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Abstract. We show that, under finitely many ergodicity assumptions, any multicorrelation
sequence defined by invertible measure-preserving Z?-actions with multivariable integer
polynomial iterates is the sum of a nilsequence and a nullsequence, extending a recent
result of the second author. To this end, we develop a new seminorm bound estimate for
multiple averages by improving the results in a previous work of the first, third, and fourth
authors. We also use this approach to obtain new criteria for joint ergodicity of multiple
averages with multivariable polynomial iterates on Z9-systems.
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1. Introduction
1.1. Decomposition of multicorrelation sequences. The structure and limiting behavior
of (averages of) multicorrelation sequences, that is, sequences of the form

(m,...,nk)ef fo-TMf - T i d,
X

where k € N, T, ..., Tx: X — X are invertible and commuting (that is, T;T; = T;T;
for all i, j) measure-preserving transformations on a probability space (X, B, u),
fo,---» fx € L®(n) and ny,...,n, € Z, is a central topic in ergodic theory. (We say
that T preserves u if y,(T_lA) = u(A) for all A € 8. The tuple (X, B, u, T1, ..., Tx)
is a (measure-preserving) system.) For k = 1, Herglotz—Bochner’s theorem implies that
the sequence |. x Jo - T{" fi dyu is given by the Fourier coefficients of some finite complex
measure o on T (see [22, 23]). More specifically, decomposing ¢ into the sum of its
atomic part, o,;, and continuous part, o., we get

f fo- T fi du= f e do (x)= f e dog (x) + f e doe (x)=y(n) + v(n),
X T T T

where (v (n)) is an almost periodic sequence (that is, there exists a compact abelian group
G, a continuous function ¢ : G — C, and a € G such that ¥ (n) = ¢(a"), n € N) and
(v(n)) is a nullsequence, that is,

1 N-—1
. 2
A X e =0 o
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More generally, after Furstenberg’s celebrated ergodic theoretic proof of Szemerédi’s
theorem [15], for a single transformation 7 and iterates of the form in, 1 <i <k, there
has been a particular interest in the study of the corresponding multicorrelation sequences

a(n) = /X fo-T"fi - T i d. @)

For T ergodic (that is, every T-invariant set in B has trivial measure in {0, 1}), Bergelson,
Host, and Kra [3] showed that the sequence («(n)) in equation (2) admits a decomposition
of the form a(n) = ¢(n) + v(n), where (¢ (n)) is a uniform limit of k-step nilsequences
(see §3.1 for the definition) and (v(n)) satisfies equation (1). (Note that k is the number of
linear iterates that appear in equation (2).) Leibman, in [28] for ergodic systems and [29]
for general ones, extended the result of Bergelson, Host, and Kra to polynomial iterates,
meaning that in equation (2), instead of n, . . ., kn, we have pi(n), ..., px(n), for some
Pls- .., Pk € Z[x].

For d € N, we say that a tuple (X, B, u, (T;,),,cz4¢) 18 a 78 -measure-preserving system
(or a 74 -system) if (X, B, u) is a probability space and T,: X — X,n € 74, are
measure-preserving transformations on X such that T(g, o) =id and T, 0o T,, = T4y
for all m, n € Z4. Notice here that we use the notation 7, to stress the fact that T is a

74 -action. If T is generated by the Z-actions 11, ..., Ty and p; = (pi1, ..., Pid), We
have Ty, (n) = ]_[j(:l ij 2™ 1t is natural to ask whether splitting results still hold for

systems with commuting transformations.

Question 1.1. [27, Question 2] Let (X, B, u, (Ty),cz¢) be a Zd—system, keN,
Plse--s Pk: L — 74 a family of polynomials, and fy, f1, ..., fr € L®(un). Under
which conditions on the system can the multicorrelation sequence

/;( fO'Tp](n)fl e Tpk(n)fk d/'L (3)
be decomposed as the sum of a uniform limit of nilsequences and a nullsequence?

The extension of the aforementioned results from Z to Z9-actions is, to this day, a
challenging open problem. The main issue is that the proofs of the splitting theorems
crucially depend on the theory of characteristic factors via the structure theory developed
by Host and Kra [18], a tool that is unavailable in the more general Z?-setting. By this,
we mean that while nilfactors for Z?-analogs of Host—Kra uniformity norms are available
(this can be found, for example, in [16]), it is in general not possible to relate averages
such as equation (3) to those uniformity norms in the way one does for d = 1. As an aside,
Frantzikinakis provided a partial answer to Question 1.1 (for d = 1) in [10] that avoided
the use of characteristic factors. The answer was partial in the sense that the nullsequence
part was allowed to have an £2(Z) error term. A similar decomposition result for general
d was proven by Frantzikinakis and Host in [12]. (The third author showed in [25] the
analog to this result for integer parts, or any combination of rounding functions, of real
polynomial iterates. For a refinement of this result, with the average of the error term
taken along primes, see [27].) From the point of view of applications, it is useful to have
such splitting results for studying weighted averages, in particular for multiple commuting
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transformations. (It is worth mentioning that the splitting of equation (2), where the average
in the null term is taken along primes, was used by Tao and Terdviinen to show the
logarithmic Chowla conjecture for products of odd factors [32].)

It was demonstrated in [7] that under finitely many ergodicity assumptions (that is, we
only have to assume that some iterates, coming from a finite set, of 7" are ergodic), the
characteristic factors (defined in §2.3) for the corresponding averages

N

1

N E T f1 - Tom i “)
n=lI

are, as in the case of Z-actions, rotations on nilmanifolds. (A similar result was obtained in
[20] under infinitely many ergodicity assumptions. Such multiple ergodic averages always
have L2-limits as N — oo [34].) So, it is reasonable to expect that Question 1.1 holds
after postulating finitely many ergodicity assumptions (this is an open problem even in the
k = 2 case—see [12]).

A partial answer toward this direction was obtained in [9] by the second author. Namely,

[9, Theorem 1.5] shows that for any system (X, B, u, T1, . .., Tx) with T; and TiTj_1
ergodic (for all i and j # i) and fo, . .., fr € L°(u), the sequence
_/ fo-T fi--- T fidp %)
X

can be decomposed as a sum of a uniform limit of k-step nilsequences plus a nullsequence.
For more general expressions (as in equation (3)), exploiting results from [20], it
is also shown in [9] that if we further assume ergodicity in all directions, that is,

T/ - - T;* is ergodic for all (ai, ..., as) € Z%\ {0}, then for any family of pairwise
distinct polynomials py, ..., px: Z — 74 . the sequence
f fO'Tpl(n)fl "'Tpk(n)fk d,u' (6)
X

can be decomposed as a sum of a uniform limit of D-step nilsequences plus a nullsequence.
(Here D depends on k,d and the maximum degree of the p; terms. It also has a
connection to the number of van der Corput operations we have to run in the induction
(see Remark 5.14 for details).) The proof of this result makes essential use of a seminorm
bound estimate obtained in [20], where the (infinitely many) ergodicity assumptions are
reflected (see [9, Theorem 1.6]).

In [7], the first, third, and fourth authors improved the seminorm bound estimates of
[20] by imposing only finitely many ergodic assumptions. Although the results in [7]
are stronger than those in [20], one cannot apply them directly to [9] to improve the
aforementioned results, due to the incompatibility of the methods between the two studies
[7, 9] (see §2.3 for more details).

In this article, we extend results from [7] to obtain splitting theorems for multicorrela-
tion sequences involving multiparameter polynomials, postulating ergodicity assumptions
which are even weaker than those in [7] on the transformations that define the 74 -action
in equation (6); for example, we will see that the sequence [y fo - Tl”2 T, fi - T3”2Tf frdu
admits the desired splitting if we assume that 71, T3, T\ T; ~ are ergodic.
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1.2. The joint ergodicity phenomenon. 1In his ergodic theoretic proof of Szemerédi’s
theorem, Furstenberg [15] studied the averages of the multicorrelation sequence in
equation (2). In particular, a stepping stone in the proof is the special case when the
transformation 7' is weakly mixing (that is, T x T is ergodic for u x ), in which he
showed that the averages

LN
_ T"fi - TF fy @)
P>

converge in L?(u) to ]_[5‘:l / x Ji div (which we will refer to as the ‘expected limit’)
as N — oo. (Throughout this paper, unless otherwise stated, all limits of measurable
functions on a measure-preserving system are taken in L2.) It was Berend and Bergelson
[1] who characterized when the average of the integrand of equation (5), that is, for
multiple commuting transformations, converges to the expected limit (and this happens
exactly when 77 x - - - x Ty and T,~Tj_1 for all i # j are ergodic).

Generalizing Furstenberg’s result, Bergelson showed (in [2]) that, for a weakly mixing
transformation 7" and essentially distinct polynomials py, . . ., pi (thatis, p;, p; — p; are
non-constant forall 1 <i, j <k, i # j),

N k
1
i _E pi@m) ¢ . ppk®) _|| .
lim Nn_lT' S TPk fk_i_l/Xf,d/L.

(For T totally ergodic (thatis, 7" is ergodic for alln € N) and py, . . ., px ‘independent’
integer polynomials, it is proved in [14] that we have the same conclusion. This fact
remains true for an ergodic T and ‘strongly independent’ real-valued polynomials iterates,
[p1(0)], ..., [pr(n)] ([-] denotes the floor function), as well (see [21]). These last two
results also follow by a recent work of Frantzikinakis, [11], in which, for single T,
we have a plethora of joint ergodicity results for a number of classes of iterates (not
just polynomial). Finally, for real variable polynomial iterates, one is referred to [26].)
One can think of this last result as a strong independence property of the sequences
(TPiM), 7,1 <i <k in the weakly mixing case. It is reasonable to expect, under
additional assumptions on the system and/or the polynomial iterates, convergence, of the
averages appearing in the previous relation, to the expected limit, which naturally leads to
a general notion of joint ergodicity (a sequence of finite subsets (Iy)yen of Z5 with the
property limy_, oo I~V |(g + In)AlIy| = O for all g € ZL is called a Fplner sequence

in ZL).
Definition 1.2. Let d,k, L € N, p1,..., p: 7Lt — 74 be polynomials and (X, B, u,
(Tg)geza) be a 74-system. We say that the sequence of tuples (Tp, (n)s - - - » Tpg(n))pezt is
Jjointly ergodic for u if for every fi, ..., fi € L°°(n) and every Fglner sequence (Iy)neN
of ZX, we have that
1
im —— Ty i "'Tpk(n)fk:/ h dM"'/ frdp. (®)
N—oo |Iy] X X

nely
When k = 1, we also say that (T, (1)) ,ezL 18 ergodic for .

The following conjecture was stated in [7].
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Conjecture 1.3. [7, Conjecture 1.5] Letd, k, L € N, py, ..., px: Z' — Z% be polyno-
mials and (X, 8B, u, (Tg) gezd) be a Z4 -system. Then the following are equivalent.
CD  (Tpym)s - - - » Tppn))nezt is jointly ergodic for .
(C2) The following conditions are satisfied:
@) (Tpi(n)—pj ) nezt is ergodic for p forall 1 < i, j <k, i # j; and
(i) (Tpymy X -+ = X Tpen))nezt is ergodic for the product measure u®* on X

Answering a question of Bergelson, it was shown in [7, Theorem 1.4] that for a
polynomial p : Z- — Z, the sequence (7}’ @ .., Tr My 1 is jointly ergodic for 1t
if and only if (T x - - - x Tk)p(n))nezL is ergodic for ®¥ and T,'ijl is ergodic for u for
all i # j.In this paper, the strong decomposition results that we obtain allow us to deduce
joint ergodicity results for a larger family of polynomials (see Theorems 2.5 and 2.9), thus
addressing some additional cases in the aforementioned conjecture.

2. Main results
In this section, we state the main results of the paper and provide a number of examples to
better illustrate them. We also comment on the approaches that we follow.

2.1. Splitting results. Our first main concern is to resolve the incompatibility between
[7] and [9], and improve the method in [7], to obtain an extension of the results in [9].

Before we state our first result, we need to introduce some notation.

For d, L € N, the polynomial ¢ = (g1, ...,qq) : 7L — 74 is non-constant if some
g; is non-constant. Here we mean that each ¢; is a member of Q[xy,...,xz] with
qi(Z*) C 7. The degree of q is defined as the maximum of the degrees of the ¢; terms.

The polynomials pi, ..., pi: ZF — Z@ are called essentially distinct if they are
non-constant and p; — p; is non-constant for all i # j. (In general, a polynomial
g: 7Y — 7 has rational coefficients (that is, vectors with rational coordinates).)

For a subset A of Q¢, we denote G(A) = spang{a € A} N 7% . The following subgroups
of Z4 play an important role in this paper.

Definition 2.1. Let p= (p1,..., Pk)» P> ... Pk: ZF — Z¢ be a family of essen-
tially distinct polynomials with p;(n) = ZveNé biyn¥ for some b;, € Q7 with at
most finitely many b;,,v € N(I)‘ non-zero. (Here, we denote n' := n'f1 nZL for
n=,...,n)eZ andv=(vy,...,vL) € Né, where 00 := 1.) For convenience,
we artificially denote pg as the constant zero polynomial and bg, := 0 for all v € N(I)‘.
For 0 < i,j <k, set d,',j = deg(p,- — pj) and Gi’j(p) = G({b,‘,v — bj,vi lv| = d,"j}),
where, forv = (v, ...,v7) € Né, we write |v]| = vy + - - -+ vr.

Our main result provides an affirmative answer to Question 1.1 under finitely many
ergodicity assumptions on the groups G; j (p), which generalizes [9, Theorem 1.5]. We say
that the group G; ; (p) is ergodic for w if any function f € L?(v) that is T,-invariant for
all a € G; j(p) is constant.

The definition of a D-step nilsequence will be given in §3.1. We say thata: ZL — Cis

a nullsequence if for any Fglner sequence (Iy)yeN, limy o0 1/|IN] ZnelN la(n)|? = 0.
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THEOREM 2.2. (Decomposition theorem under finitely many ergodicity assumptions)
Ford,k,K,L €N, let p=(p1,...,pr), where py, ..., pi: Z' — Z% is a family of
essentially distinct polynomials of degree at most K, and let (X, B, w, (Ty),cz4) be a
74 -system. If G; j(p) is ergodic for wforall0 < i, j < k,i # j,thenforall fy, ..., fr €
L (w), the multicorrelation sequence

a(n) 1=/ Jo - Toyamy f1 - Tpea) fr din
X

can be decomposed as a sum of a uniform limit of D-step nilsequences and a nullsequence,
where D € N is a constant depending onlyon d, k, K, L.

We refer the reader to Remark 5.14 for a further discussion on the constant D. Also,
note that Theorem 2.2 goes beyond Question 1.1 as it deals with multivariable polynomial
iterates (that is, L > 1).

Example 2.3. Tt was proved in [9, Theorem 1.5] that for any probability space (X, B, )

and commuting transformations 71, . . ., T acting on X, if 7; and 7}ij1 are ergodic (for
all i and all j # i, respectively), then for all fp, ..., fr € L°°(un), the multicorrelation
sequence

a(n) 1=/Xf0'T1"f1~~~T;f'fk dp

can be decomposed as a sum of a uniform limit of k-step nilsequences plus a nullsequence.
While Theorem 2.2 does not specify the step D of the nilsequence, a quick argument shows
that, in this case, one can indeed take D = k (see Remark 6.1 for details).

The following example shows that Theorem 2.2 is stronger than [9, Theorem 1.6], which
deals with single variable essentially distinct polynomial iterates.

Example 2.4. Let (X, B, u, T1, ..., Ts) be a system with commuting transformations
Ty,...,Te and fo, f1,..., fa € L°°(u). Using [9, Theorem 1.6], we have that the
multicorrelation sequence

2 2 3 3
a(n) = / fo- T AT T3 fo- T} f3-T5" T fadp )
X

can be decomposed as the sum of a uniform limit of nilsequences and a nullsequence if
Tla1 e T6a6 is ergodic for all (ay, ..., ae) € Z6\{0}. In contrast, via Theorem 2.2, one
can get the same conclusion by only assuming that 77, 73 T3_1, T4, Ts, Ty Ts_l are ergodic.
(Indeed, denoting Tiy,.... 4¢) = TI” Lo Téa", and e; the vector whose ith entry is 1 and
all other entries are 0, since p = ((n2, n, 0,0, 0, 0), (n%,0,n,0,0,0), (0,0,0,n30,0),
(0,0,0,0,n% 1)), we have that Gio(p) = G2o(p) = Gle1), G13(p) = G23(p) =
G30(p) = Glea), Gra(p) = Goa(p) = Gao(p) = G(es), Gia(p) = G(ea —e3),
G34(p) = G(es — e5).)

