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ADAPTED COMPLEX STRUCTURES AND
GEOMETRIC QUANTIZATION

ROBERT SZOKE

Abstract. A compact Riemannian symmetric space admits a canonical com-
plexification. This so called adapted complex manifold structure J4 is defined
on the tangent bundle. For compact rank-one symmetric spaces another com-
plex structure Js is defined on the punctured tangent bundle. This latter is used
to quantize the geodesic flow for such manifolds. We show that the limit of the
push forward of J4 under an appropriate family of diffeomorphisms exists and
agrees with Jg.

§0. Introduction

Different kind of geometric constructions naturally lead to complex
structures defined on tangent bundles. The main purpose of this paper is
to explore the relationship of two such constructions.

The first of these is the so called adapted complex structure and the
second comes from geometric quantization.

Adapted complex structures (see Section 2 for the precise definition)
were discovered by studying certain global solutions of the complex, ho-
mogeneous Monge-Ampere equation on Stein manifolds. One starts with a
compact, real-analytic Riemannian manifold (M, g). The adapted complex
structure lives on T'M or perhaps only on a subdomain 17" M consisting of
those vectors having length smaller than r for some fixed positive radius r.

These complex manifolds have many interesting properties. Among oth-
ers the norm-square function is strictly plurisubharmonic and thus it defines
a Kahler metric. The Kéahler form of this metric is the symplectic form 2
of the tangent bundle (that comes from the canonical symplectic structure
of the cotangent bundle using the metric to identify these two bundles).

The second kind of complex structures Jg live on the punctured tangent
bundle of compact, rank-1 symmetric spaces. For the spheres it was Souriau
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who in [So] identified the regularized Kepler manifold with the cotangent
bundle of the sphere minus its zero section (T*S™). He also defined a com-
plex manifold structure on this space identifying it with the singular affine
hyperquadric.

Later it was observed by Rawnsley [Ral], that the norm function is
strictly plurisubharmonic with respect to the above complex structure and
thus defines a Kéhler metric on TS™ and the Kéhler form is again (). He
also observed the complex structure to be invariant w.r.t. the normalized
geodesic flow that he used in [Ra2] to quantize the geodesic flow on the
spheres.

Subsequently Furutani and Tanaka [F-T| defined a Kéhler structure
on the punctured cotangent bundle of complex and quaternionic projec-
tive spaces. Their Kahler structure is also invariant w.r.t. the normalized
geodesic flow. Furutani and Yoshizawa [F-Y] used this Ké&hler structure to
quantize the geodesic flow on complex and quaternionic projective spaces.

Furutani and Tanaka described their Kahler structures in terms of ma-
trices in the spirit of Lie groups. A more geometric description of the com-
plex (Kihler) structure on TM (where M now can be either a sphere, a
complex or quaternionic projective space or their quotient w.r.t. a discrete
group of isometries) was given by Kiyotaka Ii [Ii]. In this paper we shall use
Ii’s description of these structures (see Section 3 for more details).

The main result of this paper (Theorem 3.2) is to show that for com-
pact, rank-1 symmetric spaces the family of complex structures obtained by
pushing forward the adapted complex structure with respect to an appropri-
ate family of diffeomorphisms has a limit and this limit complex structure
coincides with Jg.

After this paper was finished, we received a preprint from R. Aguilar
[Ag], discussing, among other things, similar limits. Instead of the punctured
tangent bundle, he works on the unit sphere bundle.

§1. Geometry of the tangent bundle

Let M be a smooth n-dimensional manifold and 7'M its tangent bundle.
7w will denote the projection map 7 : TM — M. We shall denote by ™
the punctured tangent bundle i.e., TM = T'M \ {zero section}.

Suppose a Riemannian metric g is also given on M. The metric identifies
the tangent and cotangent bundles and thus we can also talk about the
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canonical 1-form 6 on T M, that is defined by
(1.1) O(v) == g(z,mv), v €T, (TM).

Q2 := df defines then the symplectic form of T'M.
When M = R we can canonically identify TR with the complex plane:

(1.2) TURBTE —— o +it € C.
do

From now on we shall always tacitly assume this identification. Denote by
H, the upper half plane and by TR the corresponding part of TR. For
simplicity, we shall also assume that our manifold (M, g) is complete.

