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Abstract

In this paper, the amenability and approximate amenability of weighted ¢”-direct sums of Banach
algebras with unit, where 1 < p < oo, are completely characterized. Applications to compact groups and
hypergroups are given.
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1. Introduction

The notion of approximate amenability of a Banach algebra was introduced by
Ghahramani and Loy in [7]. Dales et al. [6] found a necessary and sufficient condition
for approximate amenability of Banach algebras, and also proved that the Banach
sequence algebras £”(w), 1 < p < 0o, w € [1, +00)!, are not approximately amenable.
The present paper is a continuation of the paper by Dales et al. By a direct method, it
is proved that for a family of nonzero Banach algebras {2;};c;, €7((2;), w) is amenable
(respectively, approximately amenable) if and only if 7 is finite, and for each i € I,
A; is amenable (respectively, approximately amenable). For another proof, see [5].
The organization of the paper is as follows. Section 2 is devoted to preliminaries
and notations which are needed throughout the rest of the paper. Section 3 gives a
complete characterization of amenability and approximate amenability for weighted
¢P-direct sums of Banach algebras with unit, where 1 < p < oco. In Section 4 it is
proved that for the matrix Banach algebra €,(/), the two notions of amenability and
approximate amenability are equivalent. Moreover, applications to compact groups
and hypergroups are given. As a corollary, it is proved that if G is an infinite compact
group, then the convolution Banach algebra L*(G) is not approximately amenable.
This is a generalization of Proposition 2.30 of [1] (see also [2]).
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2. Preliminaries

Let A be a Banach algebra, and let X be a Banach A-bimodule. A derivation is a
bounded linear map D : A — X such that

D(ab)=D(a)-b+a-D(b) (a,beA).

For xe X, setad,:a—a-x—x-a,A— X. Then ad, is a derivation; these are the
inner derivations. A derivation D : A — X is approximately inner if there is a net
(x4) € X such that

D(a) =li(£na-xa —Xy-a (a€A).

A Banach algebra A is amenable (respectively, approximately amenable) if every
derivation from A into X* is inner (respectively, approximately inner) for all Banach
A-bimodules X. For more details see [7, 10, 12].

The following result is taken from [6, Theorem 4.2]. For the definition of {7(w),
see [6] or Definition 3.1 of the present paper.

Turorem 2.1. The Banach sequence algebras €P(w), 1 < p < oo, w € [1, +o0)!, are not
approximately amenable.

Let A be a Banach algebra. The projective tensor product A® A is a Banach
A-bimodule, under the operations defined by c-(a®b)=ca®b and (a®b)-c=
a® bc for a, b, c € A. The corresponding diagonal operator my : A ® A — A is defined
through ms(a ® b) = ab (a, b € A). For more details, see [4].

The following result is a characterization of amenable Banach algebras, and is taken
from [10]. See also the comment after Corollary 2.2 of [6].

THEOREM 2.2. Let A be a Banach algebra. Then A is amenable if and only if there is
a constant C > 0 such that, for each € > 0 and each finite subset S of A, there exists
F e A® A with ||F||, < C such that, for eacha € S :

@) lla-F-F-adl;<e
(i) |la — ama(F)|| < e.

The following characterization of approximate amenability is taken from [6,
Proposition 2.1].

TueEOREM 2.3. Let A be a Banach algebra. Then A is approximately amenable if and
only if, for each € > 0 and each finite subset S of A, there exist FEA® A and u,ve A
such that ma(F) =u + v, and for eacha € S :

i) Jla-F-F-a+u®a-a®v|;<e;
(i) |la — aul| < € and ||a — val| < €.

