J. Austral. Math. Soc. (Series A) 43 (1987), 220-223

ENUMERATING SUBGROUPS

R. J. COOK, JAMES WIEGOLD and A. G. WILLIAMSON

(Received 6 November 1985)

Communicated by H. Lausch

Abstract

It is proved that a finite soluble group of order n has at most (n — 1)/(q — 1) maximal subgroups,
where ¢ is the smallest prime divisor of n.
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1. Introduction

Much work has been done on estimating the number of groups of given order n
(see P. M. Neumann [2] and the articles cited there), but as far as we know the
only appearance in the literature of estimates for the number of subgroups of a
group of given order n are those of P. Hall [1] relating to p-groups. In this note
we shall derive estimates for the number of different maximal subgroups of a
finite soluble group of order n. In particular, there are at most (n=-1)/(¢g-1
different maximal subgroups, where g is the smallest prime divisor of n, and this
bound is attained only for elementary abelian g-groups. These results may be
applied in an obvious manner to give upper bounds for the total number of
subgroups of a soluble group of order n. We believe that our results hold for
insoluble groups as well, but there appears to be no easy way of verifying this.

As to lower bounds, it is elementary to show that every group of order n has at
least 1 + A(n) subgroups, where A(n) is the number of prime factors of n,
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counted with multiplicity. The only groups with so few subgroups are the cyclic
p-groups.

2. Maximal subgroups of soluble groups

Every finite soluble group G has a minimal normal subgroup of prime-power
order p’. By a result of Remak [3), the product L of all such subgroups of order
p” is a direct product of some of them:

L=N, XN, X - XN,.

PROPOSITION 2.1. The number of maximal subgroups of G not containing N, is at
most |0,(G)!.

PROOF. Here, as usual, O,(G) denotes the maximal normal p-subgroup of G.
We proceed by induction on s, where |0,(G)| = p°. The proof divides naturally
into the twocases k =1, k > 1.

When k = 1, we use the well-known result that all maximal subgroups 7 not
containing N, are conjugate. There are |G: N (T')| < |G: T| = p” of them, and
this establishes the result in this case. In particular, it is true if s = 1. Notice that
equality is attained only if T is self-normalizing, so that the inequality is strict
when G is nilpotent.

Suppose now that s > 1, that k > 1, and that the proposition holds for smaller
values of s. We shall show that every maximal subgroup T not containing N,
contains a normal elementary abelian subgroup of order p’, and this will enable
us to set up an inductive procedure establishing the result.

Write H = (N; X N,) N T. Then H is normal in G since N; X N, is abelian,
and since G = N;T = (N; X N,)Tand N, N T = 1, we have

|N1T|=|N1 X Nzl |T|/|H|,

so that |H| = p’”. Thus T contains a normal elementary abelian subgroup of order
p’, as claimed. Let { M;: 1 <i < b} be the set of normal subgroups of order p”
contained in N; X N,. To see how large b can be, we argue as follows. We have
that M, N M, = 1if i # j, since a normal subgroup of N, X N, of order greater
than p” must be the whole of N; X N,. Then |UM,| = b(p" — 1) + 1, while
UM, c N, X N,,andsob < p”+ 1.

To complete the proof of the proposition, we need some more terminology. We
may take M; = N,. For i # 1, let m, be the number of maximal subgroups of G
which contain M; but not N;. Note that s > r since k > 1. The arguments above
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show that the number of maximal subgroups of G not containing N, is at most

Y m, < (b - 1)max m, < p"max m,.

i1 i1 i+1
However, m; is the number of maximal subgroups in the factor-group G/M,
which do not contain (N, X M,)/M, = (N; X N,)/M,. Since (N, X M;)/M, is a
minimal normal subgroup of order p” in G/M,, and since O,(G/M;) has order
p* 7, the induction hypothesis implies that m; < p*~". Hence we may conclude
that the number of maximal subgroups of G not containing N; is at most
p'p’~ " = p°, as required.

It is well-known that the number of maximal subgroups of a d-generator
p-group is exactly (p¢ — 1)/(p — 1), and that this bound is achieved only for
elementary abelian groups (for which d = n). Thus the bound given in the next
result is sharp.

THEOREM 2.2. Let G be a finite soluble group of order n and q the smallest prime
factor of n. Then G has not more than (n— 1)/(q — 1) different maximal
subgroups. This bound is achieved if and only if G is elementary abelian.

PROOF. We proceed by induction on n. The result is true for groups of small
order, and furthermore we may assume that G is not of prime-power order. Let N
be a minimal normal subgroup, of order p” say, and write n = p°t, where
P* =10,(G)l

First suppose that g # p, so that p > ¢. By Proposition 2.1, the number
of maximal subgroups not containing N is at most p°. By induction, the
number that do contain N is at most (n/p" — 1)/(q — 1). The (strict) bound
(n — 1)/(q — 1) follows unless gp* — p* + n/p” > n. In fact this inequality can-
not happen. If it did, then, since gp°® divides n, it would be the case that gp° = n.
But then

' =p +n/p=n-p +g T =n-p(p-q)<n-1,
which is a contradiction.

Finally, suppose that p = q. We establish a chain of inequalities. Since G is not
a p-group, we have p**! < n, so that p* < n/p. Thus p*(p — 1) <n(p — 1)/p
and p(p — 1)+ n/p <n. A fortiori, p(p—1)+n/p"—1<n-—1, so that
pP+/p =D/(p-D<(n-1/(p-1).

The argument that completes the proof runs just as before.

The expression (n — 1)/(q — 1) is a nice general expression, but it is not a
particularly good bound when |G| is divisible by several primes. In this situation,
the following alternative provides a better estimate. It is achieved by metacyclic
groups of order 2 p.
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THEOREM 2.3. Let G be a finite soluble group of order n = T1%_, p%, where the p,

i=

are different primes. Then the number of different maximal subgroups of G is at most

k o+l koo -
L(E=E) - L S

1\ Pl i=1 j=1

The proof proceeds by induction on n and is so similar to our preceding
arguments that we feel justified in omitting it.
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