 \ L be a node of level i — 12> 0. Let e;, f;, hj, 0< j <1, be the
Okutsu invariants of the type ty,, and take m; :=e;_1f;_1m;_1. Denote

deg F, Res(Fy, F
B = Z |An‘ i + Z Up(f ( f t))a
nEBm\L neBune V0l

where, for each n € By, N L, F; # Fy, is an adequate choice of an irreducible factor of F such
that ty, | Fy. Then, for R=Newton or Representative, we have B ym = O(n'*te§1*<B), whereas
for R=ResidualPolynomial or Factorization, we have By m = O(n'™fo ... fi_1 log(q)B).

(2
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Proof. Denote for simplicity t = ty,, B = Bm. Since m is not a leaf, the type t is strongly
optimal. Along the construction of the node m, the algorithm computes an initial representative
¢ of t (of degree m;) and the positive integer w :=ordy(F'). By the definition of Fy,, and
Lemmas 2.6, 5.12,

w=ord¢(F) = ordg(Fim) = deg Fyn/my; = (Z deg Fn> /my;. (5.8)
neps

Suppose R = Newton. In the first iteration of the WHILE loop concerning m, the routine
Newton(t,w,F) is called to compute the polygon N;.,(F) determined by the first w41
coefficients of the ¢-expansion of F. By Lemma 5.5, this has a cost of O(wn'*€) operations in
A. By Theorem 3.13, we may work with precision é + 1, so that the computation requires
O(wn'te§1T¢) p-small operations. By (5.8), this cost may be distributed into a cost of
O((deg Fy/m;)n'+€5t+€) p-small operations for each node n € B.

The WHILE loop yields a factorization, Fy, = H,\,w F4, where A runs on all slopes of
N; ,(F) and, for each A, the polynomial ) runs on the monic irreducible factors of Ry ;(F').
For each ‘branch’ (), ¢), a representative ¢y o of the type ty y := (t; (¢, A, ¢)) is computed, and
the positive integer wy 4 := ordy, ,(F) is determined. The polynomial F) 4 is, by definition,
the product of all irreducible factors of F' that are divisible by ty . The factorization of Fi,
determines in turn a partition, B=1]] A By, where B, contains all nodes n € B such that
tay | Fn. If ey is the least positive denominator of A and f,, = deg 1, we have

deg dxy =exfymi, w= Z exfpwip- (5.9)
A

In order to analyze these branches, there are four different situations to consider.

(a) When X\ = —oo. Then, B, = {n} has a single node, which is a leaf of 7. The irreducible
factor attached to this leaf is Fy = ¢, and we take n = (¢, —o0, —).

(b) When w = 1. There is only one branch (X, ¢), with ey = fy, =wx y = 1. The set By 4 = {n}
has a single node, which is a leaf of 7, and we take n = (¢, A, ¥).

(c) When e,fy > 1. Then, n:= (¢, A\, ) € B is already a node of level ¢ of 7 \ £. In other
words, By = {n} already singles out a node of B, which is not a leaf of 7.

(d) When w > 1, eyf, =1. We fall in a refinement step; the slope X is a negative integer
(ex =1), and 7 has degree f,, =1. We consider ¢y, as a new representative of t, and wy o as
the new future length of the Newton polygons of ith order to analyze.

In case (d), we take (t, ¢x.y, wr,y) as the input data of a future call of the WHILE loop,
yielding a further factorization of F) , and a further partition of B) 4. This loop will follow
the same pattern as above, with a minor difference. In the first iteration, N; ., (F') = N; (F)
is the principal Newton polygon of F' with respect to (t, ¢); however, after a refinement step,
Niw, , (F) is only the part of N; (F) (now with respect to (t, ¢, y)) formed by the sides of
slope greater than |A| in absolute size [5, §3]. In any case, the cost of the new call to Newton
is again O(wy »n'T¢61T¢) p-small operations, and it may be distributed again into a cost of
O((deg Fn/m;)n*T¢517¢) p-small operations for each node n € By, ;.

Therefore, the total cost of the computation of B is obtained by counting a cost of
O((deg Fy/m;)ntte§*<), for each n € B and for each iteration of the WHILE loop where
this node was concerned (that is n € B) ). Let us find upper bounds for these numbers of
iterations. The discussion is different for n being a leaf or not. Note that if n is a leaf then
deg Fn/ml =1.

Suppose that n = (¢n, An, ¥n) € B is not a leaf. Let Fs be one of the irreducible factors of Fy,
and O, € k5P a root of Fy. Along the different iterations of the WHILE loop where this node
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is concerned, we consider different representatives ¢ of the type t such that v(¢(6s)) increases
strictly (cf. the proof of Lemma 5.11). By Proposition 1.8, the total number of iterations before
we reach the node n is bounded from above by [|An]].