2.2. Convergence to the expected limit. In [7, Theorem 1.4], the first, third, and fourth

authors proved the following case of Conjecture 1.3. If Tp,..., T are commuting
transformations acting on a probability space (X, B, u), then (T]p("), e Tkp(n))nezL is
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jointly ergodic for w if and only if (T} x - - - x Tx)P™), 51 is ergodic for u®* and T; T/.’1
is ergodic for p for all i # j. In this paper, we further extend this result.

THEOREM 2.5. Let k,d, L € N and p = (p1v1, ..., pxVk), where p1, ..., pk: 7t —
Z, v, ..., v € Z¢ be a family of essentially distinct polynomials. Suppose that for all
1 <i,j <k ifdeg(p;) = deg(pj), then either v; and v; are linearly dependent over Z, or
pi and p; are linearly dependent over Z (that is, there is a non-trivial linear combination
of them over Z which equals to a constant). Let (X, B, i, (Tg) gezd) be a7 -system. Then
the following are equivalent.
CD  Tpymyvs - - - » TpemywInezt s jointly ergodic for .
(C2’)  The following subconditions hold:

D (Tp;myvi—p;(myv;Inezt is ergodic for w for all 1 <i, j <k,i # j with

deg(pi) = deg(p;);

A1) (Tpymy; X -+ - X Ty Inezt is ergodic for M®k~
Moreover, condition (C2’) is equivalent to
(C2) The following subconditions hold:

G (T i(n)vi,pj(,,)vj)nGZL is ergodic for pforall1 <i, j <k,i # j;

() (Tp, v X -+ - X Tpymyw ezt is ergodic for u®k.

Note that the subconditions in condition (C2) are consistent with those in Conjec-
ture 1.3. However, the reason we provide an alternative set of equivalent subconditions
in condition (C2’) is that these subconditions are easier to check in practice.

We now give some examples to illustrate Theorem 2.5. The first one is for polynomials
of distinct degrees.

Example 2.6. Let (X, B, u, Ty, ..., Ty) be a system. Using Theorem 2.5, we conclude
2 k k

that (T{", 73", ..., T]' Jnez is jointly ergodic if and only if (T} x - - X T}" ),ez is

ergodic for u®¥, and all the T; terms are ergodic for ..

We remark that Example 2.6 can also be proved by using arguments from [6]. We next
present two examples in which some polynomials have the same degree and so cannot be
recovered by the methods of [6].

Example 2.7. Let (X, 8B, u, T, T>, T3, T4) be a system. Theorem 2.5 implies that
2 2 2

(T, T,', T3, T} Jnez is jointly ergodic if and only if (T} x T}’ x T3 x T, ),ez is

ergodic for n®*, and both T} T2_1 and ((T3 T4_1)"2),,EN are ergodic for u.

Example 2.8. Let (X, B, u, T1, T2, T3) be a system. Theorem 2.5 implies that (T1”4+”2,

4 2 2 L. . . . 4 2 4
le’1 +3n T22" +2n+1 T33" +3")%2 is jointly ergodic if and only if (7}' % len 3y

2 2 , , a2
T22” okl T33” +3ny ez is ergodic for £®*, and both sequences (T 3y ez and

(T T3*3)"2+”),,€Z are ergodic for j.

Another direction for the joint ergodicity problem is verifying whether condition (C1)
implies condition (C2) in Conjecture 1.3. Namely, assume that (T, (n) X - - - X Tpyn))nezt
is ergodic for ®* to find a condition, say (P), of certain sequences of actions to be ergodic,
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under which we have that (T, (1), - - ., Tp,(n))nezt is jointly ergodic for 1. By combining
existing results from [18, 20] (see also [7, Proposition 1.2]), (P) can be taken to be ‘T,
is ergodic for u for all g € Zd\{O}’. Denoting p;(n) = ZveNé,Os\vlﬁK b; yn' for some
biy € Q7 and K e Ny, this result was extended in [7, Theorem 1.3], where the previous
property is replaced by ‘T is ergodic for u for all g that belongs to the finite set R’, where

R= |J {biw bin—bju: 1 <i.j < kN\{O}
0<[v|<K

In this paper, we replace the latter condition with an even weaker one.

THEOREM 2.9. Let d,k,L e N,p= (p1,...,Pk)> Pl>---» Pk: ZL — 79 be a fam-
ily of essentially distinct polynomials and (X, B, [, (Tg)gezd) a 74 -system. Then,
(Tpin)s - -+ » Tppn))nezt is jointly ergodic for w if both of the following conditions hold.:
(i)  G,j(p)isergodic for w forall0 <i, j < k,i # j;

() (Tpyimy X -+ + X Tp()neze is ergodic for p®~.

The last example for this section reflects the stronger nature of the previous theorem
compared to what was previously known.

Example 2.10. Let (X, B, u, T1, T», T3, T4) be a system. Then, [7, Theorem 1.3] implies
2 2 2 2

that (T} T,', T5" T )nez is jointly ergodic if ((T{" T3') x (T3 T,'))nez is ergodic for u®?,

and all Ty, T», T3, Ty, Ty T;l, T T4*] are ergodic for p. Using Theorem 2.9, we conclude

that (Tl”2 T, T;’z T, )nez is jointly ergodic if we instead only assume that ((TI”2 T)') x

(T3"2 T;'))nez is ergodic for w®? and all Ty, T3, T} T3_1 are ergodic for .

Unfortunately, Theorem 2.9 does not imply Conjecture 1.3 for the pair (T1"2T",
T3”2 T )nez. This is because Ti, T3, T T3_1 being ergodic for p is independent of
(T, T3_1)”2(T2T4_1)")nez being ergodic for w. For example, if 71 =713 =T, =1id
and 7, is any ergodic transformation, then ((7} T3_1)”2(T2T4_1)")nez is ergodic for
w but Ty, T3, T T3_1 are not. However, if X ={0,...,6} with u({i}) =1/7, Thx :=
x4+ 1 mod 7, T3 = T12, and T, = Ty =id, then Ty, T3, T} T3_1 are ergodic for u but
(T T3 Y (BT ) ez is not.

2.3. Strategy of the paper. The central ingredient in proving the main results of the
paper (Theorems 2.2, 2.5, and 2.9) is to find proper characteristic factors for the limit of
the average in equation (4), that is, sub-c-algebras Dy, . . . , Dy of B such that the average
in equation (4) remains invariant if we replace each f; by its conditional expectation (see
below for the definition) with respect to ©;. An important type of characteristic factor,
called the Host—Kra characteristic factor, was invented in [18] to study multiple averages
for Z-systems (see below for the definition of these factors). This concept was generalized
to systems with commuting transformations in [17] (see also [31]).

To introduce the main tool used in our results (Theorem 2.11), special cases of which
have been studied extensively in the past (see for example [6, 14, 17, 18, 20]), we need to
introduce the machinery of Host—Kra seminorms and factors.

https://doi.org/10.1017/etds.2023.30 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.30

Decomposition of multicorrelation sequences and joint ergodicity 441

Host—Kra seminorms and their associated factors are arguably the main tools used to
analyze the behavior of multiple averages and correlation sequences. In what follows, we
give general results about these seminorms and factors, following the notation used in [7].

We first recall the notions of a factor and of the conditional expectation with respect to
a factor. We say that the Zd—system (Y, D, v, (Sg)4ez4) 18 a factor of (X, B, i, (Tg) gez)
if there exists a measurable map 7 : X — Y such that ,u(yr_1 (A)) =v(A) forall A € D,
andm o Ty = Sgom forall g € Vi

A factor (Y, D, v, (Sg)geza) of (X, B, u, (Tg)geza) can be identified with an invariant
sub-o-algebra B of B by setting B := 7~ (D). Given two o -algebras, B; and B,, their
Jjoining B V B, is the o-algebra generated by By N B, for all By € B and B, € B, that
is, the smallest o -algebra containing both B and B5.

Given a factor 7 : (X, B, u) — (¥, D, v) and a function f € Lz(u), the conditional
expectation of f with respect to Y is the function g € L%(v), which we denote by E(f | ¥),
with the property

fgond,u:ffdu forall A € 7~ 1(D).
A A

Let (X, B, u) be a probability space and let 81 be a sub-o-algebra of B. The relatively
independent joining of (X, B, u) with itself with respect to B is the probability space
(X x X,B® 8B, u xg, u), where the measure . xg, u is given by the formula:

f A ® frdxs w) = / E(/1|BDE(fIB)) du.
XxX X

for all fi, fo € L®(w).
For a G-system X = (X, B, u, (Tg)gec), if H is a subgroup of G, we denote by

I (H)(X) the set of A € B such that T,A = A for all g € H. When there is no confusion,
we write 7 (H).
For a Zd-system (X, B, u, (Tg)gezd) and Hj, . .., Hy subgroups of 74, define
WH) = W XT(H)) W

and for k > 1, let

MH,,....H, = WHy,....H;_ X[(Hk[k*l]) MH,,....H 1>

where Hk[k_” denotes the subgroup of (Z¢ )2](71 consisting of all the elements of the form
(hgy ..., hy) (2"_1 copies of ) for some hy € Hy. The characteristic factor Zy, ... g, (X)
is defined to be the sub-o-algebra of 8 characterized by

.....

for all f € L®(u), where XKl = X x ... x X (2% copies of X), || = €1 + - - - + ¢ for

€=(e1,...,€e) €{0,1}% and C¥*! f = f, the complex conjugate of f, C*" f = f for
all r € Z. The quantity ||| f|l|,,..., s, denotes the Host—Kra seminorm of f with respect to
the subgroups Hi, . .., Hi. Similar to the proof of [17, Lemma 4] or [18, Lemma 4.3],

one can show that Zy, g, (X) is well defined.
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THEOREM 2.11. Let d,k, K,L e N,p= (p1,...,pt), Pls-..,px €ZL — 7% be a

family of essentially distinct polynomials of degrees at most K. There exists D € Ny

depending only on d, k, K, L such that for every Zd-system X=X, 8, u, (Th),eczd)

every f1, ..., fi € L®(w), and every Fplner sequence (In)nen of ZL, if f; is orthogonal

to the Host—Kra characteristic factor Z{G~ (PP (X) for some 1 <i <k (that is, the
1) Po<j<k.jzi

conditional expectation of f; under Z (Gi (X) is 0), then we have that

i,j (P)}0<j<k i

” | Z]‘[T,m)fz—o (10)

nely i=1

N—>c>o

In particular, if for some 1 <i <k, G; j(p) is ergodic for u forall 0 < j <k, j #1i and
Jfi is orthogonal to the Host—Kra characteristic factor Z zayxp (X), then equation (10)
holds.

It is worth noting that the factor Z (Gi (X) we obtain in Theorem 2.11 is not

/(p)}0</<k Jj#i
optimal, but it is good enough for our purposes.

A special case of Theorem 2.11 was proved in [7, Theorem 5.1]. In particular, Theorem
2.11 generalizes [7, Theorem 5.1] in the following ways.

(I) The characteristic factor obtained in Theorem 2.11 is of finite step, whereas that in
[7, Theorem 5.1] is of infinite step.

(I))  The groups G, ;(p) involved in Theorem 2.11 are larger than those in [7, Theorem
5.1], which makes the characteristic factors in Theorem 2.11 smaller.

We remark that the aforementioned technical distinctions have significant influences on
the applications of Theorem 2.11. First, the essential reason why one cannot directly use
[7, Theorem 5.1] to improve [9, Theorem 1.5] is that the method used in [9] requires a
characteristic factor of finite step. This problem is resolved by generalization (I), enabling
us to extend [9, Theorem 1.5] in this paper. Second, [7, Theorem 5.1] does not provide a
strong enough characteristic factor in certain circumstances. For example, in the case of
Example 2.6, [6, Theorem 6.5] suggests that the Host—Kra seminorms controlling equation
(10) depend only on the transformations 71, . . ., Ty, whereas the upper bound provided
by [7, Theorem 5.1] depends not only on the transformations 77, . . ., Ty but also on many
compositions of them. With the help of generalizations (I) and (II), we are able to obtain
(and generalize) the aforementioned upper bound of [6, Theorem 6.5].

Roughly speaking, the achievement of generalization (I) relies on a sophisticated devel-
opment of a Bessel-type inequality first obtained by Tao and Ziegler in [33, Proposition
3.6]. The most technical part of this paper is the approach we use to get generalization (II).
In [7], a method was introduced to keep track of the coefficients of the polynomials while
running a variation of the polynomial exhaustion technique (PET) induction. However,
the tracking provided there is not strong enough to imply Theorem 2.11. To overcome
this difficulty, we introduce more sophisticated machinery to have a better control of the
coefficients.

The paper is organized as follows. We provide some background material in §3. In
§4, we present the variation of PET induction that we use. In §5, we address how
generalizations (I) and (II) above can be achieved with Propositions 5.2 and 5.4, which
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improve Propositions 5.6 and 5.5 of [7], respectively. We conclude the section by proving
Theorem 2.11. This is the bulk of the paper. In §6, we use Theorem 2.11 to deduce
Theorems 2.2, 2.5, and 2.9, which are the main results of the paper. We conclude with
some discussions on future directions in §7.

2.4. Notation. We denote by N, Ny, Z, Q, R, and C the sets of positive integers,
non-negative integers, integers, rational numbers, real numbers, and complex numbers,
respectively. If X is a set and d € N, X¢ denotes the Cartesian product X x - - - x X of d
copies of X.

We will denote by e; the vector that has 1 as its ith coordinate and 0 elsewhere. We
use in general lower-case letters to symbolize both numbers and vectors but bold letters
to symbolize vectors of vectors to highlight this exact fact. The only exception to this
convention is the vector 0 (that is, the vector with coordinates only 0) which we always
symbolize in bold.

Throughout this article, we use the following notation for averages. Let (a(n)), 7. be
a sequence of complex numbers, or a sequence of measurable functions on a probability
space (X, 8B, u). We let:

neAa(n) = (1/]A]) ZneA a(n), where A is a finite subset of ZL;

EneZLa(n) = th_)OO Ene[ N.N] ra(n) (we use the symbol o to highlight the fact that

the averages are taken along the boxes [—N, N1%);

EneZLa(n) = SUP (Iy)yen th%OO EnelNa(n)

Fglner seq.
IEEEzLa(n) =limy o0 E,e_y yjra(n) (provided that the limit exists); and
E,czram) = limy_ oo Eyeqya(n) (provided the limit exists for all Fglner sequence

(In)Nen). It is worth noticing that if the limit limy_, oo E,csya(n) exists for all Fglner
sequences (in Z%), then this limit does not depend on the chosen Fglner sequence.

We also consider iterated averages. Let (a(hi, . . ., hs))y, . p ezt be a multiparameter
sequence. We let
Ehh...,hyEZLa(hl’ ey hb) = EhlezL e EhvezLa(,’ll, ey hs)

and adopt similar conventions for E; ezl

We end this section by recalling the notion of a system 1ndexed by a countable abelian
group (G, +). We say that a tuple (X, B, i, (Ty)gec) is a G-measure-preserving system
(or a G-system) if (X, B, i) is a probability space and T,: X — X are measurable,
measure-preserving transformations on X such that 7., = id (e is the identity element
of G)and Ty o Tj, = Ty, for all g, h € G. A G-system will be called ergodic if for any
A € Bsuchthat T,A = Aforall g € G, we have that £(A) € {0, 1}. In this paper, we are
mostly concerned about Z¢-systems and L?(x)-norm limits of (multiple) ergodic averages.
For the corresponding norm, when it is clear from the context, we will write ||-||» instead

Of ||'||L2(M)

hyeZl> ]Em ..... hyeZL> andE

.....

3. Background material
In this section, we recall some background material and prove some intermediate results
that will be used later throughout the paper.
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We summarize some basic properties of the Host—Kra seminorms and their associated
factors.

PROPOSITION 3.1. [7, Lemma 2.4] Let X = (X, 8B, u, (Tg)yeza) be a Z%-system,
Hi, ..., Hy, H be subgroups of Z¢ and f € L ().
(i) For every permutationo : {1,...,k} — {1,..., k}, we have that

ZHy .0 (X) = ZH, ... Hy 1y (X),

and hence the corresponding seminorm does not depend on the particular order
taken for the subgroups Hy, . . ., Hy.
(i) IfI(H;)=I(H'), then Zy,  u;.. 1 X)=Zp,
(iii) For k > 2, we have that

.....

while for k = 1,
£, = Egen, / [ Tof dp.
X
(iv) Letk = 2.If H < H; is of finite index, then
Z,,. H;.. . HX) = ZpyH; o H Hgy e H XD

J

(\f) IfH < Hj, then Zp,, .u;,...10X) € Zny .1y 1 Hygy.. e (XD
vi) Fork =2 |lflla,. .5, < Wfll&,.. . .H_ H and thus

Zuy,...H X)) € Zh,.. H H(X).
(vii) Fork > 1,if H{, ..., H} are subgroups of 72, then
H, (X).