Let v : R — M be a geodesic and vy, : TR — T'M the induced map.
As « runs through all geodesics, the images v.(TTR) define a foliation of
TM. This foliation is called the Riemann foliation. We shall denote the
corresponding distribution on TM by L.

Let p: TM — R be the norm-square function. There is another natural
distribution on TM , denoted by H, that at a point z € TM is defined by

(1.3) H. := ker 0, Nker dp.

H and L are complementary distributions, i.e., Tz(TM) =L, +H,.

For a real number s define the map Ny : TM — TM by multiplying
every vector in each fibre with s. For a non-zero s, Ny is a diffeomorphism.

The metric g determines the Levi-Civita connection on 7'M and thus a
splitting of T,,(T'M) into horizontal and vertical subspaces. Let v, z € T, M.
We shall denote the horizontal (resp. vertical) lift of the vector v to z by
€ € TL(TM) (vesp. n? € To(TM)).

For an A # 0 we get

(Nx)«£Y = &5,
(L4 (NA)«nz = AnS,-

Now let v be a unit speed geodesic. Let z = 19¥(0p), v = 4(0p). Then we

have 5
(7*)* <% (0_077_0)) - §zv

a U
('Y*)* (E (00,7'0)> =1,

(1.5)
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§2. Adapted complex structures

For an 0 < r < oo denote by T"M the tube of vectors having length
smaller than r.

DEFINITION 2.1. Let (M, g) be a complete Riemannian manifold. A
smooth complex structure on T"M is called adapted if for any geodesic
v :R — M, the map

Y () THITM) — T"M

is holomorphic, where (7,)"*(T"M) C TR and TR is endowed with the
complex structure from (1.2).

The adapted complex structure (if it exists) is unique and when (M, g)
is compact, real-analytic, we have existence for small enough r (see [G-S],
[L-Sz], [Sz]).

One particular example that shall concern us in Section 3 is the case of
the round sphere. The standard realization of T'S™ is

(2.1) {(e,X) € R"™ x R™! | |l¢|| = 1, (e, X) = 0}.

Let X1, Xo € S™, (X1, X2) =0. Theny : R — S™ C R""! 4(0) = cos X +
sin X7 is a unit speed geodesic (i.e., a great circle) of S™. Complexifying
this map gives y¢ : C — C*H1,

Ye(€) = cos (X1 + sin (Xo.
The image vc(C) lies in the affine hyperquadric Q; ¢ C"*+1.

n+1
Zz? = 1}

j=1
={X+iV | XY eR" (X, X) —(V,Y) =1,(X,Y) = 0}.

(2.2) Q1= {(21,...,zn+1) e Ccrtl

If we can find a diffeomorphism § : T'S™ — @7 such that the following
diagram commutes, the pullback complex structure on T'S™ will be adapted

(¢ is from (1.2)). .

C — @
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A little bit of calculation gives that the choice

(2.3) 5(e, X) = cosh(|| X[|)e + i%X
will work.

It is always possible to express the almost complex tensor Ju of the
adapted complex structure in terms of Jacobi fields and analytic continua-
tion (see [L-Sz]). On a symmetric space Jacobi’s equation can be explicitly
solved. This suggests that for such spaces the formula for J4 should be very
explicit as well. This is indeed the case.

Denote by R the curvature tensor of the metric and let z € T, M. The
operator R,(-) = R(-, #)z is the Jacobi operator associated to z. In fact a
little bit of calculation together with [Sz, Theorem 2.5] yields:

PROPOSITION 2.2.  Let (M, g) be a compact symmetric space (or a lo-
cally symmetric quotient of such). Let z € TM, v1 = z/||2||. Let v, v, ..., vy
be an orthonormal basis of Tr,M consisting of eigenvectors of the Jacobi
operator R,, with eigenvalue Aj, j = 1,...,n. Let h(z) := xcothz. Let
¢ (resp. m2") be the horizontal (resp. vertical) lift of v; to the point z,
j=1,...,n. Then
(2.4) Tag% = h(y/A 20

i.e., with the positive, real-analytic function t(x) := h(y/x), the matriz of

Ja in the basis £&7,m5 , j=1,...,n is:

0 _(t(Rz))il
2. pu—
( 5) JA‘Z t(Rz) 0

63. Complex structures on T™

In this section we discuss the complex structures on the punctured tan-
gent bundles of compact, rank-1 symmetric spaces that arose in geometric
quantization, using Ii’s description of these structures. We start first with
the spheres. We identify (using the metric) the tangent and cotangent bun-
dles and take the standard representation (2.1) of the punctured tangent
bundle of S”. The singular affine hyperquadric Q¢ is defined as

n+1
Z z? = 0}.