Suppose now n € BN L, and let F; be the irreducible factor attached to this leaf. We may
assume that there are at least two iterations of the WHILE loop concerning n. Let (t, ¢, w)
be the input data of the penultimate of these iterations. Since we do not fall in case (b),
we necessarily have w > 1. Let (A, %) be the branch such that ne By 4. If #B) 4 >1, we
take Fy to be an irreducible factor of F) 4 such that F} # F. If By = {n}, then F) y = Fy,
and the formula (5.8) shows that wy g =deg F) y/m; =1. By (5.9), there is some branch
(N, ") # (A 1), because w>1 and ey = fy, = 1; in this case we take F; to be one of the
irreducible factors of F)/ /. Lemma 2.7 shows in any case that

v(Res(Fy, Fy))/(fo - - - fim1) 2 L(F)U(F)(V; + min{[A], [N'[}) > min{[A], [},

where ¢(Fy), ¢(F}) are the lengths of N;(Fj), N;(F}), respectively. In all previous iterations
of WHILE, the branch concerning n was a refinement step, and the absolute size of the
corresponding slope was an integer that grows strictly in each iteration; thus, the total number
of iterations concerning n is bounded from above by 1+ |u|, for every slope p of the Newton
polygon of the penultimate iteration.

Therefore, all estimations of the lemma about the contributions of the different nodes n € B
to the total cost of Newton are correct. This ends the proof of the lemma in the case R =Newton.

Assume now R# Newton. In every iteration of the WHILE loop, with input data (t, ¢, w),
we compute the residual polynomials Ry ;(F'), for A running on all slopes of N; ,,(F'). Then
we factorize these polynomials over F;, and for each monic irreducible factor ¢ of R ;(F'), we
compute a representative of the type ty y.

Let ¢(X), d(X) be the length and degree of the side of slope A\. Lemma 5.6 shows that the cost
of the computation of Ry ;(F) is O(d(N)(fo . .. fi—1)(m;)'T¢ log(q)) p-small operations. Since
w is the length of IV; ,,(F'), we have

w=Y L) =D exd(N) =) d(N).
A A A

Therefore, the total cost of all calls to ResidualPolynomial during this iteration is bounded
from above by O(w(fo ... fi—1)(m;)'T<log(q)). As in the case R=Newton, this cost is the
product of a constant part, (fo ... fi_1)(m;)'T¢log(q), times a variable part, w. As before,
we can distribute w into a cost of deg F},/m;, for every node of B, and the same arguments
lead to an analogous estimation for Bg y, for R=ResidualPolynomial, just by changing the
constant part.

Assume now R=Factorization. By Lemma 5.17, the cost of the factorization of R ;(F')
over F; is O(d(N)2T<(fo ... fic1) e+ dN)e(fo ... fi—1)?T¢log(q)) p-small operations. Since
d(\) Kw =deg Fy/m; <n/m; <n/(fo...fi—1), this cost is O(d(N\)n**<fy... fi_11log(q)).
Thus, the cost of all calls to Factorization during this iteration is O(wn!*<fy ... fi_1 log(q)).
We obtain the estimation of By m by the same arguments as in the previous cases.

Finally, let R=Representative. Let V) y := (e)? f4(V; + |A]). By Lemma 5.8, the cost of the
computation of a representative of ty y is O((fo ... fi—1fy)*T(Vap) ™) p-small operations.
Along all refinement steps, we have fy =1 and V) 4 =V; + |A|, where |A] is a positive integer
that grows strictly at each iteration; thus, the higher cost occurs at the last iteration.

Instead of distributing the cost into the nodes of By, we now attach the whole cost to
every node n € B 4, so that our estimation is sharp only when #8 , = 1. Let us estimate the
accumulated cost of every node n € B.

Suppose n € B\ L. Eventually, after some refinement steps, in the last iteration, fy = f; n,
Vo = Vig1n, are Okutsu data of the type tn. Let Fy be any irreducible factor of Fy,. As in
the proof of Theorem 5.9, fo ... fi—1finVit1,n < 26(Fs) < 2. Since there are at most [|An]]
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iterations (Proposition 1.8), the accumulated cost of the computation of n is bounded from
above by

[Aal1(fo - fictfin)® T (Vigin) T = O(|Anlns ' +°).