As an immediate corollary of Proposition 3.1(iv), we have the following corollary.

,,,,,,,,,,,,,,,

COROLLARY 3.2. [7, Corollary 2.5] Let Hy, . . ., Hy be subgroups of Z2. If the H;-action
(Tg)gen; is ergodic on X forall 1 <i <k, then Zy,,. g, (X) = Zya _74(X).

Convention 3.3. Thanks to Proposition 3.1, we may adopt a flexible and convenient nota-
tion while writing the Host—Kra characteristic factors. For example, if A = {H], Hz}X3,
then the notation Z A HZ (H)izss (X) refers to Zy, 1y Hy,H>,Hy, Hy, Hs, Hy Hy, Hs, Hs (X) (nOtE
that thanks to Proposition 3.1(i), Z 6(X) is well defined regardless of the

,,,,,

AH3,H) 2 (Hy)izs,

ordering of A).

Recall that for a subgroup H C Z4¢, H!! denotes the subgroup {(h, h): h € H} C
74 x 74,
LEMMA 34. Letd € N. Let (X, 8, u, (T),cz4) be a Zd—system and Hy, . .., Hy, H be

subgroups of Z%. Let f € L™ (). Then,

..........

where in the left-hand side, we consider the product space (X x X, BQ B, u x u, (T, X
Tn)(m’n)ezm).
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Proof. We proceed by induction on k. For k = 1, using the Cauchy—Schwarz inequality,
we have
15 © T = Bxem [ £@T (T x T)T ® f dlu x
1

2
= Egen,

2
= Egen,

/ Tof - fdu

/ E(T, f - fII(H)) dp

<Egen, / E(T, f - FITCH)) du

=12 4 4
=Eger e f - fMG=0S W g, = WA W ey s

where we used in the last two equalities Proposition 3.1(iii) and (i), respectively, from
where we conclude the required relation by taking square roots.
Suppose that the result holds for k — 1. By Proposition 3.1(i) and the induction

hypothesis,
— ok — — k=1
1f ® Fllym = Beemll(Te x T f @ F - F @ fllym
— — 2/(—]
= IE:gerngf ' f ® Tgf : f”'H“] g
1 o 1
< EeermTef - fllmy,. 1 1
= WFlay,. 151 = WA, H HH
and the claim follows. O]

3.1. Nilsystems, nilsequences, and structure theorem. Let X = N/I', where N is a
(k-step) nilpotent Lie group and I' is a discrete cocompact subgroup of N. Let B be
the Borel o-algebra of X, u the normalized Haar measure on X, and for n € 74, let
T,: X - X with T,x = b, - x for some group homomorphism n +— b, from 74 to
N. We say that X = (X, B, u, (T,),cz4¢) is a (k-step) 72 -nilsystem. For k > 1, we say
that (a,),cz¢ € C is a (k-step) Zd-nilsequence if there exist a (k-step) Zd-nilsystem
(X, B, u, (T,),,¢74), a function F € C(X) and x € X such that a, = F(T,x) for all
n € Z4. For k = 0, a 0-step nilsequence is a constant sequence. An important reason which
makes the Host—Kra characteristic factors powerful is their connection with nilsystems.
The following is a slight generalization of [36, Theorem 3.7] (see [16, Lemma 4.4.3
and Theorem 4.10.1], or Proposition 3.1(ii) and [31, Theorem 3.7]), which is a higher
dimensional version of the Host—Kra structure theorem [18].

THEOREM 3.5. Let X be an ergodic 7%-system. Then Z gay<x(X) is an inverse limit of
(k — 1)-step Z4-nilsystems.

3.2. Bessel’s inequality. An essential difference in the study of multiple ergodic aver-
ages between Z-systems and Z?-systems is that in the former case, one can usually bound
the average by some Host—Kra seminorm of a function f appearing in the average, whereas
in the latter, one can only bound the averages by an average of a family of Host—Kra
seminorms of . To overcome this difficulty, inspired by the work of Tao and Ziegler [33], in
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this subsection, we derive an upper bound for expressions of the form E; ;||| f|I HigvonHigs
where [ is a finite set and H; ; are subgroups of 74,
The proof of the following statement is similar to [33, Corollary 1.22].

PROPOSITION 3.6. (Bessel’s inequality) Lert € N, (X, B, u, (Tg)4ez4) be a 74 -system,
I be a finite set of indices, and H; j,i € I,1 < j <t be subgroups of 7. Then for all
f e L®(w),

Eict 1B 1 Zayy .t M5 < W f M2 - B jer WECA | Zia, ot v, )y ) 1D

JsJ

Proof. For convenience, let f; = E(f|Zp;,, .,

Eie/IEf1Zp, .o N3 = (f Bict fi)

which, by the Cauchy—Schwarz inequality, is bounded by

1f 2 - i jer (fin £
By [33, Corollary 1.21], L*(Zy,,...n;,) and L""(ZH].Y1 ,,,,, H;,) are orthogonal on the

orthogonal complement of L*(Zn, , + Hj; ), and hence

it ji<t

H,-’,)~ Then,

(fis 1) = VB 20,41, b D15

and we have the conclusion. O

By repeatedly using Proposition 3.6, we have the following inequality.

COROLLARY 3.7. Lett,s € N, (X, 8, u, (Tg)gezd) be a Zd-system, I be a finite set of
indices, and H; j,i € I,1 < j < t, be subgroups of Z%. Then for all f € L> (1), we have

I

R A
‘lj 1511 ..... i, <t

Eiet 1B 1Z 850, D = 11577 Byt [B(f|Z52
Lo,

The next proposition provides an upper bound for E;c; ||l flllg;;....H;, which can be
combined with the previous two statements.

PROPOSITION 3.8. Let t € N, (X, B, i, (Tg) gezd) be a 74 -system, I be a finite set of
indices, and H; j,i € I,1 < j <t be subgroups of Z2. Then, for all f € L°(w), with
I fllLeqoy <1,

t
Eicrll fla ..t < Cict IECFIZa, o IV

Proof. Note that

12t71
AWty < 10y < IFIY (1

Also, for all i, we have

WAy < WS =B Za; o I H i+ WECA N Z o IV B
= ”lE(f'ZHi,lw-,Hi,t)”|Hi4,lw-»Hi,t’
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SO
EictllfM ey, < EictWEf |1 ZH;y.om )W H, . H
127! 2,172
< Eic/IE(f1Zh;,....5:01l5 < EierlECf1Za 4 I3 (12)
as was to be shown. O]

3.3. General properties of subgroups of Z¢ and properties of polynomials. Recall that
for a subset A of Q?, we denote G(A) := spangfa € A} N Z4 . Next, we summarize some
properties of these sets.

LEMMA 3.9. The following properties hold.

(i) Forany set A C 74, G(A) is a subgroup of 7.

(i1)) Let A C Qd be a finite set and M (A) the matrix whose columns are the elements of
A. Then G(A) = (M(A) - QA nzd.

(i) If H CZ% is the subgroup generated by hy,...,h; € Z% then G(H) =
G({hy, ..., hi}). Inparticular, letting M (hy, . . ., hi) be the matrix whose columns
are hy, ..., hx, we have that G((hy, . .., hi)) = (M(hy, . . ., hy) - Q%) N Z4.

(iv) For any subgroup H C 74, H has finite index in G(H). Moreover, G(H) is the
largest subgroup of 7. which is a finite index extension of H.

(v) If not all of ay,...,a; belong to a common proper subspace of Q¢, then
G(ai, . ..,a) =74

Proof. Properties (i), (ii), and (iii) follow directly from the definitions.

To prove property (iv), let {g1,..., gx} be a set such that (g1,..., gk) = G(H).
For each i =1, ..., k, there exist m; and h; € H such that g; = h;/m;. The group
(mig1, ..., mrgk) is of finite index in (gq,..., gk) = G(H) and is contained in H.

Therefore, H is of finite index in G(H).

To see that G (H) is the largest finite index extension of H, take H' to be any finite index
extension of H and take 7’ € H'. Since H’ is a finite index extension of H, we have that
there exists n € N such that nh’ € H. This implies that 4’ € G(H).

To show property (v), reordering ay, . . . , ai if needed, we may assume thatay, . . . , aq
are linearly independent vectors over Q. It follows that spang({ai, . . ., aq}) = Q4 and
then G({ai, . . .,ar}) 2 G(ay, . . ., aq)) = Z°. O

Remark 3.10. If Hy and H, are subgroups of Z¢, then G(H}) + G(H») € G(H; + H>),
with the inclusion possibly being strict. For instance, for Hy = ((1, 2)), H> = ((2, 1)), we
have that G(H) = H, G(Hy) = H>, and H| + H, C G(H| + Hy) = Z2. Nevertheless,
Lemma 3.9 implies that that G(H}) 4+ G (H3) has finite index in G(H| + H3).

In the remainder of the section, we provide some algebraic lemmas that will be used
later in the paper. For aset E C Z¢, we define its upper Banach density (or just upper den-
sity when there is no confusion) by d*(E) = imy_ oo max;czd [(E—)N{l, ..., N}d|/
N9 If the limit exists, we say that its value is the Banach density (or just density) of E.
The proof of the following lemma is routine (see also [7, Lemma 2.11] for a more general
version).
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LEMMA 3.11. [7, Lemma 2.11] Lerc: (ZX)S — R be a polynomial. Then either ¢ = 0 or
the set of h € (Z*)® such that ¢(h) = 0 is of (upper) Banach density 0.

LEMMA 3.12. Letv; € ZF, 1 < i < k and U be a subset of ZF of positive density. Then,

G({ > hwvith= (... k)€ U}) =G(vi: 1 <i <k). (13)

1<i<k

Proof. Note that in equation (13), the right-hand side clearly includes the left-hand side.
To prove the converse inclusion, it suffices to show that

spang{h: h e U} = Q*. (14)

Since U has positive density, it cannot be contained in any hyperplane of Q, so it must
have at least k elements that are linearly independent over Q. Thus, equation (14) follows
immediately. O

Definition 3.13. Let P: (Z*)? — R be a polynomial. Denote by AP : (ZLX)P+! — R the
polynomial given by AP(n, hy,...,hp):=Pm+hp,hy,...,hp_1) — P(n, hy, ...,
hp_y) foralln, hy,...,hp € ZEL. For a polynomial P: ZL — R, let A°P = P, and for
K >1,AKP: ZLH)P+HK 5 Ris AKP = A ... AP (where A acts K times).

LEMMA 3.14. Let K € N and Q: Z¥ — R be a homogeneous polynomial with
deg(Q) > K. If Q(n) ¢ Q[nl, then the set of (hy,...,hg) e (Z")X such that
AKQn, hy, ..., hi) ¢ Q[n] is of density 1 in (Z5)X.

Proof. We may write Q(n) = Zf‘i 1 ;i Qi(n) for some M € N, homogeneous polynomi-
als Q1, ..., Qup in Q[n] of degrees deg(Q), and real numbers ay, . .., ay € R which
are linearly independent over QQ (this can be done by taking aj . . ., ay to be a basis of
the Q-span of the coefficients of Q). Since Q(n) ¢ Q[n], there exists some 1 <i <M
such that a; ¢ Q and Q; # 0. Without loss of generality, assume that i = 1. Since
deg(Q1) > K, we have that AKQl £ 0.

Suppose that AKQ(n, hi,...,hg)eQ[n] for some (hy,...,hg)e (ZX)X . Note that
AKQm, by, hg) =M a;AKQi(n, hy, . .., hi). Since each AKX Q;(n, hy, . . .,
h) is arational polynomial in terms of n of degree deg(Q) — K and ay, ..., ay € Rare
linearly independent over QQ, we must have that AKX Qi1(, hy,...,hg) =0.Soif the set of
(hi, ..., hg) € (ZM)K such that AKX Q(n, hy, ..., hg) € Q[n] has positive density, then
the set of (n, hy, ..., hg) € (ZF)X+! such that AX Q (n, hy, . .., hg) = 0 has positive
density too. By [7, Lemma 2.11], AX Q| = 0, which is a contradiction. This finishes the
proof. O

4. PET induction

In this section, we present the method we use to reduce the complexity of the polynomial
iterates, that is, PET induction (PET is an abbreviation for ‘Polynomial Exhaustion
Technique’), which was first introduced in [2]. To this end, we start by recalling a variation
of van der Corput’s lemma from [7] that is convenient for our study. We then continue by
presenting the inductive scheme via the use of van der Corput operations.
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4.1. The van der Corput lemma. The standard tool used in reducing the complexity of
polynomial families of iterates is van der Corput’s lemma (also known as ‘van der Corput’s
trick”). We will use the following variation of it, the proof of which can be found in [7,

Lemma 2.2].
LEMMA 4.1. (van der Corput lemma) Let (a(n; hy, .. ., hx))(n;hl ,,,,, ho)ezly+ls S € Ny, be
a sequence bounded by 1 in a Hilbert space H. Then, for all T € Ny,
_D —_
Epy.pezt sup  lim [Enerya(n; by, ... ho)l**
(UN)NeN o0
Fglner seq.
_D —_—
54.[]}3/11 """" hs,hx+l€ZL sup lim |EHEIN<a(n + hS+1; h19 s hS)3 a(n; h13 L] hS))lr'
(IN)yen N7
Fglner seq.

Remark 4.2. We use this unorthodox notation to separate the variable n from the /; terms.
The variable n plays a different role in our study than the A; terms.

We also provide two applications of Lemma 4.1 for later use. The first one is to get an
upper bound for single averages with polynomial iterates and a polynomial exponential

weight. Let exp(x) := ¢*™* and recall Definition 3.13 for the polynomial AX P.

LEMMA 4.3. Let P: ZX — R and p: ZF — 7% be polynomials. For all K € Ny and
T € N, there exists Cg . > 0 such that for every Zd-system, (X, B, u, (Tg)gezd), and
f € L°°(w) bounded by 1, we have

sup  lim [|Eyezy exp(P () Tpm) 1137
(IN)yey N0
Fglner seq.

_D —_
< CkeByeghy o pye@iyk Sup Tim |[Epery exp(AX P, W) Tax o £ 13-
(UN)NeN o0
Folner seq.
Proof. When K = 0, there is nothing to prove. We now assume that the relation holds for

some K € Ny and we show it for K + 1. Using Lemma 4.1 and the T-invariance of u, we

get
=0 T K 2
EBoiy,..rezik Sup  Tim [Enery exp(AS P, h)Tak i f I1*
(UN)NeN
Fglner seq.
T0 . K+1 T
<4 Eh:(hl ,,,,, hxp1)e(@b)k+1 Sup lim |]E,,61N/exp(A P(n, h))TAK+1p(n’h)f-f du|
(IN)NeN o0 X
Fglner seq.
—0O —_—
<A By etk sup T [[Erery exp(ART P2, W) Taksn um £1135
(IN)NeN
Fglner seq.
and hence the result (the constant that appears depends only on t and K). O

The second application of Lemma 4.1 provides an upper bound for single averages, with
linear iterates and an exponential weight evaluated at a linear polynomial, on a product
system. The proof is inspired by [7, Lemma 5.2] and [19, Proposition 2.9].
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LEMMA 4.4. Let (X,8B,u) be a probability space, k,L €N and T;;,1<i <k,
1 < j <L be commuting measure-preserving transformations on X. Denote S; =
T1,j x -+ xTyjfor1 < j<L.Let G be the group generated by T; 1, . .., T; 1. Then,
for any polynomial P: Z* — R of degree 1 and fi, . . ., fi € L®(u) bounded by I, we
have that

sup 1i_f)noo IEnery exp(P() Ry fllp2( o0y <2 lrsniigklllﬁlllcixz, (15)

(IN)NeN
Fglner seq.

where f = fi® -+ ® frandforn = (ny,...,np), Ry =S/ - S;-.

Proof. Fix 1 <i <k and let P(n) =a-n+>b for some a € RL, b € R. Then, by
Lemma 4.1 for T = 2 and s = 0, the fourth power of the left-hand side of equation (15) is

bounded by
N _ 2
16 - EhEZL Isup ngnoo‘/Xk Ecry exp(P(n+h) — P(m)Rysnf - Ruf d/L@k
F(zil[;]le;vsegl.
k2
=16-E! lim E )Ry f - f du®
hezl Isl)lliN Ngnoo’ka nely eXpla-h)Ry f - f du
Fglner seq.
. 2
—16- By | [ Ruf T ™
k L 2
_ o
=165, e [, @ ([T 757, ) an
i=1 j=1
L 2
o
=16-E,_, _hezt /X(HTz > fidu
j=1
L . 2
<16-E)_, /XIE<(1_[ Ti’j)fi-fiII(Gi)> dp
j=1
= 16|||fz|||ze,
from where the result follows. O]

4.2. The van der Corput operation. To review the PET induction scheme, we will
follow, and slightly modify, the approach from [7]. To this end, we extend the definitions
that we have already given on the polynomial families of interest (see the beginning of
§2.1), taking into account that we treat the first L-tuple of variables of the polynomials
differently.