3. Amenability and approximate amenability of £7((2;), w) (1 £ p < o0)

Our starting point in this section is the following definition.
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Dermvirion 3.1. Given a set I, a family {;};,c; of Banach algebras, and w = (w;) €
[1, +00)!, define, for 1 < p < oo,

(@), @) = {(@) 1 € W, Y il <o),

iel

It is easy to check that €7((¥;), w) is a Banach algebra with pointwise multiplication
and the norm

I/p
@l = (Y ilally) (@) € 76, @)
i€l
The Banach algebra ¢7((%,), w) is called the weighted IP-direct sum of the family (2;)
with weight w. If for each ie I, A; =A, denote {7((Y;), w) by ¢P(I, A, w). If for
each i€, w; =1, denote £7(I, U, w) by £P(I,N). Also define {7(I, w) = (71, C, w),
P(I)=¢P(1,C), and €P(w) = tP(N, w).

Lemma 3.2. Given a set I, 1 < p < oo, and we[1, +oo)', the following assertions are
equivalent:

(1) €7, w) is approximately amenable;
(i) P, w) is amenable;
(i) [ is finite.
Proor. Let I be infinite. Then there exists an infinite countable subset Iy = {i,,},ex Of 1.
The mapping
(1, w) = P (w);  (4) - (),
is a continuous epimorphism. But, by Theorem 2.1, ¢?(N, w) is not approximately

amenable. Therefore, by [7, Proposition 2.2], £7(I, w) is not approximately amenable.
Obviously, if 1 is finite, then £P(I, w) is amenable. m]

Lemma 3.3. Given a set I, a family {U;};c; of Banach algebras with unit, and w = (w;) €
[1, +00), let w(i) = w,-lleml.llgl_ (iel). Thenfor1 < p < oo, £P(I, @) is a Banach algebra,
the mapping

e, @) = (W), w); la) = (aex,)  (a=(a) € (1, @),

is well defined, and there exists a linear map © from £P((A;), w) into €P(I, @) such that:
®H lel=1;

(i1) OWa))=a (ac P, w)),

(iii) a®(A) = O((a)A), O(A)a = O(Ala)) (ac P, w),A € P((A,), w));

(iv) foraelP(,w)and F € {P((A;), w)RLP((Ay), w),

a-O0)(F)=Oe0)(a)-F),O®®0)F) -a=(0O0)TF -ua)).
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Proor. Since for each i € I, |leg|ly, > 1, we have @ € [1, +o0)!. Thus, ¢7(I, @) is a
Banach algebra. It is easy to see that ¢ is well defined. Let i € /. By the Hahn—Banach
theorem, there exists 6; € ;" with ||6;]| = 1 and 6,(ey,) = lley|ls;. Define

1
0: /(). ) = (1 ): O(A) = (i) (A= (@) (W), ).
eq [,
Since ||6;]|=1 (i€1), ® is well defined. The equations in (i) and (ii) are direct
consequences of [|6;]| =1 and 6;(eqy;,) = |lea|ly, (Z € I). The equations in (iii) and (iv)
are proved by an easy calculation. For example, if a = (q;) € {’(I, w) and A = (q;) €
P ((A;), w), then

a®(A) = (ao(#a»(a») = (o)

[lea, s, lle, [y,

= (;Hi(aiai)) = 0O((a,q;))

llea, [lar,
= O((a;jex,)(0))) = O(Ua)A).

It follows that, for each B, C € £P((U;), w),

a-(Oe0)B®C)=(aB(B))®06(C) =0((a)B)®0O(C)
=(OR0)a)B®C)=(010)ua) - (BaC()),

and so for each F € £2((A;), )P (A;), w), a - (O @ O)F) = (0 ® O)(u(a) - F). O

Given a set / and a family {2;},c; of Banach algebras with unit, for the subset I of /
let

el ((U)) = {(a)) : a; €Ay, oy = 0 for i ¢ Iy},

and define Ej, € cé‘b((‘)l,-)) through (Ey,); = ey, (i € Ip). These notations are used in the
following lemma.

