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FUNCTION SPACES 

H. W. ELLIS 

1. Introduction. In a recent paper (2) Halperin and the author con­
sidered separable Banach spaces Lx of real valued functions on general measure 
spaces and proved the existence of 1-regular (§2) Haar or o-Haar bases when X 
was the classical £-norm or any levelling length function (3) and, more generally, 
of irregular Haar or a--Haar bases when X was a continuous length function 
satisfying certain additional conditions (2, Theorem 3.2). 

In the present note, separable spaces -LX(S; X), VX(S; X) of functions valued 
in a normed vector space X on a general measure space 5 are considered and 
the existence of a 3KK'-regular basis is established when LX(FX) has a i r regu­
lar Haar or a-Haar basis and X has a i£'-regular basis. 

2. Terminology. S will denote an arbitrary space of points P with a 
countably additive, non-negative measure y(E) defined for a complemented, 
countably additive family of sets; X will be an arbitrary length function; Lx(5) 
will denote the Banach space of real valued functions f(P) on S with X(/) 
defined and finite; X will denote an arbitrary normed vector space with real 
scalars; || || the norm in X; Lx(5; X) the space of Bochner measurable 
functions (4) f(P) valued in X on S with \(f) = X[/(P)] = X(||/(P)| |) de­
fined and finite. (If X is complete Lx(5; X) is a Banach space (3).) 

Upper case letters will be used for arbitrary measurable sets, lower case 
letters will always denote measurable sets of finite measure ; fE (P) will denote 
the function equal to f(P) in E and vanishing elsewhere and \(E) will be an 
abbreviation for X(l#). 

Definition. A basis {x*} in X will be called K-regular, if 

2.1 ]£ aixt <K\\x\l 1<K< » , n = 1,2,. 

for every x = Y,a>ixi £ X. 
The referee has pointed out that, if X is a Banach space, Banach's bounded-

ness theorem (1, p. 80) shows that any basis in i f is a X-regular basis for some 
K. 

3. Bases in LX(5;X). Suppose that X has a X-regular basis {xt}. If 
f(P) is valued in X, 
3.1 f(P) = Zai(P)xil 
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the di(P) being determined uniquely for each i and all P . We shall show 
that i f / (P) 6 LX(S;X) then the real valued functions at(P) (i = 1, 2, . . .) 
belong to Z,X(S). This involves showing that each at{P) is measurable with 
\[di(P)] < oo. We note that the uniqueness of the representation x = J^at xt£X 
implies that if / ( P ) is constant in E so is each at(P). Since 

3.2 M P ) | < 2 aj{P)xj + 
i-1 

23 aj(P)Xj 
3=1 

<2K\\f(P)\\, 

and / (P) is the almost uniform limit of countably valued functions, each at(P) 
is the almost uniform limit of measurable (countably valued) functions and is 
therefore measurable. Thus A (a*) is defined for each i. Using (3.2) and pro­
perties (L 2) and (L 4) of length functions (3), 

A M P ) ] = A ( M P ) | ) < 2X\( | | / (P) | Xt\\ < co . 

LEMMA 3.1. If f(P) 6 LX(S;X), where A is a continuous length function 
and LX{S) is separable, if X has a Kf-regular basis {xt), and if (3.1) holds, 
then 

3.3 l i m X / ( P ) - ^at(P): u\ = o. 

Proof. First suppose that y (S) < oo. Given e > 0, let e denote the set of 
points P for which 

\f(P) ~ Èai(P)xi\ <e 
II l II 

for all n > N. Then 7 ( 5 - e) -> 0 as N -> oo, 

x[ / (P) - Ç at(P)xt\ < ey(S) + (1 + K') X(fa_a), 

and X(jfs-«) - * 0 as N - * œ by (2, Lemma 3.2). 
If S is arbitrary there exists ef by (2, Lemma 3.2 (iii)) with \(f — fe,) 

arbitrarily small, 

" i X / ( p ) - S a*(P>* < (1 + K') Hf ~ fe^) + A ( / - Jt,at(P)Xi)e,j 

and the right side can be made arbitrarily small by choice of e! and n. 

LEMMA 3.2. Letf(P) Ç LX(S; X), let LX(S) have a Haar or a-Haar basis and 
X have a Kr-regular basis {Xi} and suppose that (3.1) holds. Then (3.3) holds. 

Proof. The assumption that LX(S) has a or-Haar basis implies that LX(S) 
is separable and that S = E + [} en where \(JE) = 0 for every/ (P) Ç Z*(S) 
and where the c-Haar basis functions correspond to a cr-Haar system of sets 
Ha(\Jen) which forms a countable basis (2) in S. Then for arbitrary 
f{P) £ Z*(S). where 
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0 elsewhere, 

Hi) = M/*-*) = supx(fiv), 
iV->oo 

by (L 5) for length functions so that X is continuous and Lemma 3.1 applies. 
A similar argument applies if Lx(5) has a Haar basis. 