Qo = {Z = (21,- .-, 2n41) € C*
=1
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The complex structure Jg on TS"™ is obtained by identifying it with Q.
More precisely, the map TS™ — Qg \ {0} defined by

(3.1) (e, X) — 2z = || X|le +iX

is a diffeomorphism. The pull back gives us the desired complex structure
on TS™.

Ii’s description of Jg on TS™ is as follows. For 0 #zeT,S"veT,M,
denote by &7 (resp. nY) the horizontal (resp. vertical) lift of the vector v to
the point z. Then
(3.2) Js€2 = ||z|ns.

Our first observation about J4 (the adapted complex tensor) and Jg is that
they are genuinely different complex structures on TS".

PROPOSITION 3.1.  The complex manifolds (TS",JA) and (TS”,JS)
are not biholomorphic.

Proof. The statement is equivalent to showing that X = Qo \ {0} and
Y = Q1\S™ (where Q) is the affine hyperquadric (see (2.2)) are not biholo-
morphic. Suppose on the contrary that ¢ : ¥ — X is a biholomorphism.
We can apply a theorem of Hartogs (see [Sh]), to conclude that ) has a
holomorphic extension 1/; : Q1 — C"*! (the theorem we use here says that
if N is a complex manifold, L C N a real submanifold of real codimension
at least 2 and ¢ : N\ L — C is holomorphic which does not extend holo-
morphically to a point ¢ € L, then in a neighborhood of ¢, L is a complex
submanifold).

Since @ is defined as the zero set of a holomorphic function, therefore
1 also maps into Q. Since ¥ is biholomorphic and 1) is holomorphic, &(S”)
must be the point 0. But ™ is a maximal dimensional totally real subman-
ifold in @, hence 1; must be constant, a contradiction. 0

Despite of the negative result of Proposition 3.1, J4 and Jg do have
something to do with each other. To discover their relation, consider now
for any t > 0 the quadric

n+1
Z z? = t}.

J=1

Qt: {ze(cn—‘rl

For t,s > 0, Q¢ and @ are biholomorphic complex submanifolds and ¢, \R"
and Qs \ R™ are both biholomorphic to (TS™,.J4). The complex manifold
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Qo \ R" = Qo \ {0} is in some sense the limit of the complex manifolds
Q¢ \ R™ when t goes to zero. This gives the idea to try to push forward Jy
by a family of diffeomorphisms in such a way that the limit of these push
forwards is Jg. This indeed can be done as the following theorem shows.

THEOREM 3.2. Let (M, g) be a compact, rank-1 symmetric space. De-
note by ®. the diffeomorphism : TM — TM

v
lvll”

Then the following limit complex structure Jy exits

(3.3) D (v) = e exp(|v]])

lim (&.),.Ja = Jo.

The maps Ng,s # 0 and the normalized geodesic flow are Jy holomorphic.
When M is the sphere, Jo agrees with Jg and for the complex and quater-
nionic projective spaces it coincides with the structure studied by Furutani-

Tanaka-Ii ([F-T], [1i]).

Remark. Since the entire construction and the proof is compatible with
taking quotients w.r.t. a discrete group of the isometry group, the result of
Theorem 3.2 is valid for such quotients as well.

When (M, g) is a round sphere, it was already noticed by Su-Jen Kan
in [Ka], that the CR-manifolds S, = {||v|| = r} posses a limit CR structure
as r — 0o.

Before we go on with the proof, we give another description of the
complex structures studied in [F-T], [li], [Ral], [So]. Recall the notion of
Jacobi operator R, from Section 2. R, is self-adjoint and z always belongs
to its kernel. We shall need a modified operator EZ : TyM — T, M, defined
as follows

(3.4) R.(X)=(X,2)2 + R.(X) = (X,2)2 + R(X, 2).