LemmA 3.4. Given a set I, 1 <p<oo, a family {U;}ie; of Banach algebras with
unit, and w € [1, +c0)!, let €P((;), w) be approximately amenable, €>0, and
S be a finite subset of €P((W;),w). Then there exist a finite subset I, of I,
and B',...,B",C',...,C", U/ Ve C(I)EO((?I,')) such that, if ¥ =", B"®C", then
o). (F) = U + V, and moreover, for each A€ S :

A A-F-F - A+URA-AQV|<e€

(i) J|A-AUlpw <eandl||A - VAl,, <€

Proor. By Theorem 2.3, there exists 7 = Y™ | B, ® C, € (P((A), w) ® £P((A;), w),
such that 7)) (F) = U + V, and for each A € S :

@) IA-F-F A+URA-A® V|, <e/2;
(") 1IA = AUl < €/2 and |4 - VAl < €/2.
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Let € = €/(8 maxyes (Al +1)). By continuity of the tensor product and the
definition of || - ||, ,, there exists a finite subset /. of I such that

Zm:(EnEle) ® (anEIE) - i En ® 6n
n=1 n=1

<€
w

and . . _ _
WWE;, = Ullpw, IVEL, = Vlipw < €.

Let B,=B,E;,C,=C,E;, 1<n<m),F=Y",B,8C,,U=UE;,and V=VE,_.
Then (i’) and (ii’) give (i) and (ii). O

ProposiTioN 3.5. Given a set I, a family {U;},e; of Banach algebras with unit, and
w = (a;) € [1, +0)!, if the Banach algebra £P(%;), w) is approximately amenable, then
1 is finite.

Proor. The notations of Lemmas 3.3 and 3.4 are used. Let e >0 and S be a finite
subset of £7 (1, @). Since ¢(S) is a finite subset of £7((A;), w), there exist by Lemma 3.4
a finite subset I, of I, and By,...,B",C,...,C", U, VECf;O((%I,»)) such that, if
F =2 B"®C", then mer(),0)(F) = U + V, and for eacha € S':

G |la)-F —-F -va)+U®ua)—la)® V]| <e;
(i) (@) — a)Ullp» < € and [lt(a) — Vi(a)llp» < €.

For i € I, let ®; be the ith component of ® (that is, in the notation of the proof of
Lemma 3.3, ©; = (1/lley;l%,)6;). Let

Ani = 0(B"C") = O(B")O;(C";)) (1<n<m,iel)

and

F=(0©®0)(F)+ i Z A,i0; ® 6,

n=1 iele

where 0; € {P(I, w) is defined by 6;(i)=1 and 6;(j)=0 (j#1i). Obviously, F e
P, w)Q (P(I, w). Letu = O(U) and v = O(V). It is clear that

a-(6;96)=0;®6)-a (aell(, w),icl),
and so by Lemma 3.3(iv), for each a € {7 (I, @),

a-F-F-a=a-010)(F)—-(O0)F)-a
=O®’0)a) F —F -ua)).

Thus, by (i) in this proof and Lemma 3.3(ii) and (i), for eacha € §,

la-F—F-a+u®a—a®v|; =[|(@®0)a) - F —F -tla)—Uua)—ia)® V)|,
<la)-F =F -va)-Uua)—ua)® V| <e
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Also, by (ii) and Lemma 3.3(i),
lla — aullp. = 18(a) — (@) U)llp.w < ll(a) — (@) Ulpw <€,

and similarly |la — val|, - < €. Moreover,

m

Tur(1.0)(F) = Em] OBNOC") + > > Ai5:6;
n=1

n=1 iel.
= Zm: Z @[(Bni)®i(cni)5i + i Z /171,1'65
n=1 iel. n=1 iel,
= Z D, OB C )5 = i O(B"C")
n=1 i€l n=1

= ®(7rt’l’((‘21,-),w)(7:)) =OU+V)=u+v.

Therefore, by Theorem 2.3, ¢{P(I,w) is approximately amenable. Hence, by
Lemma 3.2, [ is finite. m]

Remark 3.6. If, for each i € I, U; has a nonzero character ¢;, then there is a simple
proof for the above proposition. To see this, suppose that £7((;), w) is approximately
amenable. Define

O : £7(W), w) = (1, @); () - ($i(ay),

where @; = w;/||¢;||” (i € I). Note that for each i € I, ||¢;]| < 1 (see [4, Section 16]), and
so @; > 1. Clearly ® is a bounded linear map. For each i € I, there is a? € A; with
||a?||s1[. =1, such that |¢,~(a?)l > %||¢,-||. Let a:=(4;) € £P(I, @). Then it is easy to show
that if A = ((A;/¢i(a?))a?), then A € £7((U;), w), and O(A) = a. It follows that P is a
continuous epimorphism. Hence, by [7, Proposition 2.2], {7(I, w) is approximately
amenable, and so by Lemma 3.2, [ is finite.