Finally, let n € BN L. In the last iteration there is no call to Representative. Let (t, ¢, w)
be the input data of the penultimate iteration, and let (A, 1) be the branch concerning n. Let
u be the ordinate of the left end point of the side of slope A of N; ,,(F). Since u # 0 and we
work with precision § + 1, we necessarily have u < deg . .. e;—1. Now, V; + |A] is the ordinate
of the left end point of N( n); by the theorem of the product, V; +|A| <u<deg...e_1.
As we saw in the proof of the case R=Newton, the total number of all-but-last iterations is
bounded from above by v(Res(Fn, F}))/(fo ... fi—1); thus, the accumulated cost of all calls to
Representative along the computation of n is

O((fo- - - fi=1) (Vi + D v(Res(Fu, F))) = O((mi) 6" “v(Res(Fu, F)))-

This ends the proof of the lemma. o

THEOREM 5.14. The cost of the Montes algorithm over O,, applied to a monic separable
polynomial F € A[z] of degree n is O(n?*¢ + n'*¢(1 + §) log(q) + n'T<6%+€) p-small operations,
where 6 := v, (Disc(F)).

Proof. Let N':=T \ (RU L) be the set of nodes that are neither a root nor a leaf of 7. Let
us denote the Okutsu invariants of ts at level ¢ <75 by A s, €55, fi s, Mi s, etc. Also, we denote
pst :=v(Res(Fy, F})), forall 1 <s#t<g.

We shall use the estimation (5.4), and two obvious identities:

> Aa \degF > Z‘)‘zs| 37 (s + pss) = 0(6). (5.10)

neN 1<s<g i=1 1<s<g

By (5.7), we need only to estimate .7 » Brm, for each subroutine R € Rout.
R=Newton or Representative. By Lemma 5.13, (5.4) and (5.10),

Z Bam < n1+551+e<z A ‘degF Z ). t)

meT\L neN nel

Ns
+ Ps,t
. m; s
1<i<rs ’

n1+661+€( Z ( Z |)\i,s|

1<s<yg
n1+651+60< Z 0s + Pat) =O(n'Te5?te).
1<s<g

R=ResidualPolynomial or Factorization. The argument is analogous:

> Bum <n'"“log(g) (ZIA o fia SB L Zm)

meT\L neN nel
€ fO,s e fifl,sns
—attoglo)( 3 (8 o)
1<5<g M<i<rs Mi,s
= n'*“log(q ( Y Gt t) = O(n'*6 log(q))- 0
1<s<yg

COROLLARY 5.15. The complexity of the Montes algorithm is O(n?*¢ + nlt¢§2+¢) word
operations, if p is small.
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5.4. Approximate factorization of polynomials over local fields

Theorem 5.14 leads to an improvement of the complexity estimates of all routines mentioned in
the introduction. In this section, we discuss the new estimation obtained for the factorization
of polynomials over local fields, up to a prescribed precision.

Let F' € A[z] be a monic separable polynomial of degree n, and denote ¢ := v,(Disc(F)). Let
p be a non-zero prime ideal of A, and Fi, ..., F, € Opz] the irreducible factors of F over O,.
Suppose an OM factorization of F' over Oy[x] has been computed, in the form of a family
tp, ..., tg, of OM representations of the irreducible factors, that faithfully represents F', and
satisfies (3.2). Then, the single-factor lifting algorithm (SFL) derives from each tp, a monic
polynomial P, € Alz], irreducible over Oy, such that P~ Fs and Ps; = F,s (mod m”), for an
arbitrary prescribed precision v.

THEOREM 5.16. The SFL algorithm requires O(nn !¢ + né1*¢) p-small operations, where
ns :=deg Fy, 05 := §(Fy).

Proof. Let rs be the Okutsu depth of F. In the proof of [9, Lemma 6.5], an estimation of
O(nns(W'™e + (Vi 41/e(Fs))*+€)) p-small operations is obtained. In Lemma 2.2 we have seen
that the Okutsu discriminant o (Fy) := V,. 41/e(Fs) is bounded from above by 26s/ns. This
proves the theorem. O

By applying the SFL routine to each OM representation tp,,...,tr,, we get an OM
factorization, F'~ P, ... Py, such that P; = F, (mod m"), for all 1 <s<g.

THEOREM 5.17. A combined application of the Montes and SFL algorithms computes an
OM factorization of F' with prescribed precision v, at the cost of

O(n** 4+ n'*(1 + 6) log ¢ + n'T¢6°T¢ + n?1'¢)  p-small operations.

If p is small, we obtain a cost of O(n?*¢ + nlte§2+e + n2y1+€) word operations.

Proof. The estimation is obtained by adding to the cost of the Montes algorithm, given in
Theorem 5.14, the sum of the costs of SFL given in Theorem 5.16, for 1 < s < g, having in
mind that ny +...+ng=mn, 1 +...+d4 <I. O

In comparison with previous estimations, the total degree in n, 6 and v is reduced from 4 + ¢
to 3 +e

Acknowledgement. We are indebted to the anonymous referees for their suggestions, leading
to an improved version of Corollary 2.4.
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