Before we list the steps of the van der Corput operation, we will present the manip-
ulations of the inner product in Lemma 4.1 in a simple example where we have three
essentially distinct polynomial iterates (p1(n), p2(n), p3(n)) = (n%, 2n, n), to show how,
by repeatedly running the van der Corput trick, we get an expression of linear iterates.
This will be extended to general expressions in Theorem 4.9. Here, we want to study, for
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bounded by 1 functions fi, f2, f3, the average of the sequence a(n) = T]”2 fi- T22” fr-
T3 f3. Notice that we can write this sequence as a Z2-action, a(n) = T(n2,0) S1 -T2 /2
T(o,n) f3 for the triple of polynomials ((n?, 0), (0, 2n), (0, n)). Using Lemma 4.1, we have

sup  Tim | Eperya(n)®

(UN)NeN
Fglner seq.
_D —_
<d4E, cz sup lim [E,cpyla(n+h1),a(mn))]
(IN)NeN ©
Fglner seq.
bk T hy)? 2(n+h h 2 2
=4E, o sup Im [Enep, | TV -1 hom T s T f
! N
(IN)Nen V7 X
Fglner seq.

X Tzz"fz . Tz"f3 dul.

Using the fact that 7> is measure-preserving, we compose by 7, " (notice that n is the
polynomial of the minimum degree in the expression) to get

_D —_—
4E, ez sup th
(UN)Neny VT
Fglner seq.

= o h 2 080 2
Enel,vfxfs-Tzlf3~Tl"+ ngner! g

s

2 2h =
XTI, fi - T,(T, " fa- f2) dp

where we grouped the functions with the same linear terms.
Using the Cauchy—Schwarz inequality (to discard the terms that have iterates indepen-
dent of n), the previous relation is bounded by

—0 _— 24201 e 3 2p—n ¢ 2h '
IEh ez Sup lim ”EnGINTln ]nTz n(Tllfl)'Tln T2 nfl 'Tzn(Tz |f2'f2)||-
1
(Inveny N7
Fglner seq.

Exactly because of the grouping of the terms of the same linear iterates, the resulting
polynomial iterates, (n2 + 2hn, —n), (nz, —n), (0, n), have the property that they are
non-constant and that their pairwise differences are non-constant (this will lead us below
to the notion of the ‘essentially distinct’ vector-valued polynomials).

Similarly, skipping the details, using Lemma 4.1, composing with T, " (the polyno-
mial (0, n) is of minimum ‘degree’—see below for the definition of the degree of a
vector-valued polynomial), the square of the previous quantity can be bounded by

=0 — 212(h+h - hy+h2) % —h 242hin g — iz
B pyeze sup  Tim [Byed 20 g2 b e g g2y )

N)NeN
Fglner seq.

24 2han o —2n by =ty 7 22
x T P2 P fy T T AL
Note that the iterates in the previous relation are ‘essentially distinct’ for ‘almost all’ tuples
(h1, ha) € 7.

Analogously, using Lemma 4.1 once more, noticing that all the resulting terms in the
. . 2 . . .
expression will have the factor 7{" T, 2" where (n%, —2n) is the polynomial of minimum
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. . —n2 .
‘degree’, we can bound, composing with the term 7" T22", the square of the previous
relation by

—=0 — 2(h1+ha+h hi+ha+h3)? o —hy—2h
E(hl,hz,h3)EZ3 sup hmoo ”En€IN Tl( 1 2 3)” (Tl( 1 2 3) T2 2 3f1)
(

IN)Nen
Fglner seq.

2(ha+h ho+h3)? i—hy—2h3 = 2(hi+h hy+h3)? —2h3 7 2h h3  _on

X Tl(2+ %)n(Tl( 2+h3) T2 12 Sfl)' T1(11+ 3)”(T1( 1+h3) T2 3f1) . T] 3"(T13T2 ’ifl)
2hy+h hi+h2)? o—hy 7 2% h3 o —h 2h h?

s PO e gy et B fy T T ) dl.

The iterates in this last relation are linear with distinct coefficients for ‘almost all’ tuples
(h1, hy, h3) € Z3. So, the eighth power of the initial expression is bounded by the previous
relation.

The previous example leads naturally to the following notions.

Definition 4.5. For a polynomial p(n;hy, ..., hg): (ZL)S+1 — Z, we denote by
deg(p) the degree of p with respect to n (for example, for s = 1, L = 2, the degree of
p(ni, no; i, hip) = hythion? + hilnz is 2).

For a polynomial p(n; hy,...,hs) = (p1(nshy, ..., hs), ..., pa(n;hy, ..., hs)):
(ZLy*1 — 79, we let deg(p) = max|<;<q4 deg(p;) and we say that p is non-constant if
deg(p) > O (that is, some p; is a non-constant function of n), otherwise, we say that p
is constant. The polynomials qi, . . ., gi: (ZX)T! — Z4 are called essentially distinct
if they are non-constant and g; — g; is non-constant for all i # j. Finally, for a tuple
q=(q1,--.,qxr),weletdeg(q) = max<;<x deg(g;). (For clarity, we use non-bold letters
for vectors (of polynomials) and bold letters for vectors of vectors (of polynomials).)

Let (X, B, i, (Tg) gez4) be a Z4-system, q1, . . ., qi: (Z)*t! — Z4 be polynomials,
and g1,...,8k: X X (ZY)S — R be functions such that gm(3hi, ..., hy)isan L%(u)
function bounded by 1 for all Ay, ..., A € ZE 1 <m <k If q=1(1,...,qr) and
g=1(g1,...,8k),wesaythat A = (L, s, k, g q) is a PET-tuple, and for t € Ny, we set

T

k
IEnEIN l_[ Tqm(n;hl ,,,,, hS)gm(XZ hi,..., hy)

m=1

_D —_—
S(A, 7)) =Ey,  pezt sup lim
Un)ven  N=00
Fglner sequence

2
(16)

We define deg(A) = deg(q), and say that A is non-degenerate if q is a family of
essentially distinct polynomials (for convenience, q will be called non-degenerate as
well). For 1 < m <k, the tuple A is m-standard for f € L*°(u) if deg(A) = deg(gm)
and g, (x; hy, ..., hs) = f(x) for every x, hy, ..., hs. That is, f is the mth function
in g, only depending on the first variable, and the polynomial g,, that acts on f is of the
highest degree. (Here, we say m-standard for f to highlight the function of interest as, after
running the vdC-operation, the position of the functions in the expression we deal with
changes.) The tuple A will be called semi-standard for f if there exists 1 < m < k such

that g,,, (x; h1, ..., hg) = f(x) forevery x, hy, . . ., hs. In this case, we do not require the
function f to have a specific position in g nor that the polynomial acting on f be of the
highest degree.
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As an example, for a Z-system (X, B, u, T), take L=s =1,k =3,q1(n, h) = n3,
q2(n, h) = 3n2h, q3(n, h) = 3nh%, and, for f,ge L®w), let gi(x,h) = f(x),
3
g2(x, h) = g(x), and g3(x, h) = T"" f (x).
Then, we have that A is 1-standard for f, semi-standard for f and g, and, for ¥ € Ny,

S, =Fpey  sup M By T () - T gCr) - T o)
(IN)NeN -
Fglner sequence

For each non-degenerate PET-tuple A = (L, s, k, g, q) and polynomial ¢: (ZL)**! —
74, we define the vdC-operation, dq A, according to the following three steps. (Actually,
the vdC-operation can be defined for any PET-tuple, not just for non-degenerate ones.
Similarly, being a procedure that reduces complexity, PET induction can be applied to
any family of polynomials. As the expressions of interest in this paper correspond to
non-degenerate tuples, we consider only this case.)

Step I:Forall1 <m <k, let g =gt = gm.and g}, ....q5: (ZE)st2 — 79 be
the polynomials defined as

gm(m 4+ hsy13h1, ..., hy) —qm; hy, ..., hy), 1 <m <k,

*(mihy,.... h =
Gm (I Bs) {qm_k(n;hl,...,hs)—q(n;hl,...,ha, k+1<m <2k,

that is, we subtract the polynomial g from the first £ polynomials after we have shifted by
hg41 the first L variables, and for the second k ones, we subtract g. (In practice, this g will
be one of the ¢; terms of minimum degree.) Denote q* = (¢, . . ., ¢3;).

Step 2: We remove from ¢, ..., g3, the polynomials which are constant and the
associated functions g/ in the expression (we group all these terms together and we see
the resulting term as a single constant one, in terms of n). As we already saw in the example
at the beginning of this subsection, this is justified via the use of the Cauchy—Schwarz
inequality and the fact that the functions g,, are bounded. Then we put the non-constant

ones in groups J; = {Gi1,...,Giy}, 1 <i <k’ for some &, #; € N such that any two
polynomials are essentially distinct if and only if they belong to different groups. Next,
we write g; j(n; hy, ..., hgy1) =gii(ns hy, ..., hsp1) + pij(h, ..., hsy1) for some

polynomial p;; for all 1 < j <#,1 <i <k'. For convenience, we also relabel what

remains, as some of the initial terms may have been removed because of the grouping

of the polynomials, of the g7, . . ., g3, accordingly as g; ; forall 1 < j <#;,1 <i <k'.
Step 3: Forall 1 <i < k',letq; = g; and

1
gi(xshy, .. hyy) = gia(xshy, ..., heyr) l—[ T, jhyohgy )8 j (X5 h1, o hgg1).
j=2
We set q' = (q{,...,q;), &€ =(g],-..,8,) and we denote the new PET-tuple by

;A= (L,s+1,k',¢g,q). (Here we abuse the notation by writing 9, A to denote any
such tuple, obtained from Steps 1 to 3. Strictly speaking, d; A is not uniquely defined as
the order of the grouping of ¢j, ..., g}, in Step 2 is ambiguous. However, this is done
without loss of generality, since the order does not affect the value of S(9, A, -).) It follows
from the construction that 9, A is non-degenerate because each ¢; comes from a distinct
grouping J;.
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If g = g; forsome 1 < ¢ < k, we write 9;q instead of ¢’ to highlight the fact that we have
subtracted the polynomial g;; we also write 0; A instead of d,, A to lighten the notation.

Definition 4.6. We say that the operation A — 0, A is I-inherited if we did not drop g or
group it with any other ¢;* in Step 2. Note that his implies that ¢| = ¢} and g| = g1.

Example 4.7. Let p = (p1, p2) with p1, p2: Z — Z¢ the polynomials given by p;(n) =
bi,2n2 + b; 1nforsome b; 1, b; o € Z4 for 1 <i < 2with b12, b22,b12 — bas # 0 (hence,
we have that L = 1, s = 0, and k = 2). We will calculate d,p. Subtracting p; in the Step 1
of the vdC operation, we have that d,p = (g1, g2, ¢3) is a tuple of three polynomials,
q1, g2, q3: 7> — 74, given by

q1(n, hy) = p1(n+ hy) — pa(n)
= (b1 — byp)n® + 2byonhy + (b1, — ba)n + by thy + by 2k,

@2(n, h1) = p2(n + h1) = pa(n) = 2bronhy + b ihi + baohi,

g3(n, h1) = p1(n) — pa(n) = (b12 — bao)n* + (b1, — bo1)n,
where we removed one essentially constant polynomial in Step 2 of the vdC operation.
(Here we use g; terms instead of p; terms in the first step to ease the notation of
Example 5.8 that is given in the next section.) Notice that here we have L = 1,s" =1,
and k' = 3.

Actually, as in the example at the beginning of this subsection, after using a series of
vdC operations, one can convert p into a PET-tuple of linear polynomials. Indeed, if we
run the vdC operation once more by subtracting g, in Step 1 of the vdC operation, we have
that 3,02p = (g}, . . ., q}) is a tuple of four polynomials, g{, . . ., g} : Z*> — Z9, given by

qi(n, hy, ho) = (b1o — bao)n® +2(b12 — bap)nhy + 2(b1 2 — byo)nhy
+ (b1,1 — by,))n +ri(hi, hy),
@y(n, hi, ha) = (b12 = bao)n® = 2baonhy +2(b1 2 — bap)nhy
+ (b1 — b)) +ry(hy, ha),
qy(n, hi, ho) = (b1a — bao)n® 4+ 2(b1o — bao)nhy + (b11 — ba)n + ri(h, ha),
44, hi, ha) = (12 = bao)n® = 2baonhiy + (bii — ba,)n + r4(hy, ho),
where rl.’ 272 5 791 <i <4,are polynomials in /1, hy, and we removed two essentially
constant polynomials (that is, g2(n, h1) — q2(n, h1) and ga(n + ha, hy) — g2(n, k1)) in

Step 2 of the vdC operation.
Finally, if we apply the vdC operation again by subtracting ¢, in Step 1 of the

vdC operation, we have that 94920,p = (¢7, . . ., g7) is a tuple of seven polynomials,
qys....q5: Z* — 7, given by

g (n, hy, ha, h3) = 2byonhi +2(b12 — bao)nhy +2(b1 2 — by o)nhs + ri (hy, ha, h3),
g5 (n, hi, ha, h3) = 2(b12 — bap)nhy + 2(b12 — bap)nhs + ry (hy, ha, h3),

g5 (n, hi, ha, h3) = 2b1anhy + 2(bi 2 — bap)nhs + 13 (hi, ha, h3),

q4(n, h1, ha, h3) = 2(b12 — byp)nhs 4 1y (hy, ha, h3),
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qs(n, hi, ha, h3) = 2b1anhy + 2(bio — bap)nhy + ré (hy, ha, h3),
qg (n, hi, ha, h3) = 2(b1o — byp)nhs +r¢ (hy, ha, h3),
g4 (n, hy, ha, h3) = 2byonhy + rf (hy, ha, h3),

where rl.”: 73— 749 1<i<7,are polynomials in &1, hj, h3, and we removed one essen-
tially constant polynomial in Step 2 of the vdC operation. It is clear that deg(d40,0,p) = 1.

The vdC operation provides us with a non-degenerate tuple, the value S(-, -) of which
satisfies the following.

PROPOSITION 4.8. [7, Proposition 4.10] Let (X, B, . (Ty),ezd) be a Z-system,
A= (L,s, k,g q) a PET-tuple, and q: (Z*)’*' — Z a polynomial. Then, 0yA is
non-degenerate and S(A, 2t) < 4°S(9,A, t) for every T € Ny.

The following crucial result (cf. [7, Theorem 4.2]) shows that when we start with a
PET-tuple which is 1-standard for a function, then, after finitely many vdC operations, we
arrive at a new PET-tuple of degree 1 which is still 1-standard for the same function, so we
can then use some Host—Kra seminorm to bound the lim sup of the average of interest.

THEOREM 4.9. Let (X, B, i, (Tg)eeza) be a 78 -system and f € L®(u). Let A =
(L, s, k, g, q) be a non-degenerate PET-tuple which is 1-standard for f. Then, there exist

P1s--.,pr €N, for some t € Ny depending only on deg(A), L, s, k, such that for all
1<t <t dp, - - - 0p A is a non-degenerate PET-tuple which is still 1-standard for f, and
that 3y, | ...0p A —> 0p, ...0p Alis I-inherited. Moreover, deg(dp, . .. dp A) = 1.

Remark 4.10. The dependence of t on deg(A), L, s, k was not stated in [7, Theorem 4.2],
but it follows immediately from its proof. Also, d,, . .. d,, A is understood as A if ¢ = 0.
Notice also that in Theorem 4.9, we need every step of the vdC operation to be 1-inherited.
Otherwise, we would have to either drop f or combine it with other functions in some
of the induction steps; in the end, that would prevent us from obtaining an upper bound
for S(A, 1) by some Host—Kra seminorm of f. In [7, Theorem 4.2], the PET tuple is not
required to be 1-standard nor 1-inherited; this comes at no extra cost as the polynomials
chosen at each step to run the vdC operation are of minimum degree.

If A is an m-standard PET-tuple for the function f, then, by rearranging the terms if
necessary, one can get a new tuple A’ which is 1-standard for f with S(A, t) = S(A4/, 7).
However, if A is semi-standard but not standard for f, then the PET-induction does not
work well enough to provide an upper bound for S(A, ) in terms of some Host—Kra
seminorm of f. To overcome this difficulty one follows [7]. More specifically, using [7,
Proposition 6.3], which is a ‘dimension-increment’ argument, A can be transformed into
a new PET-tuple which is 1-standard for f (at the cost of increasing the dimension from
L to 2L which is harmless for our approach). So, following this procedure, for any fixed
function f, we may assume without loss of generality that the corresponding polynomial
iterate p is of maximum degree, making the PET-tuple, after potential rearrangement of its
terms, 1-standard for f. A combination of the previous results will allow us to obtain the
required upper bound for each function.
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5. Finding a characteristic factor
This lengthy section is dedicated to proving Theorem 2.11. To this end, we need to show
two intermediate results, that is, Propositions 5.2 and 5.4, which improve two technical
results from [7], namely [7, Proposition 5.6] and [7, Proposition 5.5], respectively.