Lemma 3.7. Given a set I, a family {W;}ic; of Banach algebras, and w € [1, +c0)!,
if 1 <p<oo, and €P((N;), w) is amenable (respectively, approximately amenable),
then, for each i € I, W; is amenable (respectively, approximately amenable).

Proor. Foreachi € I, the mapping 7; : £7((U;), w) — A;; (a;) — q; is a bounded algebra
homomorphism. By [12, Proposition 2.3.1] (respectively, [7, Proposition 2.2]), U; is
amenable (respectively, approximately amenable). O

The following result is the main theorem of the present paper.

THeorem 3.8. Given a set I, a family {W;}ic; of Banach algebras with unit, and

w = (a;) €[1, +0)!, if 1 < p < oo, then the following statements are equivalent.

1)  P((AUy), w) is amenable (respectively, approximately amenable).

(1) The set I is finite, and, for each i € I, W; is amenable (respectively, approximately
amenable).
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Proor. (i) = (ii) is a consequence of Proposition 3.5 and Lemma 3.7.
(i1) = (i) follows from [12, Corollary 2.3.19] (where, for each i € I, %; is amenable),
and [7, Proposition 2.7] (where, for each i € I, %; is approximately amenable). O

4. Applications to compact groups and hypergroups

Let H be an n-dimensional Hilbert space and suppose that B(H) is the space of all
linear operators on H. For E € B(H), let (44, ..., 4,) be the sequence of eigenvalues
of the operator |E|, written in any order. Define ||E]|,, = (O J4PHYP (1 < p < ).
For more details, see [8, Definition D.37 and Theorem D.40].

Let / be an arbitrary index set. For each i € I, let H; be a finite-dimensional Hilbert
space of dimension d;, and let a; > 1 be a real number. Define

€ (D) = P (B(H, || - llg,)), (@) (1 < p <o)

This definition is taken from [8, Section 28], using the notation of Definition 3.1.
By [12, Example 2.3.16], for each i € I, the Banach algebra B(H;) is amenable.
Hence Theorem 3.8 yields the following result.

Prorosition 4.1. Let 1 < p < oo. The following statements are equivalent.
(i)  C,{) is approximately amenable.

(i) €,() is amenable.

(i) [ is finite.

Let K be a compact hypergroup (as defined by Jewett [9]), and K be the set
of equivalence classes of continuous irr(iducible representations of K (see [3], [9,
Section 11.3], and [13]). For each m € K, let H, be the representation space of 7
and d; =dim H,. By [13, Theorem 2.2], d, < co. Furthermore, by the proof of [13,
Theorem 2.2], there exists a constant ¢, such that for each &€ € H, with ||¢]| =1,

fK (D), ) dwg(x) = cx.

Let k, = c;l. By [13, Theorem 2.6], k, > d,. Moreover, if K is a group, then k, = d.
The Banach algebras €,(K), for p € [1, o0), are defined with each a, = k5.

Prorosition 4.2. Let K be a compact hypergroup, and 1 < p <oo. The following
statements are equivalent.

(1) SP(E) is approximately amenable.

(i) C,(K) is amenable.

(iii) K is finite.

Proor. If X is finite, then (‘32(?) is finite-dimensional. So by [13, Theorem 3.4], L*(K)

is finite-dimensional, and so is C(K). From the comment on [11, p. 57] it follows that
K is finite. By Proposition 4.1, the proof is complete. O

https://doi.org/10.1017/S0004972711002917 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002917

516 H. Samea [8]

If K is a compact hypergroup, then by [3, Theorem 1.3.28], K admits a left Haar
measure. Throughout the present paper we use the normalized Haar measure wg on
the compact hypergroup K (that is, wg(K) = 1). Note that by [13, Theorem 3.4], the
convolution Banach algebra L*(K) is isometrically algebra isomorphic with €,(K).
Thus the following result is a corollary of the above proposition.

