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THE DIRICHLET PROBLEM FOR DEGENERATE ELLIPTIC
2-DIMENSIONAL MONGE-AMPERE EQUATION

KAZUO AMANO

We study the following Dirichlet problem for the degenerate elliptic Monge-Ampére equa-
tion: Given f € C'* (ﬁ), f>0and g € C-"“”(ﬁ), find a solution u € C"(ﬁ), t> 2,

satisfying wiquzz — "-fz =fin 2 and v =g on 9. Since f is nonnegative, we cannot
apply any standard elliptic methods. In this paper, we use an iteration scheme of Nash-
Moser type and a priorj estimates for degenerate elliptic operators, and solve the Dirichlet
problem for a certain class of f and g.

1. INTRODUCTION

There are vast references on elliptic Monge-Ampeére equations (see [16]). However,
we find only a few papers concerned with degenerate elliptic Monge- Ampeére equations.
Bakelman [3] and Rauch-Taylor [14] studied existence and uniqueness of weak solutions.
Lin [10] proved C'* local solvability. Trudinger [15] and Chen [5] solved boundary value
problems in the function spaces ¢! and W2 respectively. Unfortunately, no one
has investigated the Dirichlet problem and its loss of derivatives in C?® classes. In this

paper we shall solve the following problem for a certain class of f and g.

ProOBLEM. Given f € C""(S_i), f=20and g ¢ C"+2(ﬁ), find a solution u €
(' () satisfying

(1.1) Uq1b22 —ufz =f m R, u=g on 9N

Here 2 is a bounded open set in R?* with '™ boundary, s, is a nonnegative
integer and ¢, is a function of s. satisfying t. — oo as s, — oo, u;; denotes the
derivative 0;0;u.

All the difficulties of the problem arise from the nonnegativity of f, In fact, since
f 2 0, standard elliptic methods (see [4], [7-9], [11-12]) do not work for higher deriva-
tive estimates. Furthermore, the following two examples (Examples 1.1 and 1.2) show
that we cannot always find a solution « of the problem for general f and g; this implies
that we should place some restriction on f and g.

In order to illustrate the difficulties of the problem, we consider a radially symmetric
case and seek exact solutions. If @ = B = {r : r < 1},f = f(r), ¢ = g(r) and
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w = u(r), where r = /T2 + «2 , then we can transform (1.1) into an ordinary differential

equation
(1.1y (uf)r.—_er in B, u=g¢g on 8B.

It is easy to solve (1.1)’. In fact, direct computation gives

u :/ [2/ tf(t)de] ?ds + g(1).
1 0
Hence, we have the following
EXAaMPLE 1.1: For f=7",v=1,2,...

B 2V2
S (v+ar+2

is a solution of (1.1)’. If v is even and v/2 is odd, then

w

(r¥+2 1) +9(1)

feC®(B) and u ¢ C’g'+2(—B—).
EXAMPLE 1.2: For f = I'r - %Iu, v=1,2,..., we have
v v ! M
~mmer 2(v + )r+ 1y -]+ g3 T o< < g,

1
(e 20 + Dr + 1} = 31" + o 3171]7 i3 <r <L

This implies
w€ C'(B) and w ¢ C*(B).

Examples 1.1 and 1.2 show that in the problem the function ¢, = ¢,(s.), which
tends to oo as s, — oo, does not always exist, that is the smoothness of f and g does
not always imply the smoothness of w. Seeing Examples 1.1 and 1.2, it might seem to
be impossible to solve the problem. However, we can solve the problem for a certain
class of f and g (Theorems 1.3, 1.4 and 1.5).

Throughout this paper, « is a fixed sufliciently small positive number and s, is

an integer satisfying
(1.2) 5y > 14 + 4k

((1.2) is necessary for the convergence of our iteration scheme (see Section 2})). f €
C'** () is a nonnegative function and g € C***+24(Q),0 < d < 1.

We set S = {z € Q: f(z) = 0}. We use two kinds of norms [l = ””ck(ﬁ) and
-l = W-llwe(qy- Unless otherwise specified, we use the same notation as in [6]. We

shall prove the following
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THEOREM 1.3. Assume that S is an isolated point in Q and g,, > 0 on S for
some vector v. If |det(g;;) — fl,, is sufficiently small, then there is a unique solution

w e ClF —2-24 () of the Dirichlet problem (1.1).

THEOREM 1.4. Assume that S is a compact line segment in  and g, > 0 for
a tangent vector 7 on S. If |det(g:;) — f|,, is sufficiently small, then there exists a

unique solution w € C!'F~2=2"(Q) of the Dirichlet problem (1.1).

THEOREM 1.5. Assume that S is a compact C* submanifold of Q such that
Q\ S is connected and assume that there is a vector v satisfying g,, > 0 on S. If
|det(g:5) — fl,, and |D“g|0 are sufficiently small, then there exists a unique solution

w € CUF=2-2%§ of the Dirichlet problem (1.1).

