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Recurrence Formulae for the Functions which represent
Solutions of the Differential Equation:

d.l‘ - atu =
dax? T
By H. T. FrinT.
(Received 20th April 1915. Read 14th May 1915.)

The contents of this paper were suggested by a discussion of
the equation :

d’u (p+1)
@-a’u-:%—u. ....................... (1)

in a paper by Glaisher which appears in the Philosophical Trans-
actions, 1881, Part 111
The solutions in series of (1) are:

1 a*2? 1 A
U=x"’{1— —+ — . —etc} ...... 2
73 T G De-D L @
1 a%x? 1 a‘z?
= gt —_—
and V== {1+p+%. o7 +(P+%)(P+%).24l‘_2_+ etc.} v (3)

and in the paper referred to it is shewn that the coefficients of

h**1in the expansions of ea(ﬂ'w‘z){?f and of e""‘(’ﬁ“””)é satisfy equa-
tion (1) when p is a positive integer.
These coefficients are in fact :
A(U~gV) and ~A(U+gV)

where A and ¢ are certain constants.

In this paper it is shown that the coeflicient of A**! in the
expansion of sinh a (ac“"+kav)i is k, U, where %, is a certain constant,
and that the coefficient of A#*! in cosh a(ac2+kw)?‘ is k, V, where
k, is a constant.

These results are not stated in Glaisher’s paper, though they
seem to follow easily from § II. 10.
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They are employed in the following pages to deduce recurrence
formulae for U and V for different values of p. Equation (1) is
treated in the same way as Legendre’s or Bessel's equation, and
results analogous to those for Legendre polynomials or Bessel
functions are obtained. It will then be pointed out that we easily
obtain the result that Jpi4(x) and J_p_j (%) for positive integral
values of p are the coefficients of A#*? in the expansions of

(-1 T (2p+3)
2T (p+3)

z ¥ cos (=*+ h:c)i

and of
)PP+ DT(P+2) gapes b 000 it
2 2”7 sin (2® + he
TEp+DI(-p+d @i
respectively.
A proof that

Jy () = (%)* sin

i
and J_j(z) = (%) cos x
is added.

1. To show that the coefficients of A**! in sinha (x?+ Ax)! and

in cosh a (a* + ha)t satisfy equation (1).

} _ ]
Since the coefficients of Ah?+ in e®®*+ gpg oM

satisfy the equation, the result evidently follows.
We shall establish it independently.

Write S=sinha(2®+xh)! C = cosha (a®+ hx).

S a* (2w+h) ak?
Then  Sm=T  (@+ha) © i@+t O
*S_a x? a a?

WT Fidkw L @rhap O

If C be eliminated, we obtain a differential equation satisfied
by 8. With some simple reduction this is seen to be :
L8 08
e h =Y
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Write S=U,+AU,+A*U,+ ... and substitute in (4)

23rsl s, (r-VOWU,=a?2*2h T,
ox?

On equating the coefficients of A**! on each side, we find

2

U, .
o az:ﬂ—P(P*‘l) Up1=0’ 2 Uppas

so that U,,, satisfies the equation (1).
Similarly, writing
cosha (z* +ha) = Vo+ AV, + B2V, + ...
it can be shown that V,,, satisfies equation (1).

II. The value of the coefficient of A**! in the expansions of

S and C will now be obtained.
. 3.2 2
S=sinha(ac2+h:c)§=a(a:2+hx)’+a(ml#

2r—1
a2r—l(x? + hx)T
[2r-1

2r—1 21
The coefficient of k**! in (e +hz) 1, ie. in x""“‘(1+;> 3

is
o (2r - 1)(2r-8) ... 2r-2p-1)
opt [p+1 i
Hence the coeflicient of A**™! in the series is:
r=o gl (%~ 1}(2r-3) ... (2r-2p-1) et
ro1 | 2r-1 | p+1 ez
1.3.5.(%-1)
=Cle =m0 T
1 a’a? 1 a‘x}
.x”’{l- — 4 - }
P-4 2 (p-Hp-9 22
| 2p
=(—1)Pa.2p+1|_ |p+lU'
; @’ (¥4 hx)  a'(x*+ hx)*
C=cosha (2*+hz) =1+ E + I
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k7t occurs in the terms containing :
(2 + hx)rtt), (a2 + hx)Pt?,  ete.,

and it is easily seen that its coefficient is

& % . 7‘(7‘—]1) 1("‘ p) 2r—p—l
r=ptl | 21 r+
awt? 1 a?a? 1 at z*
= P+l {1+ + + etc-}
| 2p+2 p+3 2 (p+P(p+H) 2¢| 2
airt?

“2p+2

We shall adopt the notation :
(-1yYa|2
Uppr (am)= T ppel

a2p+‘.’
VP-H (a .’E) = l—_m

I11. Recurrence formulae :

S=sinh a (2 + ha)t = Uax) + AU (ax) + BU,(az) + ...
+hUfax)+...