CoroLLARY 4.3. Let K be a compact hypergroup. The following statements are
equivalent.

(i)  The convolution Banach algebra L*(K) is approximately amenable.
(i)  The convolution Banach algebra L*(K) is amenable.
(i) K is finite.
As a further corollary, the following generalization of [1, Proposition 2.30] (see
also [2]) is obtained.

CoroLLARY 4.4. Let G be an infinite compact group. Then the convolution Banach
algebra L*(G) is not approximately amenable.

If feL'(K) and 2k k,,llj?(n)ll‘pl < oo (where fe (E(f(\) is the Fourier transform
of f, defined by f,: = fK fom(x) dwg(x) (re E)), we say that f has an absolutely
convergent Fourier series. The set of all functions with absolutely convergent Fourier
series is denoted by A(K) and called the Fourier space of K. For f € A(K) we define
1fllacky = ||]?||1. By [13, Proposition 4.2], A(K) with the convolution product is a
Banach algebra and isometrically isomorphic with @l(f). See also [8] for further
results about compact groups. Proposition 4.1 yields the following result.

CoroLLARY 4.5. Let K be a compact hypergroup. The following statements are
equivalent.

(i)  The convolution Banach algebra A(K) is approximately amenable.
(i1) The convolution Banach algebra A(K) is amenable.
(i) K is finite.

Acknowledgements

The author would like to thank the referee for invaluable comments. The author
would also like to thank the University of Bu-Ali Sina (Hamedan) for its support.

References

[11 P. Bharucha, Amenability properties and their consequences in Banach algebras, PhD Thesis,
Australian National University, Australia, 2008.

[2] P. Bharucha and R. J. Loy, ‘Approximate and weak amenability of certain Banach algebras’,
Studia. Math. 197(2) (2010), 195-204.

[3] W.R.Bloom and H. Heyer, Harmonic Analysis of Probability Measures on Hypergroups (Walter
de Gruyter, Berlin, 1995).

[4] F. Bonsall and J. Duncan, Complete Normed Algebras (Springer, New York, 1973).

https://doi.org/10.1017/S0004972711002917 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002917

(91

(5]
(6]
(71

(8]
(9]
(10]
(11]
[12]
[13]

Weak forms of amenability for Banach algebras 517

Y. Choi and F. Ghahramani, ‘Approximate amenability of Schatten classes, Lipschitz algebras and
second duals of Fourier algebras’, Q. J. Math. 62(1) (2011), 39-58.

H. G. Dales, R. J. Loy and Y. Zhang, ‘Approximate amenability for Banach sequence algebras’,
Studia Math. 177 (2006), 81-96.

F. Ghahramani and R. J. Loy, ‘Generalized notions of amenability’, J. Funct. Anal. 208(1) (2004),
229-260.

E. Hewitt and K. A. Ross, Abstract Harmonic Analysis, Vol. II (Springer, Berlin, 1970).

R. L. Jewett, ‘Spaces with an abstract convolution of measures’, Adv. Math. 18 (1975), 1-110.

B. E. Johnson, ‘Cohomology in Banach algebras’, Mem. Amer. Math. Soc. 127 (1972).

G. J. Murphy, C*-Algebras and Operator Theory (Academic Press, San Diego, CA, 1990).

V. Runde, Lectures on Amenability, Lecture Notes in Mathematics, 1774 (Springer, Berlin, 2002).
R. C. Vrem, ‘Harmonic analysis on compact hypergroups’, Pacific J. Math. 85(1) (1979), 239-251.

H. SAMEA, Department of Mathematics, Bu-Ali Sina University, Hamedan, Iran
e-mail: h.samea@basu.ac.ir

https://doi.org/10.1017/S0004972711002917 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002917

