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FAMILIES OF PARTIAL FUNCTIONS

Kevin P, BALANDA

The degree of disjunction, &(F) , of a family F of functions
is the least cardinal T such that every pair of functions in F

agree on a set of cardinality less than T .

Suppose 6, M, A, K are non-zero cardinals with © = py = A .
This paper is concerned with functions which map up-sized subsets
of A into k . We first show there is always a 'large' family
F of such functions satisfying &(F) =6 . Next we determine
the cardinalities of families F of such functions that are

maximal with respect to &(F) =6 .

1. Introduction

Suppose U, A, K are non-zero cardinals with u = X . Let [U’X]K

denote the set of all functions which map a p-sized subset of A into

K . Given functions f, g ; we use E(f; g) to denote
{x € dom(f) n dom(g); flx) = g(x)} .

The degree of disjunction, &(F) , of a family F of functions is the
least cardinal T such that |[E(f; g)| < T for all pairs f, g of
functions in F . More generally, the degree of disjunction, §&(8) , of a
family S of sets is the least cardinal T such that |§ n S’I < 1 for
all pairs S, S’ of sets in S .

This paper is concerned with two problems about families of partial
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functions. Suppose © is another non-zero cardinal and 6 < u . We first

[u,k]K

determine the 'maximum' cardinality of a subset F of satisfying

§(F) = 6 . Secondly, we determine the cardinalities of subsets F of

[U’A]K that are maximal with respect to &(F) < 6 . The following two
definitions will be useful.

DEFINITIONS. Let
(1) Fylm, A, ) = swpf|Fl; Fe M Me ama sy < 0} ,

(ii) maxeF(u, X, k) = {T; ¢ is a cardinal and there is an

z-sized subset F of tu,1]

8(F) = 8} .

K that is maximal with respect to

The Generalized Continuum Hypothesis is assumed throughout the general

discussion. We also assume that A is infinite.

In Section 2 we show that there is always a 'large' subset F of
[U’A]K satisfying 6(F) =6 . Fe(u, A, k) is as large as possible in the
following sense. Suppose 6, u, I are non-zero cardinals such that
0 =pu=ZI . Let

Se(u, £) = suwp{ls|; S (23" and 8(S) < 6}

The cofinality A' of a cardinal A is the least cardinal T such that
A can be expressed as the sum of T cardinals each less than A . If I

is infinite then the values of Se(u, L) are known under the Generalized
Continuum Hypothesis. If 6 < u or if u' #ZL’' , then Se(u, L) =L,
otherwise Se(u, L) = zt (see Baumgartner [1], Theorem 3.4). A comparison
of these results and Proposition 1 shows that Fe(u, A, K) = Se(u, A.k)
always.

Section 3 contains the substantial part of this paper: the

description of the sets maxeF(u, A, K) of cardinals. We prove in Theorem

4 that if A =K or if W < X, then all maximal families have the same

cardinality; namely Fe(u, A, K) . When M=K and A >K , however,

maximal families of differing cardinalities exist. The cardinalities of
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these maximal families are given in Theorem T below.

Our set notation is standard. An ordinal is identified with the set
of its predecessors and cardinals are identified with initial ordinals. We
use o, B, Y, 8§, ... to denote ordinals and Z, A, Kk, U, ... to denote
cardinals. Cn(k) denotes the set of non-zero cardinals less than or equal
to K . The symbol [S]" denotes {5'; S’ cSand |[S'} =ul. A (X, «)
family is an indexed family LSi; i € I) of sets where |[I| = A and
|Si] =Kk for each ©Z in I . A family S of sets is said to be almost
disjoint if |S n S'| < min(|S]|, |$']|) for all pairs S, S' of sets in
S . Note that a subset F of [u’A]K
|ECf; g)| <u for all pairs f, g of functions in F . An almost

is almost disjoint if and only if

disjoint family X of A-sized sets is said to be M-maximally almost

disjoint it |UX| = A and every A-sized subset of UX intersects some
member of X in a set of cardinality A . For sets S, T the symbol ST

denotes {f; f: S+ T . If X< S5 and g € ST then g/X denotes the
restriction of g to X . The cofinality A’ of non-zero A is the
least cardinal T such that A can be expressed as the sum of T
cardinals all less than A . We say X is regular if A' = XA ; otherwise

A is singular in which case A' < A . A \-sequence is a sequence
(AG; 0 < A') of cardinals all less than A such that X = z:(ko; o < A').