)§=U,(aa:)+2h Ufax)+..

oS 9 3} ax
———cosha(x +h(l7) Xm

oh
+ri* ' Ufaz)+...

. 32S_ . b a2x2
.a—p—smha(ac+hm) x4(x+h:c) cosha (a2 +hz) x4( +hx)*

=2.1.U,(ax)+3.2. kU, (az) + ... +7 (r - ) "2 U, (aw) + ...

o a%*{Uy(ax)+ AU, (ax) + KU, (az) + ...}
- 2x{U,(az)+2,U,(ax)+ 32 Us(ax) + ..}

=4(2*+hx){2.1.U,(ax)+8.2.hU;(ax)+4.3. AU, (ax)+ ...}
By equating the coefficient of 4* on each side we obtain

a*x Uy (ax) -2(p+1) (2p+1) Uyyy (ax)
-4 (p+1)(p+2)a U, (ax)=0. ....c.coevvennnn, (5)
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Again,
0S8 a(2x+h)

2 3
5 (@ +ha) 3 cosh a (2 + Ax)
d d @
=% Uo(ax)+kd—m U, (aac)+h2;97U,(a:c)+...
05 ___ax
oh (& + ha)
=U, (ax)+ h U, (ax) + B* U, (ax) + ...
d dz
x {a Uo(aa:)+hﬁ U, (ax) + }
=(22x+h) {U,(ax)+h U, (ax)+...}.

Equating the coeflicients of A* on each side we find

i cosh a (& + hac)i’

a:a% Uy(ax)y=2(p+V)x U, (ax)+p U, (ax). ......... (6)

These formulae may be compared with those corresponding for
Bessel functions or Legendre polynomials. Thus (5) resembles

xJ, (x) - 2m+ 1), (@) +xJg.(x)=0
or (n+2)P (@)~ (2n+3)x Py, () +(n+ 1) P, (x)=0.
U, (ax), the term independent of A in the expansion of S, may
be obtained by putting =0 in S.
U, (ax)=sinh (ax) ..........oovvniinin, (7)

4 sinh a (x* + hm)* }

Ul (a’x) = dh

—t—

h=0

cosh (ax). ...oooovviiiiiiiiii (8)

(IR~

In the same way the formulae for the V-series may be shewn

to be:
a’x Vy(ax)-2(p+1) (2p+1) V,,, (ax)
~4(p+1)(p+2)x V,,(ax)=0. ......... ©)
z ;.; V,(ax)=2(p+1)x V, (ax) +p V,(ax) ......... (10)
Vo(ax)=cosh (ax) ........cocivviiiniiiiiiiiinninnn, (11)
V,(a) = = Sinh (@2) coveveeeerieeresreeneesnenin, (12)

2
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IV. Extension of the above to other values of p.

If we write
(-1)?al'(2p+1)

U"“(M:)=2""’+‘I‘(p+l)I‘(p+2) ................ (13)
3p+2
and V(ax)=f,—(a2—p—+—5 Voo nn Cetesueeenaceraenretanenan (14)

it can be verified that the same recurrence formulae hold when p
is not integral. This verification is quite easy and need not be
given here.

It will be noticed that, for positive integral values of p, (13)
and (14) are not different from the expressions at the end of §IL.;
(13) and (14) are, however, more general, and we proceed to
examine what restrictions have still to be imposed upon p.

In the series, U and F, the radius of the circle of convergence
is infinite, so that U is convergent for all real values of p except
when p has the values

3’%, (n=1.2.3....)

and ¥ is convergent except when » has the values

-(2"‘2“), (n=1.2.3...).

If p has a value of either of these forms, one or other of the
series has a zero factor in the denominator from a certain term,
and the solution is not of the form :

u=AU+ BYV.

Owing to the forms of the multipliers of U and V in (13) and
(14), additional restrictions have to be imposed on p.

In order to restrict ourselves to real quantities (- 1)* must
be real.

No difficulty arises if p is an integer, positive or negative.
Let p be a fraction % in its lowest terms,

(2k+1) . (2/c+1)wr
8 8

.
(-1)?=(cosT+isinm)? =cos rm +isin ,

k=0,1,2 .. (s-1)
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In order that this may be real 2k +

r must be integral, i.e.

p must be equal to a number of the form where m is a

m
* 2%+
positive integer. Thus p must be a fraction with an odd denomi-
nator, and it may be positive or negative. This form of p gives
rise to no further difficulty in the remaining parts of the constant
multiplier.

None of the Gamma functions must be of the form I'(-n)
where m is a positive integer, for in that case they -are without
meaning: (2p+ 1) must not be a negative integer, thus p must
not be of the form:

- ’%1 (n=1.2.3...),
e p+ -1, -3, -2, ete.

(p+1) and (p+2) must not be negative integers, and this

requires that p should not be of the form

-(n+1) n=1,2.3...)

or p# -2, -3, —4,ete. This is included in the last case.
Summing up these results, U,,; (ax) does not exist as defined
in (13) and (14) for the values:
_2n-1

1]
~

(n=1.2.3...)

p=-2- (n=1.2.3...).