COROLLARY. Under the hypotheses of Lemma 3.2, \[an(P)] —> 0 as n —> a>. 

If {^(P)} is a basis in LX(S), a*(P) = YLfli&jÇP), (i = 1 ,2 , . . .), the 
coefficients a^ being uniquely determined. Thus with each / (P ) £ LX(S;X) 
can be associated a unique double series 

3.4 / ( P ) ~ E « [ 2 > i ^ y ( P ) ] * < -

We shall show that the {ff^(P)}, ordered suitably into a single sequence, 
form a basis in LX(S; X). 

In the proof of the next lemma the Bochner integral would be used if X 
were a Banach space. To extend the proof to an arbitrary normed vector space 
X, we generalize the Bochner integral for certain functions by defining, where 
xte X,gi{P) Ç L(S) (i = 1 , 2 , . . . , » ) , 

(X) Jl[ Ç x, g<(P) ]i7(P) = Ê ** jgt(P)dy(P). 

We shall use the fact that 

3.5 (X) f I è x, gi(P) d7(P) < f Î Ï , gt{P) ^ T ( P ) . 

This is easily shown if the g* are finitely valued, constant in the same sets, 
and the general result is then obtained by standard arguments. 

LEMMA 3.3. If (0*(P)} is a K-regular Haar or a-Haar basis in £X(S), if 
{xt} is a Kf-regular basis in X, then for all m, n, 

[ m n "1 

£ E « i M ( ^ ) \<KK'X(f). 
1=1 j=l J 

Proof. By (2, Lemma 2.1, Corollary 1) 

ita^iP) = Zi^yier)-1 jeat(P)dy(P)\mer) 

for some sequence of Haar or o--Haar sets er depending only on n where 
N 

U er = S - E 
i 

(E defined as in Lemma 3.2) if Lx(5) has a Haar basis and where 
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J2 dirfjiP) 

vanishes outside \Jer if i x ( 5 ) has a cr-Haar basis. Let | | / (P) | | = D bj<t>j(P). 
Then 

X J E Ê <*«y*«^(P)} = x { S * « E ( [ r ( ^ ) " 1 J ^ ( P ) dy(P)\ in c r)j-

= { £ ( [ T C O ^ C X ) j (KEiai(P)x^dy(P)\ in e , )} 

< 

S (L7('r)_1 X11 Sa i ( p ) X il rT ( p )J i n <v} 
^'x{E ([T(^)-1 Jj|/(P)|| <W)] in er)} 

£ hUP)} = K'\ 

<KK'\{f(P)}. 

The sequence 

] £ ]C dijXitjiP) 

is i£i£'-regular in Lx(5*; X) and suggests that the x^^P) be ordered so as to 
give partial sums differing as little as possible from square or rectangular 
sums. To this end we order then as follows: Xi<£i, Xi</>2, #2<£i, #2</>2, • . • , av_i0re_i, 
Xn4>u Xn<l>2, . • • i * n 0 n - l , * 1 0 n , * 2 0 n , • • • , *»&»> • • • • G i v e n / ( P ) Ç L X ( 5 ; X ) , 

consider 3.4 and let SN — SN(J) denote the sum of the first N terms aijxict)j(P) 
with the above ordering. Let 

M N 

SM,N = ]C ]C atjXi^jiP). 
i = i y = i 

Then 

w - l » - l i V - ( n - l ) 2 

3.7 ^ = S E atjX^jiP) + X) OnfCn^P), (n-lf <N < n(n - 1) 
i = i i = i y = i 

rc w—1 N-n(n-l) 

z = l ./=1 2=1 
»(n - 1) < iV < n 

3.8 5^ = 5n_i>n_i + 5n>iV-(n-i)2 — •S'n-biv-cw-i)2, (« — )2 < N < «(w — 1); 

= 5n,n_i + SN-n(n-Dtn — 5jv_W(n_i)in_i, w(« — 1) < N < n2. 

From 3.7, 3.8 and Lemma 3.3 we obtain for e v e r y / Ç LX(5;X) and all N 

3.9 X[S*(/)] <3iLK'X(f). 
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THEOREM 3.1. If LX(S) has a K-regular Haar or a-Haar basis {<£;-(P)} and if 
X has a Kf-regular basis {x*} then the x^^P) with the ordering of the preceding 
paragraph form a 3KK'-regular basis in Z/x(5; X). 