In each theorem the assumption concerned with S leads us to a priori estimates
and the assumption on f and ¢ ensures the existence of approximating solutions (see
Section 2). The strange number %= — 2 — 25 comes from our technicalities; the author
is wondering whether or not Cl#=2-2%] is a suitable class.

In Section 2 we prove a theorem of Nash-Moser type on the assumption that there
exists a sequence of good approximating solutions and a certain type of a priori estimates
for linearised operators. Section 3 is devoted to the study of a priori estimates for linear

degenerate elliptic operators. We prove Theorem 1.3 - 1.5 in Section 4.
2. AN ITERATION SCHEME OF NASH-MOSER TYPE

In the first place we shall give several fundamental inequalities which play impor-

tant roles in the proof of convergence of our iteration shceme. The inequalities

(2.1) |“|.’ < C(’) ||'”'“.'+1+,¢ y
ke j—k
(2.2) ll; < CGy k) [ullF el (< < k),

are well-known. (2.1) and (2.2) are Sobolev and interpolation inequalities respectively.
We define operators So: Wi(Q2) —» Wi(Q)(© > 1) by

%Mw=®ﬁ4mew—wwwmm

where p € C§° (Rz) is a nonnegative function satisfying [ p(z)dz = 1. Se¢ are called
smoothing operators. It is easy to show that

(2.3) (I - Se)ull; < C(5,5)0 7 |lull; (i <),
(2.4) |Se|; < C(3,7)0' 7 flulf; -
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Here, in particular, C(¢,7) = 1.
Let Flu]: WKt2(©) —» W*(Q) (k < 5.) be a map defined by

Flu] = det(u;j) — f.
We define the linearised operator L[u| and the modified linearised operator L.[u] by
Llujv = a*[ulvi; = 8, L[u + t'u]lt=O

and
L [u]v = a[u)o;; = L[u]v + eMv

respectively, where M = aiiaia,- is a second order linear elliptic operator with real
constant coefficients.

We shall prove fundamental properties of Flu|, L[u] and L,[u].

LEMMA 2.1. There is a constant I > 0 such that

(2.5) IF[u]“Fh’”o gK—(lulz‘l‘lvlz)‘I“_vlzy

(2.6) |0 L[u + tv]W]|, < K[ Z “v”i+3+n ”w||j+2 + Z ””“i+2 ”w”j-f-s-}—x )
i+j=s i+j=s
i<s/2 j<s/2

for0<s<s,—2and 0<t<1, and
(2.7) IMull, < K|lulls+2,

for 0 € s < s,

PROOF: (2.5) and (2.7) are clear. (2.6) follows from (2.1) and 8;L{u + tv]w =

vijzuij, where each v*' is the (k,1) - cofactor of the matrix (v;;). n
LEMMA 2.2. L.[u] is a formally self-adjoint operator.

PROOF: Since
L, [U]’U = (1022‘01)1 - ('lbzlvz)l - (‘10121’1)2 + ('u11'02)2 + Eaij’l’ij,

and a" are constants, L.[u] is formally self-adjoint. n

LEMMA 2.3. If Mu > 1, then for ¢ = |F[u]|,

(2.8) det(a[u]) > f + e*det(a).
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PROOF: Direct computation gives
det(a[u]) > f + e(Mu — 1) + e*det(a');

this proves the lemma. n

It is to be noted that the computation in the proofs of Lemmas 2.2 and 2.3 does
not remain valid in higher dimensional cases. This is why we have restricted ourselves
to two dimensions.

Now we shall construct a sequence which converges to a solution of the equation

Flu] = 0. The convergence requires several assumptions (Assumptions 2.4 - 2.6).
g q p P

Assumption 2.4 (the existence of approximating solutions).
There is a constant K > 0 such that for any ¢ € (0,1] there exist numbers
6=26(e)€(0,1],0 =6(c) >1 and a function u, € C***2?(Q) satisfying

(2.9) el <K, Juel, S K57 (0 5 < sa +2),
(2.10) [Flucjly < €07 )| Flu.]|l, < e87° (0 < s < s.),
and

(2.11) Uelgq = 9-

We construct a sequence {u,} as follows:
(2.12) g = 0, Unt1 = Upn + Un,

where v,, € C*++2d (ﬁ) 1s a solution of the Dirichlet problem

(2.13) L. [ve +UnJvn=frn in Qv,=0 on 90,

(2.14) &n = IF[’(L, =+ '&n”o )

(2.15) fly, = Sptn,

{2.16) fo=—=5F[u.], fa = Sn-1Rn-1 — SnRu + Sn-1 Flue]) — SnFlu.],
n—1

(217) RO = 07 Rn = Z T,
j=0

(218) r; = (L,j[u,—{»uj]—Lej[u,+ﬁj])vj—sj]VIvj+Qj (Ogj <1’I~1),
(2.19) Qj = Flu, + u,-+1] — F[u, + uj] — L{u, + uj]vj (0<y<n—-1).