Recall that for a subset A of QY, G(A)=spangia € A}NZ?. Let G'(A) :=
spany{a € A}.

Convention 5.1. For the rest of the paper, for every w; = (u;1,...,u; 1) € (Qd)l‘,
1 <i=<r, we denote G(uy,...,uw)=G{u;;j: 1<i<r,1<j=<L}) and G’ (uy,
R | P :=G’({u,-’j: I<i<r,1<j<L}.

The first result, which enhances [7, Proposition 5.6], gives a bound for the average
of interest by finite step seminorms (recall Convention 3.3 for notions on Host—Kra
seminorms). To pass from infinite step seminorms to finite step ones, we use the
implications of Propositions 3.6 and 3.8.

PROPOSITION 5.2. (Bounding averaged Host-Kra seminorms by a single one) Let
s,s',t,L e Nandc,,: (ZL)S — (Zd)L, 1 <m <t, be polynomials with ¢,, # 0 given by

em(hy, .. hy) = > RS (. a) (17)

ar....aseNg lai|+-+lag| <s’

for some
p(ar, . ... as) = (Umi(@, . ... dg), ... ump(a, ..., as)) € (QHE,
Denote
Hy = G({umi(ar, ... a5):ai,...,a; e N5, 1 <i <L)).

There exists D € No depending only on s,s', L,t such that for every Z2-system
(X, B, u, (Tg)geza) and every f € L*®(w),

xn =0, (18)

,,,,,

—0 .
Eny..ngezt WG €nthrihizmee = O 7 MF N0

.....

Remark 5.3. H, is dependent only on those u,;(ai,...,as) with |aj|+-- -+
las| < s

We start by explaining the idea behind Proposition 5.2 with an example, which also
illustrates how Proposition 5.2 improves [7, Propositions 5.5 and 5.6].

Example 5.4. Let py, p»: Z — 72 be polynomials given by p;(n) = (n?> +n, 0) and
p2(n) = (0,n%), and (X, B, u, (Ty),cz2) be a Z-system. Consider the following
expression:

sup  lim |Enery Tpm) f1 - Ty f2112
UN)ven N T7X
Fglner seq.
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Put e; = (1,0), e2 = (0, 1), and e = (1, —1). Similarly to the computation in [7,
Second part of computations for Example 1], we get

— =0

sup  lim [|Enery Tpn) f1 - sz(n)lelg < C - Epezzll filllG e hy).....G (c;ny)»  (19)
(IN)NeN ©
Folner seq.

where C is a universal constant, and
ci(hi, hy, h3) = —2hey,
ca(hy, ha, h3) = 2hze,
c3(hy, ho, h3) = —2hey + 2hye,
c4(hi, ho, h3) = 2hze,
¢s(hi, ha, h3) = —=2hje1 + 2h3e,
(1, ha, h3) = 2(hy + h3)e,
c7(hi, ha, h3) = —=2hjer + 2(hy + h3)e.

Using [7, Proposition 5.6], one can show that if |||f1|||el><D’eXD =0 for all D € N, then
the right-hand side of equation (19) is 0. In this paper, we strengthen this result by only
assuming that ||| fi |||ei<D’e><D = 0 for some D € N.

Indeed, Z{G’(c,- ).c;N}i<ij<7 = Z{G(c,- (h),c; M)} i< j<7 by PI‘OpOSitiOH 3.1. Using
Proposition 3.8 (for I = [—N, N]3, letting N — oo) and Corollary 3.7, we have that
the right-hand side of equation (19) is O if

IECf1Z16 e thye; @y <) I3 = O

for a density 1 subset of (1, ') € (Z3)2. Indeed, Proposition 3.8 implies that the right-hand
side of equation (19) is O if El?,h’eZ3 IE(f1Z(G(c;m)+G(c; (h/))}lgi,j57)”% = 0. However, by
Remark 3.10, G(c;(h)) + G(c;(h’)) is a finite index subgroup of G(c;(h), c;(h’)), so
we can use Lemma 3.9(iv) to conclude that ||E(f|Z{G(cl-(h))+G(cj(h’))}]5,-,_,-57)||% =0 for
a density 1 subset of (h, h') € (Z*)2, which implies that the average over i, A’ is 0 too.

However, for ‘almost all’ h,h’ € Z3, the group G(c;(h),c () equals Ze;y if
i=j=1,Zeifi,j e {2 4,6} and Z* otherwise. So, Z(G(ci(h).c; (W)} < <7 1S contained
inZ, ,x9 z2)x3, which is contained in Ze]><25’e><25 by Proposition 3.1. Hence, the right-hand
side of equation (19) is 0 if ||| fi |||el><25’e><25 =0.

We now prove the general case.

Proof of Proposition 5.2. Since ||| f G hy,...ns)) = WF NG 1 (hyohis)).G et (hisenihs)) DY
Proposition 3.1, duplicating ¢ if necessary, we may assume without loss of generality
that > 2. We may also assume that || f ||z~ (,) < 1. Following our notational convention,
denote h := (hy, . . ., hy). Using Proposition 3.8 and Corollary 3.7 for I = ([—N, N1y,
and then letting N — oo, for all W = 2%, w € N, we have that

_D t
Ernezey 111G @)t ane)”
—
< Bpetys ||E(f|Z{G/(cm(h))}]smi,)||%)W (20)
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We claim that this last expression equals O if

for a density 1 set of (h', ..., h") e (ZL)*V, since by Proposition 3.1(v) and (vi), noting
1 w —
thatt > 2, forevery (h", ..., h") e @, we have that Z{G(le(hl)""’c’”W(hw))}1§m|,...,mwst =
Analogously to Example 5.4 via Remark 3.10, and Lemma 3.9(iv), this last condition
implies that the last line of equation (20) is equal to O.
Let w be the smallest integer such that 2% > (s’ + 1)*L and Q the set of (h!, ...,
h") e (Z*1)W such that for every 1<my,...,my <t, the group G(cy, (h), ...,
¢y (W) contains at least one of Hy, . . ., H;. Then, Z{G(cml ), i

,,,,,,,,,, cmw(hw))}liml,w,mwﬁl‘) =
0 since |||f|||HlxpMHtxD = 0. So, to show that the first line of equation (20) is equal to 0,

it suffices to show that €2 is of upper density 1.

Let h:=!,....h") e @YY and 1 <m,,...,my <t. By the pigeonhole
principle, at least (s’ 4+ 1)*L many of the m1, . .., my take the same value. Assume that
mi =---=m;,, =m, where W' < (s’ + 1*L is the number of aj,...,as € Né
with |aj| + - - -+ |ag| <s’. Note that W’ depends only on s’,s and L. Write h' :=
(hit, ..., hig) € (Z")S and consider the W’ x W' matrix

Ai|,...,iW/ (ﬁ) = (hiaj]’l e h;l;,s)a]

.....

edge of linear algebra, each vector in H,, can be written as a linear combination of
Cn (h"1 )y oo Cm (hiW’) with rational coefficients. So, using Convention 5.1, we have that

G(em, (W), ..., ey (W) 2 Glep(h), ..., ¢p(h'V)) D Hy,.

In conclusion, he Qifforall 1 < <---<iy =W, det(A,-ly__,,iW, (fl)) # 0.

Thus, it suffices to show that for all 1 <i; < --- < iy < W, the set of he (ZsLHW
with det(A,-l’,,.,iW, (fl)) = 0 is of density 0. We may assume without loss of generality that
J < s.Looking at the term hE‘f’lo""’o)h(z‘iéo""’o) - hg/,ow,o) we see that det(A;___y-(h)) is
a non-constant polynomial. Therefore, the set of solutions to det(A,
density by Lemma 3.11, which completes the argument. [

The second statement, which strengthens [7, Proposition 5.5], is the following (see
Definition 2.1 for the various notions appearing in the statement).

PROPOSITION 5.5. (Bounding the average by averaged Host—Kra seminorms) Let
d,k,K,LeN,p=(pt,...,p0), Pl»-...px: ZE — 7% be a family of essentially
distinct polynomials of degrees at most K, with p;(n) = ZveNé,lvlfK b yn" for
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some b;, € Qd. There exist s,s',11,...,t €N, depending only on d,k, K, L, and
polynomials ¢; , : 2z — (Zd)L, 1 <i<k 1 <m<t, with ¢, #0, such that all
the following hold.

(1) (Control of the coefficients) Each ¢; ,, is of the form

Cim(hi, ... h) = > (' b Vim(ar, . ay)

ap,...ageNG lay | ++las|<s’

forsomev, y,(ay, ..., as) =Wimial, ..., as), ..., vimr@,...,as)) € (Qd)L,
which is a polynomial function in terms of the coefficients of p;, 1 <i <k, and
whose degree depends onlyond, k, K, L.

In addition, denoting

Hipm = G{vim (i, ... a): ai,...,a; e Nk, 1 <j <L),

we have that each H; n, contains one of G; j(p) for some 0 < j <k, j #i.
(i) (Control of the average) For every Zd—system X, B, u, (Tg)gezd) and every

f1, ..., fx € L () bounded by 1, we have that
k 200
sup lim EnEIN T ,-(n)fi
(In)yey N—o0 11] 2
Fglner seq.
. =0
= C-min By ezt il €imriomiznz, 2
where to and C > 0 are constants depending only on p.
Remark 5.6. Both #y and C depend on d, k, L, and the highest degree of pp, ..., pk.

More specifically, #y can be chosen to be the maximum number of vdC operations we have
to perform, for each i, for the PET tuple to be non-degenerate, 1-standard for f;, and with
degree equal to 1.

Proposition 5.5 improves on [7, Proposition 5.5] as the description of the subgroup H; ,,
is much more precise than that of the set U; ,(ay, . . ., a5) defined in the latter. The rest of
this section is devoted to proving Proposition 5.5, which is the most technical result of this

paper.
Next, we introduce some convenient notation. Let q = (g1, ..., qe¢) be a tuple of
polynomials g; : (ZL)s*t! — 74, 1 <i < ¢, where

qgi(n; hy, ... hg) = Z hy! RSP by ay, . ay)

b,ay,..., aseNé“
for some u; (b; ay, ...,a) € Qd, 1 <i < £. Then, by writing
ubsai, ... a5) = @wib;ai,...,a),...,u¢bsai, ..., as)) € (QHY,
Wwe can express ( as

quihi,... h) = > k(' hEn" ubian ... a).

b,aj,...,as eNé
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We call u(b; ay, . . ., aq) the data of q at level (b; ay, . . ., ag), or simply the level data
of q.

For the rest of the section, we fix d, k, K, L € N and let p = (py1, . .., pr) denote a
family of essentially distinct polynomials py, . . ., px: ZL — Z? of degrees at most K,
with pi(n) = ¥y cnt o)<k biwn’, where by, € Q7.

Recalling that by, ,, | <w <k, v € Né are the coefficients that arise from the family p
(we also put by, =0 € Q¢ forall v € N}), forr € Q, v € N}, and 0 <i < k, we set

Oriv ={r(bywy —biy): 0 <w < k}.

One sees that the left-hand side of equation (21) is S(A, 1) (recall equation (16)
for the definition), where A is the PET-tuple (L, O0,k, (f1,..., fx),p). To prove
Proposition 5.5, we first need to perform a series of vdC operations to convert A into a
PET-tuple 9, . .. d,, A of degree 1, and then compare the coefficients of the polynomials
in A with those in d,, ...d, A. Even though the coefficients in the latter are very
difficult to compute directly, one can keep track of the connection between them and
those of the original polynomial family p. This was first achieved in [7] by introducing
an equivalence relation pertaining to the vdC operation (see [7, §5.3] for details). In this
paper, we introduce another approach which is more intricate than that used in [7], but
that achieves a better tracking of the coefficients, which in turn gives us a stronger upper
bound for the multiple averages.

Definition 5.7. (Types and symbols of level data) Fix a tuple q = (g1, ..., qe) of
polynomials with level data u. For all b, ay,...,a5, v € Né, reQ,and 0 <i <k, we
say that u(b; ay, . . ., ay) is of type (1,i,v) if

uibsay, ..., as),...,ug(bsar,...,as) € Qrip, and

ui(bsay, ..., a5) =rbry —biy).

We say thatu(b; ay, . . . , ay) is non-trivial if at least one of u,, (b; ai, . . . , as) is non-zero.
Letu(b; ay, . .., as) be of type (r, i, v). Suppose that

wi(bsay, ... as),...,uebsay, ..., a5) = (r(buu,v - bi,v)s e r(bwg,v - bi,v)),

forsome 0 < wy, ..., wy < k. Wecallw := (wy, ..., wy) asymbol of u(b; ay, ..., as).

Note that the definition of type and symbol depend on the prefixed polynomial family p.
Moreover, if (w1, ..., wg) is a symbol of u(b; ay, . .., as), then so is (1, wa, . . ., wy).
We also remark that in the special case p = q and s = 0, all of u(b; @) are of type (1, 0, b)
and have (1, . .., k) as a symbol.

We use the types and symbols of level data to track the coefficients of PET-tuples.
We start with an example to illustrate this concept.

Example 5.8. Let p = (p1, p2) be defined as in Example 4.7 and let q = dhp =

(91, g2, g3) (recall that by this, we mean the polynomial iterates we get after running
the vdC operation, subtracting the second polynomial, p>). In this case,
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u(0; 1) = (b1.1, b2,1, 0) is of type (1, 0, 1) and has symbol (1, 2, 0),

u(0; 2) = (b12, ba2, 0) is of type (1, 0, 2) and has symbol (1, 2, 0),

u(l; 0) = (b1,1 — b2,1, 0, b1,1 — ba1) is of type (1, 2, 1) and has symbol (1, 2, 1),

u(l; 1) = (2b12, 2b22, 0) is of type (2, 0, 2) and has symbol (1, 2, 0),

u(2;0) = (b12 — b22,0,b12 — b22) is of type (1, 2, 2) and has symbol (1, 2, 1).
Definition 5.9. Let S denote the set of all (a,a’) € N%L such that @ and a’ are both 0 or

both different than 0. Let q be a polynomial family of degree at least 1. We say that q
satisfies properties (P1)—(P4) if its level data u satisfy the following conditions.

(P1) For all ay,...,as, b, there exist r,i, v such that u(b;ay, ..., as) is of type
(r, i, v). Moreover, we may choose the type and symbol for all of u(b; ay, ..., as) in a
way such that (P2)-(P4) hold.

(P2) If u(b;ai,...,as) is of type (r,i,v), then r = (b+51'ff,';,f““) and v=>b+
ai + - - - + as (in particular, r # 0, where, for v; = (v 1, ..., VL) € Né, 1<i<s,we
denote (:ji*'vt’f) = ]—[jL'=1 (V,j + g ) v,

(P3) Suppose that u(b;ai,...,as) is of type (r,i,v) and uw(b';aj, ..., a;) is
of type (',i',v"). If (a1, a}),...,(as,a;) €S, then i =i" and wu(b;ay,...,a),
u(b’;aj, ..., a;) share a symbol.

(P4) For every u(b; ay, . . ., ay), the first coordinate w; of its symbol (wy, ..., wy)
equals to 1.

For convenience, we say that a PET-tuple A = (L, s, £, g, q) satisfies properties
(P1)—(P4) if the polynomial family q associated to A satisfies properties (P1)—(P4).

Once again, properties (P1)-(P4) are taken with respect to the prefixed polynomial
family p. It is obvious that p itself satisfies properties (P1)-(P4). An important feature
of the type and symbol of level data is that properties (P1)—(P4) are preserved under vdC
operations.

Example 5.10. We will verify that the polynomial family q = d,p in Example 5.8
satisfies all of the properties (P1)-(P4). Indeed, property (P1) holds as all u(0; 1),
u(0; 2),u(1; 0), u(1; 1), u(2; 0) have atype. Forall0 <a,b <2,a+ b < 2,ifu(b; a) is
of type (r, i, v), then it is not hard to see that r = (b;r“), so property (P2) holds. Property
(P3) can be verified by comparing the types and symbols of the pairs (u(0, 1), u(0, 2)) and
(u(1, 0), u(2, 0)). Finally, property (P4) also holds since the first entry of every symbol in

qis 1.

We caution the reader that the symbol and type may not be unique if the coefficients
b, satisfy some algebraic relations. For example, in Example 5.8, if b;; = b1, then
both (1, 2, 0) and (1, 1, 0) are symbols of u(0; 1) = (b1,1, b2,1, 0). However, the following
result says that there is always a way to choose symbols and types so that properties
(P1)—(P4) are preserved under vdC operations.