If X is singular then strictly increasing MA-sequences exist. We refer

the reader to Williams [4] for any further set theoretical background.

For the remainder of the paper we assume that 0, yu, A, K are non-
zero cardinals such that A is infinite and 6 £ u =< XA . Neither yu nor

K 1s necessarily infinite.

2. Values of Fe(u, As k)
We show that Fe(u, A, K) = Se(u, A.K) always.

PROPOSITION 1 (Generalized Continuum Hypothesis). (Z) If 6 < q
or if w' # (A.k)' , then Fb(u, A, K) = Ak .

(ii) If u' = (Ax)' then F(u, X, ) = ()t
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Proof. The proof is not difficult.

Suppose Fg[mxk and &(F) = 6 . Since FE[AXKP and

[x x k| = A,k , it follows that |[F| = Sg(u, A\.k) . Therefore
(i) if 6 <y or if u’ # (A.k)’ , then Fe(u, A, K) = Ak,
(1) 4f u' = (Ak)' then F(u, X, &) = (A, ot

To show that these upper bounds are the values of Fe(u, A, k) we

construct, in each case, a 'suitably large' subset F of [U’A]K with
S(F) =6 .
(i) Suppose that either 6 <u or u' # (A.k)' . Let (Ba; o < A)

be a pairwise disjoint (A, u) decomposition of A and, for each ordered

pair (o, B} in A x Kk , let f& 8 denote the constant function defined
?
on Ba which maps each ordinal in Ba to B . Put
F= {f& g} (a, BY € A xk} . The family F is a pairwise disjoint subset
2

fu,Al

of k ana |F| = dx .

(i7) Next suppose u' = (A.k)' . We consider the cases A <k and

A > K separately.

CASE 1. XA =k . 1In this case Kk is infinite and@ A.x = K . Since
u’ = k' it follows from Williams [4], Theorem 1.2.7, that there is an
+ +
almost disjoint subset F of e with |F| =k = (A.k) . Since

e < [U’A]K the family F suffices.

CASE 2. A >k . In this case A.x = A and we appeal to the results
on Se(u, A) . Let B = (Ba; a < k+) be an almost disjoint (A+, u)

decomposition of A and set F = {f& g3 Ca, B) € A7 x x} (where Fy 8 is

[U’A]K . To show that F is almost

defined as above]. Certainly FC
disjoint, suppose (a, B) and (v, §) are distinct members of Aoxk .

If B # 8 then E(fas;fY6)=¢. If B=¢8 then a#y and

Elfa,p5 fy,6) €24 7 By

since B 1is almost disjoint. Hence F is an almost disjoint subset of

. It follows that |E(f, g £y s =18, nBYI <y
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A +
Al ana [Fl = (xc) ™ .
This completes the proof of Proposition 1. )
We remark that there is always a subset F of [U’A]K such that

8(F) =6 ana |F| = Fg(u, A, k) ; the supremum in the definition of

Fe(u, A, K) is a maximum and not a strict supremum.

3. Cardinalities of maximal families of partial functions

In this section we describe the cardinalities,of subsets F of

[u,A]K that are maximal with respect to 6(F) < 0 . We first make a few

simple observations about maximal families of partial functions.

LEMMA 2. Suppose F gi[u’A]K and F 1is maximal with respect to
8(F) =8 . Then

(a) JFl =z« ,

(B) [A-Uldom(f); f € F}| <u,

(¢) k = U{ran(f); f ¢ F} .