Here S, = Sy, and 6, = (6(¢))".
In order to solve the Dirichlet problem (2.13) in C*° (ﬁ) , we need the following
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Assumption 2.5 (the ellipticity of modifled linearised operators).

(2.20) M(u, + i,) > 1.

By Lemma 2.3, (2.20) implies det(ai{1 (e +@n)) = f+ €2 det(aij) > 0.

The next assumption ensures the convergence of the sequence {u,}.

Assumption 2.6(a priori estimates for modified linearised operators).

(2.21) ”'vnllo <K ”fnllo )

(2:22)  loall, = E{llfall, + D (L4 lue + @nliys) loall;} (0 <5 <s4),
i-|7j=a
1<s

where K = constant > 0 is independent of ¢ and n.

In the remainder of this section we estimate v, , un, Un ~tn, Tn, frn and ¢,, and
prove that u, convergesto a certain function e and that u, + us is the solution of

det(u;j) = f satisfying u Jsn=g.

PROPOSITION 2.7. Under Assumptions 2.4 - 2.6, if

(2.23) 0<e< {s.K+(s.+2)K}72,
(2.24) 0>1/28,

(2.25) S 2 4+ 2K,

(2.26) 5+ k<0< 3.,

then

(2.27) ool < %07 (0< 85 a.),
(2.28) Iroll, < C160°77 (0< s <5, — ),

where C; = constant > 0 depends only on s, and K .

PRroPOSITION 2.8. Under Assumptions 2.4 - 2.6, if

(2:29) 0 <e <min[{8.K7 + (o + 2K}, (2KCo) e, )]
where
-2
Y v K ZCZ+~+Z~ (1+K+CE+2)C(t+3+k,,0+x)) ,
t+3=12
i<s
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and

B ={KC(0)(2C(1+k,s. —2)+1)} 77,
(2.30) 0 > max (1/\/263, 21/"),
(2.31) 5.2 14 +4x

Sx

2. = =
(2.32) o= -1,
(2.33) T=0— 2,

then we have

(234, ool < 20377 (05 <),
(235); sl < { v eseh

Vel ifs>a -k,
(2.36); flwj — 50l < Covedi™ (0< s <sa),
(2.37); irj-1ll, < C1e03Z7 (0 < s < s —2),
(2.38); Fill, < C2e8577 (0 < s < su),
(2.39); e; < Cs/eb] 7,

where v_; =0, 7_; = 0 and constants C; 2 0 depend only on k, s,, ¢ and K.

REMARK: By virtue of the interpolation inequality (2.2), (2.27) - (2.28) and (2.34) ;
- (2.39); remain valid for real s, if we modify the constants C'y — C3 appropriately.
Before proving Propositions 2.7 and 2.8, we shall prove the main theorem of this

section.

THEOREM 2.9. Under the same assumptions as Proposition 2.8, there exists a
function teo € W¥~17%(Q) such that

(2.40) det ((u, + uoc)l.j) =f in Qu.+uo=g9g on N,
and
(2.41) llooll s —3—n < V.

ProoF: By Proposition 2.8,

i-1 \/E i—1 .
i —wjllae i < Z loollse 1o < 5 D> (877 — o0,

v=j v=j
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as i,j — 00,1 > J. Hence, there is a function u., € ng"_l_"(ﬂ) satisfying w, — teo
in W¥-1-%(Q). Since WT17%(02) — C?(), ue € C?*(Q) and u, — ue in

c*@).

On the other hand, direct computation gives, by (2.13) - (2.19),
(2'42) F[’lL, + un+l] = (1 - Sn)F[u’e] + (1 - Sn)Rn + Tn.

Combining (2.42) with (2.3) and (2.37);, we can show that Flu. + u,] — 0 in
Wff'_l_"(ﬂ); this implies Flu, + u,] — 0 in C°(R2), since W%‘"I_K(Q) — C°(Q).

Therefore, uo, € Wﬁli_l_"(ﬂ) and Flu, + ue) = 0. Since u.lgn = ¢ and

n-1

unlog = Y vijlen = 0, we have (u,+uc)lon = g. By (2.35);, |ltcol Sion =
i=o
lim,, — oo ”“'"”2,‘-—1—u < Ve "

PROOF OF PROPOSITION 2.7: (2.21), (2.16), (2.4), (2.10) and s, > o give

\/EG“".

flvolly < -

We suppose that

ﬁgiw

(2.43) Iooll, < L0 (05 <),

and estimate ||vo|,. By (2.22), we have

(2.44) lvoll, < B S Mfolly + 3 (14 hueliys) lwoll
.J;Za

(2.16), (2.4) and s. + s = o give

(2.45) 1foll, < <6~

(2.24) implies

(2.46) 1< Vel (0<i<s).