PROPOSITION 5.11. Let A = (L, s, 4, g, q) be a non-degenerate PET-tuple and 1 < p <
L. Assume that A — 0, A is I-inherited. If A satisfies properties (P1)—(P4), then 9, A also
satisfies properties (P1)—(P4).
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Proof. Suppose that q = (g1, . . . , g¢). Denote q* = (q7, ..., g5,), where for all 1 <

if Z’

qi (s hy, .o hep) = qi(n+ g hyy oo hy) —qp(nsha, .o h)

and

Qoo he) = qi(ns hyy oo hg) — qp(s b, . By).

Assuming that

gitn:hy, ... hgy= Y A kSR uibiar, .. ay)

forall 1 <i < ¢, we may write q as

qihi, .. k)= Y R hER” ubiar ),

b,aj,...,as GN(I)‘

and define u*(b; ay, . . ., as41) in a similar way.
One can immediately check that

qi(n+hsy1s hy, ..., hy)

, b+ a,
= Z hi’l ...h?f:llnb. ( g+l>ul~(b+as+1;a1,...,as).

b

L
b,a1 seeeslgt1 GNO

(For a =(ay,...,ar),b=(b,...,by) € Nk, () denotes the quantity Mk, (Z:))

Then,

ui(b;al7~-'7aS)_up(b;al9"-’aS)9 aS+1=07

uj(bsay, ..., a541) = <b + a5y
b

and
uio(bsai, ..., as01) = {

We first show that q satisfying properties (P1)—(P4) implies the same for q*.

)ui(b +asy1sat, ..., as), asy1 #0,

ui(b;ay,...,a5) —up(b;ay,...,as), ag1 =0,
0, as+1 # 0.

(22)

(23)

Since q satisfies property (P1), for all (b; ay, . . ., as), there exists a choice of type

(r(b;ay,...,a5),i(b;ay,...,as),v(b;ai,...,as))
and symbol
wbsay,...,as) = wib;ar,...,as),...,websai,...,as))
such that properties (P2)-(P4) hold. By property (P2), we have that
b+ar+---+a

a, ..., dg

r(b;als"'sas)z(
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By property (P4), w1 (b; ay, . . ., as) = 1. We have that
um(bs ai, . .., as) =rbw,ba....a)vbar...a) ~ Pibar,...ap) v biar,....a5))- (25
From now on, we fix some b, ay, . . ., ag4+1 and denote X := (b + asy1; a1, - - -, ds).
By equations (22), (23), and (25), it is not hard to see that u*(b; ay, . . ., ds, as+1) is
of type (r(X), wy(x), v(x)) and has symbol (w(x), w(x)), as+1 =0,
of type (r(x) <b +b€ls+1>’ i(x), v(x)) and has symbol (W(x), i, ...,i), asy1 # 0.
(26)
So, each u*(b; ay, . . ., as, as+1) has a choice of type and symbol given by equation (26).

So q* satisfies property (P1). It suffices to show that the type and symbol given by equation
(26) satisfies properties (P2)—(P4).

To check property (P2) for q*, suppose that w*(b; ay, . . ., as41) is of type (r, i, v).
By equation (26), we have that u(b + as+1; ay, - . . , ay) is of type (r(b+‘;j+')_l, i’ v) =
(r(x), i (x), v(x)) for some i’. Since q satisfies property (P2), we have the same for q* as it
follows from equation (24) that

. (b+as+1><(b+as+1)+a1 +---+as> _ (b+a1 +"'+as+l>
b at,...,dg at, ..., 0541

and

v=0+aq)t+ar+---ta=b+ta+---+asq1.

To show property (P3), pick any »',aj,..., a;+l with (a1, a)), ..., (@511,
a;H) € S. For convenience, denote x' := (b’ + a;H; aj,...,a;). Since q satisfies
property (P3), we have that i (x) =i (x’) and that w(x) = w’(x’). Since (asy1, a;H) €S,
by equation (26), we have that q* satisfies property (P3).

Finally, it is straightforward from equation (26) that property (P4) is also heritable.

Since the polynomials in d,A are obtained by removing some terms from the tuple
q* (but not the first one as A — 9, A is 1-inherited), the fact that q* satisfies properties

(P1)—(P4) implies that d, A also satisfies properties (P1)—(P4). ]

For the family of essentially distinct polynomials p = (py, . . ., pk), Proposition 5.11
implies that 0;, ... d;p satisfies properties (P1)-(P4) for all k, iy, ..., i, € N. In the
special case when 9;, . .. d;,p is of degree 1, properties (P1)—-(P4) provide us with some
information on the seminorm we use to bound S(9;, ... 9; A, 1). To be more precise,
if properties (P1)—(P4) hold for some non-degenerate q, then there is some connection
between the level data of q and the groups G1o(p), G12(p), . . ., G1x(P)-

PROPOSITION 5.12. Suppose that properties (P1)—(P4) hold for some non-degenerate q.
Then for all 0 <m < £, m # 1, the group

Hip(qQ) =G{u1(bsay,...,a5) —unpbsay, ..., as): (b,ay, ..., as)
e (NGO, b # 0}

contains at least one of the groups G1,j(p),0 < j <k, j # 1.
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We remark that although Proposition 5.12 holds for all non-degenerate q, we will use it
for the case deg(q) = 1. We first give an example to explain the idea behind it.

Example 5.13. Let p = (p1, p2) be as in Example 4.7. Then, G 0(p) = G(b12) and
G12(p) = G(b12 — b22). Let u(b; a) be the level data of dp. Then,
u(l;0) = (b1,1 — b21) - (1,0, 1) is of type (1, 2, 1) and has symbol (1, 2, 1),
u(l; 1) =2b12-(1,0,0) +2b25 - (0, 1, 0) is of type (2, 0, 2) and has symbol (1, 2, 0),
u(2;0) = (b12 —b22) - (1,0, 1) is of type (1, 2, 2) and has symbol (1, 2, 1).
Here, we will not compute u(b; a) for b = 0 as it is irrelevant to our purposes. It is easy to
see that Hy0(02p) = G(b1,1 — ba1, b12, D12 —b22) 2 Gio(p) U Gr2(p), Hi2(02p) =
G(b1y — b21,b12 —b22) 2 G12(p), Hi3(32p) = G(b12) = G1o(p). So, Proposition
5.12 holds for 9,p.
Let w'(b; ay, ap) denote the level data of d,0,p. Then,
u'(1;0,0) = (b1,1 —b21) - (1,1, 1, 1) is of type (1, 2, 1) and has symbol (1, 1, 1, 1),
w'(1;1,0) = 2(b12 — b22) - (1,0,1,0) — 2bp5 - (0, 1,0, 1)
is of type (2, 2, 2) and has symbol (1, 0, 1, 0),
u'(1;0,1) = 2(b12 —b22) - (1,1,0,0) is of type (2, 2, 2) and has symbol (1, 1, 2, 2),
u'(2;0,0) = (b12 —b22) - (1, 1,1, 1) is of type (1, 2, 2) and has symbol (1, 1, 1, 1).
(We do not compute the types and symbols for u'(b; ay, ap) for b =0.) It is easy to
see that Hj0(3202p) = G(b1,1 — ba1, b12 — b22) 2 G12(p), Hi12(0202p) = G(b12) =
G10(), H13(3202p) = G(b12 — b22) 2 G12(p), H1,4(3202p) = G(b12,b12 — b22) 2
Gi1o(p) U G12(p). So, Proposition 5.12 holds for d,d;p.
Finally, let u”(b; ay, az, az) denote the level data of 949,09;p. Then, deg(d40,9;p) = 1
and
u’(1;0,0,0) = (0,0,0,0,0,0, 0) is trivial,
u’(1;1,0,0) =2b1,-(1,0,1,0,1,0, 1)
is of type (2, 0, 2) and has symbol (1,0, 1, 0, 1, 0, 1),
u’(1;0,1,0) =2(b12 — ba2) - (1,1,0,0, 1, 1, 0)
is of type (2, 2, 2) and has symbol (1, 1,2,2, 1, 1, 2),
u’(1;0,0,1) =2(b12 — ba2) - (1,1, 1,1,0,0,0)
is of type (2, 2, 2) and has symbol (1, 1, 1, 1, 2, 2, 2).
(Once more, we do not compute the types and symbols for u”’(b;ay, az, az) for
b =0.) It is easy to see that Hj 0(040202p) = H14(040202p) = H1,6(340202p) = G (12,
bip—b22) 2 G11(p), Hi12(04020:p) = G(b1p) = G1,1(p), and Hj3(040202p) =
Hj 5(040202p) = H17(040202p) = G(b12 — by2) = G12(p). So, Proposition 5.12 holds
for 040,0-p.

To briefly explain why Proposition 5.12 holds for Example 5.13, we explain, for
convenience, why Hjo(q) contains either Gi1o(p) or Gi2(p) for q = 02p, 0202p,
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and 040,02p. Let u(b; ay, ..., as) be level data of type (r,i, v) and symbol w, and
u(b';aj, ..., a;) be level data of type (+/,i’,v") and symbol w'. We say that the level
data u(b';dai,...,a;) dominates (or strictly dominates) w(b;ay, ..., as) if i =i,
w=w and [v| > |v| (or |[v'| > |v], respectively). In Example 5.13, it is not hard to
see that for all b € N, ay, ay € Ny, if v'(b; ay, az) is not of type (*, *,2), then there
exist ' € N, a}, a) € Ny such that u'(b; aj, a}) strictly dominates u’(b; a1, az) (in this
example, u'(1; 0, 0) is strictly dominated by w'(2; 0, 0)). Similar conclusions hold for
u(b; a) and u”’(b; ay, az, az). In other words, the group Hj ¢(q) must contain the elements
of level data of type (x, *, 2), and thus it must contain one of G o(p) and G 2(p).

We are now ready to prove Proposition 5.12. The main point is that given any non-trivial
level data u(b; ay, . . ., as), we can find another one, u(d’; aj, . . ., a;), which dominates
u(b; ay, . . ., ag) and is of type (x, *, v) with |v| being as large as possible (in this step, we
need to exploit the properties (P1)—-(P4)). After that, we use the information of the ‘top’
level data u(d’; aj, . . . , aj) to conclude.

Proof of Proposition 5.12. We start with a claim. Recall that S denotes the set of all
(a,a’) € N%L such that a and a’ are both 0 or both different than 0 (check Definition 2.1
for notation).

CLAIM. Letd,s e Nandb,ay,...,a5, v € Né. Iflv] > |b+ay +- - -+ as|, then there
exist b',aj, ... a; € Né such that (ay, ay), ..., (as,a;) € S, |b'| > |b| and b' 4 a} +
c-tal =

Proof of the claim. To show the claim, we may first assume that [v| =1|b+a; +-- -+

ay|. Indeed, if ¢ := |v| — |b+a; + - - - + as| > 0, then we write ¥ =b + (c, 0, ..., 0).
Then, |b'| > |b| and |v| = |b' +a; + - - - + a;|.

It suffices to show that if [v — (b +aj + - - - 4+ ay)| > 0, then there exist &', af, . . .,
aj € Nj suchthat (a1, a)), . .., (a5, a}) € S, |b'| = |bl,and [v — (W' +a| + - -+ a))| <
lv—((b+a+---+ay)]. Since [v|=|b+a;+---+as|,|[lv—(B+a+---+as)is
at least 2, there exist 1 <i, j < L,i # j such that the rth coordinate of v — (b + a; +
---+4ag) is atleast 1 for + =i and is at most —1 for r = j. We may assume without loss

of generality thati = 1 and j = 2. Then we have that v; > 1,and one of b2, a1 2, ..., as2
isatleast 1. If b > 1,then ¥’ =b+ (1, —1,0,...,0) € NL,alf =aq;, | <i <s satisfy
the requirement. If one of ;> is positive, then b’ =b,a; =a; + (1, -1,0,...,0) €
Né, a} =aj,1 < j <s, j # i satisfy the requirement. This proves the claim. O

Consider the group Hj ,(q) for some 0 <m < £, m # 1. Since q is non-degenerate,

there exist some b, aj, ..., a5 € Ng, |b| > 1suchthatu(b;ay,...,as) —u,b;ay,...,
as) # 0. By property (P1), we may assume that u(b; ay, . . ., as) is of type (r, i, v) and
has symbol (wy, . . ., wg). Since w; = 1,

ui(b;ay,...,a5) —uw(bsay,...,a5) =rbry — by, ).

Recall that for p = (p1, .. ., pr).d1o = deg(p1) and d; j = deg(p; — pj)for2 < j < L.
Since u1(b; ay, . ..,as) —um(b;ay,...,as) #0, we have that w,, # 1 and |v| = |b +
ay+- - +ag| <dw,.
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By the claim, for all v' € N} with [v/| = d} . there exist ¥, a}, ..., a, € N} such
that (a1, a)), ..., (a5, a}) € S, |b'| = 1 and b' 4 a} + - - - +a; = v'. By properties (P2)
and (P3),u(b’; ay, . . ., a;)isof type (', i, v'), r’ # 0 and has symbol (wr, . . ., w) (that
is,u(b';aj, ..., a;) dominates u(b; ai, . . ., ay)). So

ui'yay, ..., ay) —und'sal, ... a) =r'(biy — by, ).

In other words, for all v’ € NE with |[v/| = di w,,, the group Hj,,(q) contains a non-zero
multiple of by v — by, .. So this group contains G, (p) and we are done. O]

We are now ready to prove Proposition 5.5.

Proof of Proposition 5.5. Let A denote the PET-tuple (L, 0, k, (f1,. . ., fi)s (P15 - - Pk)).
Then, forall T > 0,

T
S(A,t) = sup lim ‘
(In)yen N0
Fglner seq.

k
IEnEIN | | Tm(n)fm .
2
m=1 L (I‘L)

By assumption, A is non-degenerate. We only prove equation (21) for f; as the other
cases are similar. We first assume that A is I-standard for f;. By Theorem 4.9,
there exist ¢ € Np, depending only on d, k, K, L, and finitely many vdC operations
Opys -+ +s0p, P15 ..., pr 7 1 such that forall 1 < t<t, Bpt, ... 0p, A is non-degenerate
and 1-standard for f1, and that Aoy - 0pA—>0p,...0pA is 1-inherited. Moreover,
A" =9, ...0, A is of degree 1. By Proposition 4.8, S(A,2") < C - S(A’, 1) for some
C > 0 that depends only on ¢. Write

14

7‘3 —_

i n

S(A, D) =Ey  pezt Sup Nllm ‘Enem X | | T4, (hy..hg) ntrm (i) 8m (X5 1, oo oy hys)
(IN)NeN i m=1 2
Fglner seq. -

for some s, £ € N, functions gq, ..., g¢: X X (ZL)S — R, where g1(-; hy, ..., hs) = f1
for all Ay, ..., hs and such that each g,,(-; Ay, ..., hy) is an L°°(u) function bounded
by 1, and polynomials d,,: (ZL)* — ZHE and rpy: (Z5)S — 74,1 <m < ¢, where
the values of d,,, r;, are vectors with integer coordinates as vdC operations transform
integer-valued polynomials to integer-valued polynomials. (Here, d,, (h1, ..., hg) -n =
I’lldm,](l’ll, o hy) e +nLdm,L(h1, ..., hg), where n = (ny,...,nr),n; € Z, and
dp =1, ... dnr) dpi: (ZF) — 74)

Let ¢; = —d; and ¢;; = d,, — d; for m # 1. Since A’ is non-degenerate, we have that
¢y, ..., ¢ # 0. Similar to the proof of [7, Proposition 6.1] (see also [17, Proposition 1]),
if £ > 2, we also have that

=0
SA, 1) < C" By, ezt Ty yeeng) UG i i) i<
=0
=C"Ey, . ezt ANG €ty i) hizice

for some C’ > 0 depending only on £. If £ = 1, using the mean ergodic theorem (see for
example [7, Theorem 2.3]) and [7, Lemma 2.4(iv), (vi)], we have
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=0
S(A, 1) =Ky, pert [ETr ynp frlZ (1 (Be, oo B 2
=Ky, _nezt BT (1A, ..o he)))2
=Ey,,  neztfille e ty....no)-

Combining this with the fact that S(A, 2°) < C - S(A’, 1), we get equation (21).
‘We now consider the groups Hy ,,, 0 <m < ¢, m # 1. Suppose that

Cu(hi, ... h)y = > h{ . hE vl ... ay)

ap,...,ds EN(I)‘

and

dp(hy, .. h) = Y bl RS w(an . a)

Al yen aSeNé‘

for some vectors wuy(ai,...,as) = Wmia,...,as),...,unr(a,...,as)), and
Va(ai,...,as) = Wpia, ..., as),...,o;mr(ai,...,as)) € (QHL  with all but
finitely many terms being zero for each m. Obviously A satisfies properties (P1)—(P4)
(recall that the first coordinate of a symbol can always be chosen to be 1 by the comment
after Definition 5.7). A" = 9, . . . 3,, A satisfies, by Proposition 5.11, properties (P1)-(P4).
Since deg(A’) = 1, by Proposition 5.12, each of

G({vij(ar,...,a5): (ai, ..., a5) € (N5, 1< j<L})
=G(ur (@, ... a5): (ar,...,a5) € N§)*, 1 < j <L) = Hyp,

and

G{vmj(ar, ... a5 (a,...,as) € (N5
=G(ur (@i, ... a5) —umja, ... a0): @i, ..., a;) € NH'H

:HI,WH mefe,

contains some of the groups G1,;(p), 0 < j <k, j # L.