Proof. (A) For a contradiction suppose |F| <k . Choose a function

g from Y& such that g(a) f {f(a); f € F} for each o less than y .
This is possible since |{f(a); f € F}| = |F| < k by assumption. Then
E(f; g) = ¢ for each f in F ; contradicting the maximality of F .

(B) If X ¢ D—U{dom(f); f € F}]u and g € XK , then E(f; g) =9
for each f in F ; contradicting the maximality of F .

(c) 1r B €x - Ulran(f); f € F} and g is any function in (u, A

that is constant with value B , then E(f, g) = @ for each f in F ;
contradicting the maximality of F . D

LEMMA 3. Swppose u is infinite and w' =«x' . If F 4is an almost
A
7 (u,2)

disjoint subset o k and F is maximl with respect to almost
c +
disjointness then |F| =2« .

[1,A]

Proof. Suppose F is an almost disjoint subset of Kk and

|F| < K . We show that F is not maximal with respect to almost
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disjointness by constructing a function g in uK such that

|E(f; g¢)] <u for each f in F . Write F = (fb; v < K) where
repetitions occur if lFI <K . Let (6T, T<u, (yo; g < u') be
strictly increasing sequences of ordinals such that u = sup{GT; T < p'}
and K = sup{Yo; 6 < u'} . Inductively define the function values g(a)

as follows. OSuppose that o < u and g(8) has been defined for each §
less than o . Let T(a) be the least T 1less than U’ such that
a < GT and choose g(a) from «k - {jb(a); v < Yr(a)} . This is possible

since |{fb(a); v < YT(a)}l = IYT(a)I <K . To show that g suffices,

suppose that v < k and let o(v) be the least 0 1less than u’' such

< .
that v <y, . If § <a <y then Vv Yo(v) < Yr(a) , and it follows

o(v)
from the choice of g(a) that gla) # fb(a) . Hence E(fv; g) Eiéo(v)

and |E(fb, gl = léc(v)l <y as required.

The family F , then, is not maximal and the result follows. O
With this lemma the sets maxeF(u, A, K) of cardinals can be
described in the case when either A <K or u <A .

THEOREM 4 (Generalized Continium Hypothesis). Suppose that either

A<k or pu<a>x.

() If 8 <y orif u' # (Ax)', then maxeF(u, A, k) = {d.k} .
(i) If u' = (A\k)' then max F(u, A, k) = )y .

Proof. Certainly maxeF(u, A, K) S_Cn(Fe(u, A, K)) . Since there is

[U’A]K with 6(F) =8 and |F| = Fe(u, X, K) , a simple

a subset F of
application of Zorn's Lemma implies that Fe(u, A, K) € maxeF(u, A, K)
From these observations it follows that

(i) If ® <y or if u' # (A.x)' , then maxeF(u, X, x) € Cn(X.x)

and A.K € maxeF(u, A, K)

(18) It u’ = (Xx)' then max F(u, X, k) C en((A.x)*)  ana
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()\.K)+ € ma.xul"'(u, A, k)

We show, in each case, that the cardinals above are the only members

[U’A]K and F is

of maxeF(u, X, K) . For this, suppose that FC
maximal with respect to &8(F) <= 8 . We consider two cases.

CASE 1. A

IA

K

Property (A) of Lemma 2 implies that |F| = x = A.k . This is all
that is needed if either 8 <nu or u’' #k’' . If u' =k’ then Lemma 3
+ +
implies that |F| 2 k" = (A.x)" .

CASE 2, upu< .