By (2.9) and (2.24), we have

(2.47) el 2 < KVEl" (0 <i<s)
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Combining (2.43) - (2.47), we obtain
llvoll, Ve {ss K + (s« +2)K} %0"‘";
this implies, by (2.23),

£
lwoll, < Yoo,

2
Thus (2.27) is proved by induction.
Next we prove (2.28). (2.18) gives

(2.48) ro = —eogMvo + Qo.

(2.7, (2.14), (2.10) and s, > 2 show that

Kef®c.

[SCRR

(249) ”E()M‘Uo”’ <

1 ¢
Qo = / {/ Oy Lue + svg]vods} dt,
0 9

we have, by (2.6), s. 24 +2x and 0 25+ &,

Since

(2.50) IQoll, < ~ (54 + 1)Eed*=7.

1
4
Combining (2.48) - (2.50), we obtain (2.28). R

PROOF OF PROPOSITION 2.8: (2.34) - (2.39)g. (2.34)¢ - (2.37)o are clear.
(2.16), (2.4), (2.10) and s. + s > o show (2.38)¢. (2.39), follows from (2.14}), (2.10)

and s, +s > 0. )
(2.34) ;< - (2.39) jcn = (2.34) 4y . (2.21), (2.38),, and (2.29) give

Ve

2

”vnno < 6.°.

We suppose that

N

c .
6=

(2.51) lonll; < =63
iv 2

7 (0<7<s)

and estimate [lvn||,. By (2.22), we have

(2.52) rall < B Slrall, 4 D0 (1 fue + @inliys) foall;
i—f:j:s
I<s
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Combining (2.52) with (2.38) ., (2.46), (2.47), (2.1), (2.4), (2.35)» and (2.51), we
ohtain

llonll, < VEK { 2C, + Z (1+K+C(i+2)C(i+3+k, 0+ k) ‘/76_0,’,—";
ifi:s
i<s

this implies by (2.29),
Ve

”vn“s S 7

§s—0
6277

Thus (2.34) .41 is proved.

(2.34) j<n - (2.39) j<n = (2.35) paq . Since upyy = vj, we have, by (2.34) ,,4,,

V\n
Zs5=0

VE < gem
”un+l”3 < T Z 9; 7.
j=0
Direct computation gives, by (2.30),

Vi JVE (s
TS
i=0

<
VEBTT (s> 0 +r).

(2.34) < - (2.39) ;¢ = (2.36),,49 It follows immediately from (2.3), (2.4) and
(2.34),,+1 that

Cls, 0 +K)VEBS (s <o +x),

u — 1 +1 <
“ n+1 n ”a = { 2\/50:11,; (8 > 0'+K,).

So we have only to take
C'y = max [0<131<a:;{+'C C(s, o0+ fc),Z] .

(2.34) i< - (2.39) ;<0 = (2.37) 54y . Since

1
(Lep[ue + un] = L, [tte + @tn))on = / 0L, [te + Un + Hn — @n)fvadt,
0
we have, by (2.6), s, 2442k and 0 25+ &,

1
(2.53) (L e[t +wn] = Lo fse + nlonll, < 5(s0 + 1)K Cocdy™
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(2.7), (2.39),, and (2.33) give

1. .
(2.54) lenMuyll, < EK C3c0.77.

1 pt
Q.= / {/ 0, L{ue + un + svj]vjds} dt
o o

we obtain, by (2.6, s. 24 +2x and 0 25+ «,

Since

(2.55) 1Qall, < Z(su + 1)Ke857°.

-

By (2.18), (2.53) - (2.55) imply
lrnll, < C1e6,77,

where

1 1 1 -
C"l = -2—(8,.. + I)I(CO + 51{6’3 + Z(S* + 1)1&

(2.34) j<n - (2.39) j<n = (2.38) ,u1 . We note that, by (2.16),

(2.56) fn+l = San - Sn+1Rn+1 -+ SnF[u,] — Sn+1F['lL5].

(2.4), (2.37) j<n, (2.32) and 8 > 2'/7 give

(2.57) I5aRall, < 2C1C(s, 50 — 2)e8533,
(2.58) 1Sn+1Rnsall, < C1C(s, s — 2)eb,37.

(2.4), (2.10) and s, + s = ¢ show that

(2.59) |Sn Flu)ll, < C(s, 0)eb,35,
(260) ”SH+IF[u3]”a = (‘9 a)€0n+l

Combining (2.56) - (2.60), we obtain
| fratall, < C268,39.

where
C; = 3¢, [ max C(s, s« —2)+ 2 max C(s, o).