Proof. We shall give the proof where LX(S) has a o--Haar basis, the proof 
where there is a Haar basis being similar and simpler. We can suppose that the 
c-Haar basis functions correspond to a cr-Haar system of sets Hff{S) dense in 5 
(cf. Lemma 3.2). As in Lemma 3.2 each / Ç LX(S; X) is the strong limit of 
functions fe (vanishing outside sets of finite measure). Each fe is the almost 
uniform limit of finitely valued functions and an easy computation using 
(2, Lemma 3.2) shows that these functions converge strongly t o / e in LX(5;.X). 
Finally each set of constancy of an arbitrary finitely valued function g can be 
approximated arbitrarily closely by finite collections of sets of Hff(S) with the 
corresponding functions converging strongly to g. We conclude that finitely 
valued functions with sets of constancy in H<r(S) are dense in LX(5;X). 
Since 
X[/(P) - SN(f)] < X[/(P) - h(P)] + \[h(P) - SN(h)] + \[SN(f) - SN(h)] 

< (1 + ZKK') X(f - h) + A [A - SN{h)l 

for any / , h in LX(S; X) it will be sufficient to prove that \[f — SN(/)]—» 0 as 
n —-> oo where/(P) is a finitely valued function with sets of constancy in Hff(S). 
Then, if f(P) = Yl,ai(P)xu each a*(P) is finitely valued with the same sets 
of constancy as f(P) and by (2, Lemma 2.1, Corollary 3) there exists no 
with 

n 

Yl Uij^jiP) = at(P), n > n0,i = 1, 2, . . . . 
JMI 

Then 

x[/- sK(/)] < x [ / - ÇB((P)*( J+ ^Eï[fl,(?) - X>„*,(P)J) 

+ X[_x„ g a»^(P)J (» - I)2 < N < »(« - 1), 

= Xi + X2 + X3 

< 
r n "l /iv-w(n-i) r w "i\ 

* [ / - Ç az(P)x,J + X^ g *,[a,(P) - X a ^ ( P ) J j 

+ x( É *J ^(P) -Î>*,<^(P) ) »(» - 1) <N<n\ 
\i=N-n{n-l)+l L y=l J / 

= Xi + X2 4- X3*, 

Xi —» 0, Xi' —> 0 as n —-> œ by Lemma 3.2, X2, X2r and X3' vanish if w — 1 > no 
and X3 < i£||xn|| \[an(P)] —» 0 as n —> 00 by Lemma 3.2, Corollary. 

Write Xy for sums of terms aijxi(l)j(P) ordered as in Theorem 3.1. We have 
established the existence of a convergent series S ' a ^ x ^ ^ P ) with sum f(P) 
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for every / (P) Ç LX(S;X). The Xi<j>j(P) with the specified ordering will be a 
basis in LX{S\ X) if there is only one such series for each/ (P) and that this is 
true is a consequence of the uniqueness of the respective series for elements of 
X and LX(S) in terms of the bases {xi}, {^-(P)}. 

The referee has observed that a irregular basis in X is a basis in the com­
pletion of X, so that there would be no loss of generality in assuming through­
out that X is a Banach space. This would permit the use of the Bochner 
integral in Lemma 3.3. 

4. Bases in VX(S; X). In §3 the assumption that X is a length function 
implies that LX(S) is a Banach space. The above arguments remain valid for 
more general function spaces. Consider a general normed vector space of 
measurable functions f(P) with norm X(/) = X(|/(P)|). The definition of a 
norm implies properties ( L I ) , (L 3) and (L 4) of length functions for X. 
Property (L 2) has played a fundamental role in the proofs in §3. However 
if the normed vecor space is not required to be complete the results in §3 can 
be obtained with (L 5) replaced by weaker assumptions. 

Suppose that for every measurable function u with 0 < u(P) < oo for al­
most all P , \(u) is defined with 0 < X(w) < oo and satisfies (L 1)-(L4) for 
length functions, 

(L5') Ueisuxed,e' Ce,\(f) < oo,thenX(/e) - \(fe>)->0asy(e - e')-*0, 

and 

(L 6) \(u) = supe\(ue) (i.e. X is continuous). 

Let VX(S) denote the space of real valued functions/(P) with | / (P) | meas­
urable and X(f) = X(|/|) < oo and let VX(S; X) be the analogue of LX(S; X). 
VX(S;X) is a normed vector space. If VX(S) is separable and \(f) < oo, the 
argument of (2, Lemma 3.2) gives: 

(0 Hfe) - » 0 as y(e) -> 0, and 

(ii) there exists e with X(/ — fe) arbitrarily small. With Lx replaced by Vx 

Lemmas 3.1-3.3 and Theorem 3.1 then hold. 
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