Since the case when A = K has been settled we may further assume
that A > Kk . Property (B) of Lemma 2 implies that
A= |U{dom(f); f € F}| = u.|F| . Since u < A it follows that
[F] 2 X = A\.k . This is all that is needed if either 6 < u or u' # 2’

+
If u' = A’ and 6 = u , we claim that |F| = AY = (Ax)T . For
suppose that |F| £ A and write F = (fb; v < A] . We define a function

g such that IE(fb; g)l <w for all Vv less than A . Let (& ; T <u’)
and (Yo; 0 < u'’ be strictly increasing sequences of ordinals such that

u = sup{GT; T<u'l and A= sup{Yo; 0 < u'} . Inductively define a
sequence <xa; a < pu) of pairwise distinct elements of A as follows.
Suppose that @ < i and &g has been defined for each § less than a .
Let Tt(a) be the least T 1less than W' such that 6T > a and choose

za from
A= (Uaon(f) s v < vy gy} v e 6 <a})

This is possible since

iU{dom(j:); v < YT(Q)}l = U-IYT(Q)I <A

X
Set X = {xa; a < p} and choose g from k . Then X € (AM and

g € [U’A]K . To show that |E(fb; g]| <y for each V less than A , it
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suffices to show that |X n dom(va <y for each v 1less than A . To

see this suppose Vv is less than A and let o(v) be the least o0 less
! < . <

than u' such that v < y; If 60(\)) <o <u then v < Yo(\)) < Y1 (a)

and the choice of z  implies that x : dom(fv) . Therefore

X“dom(fv)g{xa;a<60(v)} and IXﬂdom(vaSIcS )|<u as

o(v

claimed. Hence IE(f\,3 g)l <y for each Vv 1less than A ; the required

contradiction.
The proof of Theorem 4 is now complete. 0O
For the remainder of the section suppose that A > Kk . To determine

the nature of the set maxeF()\, A, K} we follow a programme similar to one

used in Erdds and Hechler [2] to determine the cardinalities of A-maximally

almost disjoint families.

The following lemma is essentially Theorem 2.3 from the agbove paper by
Erdds and Hechler and provides a method of constructing Mmaximally
almost disjoint families.

LEMMA 5 (Erdds and Hechier). Swppose A 1is singular, L1 <& <X,

and ().o; 0 < A'") 1is a strictly increasing M-sequence of regular

eardinals greater than U . Suppose that
(i) [Sg; 0 <A gnd B < C} i8¢ a pairwise disjoint family of

for each (g, B) in A x|

ol _
sets such that ISB| = )\0

x! [
(2752 ]c that is

maximal with respect to almost disjointness,

(i1} G 1is an almost disjoint subset of

. a o 0 .
(1i1) Sg = U{Sg(('}); o € dom(g)} for each g in G.

Then the family (_Sg', g € G) is A-maximally almost disjoint and has the
same cardinality as G . ]
The next lemma asserts that maxAF()\, A, k) is closed under limits at

singular cardinals. It is modification of Theorem 3.1 of Hechler [3] and

its proof is similar.
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LEMA 6. If ¢ <s an infinite singular cardinal and (CT; T<UCg")
18 a strictly increasing U[-sequence such that (S maxAF(A, A, k) for
each 1 less than ' , then [ € maxAF(A, A, K) . O

With these two lemmas it is possible to describe the sets
maxeF(X, A, K) when A >« .

THEOREM 7 (Generalized Continium Hypothesis). Suppose that X > k .

() If 6 < A then maxeF(A, A, k) ={z €ecn(A); k =} .
(i¢) If X #«' then max,P(A, X, k) = {g € (A k=) - A1)

(ii1) If A =x' then

max,F(A, A, k) = { € Ay, «F =) - ).

Proof. We deal with the three cases separately.

CASE (7). 1 =06 <.

Suppose [ € maxeF(A, A, K) . Property (A) of Lemma 2 implies that
T =K . On the other hand 7 =< X since Fe(k, A, K) = A . Hence

maxgF(X, A, k) € {z e cn(N); x =g} .

We now show that if K £ L <= X then T € maxeF(X, A, K) . Since

(2,21,

Fe(X, A, K) = X and there is a subset F of with |F| = A and

8(F) = 8 , it follows from a simple application of Zorn's lemma that
A€ maxeF(X, A, K) . Next suppose K S < A . We show

L ¢ maxeF(A, A’ K) .