0gags. 0.
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(2.34) j<n - (2.39) <0 = (2.39) paq . (2.14) and (2.42) give

En+1 < !(I - Sn.)F[ue]lo + l(I - Sn.)Rnlo
(2.61) +rnly + [Flte + @n] — Flue + unll, -

By (2.1), (2.3),(2.10), s, 2 ¢ and 7 2 1+ x, we have
(2.62) (I = Sn)Flucll, < C0)C(1 + &, 5.)eb772.
By (2.1), (2.3), (2.37) j<n, (2:32), 8 > 217 and 7 > 1 4 , we obtain
(2.63) [(I — Sn)Rnly < 2C1C(0)C(1 + &, s, — 2)e0757.

(2.1), Proposition 2.7 and 7 2 1+ & give
(2.64) Iroly < C1C(0)e8777.
(2.1),(2.37) nqq and 7 > Z 4+ 1 4 & show that
(2.65) [rnly € C1C(0)8,,27 (n 2> 1).
From (2.5), (2.1), (2.9), (2.35) n41, 3+ <0 —K,(2.36) 41 and 7 23+ &
(2.66) |Flte 4 Ging1] — Flte + wnga]ly < 2KC(2)(K + C(2)ve)Cov/eb 17
follows. Combining (2.61) - (2.66), we obtain

Entl & C3\/—0n+1)

where

1
6'3 = C’(O)C(l + I{, S.) + EC’] -+ ZIX-C'oc(Z)(I( + C(Z))

Here we used (2.29), in other words, /e < {KC(0)(2C(1+ K, s. —2) + 1)}~
In order to determine the constants C;, C2 and C; explicitly, we have only to
regard the three equations which define Cy, €, and C; as simultaneous algebraic

equations with respect to Cy, C; and C; and solve them. n
3. A Priori ESTIMATES FOR LINEAR OPERATORS

Let L be a degenerate elliptic operator of the form

L= a‘ja,-aj
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with real coefficients o/ = o/* € C"°°(f). Here “degenerate elliptic” means a'/(x){:€;
> 0 for any (z, £) € @ x R?. For simplicity we use the following notation: A(z) is a

continuous function defined in 0 satisfying

inf a”(2)éit; 2 A=) > 0,

S denotes the set of all zero points of A(x) in 2,
A = max ]Dkaijlo
)
and
A(k) = max {n};;,x Ia,ij‘k ’igf Mz), 1} .

Unless otherwise specified, C', C', C; and C] denote nonnegative constants indepen-
dent of L.

First we shall give four fundamental lemmas. For ¢ > 1 and ® € C'°°(Q) satisfying
{reN:P(x)=0}#0 and DP # 0, we put

U(®,t) ={z e N: |®(z)] <1/t}.

LEMMA 3.1. Assume that L is formally self-adjoint. Then there is a constant C
independent of L, ® and t such that

(3.1) ¢* / (aijQ;Qj)uzd:c gC [/ | L - u| de + t/

('“ €C” (m), u loue, )= 0)-

a”q?,-jl 1L2d:c]

PROOF: For u € C(U(®,t)) satisfying u |gu(s 6)= 0, we put
v= (T - e‘q’)_lu, T = constant > 2e.

Direct computation gives

(3.2) Lu = (T - e‘q’)aijv;j —et? {Zta""@ivj + (tzaij@;@j + taijQij)v} .
Hence, integrating (T — e‘{’)—lLu -v by parts, we obtain

/ (T - e“‘)-lLu -vdz
‘s 1 L .. -
= —/a"vgvjdz + E/a:;vzdz - Z/a" (te"‘> (T - e"}) 1‘I’;v)‘v,-d:c

—t? / et (T - e"})_1 (a'%:%;)v?dz — t/et(I> (T~ e"l’)—l (aij‘bgj)vzda:.
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Since afj =0 and
|20 (te'* (T — e*)®,v)®;| < 7™ (T - e‘q’)_2 (a7®,®;)v? + a'lv;v;.
we have ‘
(3.3) / (T - e”’)_zLu cude <~ / e (T - 2¢"*) (T - e‘q’)_4 (a7®,;®;)u’dx
_f/e“" (T — ) (T 2;j)u > da.
Here we note that e < e'* e, T —2e < T —2e"* < T —2¢~ and (T - 1) 7' <

(Tcﬂ')_] < (T - e)-l in U(®,t). Combining (3.3) with these inequalities, we obtain
(3.1). A

For € > 0 we define a set S, by
S, ={x e dist (z, 5) > ¢}

LEMMA 3.2. Assume that L is formally self-adjoint, S is a compact C sub-
manifold of @ and ¥\ S is connected. Then there exists a function p € L°(Q) such
that 11 =0 on S, infg\s, 4 > 0 for any sufficiently small ¢ > 0 and

{3.4) //.Lu.zd:r:. + / AMDu)? dz < C NLullg luelly (v € C(R), w |aa= 0).
PRrOOF: Since L is formally self-adjoint, it will suffice to prove
(3.5) /Nuzd:l: < C'/)\ IDul’dz (v € C®(8), u |sn= 0).