Next we assume that A is not 1-standard for fi. In this case, we need to invoke a
‘dimension increment’ argument to convert A to be 1-standard for fj. We may assume
without loss of generality that p; has the highest degree. Since A is semi-standard
for fi, by [7, Proposition 6.3], there exists a PET-tuple A’ = (2L, 0, ¢, p’, g) which
is non-degenerate and 1-standard for f] such that S(A, 2t) < S(A’, 1) for all T > 0.
Moreover, p’ is obtained by selecting some polynomials from the family

q:=(p1(n) — pr(), ..., pr(n) — ("), p1(n") — pr), ..., pr—1(n") — pr(n))

with 2L-dimensional variables (n, n’), where pi(n) — py(n’) is selected in p’ and is
associated to f1. It is not hard to check that G1;(q) = G1,j(p) for 0 < j <k, j # L.
Moreover, for 1 < j <k —1, Gx+;(q) = G10(P) + G, o) 2 G1o(p) if di1p =djp,
Giit+j(@ =Gi1o) =Gy,;(q if dip>djp, and G4 (q) = Gjo(p) = Gy,j(q) if
d1p < djp. In other words, each G, ;(q), and thus each G ; (p), contains some Gy (p).
Applying the previous conclusion to A’, we are done.
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Finally, the fact that each v; ,,(ai, ..., as) is a polynomial function in terms of the
coefficients of p;, 1 <i <k, whose degree depends only on d, k, K, L, follows easily
from the polynomial nature of the vdC operations. O

We now have all the ingredients needed to prove Theorem 2.11. In fact, Theorem 2.11
has a proof similar to that of [7, Theorem 5.1].

Proof of Theorem 2.11. By Propositions 5.5 and 5.2, and the definition of Host—Kra
characteristic factors, the left-hand side of equation (10) is O if for some 1 <i <k,

fi is orthogonal to Z{H J<Di (X) for some t;, D; € N, where H;, is defined as in
imi<m<t;

Proposition 5.5. By Proposition 5. 5, H; , is contained inone of G; j(p), 0 < j <k, j #i.

Using Proposition 3.1(v), if some f;, 1 <i < k, is orthogonal to Z x Dl (X), then
{Gi,j (P)}Oijik’j#

it is also orthogonal to Z xp; (X), and thus the left-hand side of equation (10) is O.

lm}l<m<r,

The ‘in particular’ part follows from Corollary 3.2. O

Remark 5.14. We remark that the number D derived in Theorem 2.11 is not optimal.

To see this, recall that this number indicates the step of the nilsequence in the splitting
results. For multicorrelation sequences with general polynomial iterates, this D can be
taken to be equal to the number of vdC operations we have to perform for all the iterates to
become constant (e.g. [10] via [13], and [25] via [10]). At this point, a word of caution is
necessary for the approach of this paper. Specifically, while the number D in Theorem 2.11
can still be chosen to be the number of transformations in the case of linear iterates (given
that there is no dependence on A—the variables arising from the vdC operations), in the

general case, the picture is quite different. By carefully tracking the constants that appear

i (/1)
in Propositions 5.2 and 5.4, D can be chosen to be the maximum of 7, Uy D

i < k, where s; is the degree of p, #; is the number of terms remaining When p is converted
to a linear family which is 1-standard for f; for the first time, and s; is #; plus the number
of vdC operations needed to convert p in such a way. (The details are left to the interested
readers.)

N

6. Proof of main results
Using Theorem 2.11, we prove in this section Theorems 2.2, 2.5, and 2.9.

Proof of Theorem 2.2. 'We follow and adapt the proof strategy in [28, §3]. To avoid confu-
sion, we use |||-]|| to denote the Host—Kra seminorm on the Zd-system (X, B, u, (T,) ,e74),
and |||-|l’ to denote the Host—Kra seminorm on the Zd-system (X2, B2, u®2, (Su)nezd)s
where S, = T,, x T,,.

Let (Iy)yen be a Fglner sequence in ZZ. Note that
2

N—)OO |IN| Z ’/ fo Pl(")fl TPk(n)fk dl’(’

= Z/ fo® fo- 1_[Sp,(n)(ft ® fi) d(u x ). (27)

Naoo |]N|
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By Theorem 2.11, there exists D’ € N such that for all 1 <i < k, equation (27) equals

to 0 if IIfi ® filll - =0, where G, j(p) is the group action generated by
{Gl]( )}0<]<k17£1

Sy for all n € G; j(p). (Strictly speaking, G; ;(p) and éi, j(p) are the same subgroup of

74. We distinguish these two notions to indicate that G; ;(p) and G; ;(p) are attached

to the distinct group actions (T)neG; ;(p) and (Sp)peg! (p)-) Using Lemma 3.4, ||| f; ®
L]

I’ . is bounded by ||| |||2 w0 ,
ﬁ {G(](p)}()<D]<k]7£l y ﬁ lj( )}0<D]<k”£' z

with D = kD’ by our ergodicity assumptions and Corollary 3.2.
Therefore, for 1 <i < k, we have

which is equal o [[| f; 1%« o1

Z / (fo® fo) - H Spimy (fi ® fi) d(p x 1) = Oif || filll zay<co41) = 0.

N—>oo |IN|
(28)

Then, equation (28) and Theorem 3.5 imply that the sequence

A(n)::a(n)—/;( f() . Tpl(n)E(fl | Z(Zd)x(DJrl) (X)) e Tpk(n)E(fk | Z(Za’)x(DJrl) (X)) dpL
(29)
is a nullsequence.

Lete > 0. By our assumption, X is ergodic. The factor Z (Zd)x(D+1) (X), via Theorem 3.5,
is an inverse limit of D-step nilsystems. Thus, there exists a factor of Z za)x+1) (X) with

the structure of a D-step nilsystem (f(, B(f(), 7520 S P T,), on which each T; acts as a
niltranslation by an element a; € X, such that for f; = E(f; | X) and @ == (ay, . . ., aq),
we have

k k
' [ 0 T1 T | Zesyomn 0 di = [ o [Taponfs dus| <
X i=1 X i=1

for all n € ZL, where, if pi = (pi1, ..., pid), then szi () denotes the niltranslation by
the element (a, H (n), R 5’ A )) Therefore, there exists a nullsequence A such that
a(n) — (/ Jodpn fie - dpen fr dpg + A(n>) <& (30)
X £9°(ZL)

A standard approximation argument allows us to assume without loss of generality

that fl, Cee fk € C(X) in equation (30). Applying [28, Theorem 2.5] to the nilman-
ifold X*, the diagonal subnilmanifold {(x,...,x):x € X}, the polynomlal sequence
(Apy(n)s - - - » Apy(ny), and the function f(xy, ..., x;) = filx) -+ fi(xx) € C(X5), we

obtain that the sequence

v (n) I=/: fo-apmy fi - dpeany fr ditg
X

is a sum of a D-step nilsequence and a nullsequence.
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Therefore, for each ¢ > 0, we can find a D-step nilsequence ¥ (the one described
above), a nullsequence A, and a bounded sequence § with [|3]] oo 72y < &, such that

a(n) = ¥ (n) + A(n) + é(n). (3D

For each [ € N, consider the decomposition a = ¥; + A; + &;, where (|6 | goo 72y < 1/1.
For r # [, we have

Wi (n) — Y- (m)] = |(A(n) — A () + (81 (n) — 8- (n))]. (32)

Now, limjzyj—»oco 1/IINI X pepy, 181(n) — Ar(m)] =0 and  sup,cze 18-(n) — 8i(n)| <
1/1 4 1/r. Therefore,

2 2
Vi) = Yrm)l = 7+~ (33)

forall n € Z- except potentially a subset A € 7L with its characteristic function, 1 a(n),
being a nullsequence. For each /, r € N, the sequence y;(n) — ¥, (n) is a nilsequence, so,
by the same argument in the proof of [28, Theorem 3.1], it follows that the inequality in
equation (33) must, in fact, hold for all n € Z. Hence, the sequence (1/7);e is a Cauchy
sequence in £°°(ZL) that consists of D-step nilsequences, and since we already showed
that (§,),en is a Cauchy sequence in Z‘X’(ZL) converging to a nullsequence, the conclusion
follows. O]

Remark 6.1. 1t is worth noting that if the polynomials py, ..., pi are linear, then there
is an easier proof of Theorem 2.2, where one has D = k. The reason is that, instead
of Theorem 2.11, one can use [17, Proposition 1] or [7, Proposition 6.1] to improve the
right-hand side of equation (28) to ||| f; |||§Z,,)X(Hl).

Next, we provide the proof of Theorem 2.9. To this end, we recall a definition from [4]
which is adapted from [11].

Definition. [4] We say that a collection of mappings ay, . . ., a;: Z¢ — Z%is:

(i) good for seminorm estimates for the system (X, B, u, (Iy),cz¢) along a Fglner
sequence (IN)neN of 74, if there exists M € N such that if flroos fr € L)
and | fll(zayxm = 0 for some € € {1, .. ., k}, then

N—>oo |IN| Z l_[ a,(n)fl _0
nely i=1

where the convergence takes place in L?(u);

(i1) good for equidistribution for the system (X, B, u, (Iy),cz¢) along a Fplner
sequence (IN)NeN Of 74, if for all «, ..., € Spec((Ty),,c74), not all of them
trivial, we have

Y explai(aim) + - -+ ax(a(n)) =0,

lim
N—o0 |] |
nely
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where
Spec((Ty)pezd) = {a € Hom(Z%, T): T, f = exp(a(n)) f,n € Z°,
for some non-zero f € Lz(u)} and

exp(x) = eZ™*  forall x € R.

Proof of Theorem 2.9. Fix a Fglner sequence (Iy)yen of ZE. We wish to show that

S [ s = 1"[[ f; dp

N_)OO |IN| nely i=1

forall fi,..., fr € L=®(w).

‘We first consider the case L = d to use [4, Theorem 3.9]. To this end, it suffices to show
that p is good for seminorm estimates and good for equidistribution.

Since G;,;(p) is ergodic for u for all 0 < i, j < k,i # j, applying Theorem 2.11, we
get that p is good for seminorm estimates. Moreover, X is an ergodic system.

Suppose, for the sake of contradiction, that p is not good for equidistribution. Then there

existay, ..., o € SPCC((Tn)nezd), not all of them trivial, such that
Nl%oo II | n; exp(a1(p1(n)) + - - -+ ax(pr(n))) = ¢ (34)

for some ¢ # 0. For 1 <i <k, since o; € Spec((T},),cz¢), there exists some non-zero
fi € L?(u) such that T, f; = exp(w;(n)) fi foralln € 74 Since X is ergodic, we have that
| fi] is a non-zero constant p-almost everywhere. Using equation (34), we have

N%oo |[N| Z ® Ty fi = N Oo |]N| Z ®exp(oz,(pl(n)))fl —c®ﬁ £ 0.

nely i=1 nely i=1
However, since at least one of 1, . . . , g is non-trivial, we have that f Yk ®f‘: | fi d,u®k =
]_[le | x Ji diu =0, which contradicts condition (ii). Therefore, p is good for
equidistribution.
Assume now that L <d. Let ({ ]’\,) ~veN be the Fglner sequence of 74 given
by Iy :=1Iy x [-N,N1"L. Let pj,...,p,: Z? - Z? be polynomials given by
pi(n,m) := p;(n) for all n € ZX and m € Z¢=L. Put p’:= (p|,..., p}). It is not

hard to see that G;;(p) = G; ;(p’) for all 0<i,j <k,i# j. Moreover, since
(Tpyny X -+ X Tppm))peze is ergodic for pu®*, so is (T pioy X X Ty ))neza- By
the d = L case, we have that

Nﬁoo |1N| ZHT[Jz(n)ft— 1 |I’ ZH Ty fi = H/f,dﬂ

nely i=1 nely, i=l1

Finally, we assume that L > d. Let (Sgim))pezd mezi-a be a ZE action on (X, B, p)
such that Sgm) = Ty. Let p, ..., p,: Z¥ — Z" be polynomials given by p/(n) :=
(pi(n),0,...,0) for all n € 7L, where the last L — d entries are zero. Denote p =
(p}s ..., py). By definition, for all 0 <i, j <k, i # j, the group G; ;(p’) consists of
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elements of the form (n,0,...,0) e Z- n e G;,j(p) (with respect to the ZL—system
(X, B, u, (Sp),ezt))- By the construction of (S,),,czL, ergodicity of G; ;(p) with respect
to the Z¢ -system (X, B, w, (Ty),cz¢) implies ergodicity of G; j(p’) with respect to the
ZE-system (X, B, 1, (Sn)nezL) Moreover, since Sp/(n) = S(p, ).,0,...0) = Tp;ny foralln €
ZF, we have that (Spramy X === X Sprmnezt = Tpym) X -+ = X Tpp(n))nezt 1s ergodic for
u® . By the d = L case, we have that

|1N| Z l—[ Toion fi = N—>oo |1N| Z Hsp(n)fl H/ fidn,

nely i=1 nely i=1

N — oo
which completes the proof. O

Finally, we prove Theorem 2.5. We start by proving that condition (C1) implies
condition (C2). In fact, we show the following more general result.

PROPOSITION 6.2. Let d,k,L e N, qy,...,qx: 7t — 74 be polynomials, and X =
(X, B, 1, (Tg)geza) be a 74 -system. Suppose that (Ty (nys - - - » Tgp(n)neze is jointly
ergodic for p. Then for all 1 < i, j < k,i # j, we have that (Ty;(n)—q;(n))nezt is ergodic
for .

Furthermore, if there exist polynomials p1, ..., pk: Zt > Z and vy, ..., v € 74
such that g;(n) = p;(n)v; for all 1 <i <k, then (Tpnyv; X - - X Tpyv)nezt S
ergodic for 1%k

Proof. The sequence (Ty;(n)—q;(n))nezt 1s ergodic for u for all 1 <i # j <k by an
argument similar to that given in the proof of [7, Proposition 5.3], so we choose to omit
the details.

We now assume that g; (n) = p;(n)v; forall 1 <i < k and show that (T}, (4)», X - - - X
Ty (nyvp ezt 1s ergodic for M®k. It suffices to show that for all f; € L°(un), 1 <i <k
with [T5_, [y fi du = 0, we have that

k
sup  lim ‘IE,,dN @ - =0. (35)

(In)nen N700 izl L2(u®F)

Fglner seq.

CLAIM. IfE(fi|Zga 74(X)) = 0 for some 1 < i <k, then equation (35) holds.

Proof of the claim. We may assume without loss of generality that deg(p1) > deg(p2) >

- > deg(pxk). Suppose that we have shown that for some 1 < kg < k, equation (35) holds
if B(fi1Zz4 z7a(X)) = 0 for some 1 < i < ko — 1, where the case ko = 1 is understood to
be always true. It suffices to show that equation (35) holds if E( fi,|Zz4 74 (X)) = 0.

By the induction hypothesis, we may assume without loss of generality that f; is
sz’Zd (X)-measurable for all 1 <i <ky — 1. By [7, Lemma 2.7], we can approximate
each f; in L?(u) by an eigenfunction of X. By multi-linearity, we may assume without
loss of generality that each f;, 1 <i < ko — 1, is a non-constant eigenfunction of X given
by T, f; = exp(r;(n)) f; forall n € Z? and some group homomorphism %; : Z¢ — R, with
fi(x) # 0 u-almost every x € X. Then, the left-hand side of equation (35) is equal to
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ko—1 k

sup  Tim HEnelN exp(P () ) fi @) Toiww: fi : (36)
(In)yen N7 izl ik L2 (u®k)
Fglner seq.

where P(n) = ko1 Ai(v;)pi(n). Denote P(n) = d.e_g(p') Qi(n), where Q; is a
i=1 j=0 J J

homogeneous polynomial of degree j for all 0 < j < deg(p;). Then

deg(p1)
AP b, k)= Y AR Qi k. k). 37)
j=K
We first consider the case where Q ;(n) ¢ Q[n] for some deg(pi,) + 1 < j < deg(p1).
In this case, let K = deg(py,) in equation (37). Since AKpi(n, hy, ..., hg)is constant in
nforall kg <i <k, by Lemma 4.3, to show that equation (36) is 0, it suffices to show that

Epongeze sup  lim [Enepy exp(AK P, hy, ..., hg)| =0 (38)
(IN)neny V7700
Fglner seq.