In this paragraph suppose that & is infinite. Let LBG; a < C) be

a pairwise disjoint (T, A) decomposition of A and, for each ordered
pair (a, B) in [ Xk , let f& 8 be the constant function defined on
3
B, that takes value B . Put F= {f& gs & < ¢ and B <k} . The family
t ]
D"“x and |F| = ¢ . Note that F

decomposes A X Kk . We claim that F is maximal with respect to

F is a pairwise disjoint subset of
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8(F) =6 . For suppose g € [A’A]K . Now |g| =X,
g = U{f& B ng;, ta, BY €T xxk} , |gx k| <A and 8 < A . Hence there

is an ordered pair {a, B) in Xk such that If& 8 ng|l >86 . Thus
k]

|E(fa g} g]l >0 and F is maximal with respect to &(F) = 0 as claimed.

Now suppose ¢ 1is finite. Let (Ba; a < Q-K+l} be a pairwise

disjoint (g-k+1, A) decomposition of A . For each o less than

T -K+ 1 let ga denote the constant function defined on Ba that takes

value O . For each B with 1 =8 <k let hB denote the constant

function defined on A that takes value f . Put

F={ga;a<c-|<+1}U{h8;158<n<}.

(Al

Then F is a pairwise disjoint subset of and |F[ = ¢ . Since

UF = X xk and T < HO = A" , it follows that F is A-maximally almost
disjoint and so is certainly maximal with respect to &(F) =6 .

In either case, [ € maxeF(A, A, K) as required; and the theorem is
established in Case (7).

Before dealing with Cases (©%1) and (Z%71), we make the following three

observations.

(@ A fmaxFQA, A, )

For a contradiction, suppose A' € maxAF(l, A, k) and let F be a

[A,2]

A'-sized almost dis joint subset of K that is maximal with respect to

almost disjointness. Then F is an almost disjoint subset of [A x K]A
where |A xk| =A . In fact F is A-maximally almost disjoint. To see

this suppose X € [ x K]A . Since |X|] =X and A >« , it follows that

there is a function g in [A’A]K such that g< X . Since g ¢ [A’A]K

the maximality of F implies there is f in F such that [fng| =) .
Therefore |X » f|l = A and F is A-maximally almost disjoint as
claimed. But no A-maximally almost disjoint family of cardinality A'

exists (see ErdSs and Hechler [2]); the required contradiction.
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(B If k<A, Kk =C=A and [ # A" , then [ € maxAF(A, A, k)

In this paragraph we assume that C is infinite. Let
B = (Ba; a < g) be a A-maximally almost disjoint (Z, A) decomposition

of A (see Erdds and Hechler [2]) and set F = {f& g’ o < Z and B <k}

A
(where fo g 1is defined as above). Certainly FC [ ’A]K , F is almost
b
disjoint and |F| = ¢ . We claim F is maximal with respect to almost
disjointness. For suppose g € [A’A]K Since k < A' the function g
is constant on a set of power A : there is an ordinal B 1less than K

and a set X in [dom(g)]k such that g(v) =8 for all v in X .

Since X € [A]A , the A-maximally almost disjointness of B implies
there is an ordinal o less than ¢ such that lX n Bal = X . It follows

that X o B_ E_E(fa,s; g) and IE(fh,B; g}l = A . The family F , then,

witnesses that [ € maxxF(A, A, k) .
Now suppose [ 1is finite. Let (Ba; a < C-K+l) be a pairwise
disjoint (z-k+l, A) decomposition of A . For each o less than

T -K+1 let 9y denote the constant function defined on Ba that takes
value O . For each R with 1 <8 <Kk let hB denote the constant
function defined on A that takes value f . Put

F = {ga; o < gk+l} v in,; 1 =8 <k} .

B;

(A1)

Then F is a pairwise disjoint subset of k and |F| =¢ . Since

UF =X xx and [ < Ro = X , it follows that F is MAmaximally almost

disjoint and so witnesses that [ € maxAF(A, A, K) .
In either case, [ € ma.xAF(l, A, k) and observation (B) follows.
(y) If A" =x, k=7=<X and ¢’' # L', then T € maxAF(A, A, k).