First, we fix a point p € m arbitrarily. By virtue of the fundamental
theorems of ordinary differential equations, we can construct a family of curves
c(t;x) € C¢°([0,Ty] x Up) such that ¢(0;z) = , c(t;z) ¢ S for 0 < ¢t < T}, when
reN\S, A(Tpie) ¢ 8, |é(t;z)] = 1, C(t;-) is alocal ¢ diffeomorphism defined in
U, for any fixed ¢, and such that SUpey, o < 00, where U, is a sufficiently small

open neighbourhood of p, T}, is a positive constant and 7, = inf{t > 0: ¢(1;+) ¢ Q}.

We define a function pp(z) by
(3.6) pp(r) = inf{Mc(t;2)): 0 <t < 7}

for = € U,. For uw € C*°(Q) satisfying u |pa= 0, since

w(x)u(c(0;x)) — wl(c(7;0)) = — /"f Dulc(t;z)) - e(t;z)dt
Jo
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we have

T

(3.7) Ju(z))? € c/ | Du(c(t; )))? dt.
0 .
By multiplying (3.7) by pp(z) and using (3.6), we obtain

up(e) [u(z)]* < © / Me(t; @) [Du(c(t; 2))|* dt;

this implies

/ ;Lpuzdrc < C’/ A |Du|2 dz.
Up n

Secondly, we note that the above argument ensures the existence of a finite number

N
of points p;,...,pn such that 2\ S C {J U, and
-

t

/ ppulde < C’/ X |Dulf? dz.
aQ

P

Therefore, we have only to define p(x) by

min{p, (z):c € Up,, 1 <i<n}, fze\S
wz) =

0, ifzes.
(3.5) is proved. n
LEMMA 3.3.
(3.8) D6k, Llully < €A (hull, lully + 42 [lell})  (u € C5°(0),
k

LEMMA 3.4. For a fixed x € C(R) satisfying supp|Dx| C 0
(3.9) I, Zhelly < G o (ILully llully + A2) lull}) (v € C=(8)).

Here [0k, Lju = Ok Lu — LI« and [x, L] = yLu — L.

ProoF oF LEMMA 3.3: It is well-known that

» 2 y
Z (a;f llij) < CA, Z alugug
1

k
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for any u € C§°(f2) (see [13); Lemma 1.7.1 and also [2]; Lemuna 1.3). This gives

Z 1[O%, L]ullg < CA, Z/aijzu,-uljd:z:.
k f

Integrating by parts carefully, we have

> M0k, Lully < CAz (uLuu] lelly + D 118k Llully llufly + As uuuf>.
k

k

This completes the proof. |

PROOF OF LEMMA 3.4: Let us consider a cut-off function ¥ € C§°(Q2) satisfying
0<% <1 and 8;x CC % for any i. We define an operator L = a'19,0; by L=

xL. Since [x, LJu = [x, L}Ju and ”iu’

< || Lully , it will suffice to prove a modified
0

inequality which we get by substituting L into L in (3.9). It is easy to prove

—ij 2 -
E (a"’uij) < Aga®ury

(see {13]; Corollary of Lemma 1.7.1 and also [2]; Lemma 1.2); this shows

2 ..
l < CA4, (/ aYuujde + Ay ||u||§>
0

Therefore, integrating [ @u;ujdz by parts, we obtain

“[x, L]u

”[x, l_}]u“: < CAO( Lu

lo Il + 4]l

(3.9) is proved. n
Now we give the main theorem of this section which follows from Lemmas 3.2 - 3.4
THEOREM 3.5. Assume that L is formally self-adjoint, S is a compact C'® sub-

manifold of 2 and Q\S is connected. Then for any nonnegative integer s there is a

constant C, x, which depends on s and M=) but does not depend on L, such that

(3.10) lully < CoallLul, (ve C*™ (), v |oa= 0),
(3.11) lell; < CoalliLully + llully) (v € C=(R), « lon=0)
and

»

(3.12) flull, < Con [ 10ull, + 3 AG+D)ul, | (v C=(@), ulon=0,5>2),
i+j<s
j<s

https://doi.org/10.1017/50004972700027015 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700027015

[17] Monge-Ampeére equation 405

provided that there is an open neighbourhood U of S in Q such that
(3.13) lully < KliLufly (v € C52(U)),

0 WA, <<1 and A(2) < 1.

*

Here >  means N , “<< 1” means “to be sufficiently small”. The
ifj<t ifi<t

i+2<max (¢,2)
fact that the constants C, » depend on A(z) but do not depend on L is very important
(see Assumption 2.5 and Section 4). Theorem 3.5 says that if you want to prove a priori
extimates (3.10) - (3.12), you have only to prove a simple L? estimate (3.13) near S
where L is degenerating. The key estimates of Assumption 2.6 will follow from Lemma
3.1 and Theorem 3.5 {compare Section 4).