(see Definition 3.13 for the definition of the polynomial AX P).

As Qj(n) ¢ Q[n] for some deg(pk,) + 1 < j < deg(p1), Lemma 3.14 implies that
AKQ]-(., hi,...,hg) ¢ Q[n] for asetof (hy,...,hg) of density 1. By Weyl’s criterion
and equation (37), we have that equation (38) holds and thus equation (35) holds.

We now consider the case where Q;(n) € Q[n] for all K + 1 < j < deg(p). Let
P'(n) = Zf:o Qj(n). It is not hard to see that there exists Q € N such that for all
re{0,...,0Q0— l}L and n € ZL, we have that

P(On+r)— P (Qn+r)=P@r)— P ().

By equation (36), to show equation (35), it suffices to show that for all r € {0, .. .,
Q0 — 1}%, we have that

k
sup  lim ‘Enem exp(P'(Qn + 1)) Q) Tpiontruv fi H =0, (39)
(IN)yen N0 i—ko L2(u®)
Fglner seq.

where t =k —ko+1. Fix r€{0,...,0 — 1} and set R(n) = P'(Qn+r). Let
p: ZL — 79 be the polynomial given by

p(n) = (pi(On + r)vi)r<i<k-
Let (X', 8, !, (Sg)gezar) be the 7% _system such that

S(ui)kogfgk = 1_[ T

forallu; € Z4, kg < i < k, and denote f = ®f=k0 fi. We may then rewrite the left-hand
side of equation (39) as

sup  Tim [Epcry exp(R(D)Spum f 20 (40)
(Inyen N7
Fglner seq.
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For K = deg(px,) — 1, to show that equation (40) is zero, it suffices, by Lemma 4.3, to
show

Boegiy, etk sup  Tim By exp(AK R, W) Sk piumy £l 2o = 0.
(IN)neny N7
Fglner seq.
(41)

By assumption, AKR(n, hi,...,hg) is of degree 1 in the variable n. Since deg(p) =
deg(pr,) = deg(p;) foralli > ko, AXp(n, hy, ..., hg)is also of degree 1 in the variable
n. We may thus assume that

AXp, by, . ki) = (ci(hay - o hg) - n+ i, . RE))VD ko<i<ks

for some polynomials c, . .., ck: ZLK 5 7L and c}(o, e ZLK . 7. Write
c(hy, ..., hg) = (ci(hy, ..., hg)vi)xy<i<k (Which is viewed as a t-tuple of L-tuple
of vectors in Z4). If we write

citht,...,hg) = (cia(ht, ..., hg), ..., cip(hi, ..., hg))

for some ¢; j(h1, ..., hg) € Z, then, by definition, G(c(hy, . . ., hg)) is the subgroup of
74" generated by the elements

(Cho,j (A1 oo s hE)VRgs s Crj (L, oo hE) V), 1 < j < L.

By Lemma 4.4, the left-hand side of equation (41) is bounded by a constant multiple of

—0 4 1/4
(]Ehl hKEZL”lka”lG(CkO(h] hk)vko)“) s (42)

----------

where G(cg,(h1, . .., hg)vg,) is the subgroup of /i generated by the elements

Chot (h1s oo B Vg - ooy Cig L (B, oo ) Uk,
that is, the entries of cy (hy, ..., hg)vy,. For any wuy, € G(ck (hi, ..., hx)vk),
note that wuy, is a rational multiple of wvg,. So, if cg(hy1,...,hg) #0, then

Gleky(hrs - -5 hi)vrg) = G (vgy).
Since (Tp;(nyv; )nezt 1is ergodic for w, we have that T, is ergodic for w. As
E(fky|Zzd 74(X)) = 0, by [7, Lemma 2.4], we have that

.....

whenever ci,(h1, ..., hg) # 0. Since K = deg(pk,) — 1 = deg(pi,(Q - +r)) — 1, it is
easy to see that g, # 0. By [7, Lemma 2.11], the set of such (A1, . . ., hg) is of density 1.
So, averaging over all iy, ..., hg € 7L, we have that equation (42) is 0. This finishes the
proof of the claim. [

Using the claim, it suffices to prove equation (35) under the assumption that all
fi terms are measurable with respect to Z(Zd)XZ(X). By [7, Lemma 2.7], we can
approximate each f; in L?(x) by an eigenfunction of X. By multilinearity, we may assume
without loss of generality that each f; is a non-constant eigenfunction of X satisfying
T, fi = exp(Ai(n)) f; for all n € 74, for some group homomorphism A; : 74 — R, with

https://doi.org/10.1017/etds.2023.30 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.30

Decomposition of multicorrelation sequences and joint ergodicity 475

fi(x) # 0 p-almost every x € X. Then, since (T, (n)yy, : 1 < i < k),cze is jointly ergodic
for p, for any Fglner sequence (Iy)nenN of 74,

k k
0= 1"{ /X fidp= Tm BEyepy 1‘! Tpimwi fi
1= 1=
k k
= ( Jim ey 1‘[ exp(xl-(pmn)vi))) 1‘{ fi.
1= 1=

This implies that limy _, oo Enery ]_[{-‘=1 exp(A; (pi (n)v;)) = 0, so,

k k k
Jim Enery Q) Ty fi = ( Jim Enery [ ] eXP(M(pi(n)vi))> (81) fi-
1=

i=1 i=1
This finishes the proof. O
We are now ready to complete the proof of Theorem 2.5.

Proof of Theorem 2.5. Using Proposition 6.2, we have that condition (C1) implies
condition (C2). It is obvious that condition (C2) implies condition (C2’). So, it suffices
to show that condition (C2’) implies condition (C1).

It is not hard to see that we may assume without loss of generality that p; (0) = O for
all 1 <i < k. By Theorem 2.9, to show that (T, (n)y;: 1 <i < k),¢pe is jointly ergodic
for p, it suffices to show that G; ;(p) is ergodic for u for all 0 <i, j <k, i # j. Fix
any such pair (i, j). We may assume without loss of generality that i # 0. If j = 0, then
by subcondition (ii), (T, n)v; )nezt 18 ergodic for u. So, Ty, is ergodic for w, and thus
Gio(p) = G(v;) is ergodic for . Hence, we may now assume that j # 0.

Assume first that deg(p;) = deg(p;). By assumption, either v; and v; are linearly
dependent, or p; and p; are linearly dependent.

If v; and v; are linearly dependent over Z, then we may assume without loss of
generality that v; = av and v; = bv for some a, b € Q and v € Z4. By subcondition (i),
(Tlap; (n)—bp; ())w)nezt 1s ergodic for 1, which implies that G (v) is ergodic for . However,
Gi,;j(p) is a group generated by some elements which are linear combinations of v; and v},
thus multiples of v. Since p is non-degenerate, G; ;(p) is not the trivial group. It follows
that G; ;(p) = G(v), so the group G; ; (p) is ergodic for u.

If p; and p; are linearly dependent over Z, then we may assume without loss of
generality that p; = ap and p; = bp for some a, b € Q and polynomial p. By subcondi-
tion (i), (T(p(n)(avi_bvj))nezL is ergodic for p, which implies that G(av; — bvj;) is ergodic
for p. However, G; ;(p) is a group generated by some elements which are multiples of
av; — bvj. Since p is non-degenerate, G; ;(p) is not the trivial group. It follows that
Gi,j(p) = G(av; — bv}), so the group G; ;(p) is ergodic for u.

Finally, we consider the case when deg(p;) # deg(p;). We may further assume without
loss of generality that deg(p;) > deg(p;). In this case, G; ;(p) = G; o(p), which we have
shown is ergodic for w. O
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7. Potential future directions

We close this article with two potential future directions regarding the splitting of
multicorrelation sequences. The first one is for integer polynomial iterates under no
assumptions on the transformations other than commutativity (see Theorem 7.1 for a
special case of two terms).

The second one pertains to potential results analogous to Theorem 2.2 for iterates of
the form [p;(n)], 1 <i <k, where p; = (pi1,..., Pid) : ZL — R are vectors of real
valued polynomials. (Here, for x = (x1,...,x1) € RL, we write [x] == ([x1], . . ., [xL]),
where [-] is the floor function. In fact, one can consider any combination of rounding
functions, that is, floor, ceiling, or closest integer.)

7.1. The two-term case with no ergodicity assumptions. Given the results in the [6,
Appendix], we are able to obtain the following splitting result for two commuting
transformations without any ergodicity assumptions.

THEOREM 7.1. Let (X, 8B, u,T,S) be a measure-preserving system with TS = ST.
Let fo, f1, f» € L®(n) and p € Z[n] with degree K > 2. Then, the multicorrelation
sequence

a(n) = / fo-T"fi-SP™ frdp
X
can be decomposed as a sum of a uniform limit of K-step nilsequences plus a nullsequence.

Proof. Setting F; = f; ® ﬁ-,i =0,1,2,and it = u x u, we have that

N N

1 1 s

~ § la(n))? = 5 § /xz Fo- (T xT)'F; - (S x $P™F, dji. (43)
n=1 n=1

Using [6, Theorem A.3], we get that the rational Kronecker factor is characteristic
for the averages appearing in equation (43). (The rational Kronecker factor is the
smallest sub-o-algebra of B that makes all functions with finite orbit in L?(w) under the
transformation 7 measurable.) Consequently, we may replace f1 by P, f1 and f> by Q. f>
in a(n) up to a nullsequence, where P, denotes the orthogonal projection onto the compact
component of the splitting associated to 7, and Q. that associated to S. (Here we make use
of the Hilbert space splitting of L?(y) into its compact and weakly mixing components
for a given unitary operator. The seeds for these results are already present in the work of
Koopman and von Neumann [23]. These were later generalized by Jacobs, Glicksberg, and
de Leeuw. See [8, §16.3] for a more modern treatment.) Thus, the sequence

a(n) — /X fo-T"P.fi-SPM Q. frdp

is a nullsequence. Let ¢ > 0 and choose hy, . .., hi, g1, ..., 8 € Lz(u) such that Th; =
Aih; and Sg; = p;g; (for some Ay, ..., Ak, o1, - .., px € C of absolute value 1) as well
asdj,...,ag, by, ...,br € Csuch that
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< é&.

k k
‘ /X fo-T"Pefi-SPPQc frdu — /X fo-T" Y aihi - SP™ Y " bjg;dp
i=1 j=1
Observe that

k k k k
[ g a7 Y bigidn = [ for 3wt Yol g du
X i=1 j=1 X i=1 j=1
k
~ X
i,j=1

which is a K-step nilsequence. Applying the same argument as in the proof Theorem 2.2,
we deduce the decomposition result. The rest of the details are omitted for the sake of
brevity. O

It is natural to ask whether a result analogous to Theorem 7.1 holds for longer
expressions (potentially via a generalization of the results in the [6, Appendix]), and with
more general polynomial iterates, even without necessarily assuming they have distinct
degrees. Thus, we state the following problem.

Problem 1. Obtain decomposition results of the form ‘uniform limit of nilsequences plus a
nullsequence’ for multicorrelation sequences with (integer) polynomial iterates for general
systems under no ergodicity assumptions on the transformations.

7.2. Integer part polynomial iterates. With a, by now, standard argument (introduced in
[5, 30] for a single term, extended for two terms in [35], and further developed in [24, 25,

27]), one has, for the vectors of real polynomials p; = (p; 1, . . ., pi.4), that the expression
1 : 1 e
p,‘y' n
— >3 Tl Tmensi=— S TITI """ # (44)
in] & i vl 2 L1
N 1= nely i=1 j=1
is close to

1 pi,j(n)

_— St i 45

|IN|,1€ZI;VEj=1 j 8i (45)
where §; terms are R-flows on an ‘extension system’ Y of X, and the functions g; are exten-
sions of the f;. (We say that a jointly measurable family (S;),.gs of measure-preserving
transformations on a probability space is an R4 -action (flow), if it satisfies S;4, = S; o S;
for all 7, r € R%—see [25] for details.) As an application of Theorem 2.2, one can prove
splitting theorems for R?-actions on the extension system.

Indeed, consider the multicorrelation sequence

Ahwmﬁm%mﬂw, (46)

where S is a measure-preserving R?-action on the probability space (X, B, ), fo fi. - . .,
fi € L®°(X), and pi,..., pr: Z — R? a non-degenerate family of polynomials of
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degree at most K with p;(n) = Z;Il(:o ai,hnh, aip € R4, (We address the L = 1 case
for simplicity; following the same argument, one can similarly get the corresponding result
for the general case of L-variable polynomials by using an ordering on the parameters, e.g.
ny > ...>nyr.) Then

K

h

Spi(n) = SZ}If:O ai,hnh = H(Sai,/l)n .
h=0

Note that Saipr 1 1= k,1 <h < K generate a 7*K _action on (X, B, u). For conve-
nience, set po to be the constant zero polynomial. For 0 < i, j <k, i # j, let D; ; be the
largest integer 4 so that S, D;—4].D; # id. This transformation will be denoted by R; ;.
By Theorem 2.2, one can show the desired splitting result for the sequence in equation
(46), if the transformations R; j, 0 <i, j < k,i # j are all ergodic (as Z-actions on the
extension system Y).

Unfortunately, even though we have the previous result for flows, the error term that
arises from the approximation of equation (44) by equation (45) prevents us from getting
the conclusion of Theorem 2.2 for multicorrelation sequences of the form

/X Jo - Tipiamnfi -+ - Tipean fie d .

(To this day, only splittings of the form nilsequence plus an error term that is small in
uniform density are known for this class of multicorrelation sequences (for this, see [25]).
One is referred to [27] for averages along primes for the error term—in this last reference,
only single variable real polynomials were considered. Using the multivariable approach
of [12] instead of [10], one immediately gets the aforementioned result for integer part,
or indeed for combinations of any other rounding functions, multivariable real polynomial
iterates.)

Remark 7.2. Tt is important to stress that, for integer part real polynomial iterates, one
does not expect to have the desired multicorrelation splitting in general. The next example
shows that, even for k = 1, an ergodic system, and linear iterates, it can be too much to
hope for.

Example 7.3. Following [27, Example 7], let X = T := R/Z, T (x) = x + 1/+/2, p(n) =
V2n, fo(x) = e(x) and fi(x) = e(—x), where e(x) := e27**_Then, we have that

/;( fo- T[p(”)]fl dp = /X e(x)e( — X — %[ﬁn]) dx = e( — %[«/ﬁn]) = e(%{ﬁn}),

which cannot be written as a uniform limit of nilsequences and a nullsequence.

Remark 7.4. One may think that the fact that +/2 and 1/+/2 are not linearly independent
over QQ is behind the impossibility of the splitting in the example above. However, a closer
examination of the proof given in [27] shows that this is not the case, and that the failure
extends quite generally.

Indeed, we can imitate the example quoted above as follows. Let (X, B, u, T) be an
ergodic measure-preserving system with non-trivial irrational spectrum. Let f; : X — S!
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be an eigenfunction of T’ with eigenvalue ¢>*# with 8 € R\ Q. Put fy = fi. Then, if we
consider the multicorrelation sequence

a(n) == /X fo- T fy du,

2rilenl  The same

with the choices made above, we observe that, in fact, a(n) = e
argument as in [27, Example 7] shows that a(n) cannot be written as a uniform limit

of nilsequences plus a nullsequence.

However, if we postulate very strong assumptions on our transformations, we do

have the desired decomposition results. For example (see [25]), if T, ..., T} are com-
muting weakly mixing transformations on (X, B, ), gi(n) = p;(n)e;, 1 <i <k, where
pi: Z — R are real polynomials of distinct, positive degrees, and f1, ..., fr € L*(n),

then we have that

lim Z Tigiom f1 - - Tigeom1 fe = ]_[/ fidu.

NM—>ooN M |
i

Hence, for any fy € L° (), the multicorrelation sequence

[fo Tigimn J1 -+ - Tigrmn Jre d i

can be written as a sum of a constant (that is, a 0-step nilsequence) and a nullsequence.
We conclude this article with the following problem that arises naturally.

Problem 2. Letd,k,K,L €N, py,..., pk: 7L — R9 be a non-degenerate family of
polynomials of degree at most K, (X, B, u, T1, . . . , Ty) a measure-preserving system, and
fo, -+ -, fx € L°(w). Find conditions, on the p; and/or the 74 -action T that is defined by
the 7;, so that the multicorrelation sequence

fx Jo - Tipiamifi -+ Tipeon fr din

can be decomposed as a sum of a uniform limit of D-step nilsequences and a nullsequence.
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