Moreover, in order to avoid imaginary quantities, p must be
either integral or of the form + %-1 where m and & are positive
integers.

The difficulty in the case of the P-series is not so great, (2p+3)
must not be integral and negative, so that p must not be of the

form :
n+3
)

(n=1.2.3....)

We have seen that p must not be of the form

2n+1
2

(n=1.2.3...),
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so that we can include these in one case by stating that p must
not have the values:

n+3

(n=0.1.2.3...).

&

V. A relation between U and V.
Since U and V satisfy (1), we have

=2

dz_U azU:p(p :‘ 1) U
da x

and

@&V ., plpt+l)
d—xg—‘al—-“'——-—m? V.

Multiply these by V and U respectively, and subtract

aavu @V
Vi Vet
dU av
V% - U(Z'; = constant.

On substituting the value of U and V we easily find that the
constant term is - (2p+ 1).

AV _ydU_ g

v dx dx (‘p

From (13) and (14) we have

d . d
Uy (a2) - dz Vs (az) = ¥y (a) dz Uy 11 (ax)

B (- 1)Pq2r+3
“E IR T I DT (16)
=K (say).
From (15)
d /7N 2p+1
E&(‘ﬁ)‘ U
p dx
V=02p+ 1)U 7
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In order to find the proper limits we need only examine the
lowest power of = on the right, which is «°” under the integral
sign. Hence the lowest term on the right is «?*,

z dx

Thus V=(2p+l)Uj e (17)
o U*
Similarly it can be shown that
® dx
U=(2p+1)VJ- Far ceeeeeeeeereene (18)
z

(17) and (18) do not hold for all values of p. In (17) 2p+1)
must be positive, or p> - }.

In (18) (2p+ 1) must also be positive.

If pp -1, instead of (17) we have

z
V=(2p+1)Uj Ty e an)
and instead of (18)
0 4
U=(2p+l)Vj %’j .................... (18)

There are, of course, similar formulae for U,,, and V,, but
these differ only by some constant factor and can be obtained by
applying (13) and (14).

‘We may compare these results with

* dx
Qn (z) =P, () .L @ -1){P, )]
and
d (J_, (w)} 2sinnw
&\ @) = e

VI. In all the above we might write a =1, but the advantage

of keeping in a is seen in the fact that if iz be written for a we
obtain similar relations for the equation :

It follows at once that the coefficients of A*+! in the expansions
of sin a (#* + hz)! and of cos a (2* + ha)? satisty (19).
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The series U and ¥ become :

1 a%® 1 a'x
We=x>? {1+ — + + etc.}
p-3 22 (p-3)(p-% 2|2
1 a%? 1 a'‘z!
X=x”+’{l— —+ - tc}
P2 2 p+D(p+HFZ T C

and the coefficient of 4+ in sin a (22 + ha)! is

(-1)*aT(2p+1)
T (p+ )T (p+2)

W= W, (ax), say,

and of ##*! in cos a (2* + h.az:)i is
(= 1)#+1g2ets
F@Ep+3)

X=X,,, (az).

. 1
Evidently W= 21,7* F'(-p+}) = ap-HJ—P-i(a )

9P+% 3
and X=m T(p+3) = Jpyy(aw).

The J’s denoting Bessel’s functions.

“ Won(ax)=

2PHI (p+ 1) T (p+2)

(1Pt P (pry)
T'(2p+3)
(-1 T (2p+3)
PHT (p+3)

and X, (ax)= ot Jpiy(am)......

Thus Jp4 (%)=

(=1ypa® D@+ DI (=p+d) 4y (e (20)

1 X, (x), (substituting a =1).

It follows that J,, (=), where p is a positive integer, is the

coefficient of A**! in
(1P T(p+8)
PHT (p+3)
Similarly J_,_; (x) is the coefficient of 4,,, in
(-1 2T (p+ )T (p+2)
T'(2p+1) ' (-p+3)

“tcos (2 + hx)‘ ..............
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At the end of Glaisher’s paper above referred to it is stated
that the solution of the equation

dy 1 dy { (P+é)2}
1- =0
da®
may be written
y=Axz-% { coefficient of 47*! in sin (2*+ A )} }
+ Bx-t { coefficient of k**' in cos (2? + A x)} }.

VII. If we write p=0 we have from (22) that J} (x) is the

coefficient of 4 in — ﬁ)—m‘*cos (@ +ha)t
2’I'@3)
A\-¥rd 3\ 2)* .
=-9(= — *+ha) ;| =(—) sinz......
Jy (%) (ﬂ) {dh cos (2% + ha) Jis (wx sin z (24)
and
2Ar()r(2) 2\
Iy 2 i} =(2) eose
-3 (=) TOT Q) 7 sin («® + hzx) il b= cos &
(25)
(24) and (25) will be found in a table on page 42 of Gray and
Mathews’ ¢ Bessel Functions,” and are there obtained by another
method.
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