The proof of Theorem 3.5 requires the following four lemmas.

LEMMA 3.6.

(314) SN0k Ll < G [ Az lLullyy + 3 Al el |, (w € G0,
* i+i<atl
LEMMA 3.7. For a fixed x € C'°°(Q1) satisfying supp|Dx| C Q
(315) I D, < G [ A@)IZal, lull, + 3 4%G +2) ull2 |, (w € G=())
i+j5<s
LEMMA 3.8. Assume that

lelly < K || Lully 5 (v € C5°(R2)).

Then for any nonnegative integer s there exists a constant C, independent of L and
K such that

(3.16) l[ell, < KC, (lILull, + D Ais ”u”]‘)a (v € C5°(92)).

i+hgs

By induction with respect to s, Lemmas 3.6, 3.7 and 3.8 follow from Lemmas 3.3,
3.4 and 3.6.

LEMMA 3.9. Assume that L is uniformly elliptic in 2, that is

aij(:c)ﬁgﬁj > X |§|2 , Ao = constant > 0.
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Then there is a constant C > 0 such that
(3.17)  Jlully < C(35" A0) [ Lully + A2 A%(0)A(2) uly), (u € C(D), « |an= 0)

and

lull, < €| Ag*A*(0) [ILull,_, + A7 4%(0) D" A(i+ 1) lull,,, |,
(3.18) i+j<a—1
j<s—1

(’LL (S C'oo(ﬁ)’ u Ign: 0, 3 2 2)

It is easy to prove (3.17). In fact, we have only to apply the standard techniques
for the linear elliptic operator L and calculate several constants exactly, and use the in-
equalities A(k) > max(Ag, 1). By induction with respect to s and patient calculation,
(3.18) follows from (3.17).

PROOF oF THEOREM 3.5: Let us consider the following cut-off functions: y €
C&, %, X € CR(N\S), 0 <SxuHi<l,x=1ina neighbourhood of S in U and
dix CC X CC ¥ for any i. Since [Jul|, < (1 = x)u|l, llxull,, it will suffice to estimate
(1 = x)u||, and ||xu]|, respectively. ]

PROOF OF (3.12): By (3.18) and (3.15), we have

(3.19) (1 = x)ull, < Con| ILull,_; + Z (i +2) |lull;
i+7<e

i<s
Here we note that C, a is independent of the coeflicients of L but depends on

inf  A(z). (3.13) and (3.16) give
supp(i—x)

(3.20) Ixull, < C.K | || Lull, + ll[x, Lull, + Z Aigz lull; | + CoE Az ]|,
i+i<e

j<s
where C. is independent of x,% and ¥. Since[x, Lju = [x,(xL)](xx) and %L(xu) =
xLu, (3.15) shows that

*

(321) b Dlull, < G | IZull, + 3 AG+2) lull; + A2) [[%u]),
i+j7<e
j<s
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By (3.18), (3.15) and A(2) < 1, we have

(3.22) xull, < Con| NLull,_y + D AG+2)ull; |,
i+j<s
Jj<as

where C, s is independent of the coefficients of L but depends on inf A.
suppi

Combining (3.20) - (3.22), we obtain

(323)  llxull, < Con | IZull, + 3 Al +2)jull; | + CLE As [lull, -
i+j<s
i<s
Since K A; > 0 is sufficiently small, (3.19) and (2.23) complete the proof of (3.12). R
PROOF OF (3.11): By (3.17), (3.15) and A(2) € 1, we have

(3.24) 01— )l < Con(Zelly + Hull).
(3.13), (3.18), [x, L)w = [x,(XL)](Xx), ¥L(¥u) = ¥Lu, (3.15) and A(2) < 1 show that
(3.25) leelly < G (1Ll + [full,) + CLK As ]

where C} is independent of y, ¥ and ¥. (3.17), (3.15) and A(2) < 1 give

(3.26) [£ell; < CralllZully + llxelly)-

Since K A; 2 0 is sufficiently small, by combining (3.24) - (3.26), we obtain (3.11). R
PROOF OF (3.10): (3.4) gives

2z 4
(3.27) (1 =x)ully < ConliLullg flull, -

(3.13) implies

(3.28) Ixully < Coks (Il + I, Zlull )-

Since [x, LJu = [x,(xL)J(Xw), ¥L(xu) = xLu and A(2) < 1, (3.9) shows that
- 2

(3.29) e, Ziulls < Co(IDulff + |-

By (3.4), we have

(3.30) %]} < Con IZully llells -

Combining (3.27) - (3.30), we obtain (3.10). n
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4. PROOF oF THEOREMS 1.3 - 1.5

In this section, we use the notation introduced in Sections 1 and 2. According to

Theorem 2.9 and Sobolev’s embedding theorem W";"z"z"(ﬂ) — C[";"z‘“) (Q), it
will suffice for the existence of a solution to find a good approximating solution «, and a
suitable elliptic operator M which satisfy Assumption 2.4, 2.5 and 2.6. The uniqueness
of the solution follows immediately from the maximum principle (see [1]). Crudely
speaking, Assumptions 2.4 and 2.5 are easy but Assumption 2.6 is tough. Fortunately,

by virtue of Theorem 3.5 we can overcome this difficulty.