We construct an C-sized almost disjoint subset F of [A,2]

K that
is maximal with respect to almost disjointness. Since A’ <k < A and

z < X, we have that X is singular and there exists a strictly increasing
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A-sequence (Ao; 0 < A') of regular cardinals greater than . Let
[Sg; 0 < A' and B < C] be a pairwise disjoint decomposition of A with

|S§| = Ao always. For each Y 1less than K let fg denote the

constant function defined on Sg taking value Y . The following

properties hold:

] (oA

K always;
Y aes

(a) fg

(b) )\XK=U{f(BJY;o"<A',B<CandY<K}.

k4

Next observe that since ' # A' and A’ =7 , it follows that
FA,(A’, A', L) = M. = [ and there is an U@-sized almost disjoint subset

r
G op LAsA']

we can assume, without loss of generality, that UG = A’ x g X Kk . We now

€ X K maximal with respect to almost disjointness. Further,

apply the construction of Lemma 5. For each g in G put
F = H € d t F=1{F ; el . . _ ,
g U{fg(o) o om(g)} and pu { g 9 € } . since |dom(g)| =2

and property (a) holds, it follows that F C [A’A]K
that F is A-maximally almost disjoint and |F| = ¢ . Finally, since
UG = A" x [ x ¥ and property (b) holds, it follows that UF = A x k .,
Hence F is a A-maximally almost disjoint (g, A) decomposition of

Lemma 5 guarantees

A X K and so is certainly maximal with respect to almost disjointness as

claimed. The family F , then, witnesses that [ € maxAF(A, A, K) .

With these three observations we can now settle the theorem in Cases
(i) and (iii). By the usual argument, A" = Fy(A, A, k) € max,F(}, A, k) .

CASE (Zi). X' #£ '

Suppose [ 1is a cardinal and [ € maxAF(A, A, k) . Property (A) of

Lemma 2 implies ¥ = Kk . On the other hand T = k+ and observation (a)
implies ¢ # X' . Hence max,F(X, }, k) c {g ¢ cn(A); k =g} - (A} . s

above, A"oe maxxF(A, A, K) . Next suppose K <[ <X and Z # A' . We

show that ¢ ¢ maxAF(A, A, K} . If Kk < A' then observation (B)
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establishes that § € maxAF(A, A, k) . If A =k and ' # A" , then
observation (y) implies that ¢ € maxAF(A, A, K} . The remaining case is

when A' <=k and ¢' = X' . Here we appeal to Lemma 6. Since A' # k'
it follows that ' = A' <K =< and { is singular. Let (CT; T<g")

be a strictly increasing {-sequence of regular cardinals all greater than

K . For each T 1less than [' we have K < p < A and C{ # X', so
observation (y) implies that r € maxAF(A, A, K) . Lemma 6 now gives that

T € maxAF(A, A, K) and the proof is complete in Case (i%).

CASE (Zi%Z). Kk is infinite and A' = k' (so A' =k ).
Suppose [ 1is a cardinal and g € maxAF(k, A, K) . Since A' =«x' ,

Lemma 3 implies that ¢ = K+ . On the other hand ¢ = A+ and observation
{o) implies 7 # A' . Hence maxAF(A, X, k) {g ¢ Cn(k+); F < g} - 12"},

As above, 2 oe maxAF(A, A, K) . Next suppose kt < <X and T # A" .
We show that [ € maxAF(A, A, K) . If ' # A'" then observation (y)
implies [ ¢ maxAF(A, A, k) . If z'=XA'" then [ is singular (since
' = A =x'< K+ < ¢ ) and the proof that ¢ € maxAF(A, A, k) in this

case is identical to the corresponding proof when A' =k and ' = A' in

Case (i1) above. Hence {I ¢ Cn(A+); k"< g} - {\'} E_maxAF(A, A, k).

This then proves the theorem in Case (Z7Z) and establishes the result. u]
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