PROOF OF THEOREM 1.3: Without loss of generality, we may assume that

1
(4.1) lgls < 55 IF1glll,- > 0.
In fact, since the Dirichlet problem
Vy1Vag — VI, = (2 |g|4)-2f in Q, v=(2|gl,)"'9g on 80

is equivalent to (1.1), |gl, < 1/2 is no actual restriction, and further, if |[F[¢]||,. = 0,
then the statement of Theorem 1.3 turns out to be trivial.

We put

2 _1
(4.2) e = {max(|Flglly, IFlglll,. N=F,8=1,0=¢"7,u. =g
Then it is easy to verify that Assumption 2.4 is satisfied.
By the assumption of Theorem 1.3, g,, > 0 in a neighbourhood V of § in 2 and
det(gij) > 0 in 2\ V. Hence, there is a linear elliptic operator M = a"fa,-a,- with real

constant coeflicients satisfying
(4.3) Mg>22 in 0.

By virtue of (4.3), we can construct a sequence {u,} asin Section 2. In fact, if we
already have wg, u1,...,un satisfying (2.20) - (2.22), (2.27) - (2.28) and (2.34) j<n -
(2.39) j<n, then, by (4.2), (4.3), (2.4) and (2.35) ., M (v, + @) > 2— K /e ; this implies
that Assumption 2.5 is satisfied when £ > 0 is sufficiently small. Therefore, we can find
a solution v, € Cw(ﬁ) of the Dirichlet problem (2.13) and obtain w41 = Un + Un.

Let us take an auxiliary function ®(x) = v-(z — p), where o = (vy, in) = (~-va2, 1)
and S = {p}. Then Lemma 3.1 shows that

t? / (a [we + @,)oi7;)ulde < K / |Le, [te + @p]u - u] de
(4.4)
(we c=(T,9), v lovia,=0)
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for all ¢ > 1, where K = constant > 0, independent of L., [uc + @n] and U(®,1).
Direct computation gives

(4.5) "':v{, [u, + 1—"ﬂ]'-/ipj Z Qov — 'Vlz |‘7'n|2 - En(aij’_’iﬁj) |g + ﬁn'z .

By (2.1), (2.4), (2.35), and (2.39),, lvf? linl, + en(aTiv;) |g + @inl, is sufficiently
close to zero, while the assumption of Theorem 1.3 says that g¢,., is strictly positive.
Thus, (4.4) implies that

(46) lully < £2C L fue + anlully  (u € C(U(E, 1)

forall ¢t > 1. By (4.1),(2.35),, and (2.39),,, we easily have

(4.7) |a¥ [ue + @], < 1.

According to Theorem 3.5, (2.21) and (2.22) of Assumption 2.6 follow from (4.6) and

(4.7). ]
ProoF OoF THEOREM 1.4: The proof of Theorem 1.4 is almost the same as that

of Theorem 1.3. In fact, we have only to take an auxiliary function ®(z) = 7- (= — p)
instead of o -(z — p), where ¥ = (—7;, 71) and p is a fixed point on S. [ |

PROOF OF THEOREM 1.5: Without loss of generality, we may assume (4.1). We
take €, 8, 6 and u, as in (4.2). Then, as in the proof of Theorem 1.3, it is easy to
verify that Assumptions 2.3 and 2.4 are satisfied and also, to construct the sequence
{w,} satisfying (2.27) - (2.28) and (2.34); - (2.39);.

We take an auxiliary function ®(z) = a#-(x — p), where «a is a positive constant,

P =(, y) = (—v2, v;) and p is a fixed point on S. Lemma 3.1 gives

/'(a.f:t [ue + ﬁn]ﬂiﬂj)uzdz < K/ |Le, [te + @n)u - ul dx
(4.8)

(u € COO(U(@, 1)), u lBU(§,1)= 0),
where K = constant > 0 is independent of L., [ue + @n] and U(®, 1). Here we take
o > 0 sufficiently small so that S C U(®, 1). Direct computation shows (4.5), so we
have, by (2.1), (2.4), (2.35),, and (2.39),,
(4.9) lullp < CllLenue + @nlully, (u € C3°(2, 1)).

0<e<<l1, |D*|, <<1,(4.1),(2.35), and (2.39), give

(4.10) |D?a¥ [, + @a)], << 1

and

(4.11) lad [we + @4, < 1.

By Theorem 3.5, (4.9) - (4.11) imply (2.21) and (2.22) of Assumption 2.6. n
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