Define the almost complex tensor Jy : T,(T'M ) — T,(T'M) in the horizontal
and verical decomposition T,(7'S™) = H, + V., by the formula

(3.5) ool _< Ez)_l
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EXAMPLE.

1) Let (M, g) have constant curvature 1. Then the curvature tensor R
has a particularly simple form R(X,Y)Z = (Y, Z2)X — (X, Z)Y.

Therefore in this case R,(X) = (2, z)X. This implies that for z # 0 the
complex structure Jg of (3.2), agrees with J.

2) Let now (M,g,J) be a Kahler manifold of constant holomorphic
sectional curvature 4. Then the curvature tensor has the following form

R(X,Y)Z =Y, Z2)X — (X, 2)Y — (Y, JZ)JX
HX,JZ)JY + 24X, JY)JZ.

This yields B
R.v = (z,2)v+3(v,Jz)Jz.
From this it follows:

(3.6) \/7%721) _ (0. J2) Jz+||z|lv, =z #D0.

2]l

The complex structure on TM studied by Furutani and Tanaka in [F-T] is
defined by (see [Ii])

2||z||nY, if v=aJz, for some o € R,
lzllny, ifov Ll Jz.

J1(€2) —{

It follows from formula (3.6) that J; in fact has the form of (3.5).
3) Let (M,g,1Iy,12,1I3) be a quaternion Ké&hler manifold of constant
Q-sectional curvature 4. Then

RIX,Y)Z = (Y, 2)X — (X, Z)Y
3

~ Z(Y, LZVLX + (X, LZ)LY +2(X, LY\, Z.
=1
This yields
3
R.v = (2, 2)v + Z(v, Iiz)I;z.
=1

Thus

~ > (v, I;z)
(3.7) VR =zl + Y ]
i=1

IiZ.
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The complex structure of Furutani-Tanaka is defined on TM by (see [Ii])

J. gv _ 2HZ”7727 ifv= Z?:l Oéi[iz for some o € R’
2T lelme, o L Lz i=1,2,3.

Comparing this to formula (3.7) yields that J again has the form (3.5).

Remark. The formula (3.5) for Jy is so simple that it cries for a gen-
eralization for higher rank symmetric spaces. Of course when the rank is

larger than 1, the operators |/ R, are no longer invertible, so formula (3.5)
makes no sense literaly. But an appropriate formulation of Theorem 3.2 is
still valid. We shall discuss these circle of questions in another publication.

Proof of Theorem 3.2. We shall prove that lim._,o(®.).J4 exists and
has the form of (3.5).

STEP 1.

The diffeomorphisms ®. map any leaf of the Riemann foliation onto
itself. First we shall prove the existence of the limit complex structure along
a leaf.

Let v : R — M be a unit speed geodesic. Denote by H4 the upper half
plane. Then v, : Hy — TM, (o + iT) — 75(0) parametrizes a leaf. Define
Ve : Hy — Hy by (0 + i7) = 0 +icexp7. Then 7). is a diffeomorphism
of H4 and the following diagram commutes:

Hy —— (TM, J1)

gl
Yx
Hy — s (TM, ).
Denote by Jy the complex tensor on H.. Since 7, is holomorphic, we get

(3-8) (Pe)uda = (Pe)s ()t = (1) x (Ve ) S+

Now let o1 + i1 € H4. It follows from the definition of v, that

(wE)* (80’01+in) - 8J’o'1+isexp7'1

and
(1/}5)* (8T|01+i7'1) = E67’187—|(71+i5exp7—1 .
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This implies that the push forward complex structure at a fixed point og+im
can be computed as follows

(3.9) () 4] <80|(ao+z‘m)>

= (¢E)* (J+’(0'0+ilog(7'o/s)) (80’(Uo+i log(‘ro/e)))>

- (wE)* (87_‘(0'0+i10g(7'0/6))
= eexp(log(70/€)) 074y 1ir)

=170 87—’ (U'Q+’iTo)

Let Y = 4(00) and X = 79Y. Recall from (1.5) that

(7*)*(80—‘(0'0—}—17'0)) - g));? (7*)*(8T’(00+i7'0)) - 77}/(

Furthermore
Rx(Y)=({Y, X)X,
hence ( >
[~ Y, X
RxY =‘-_"1’X=X.
1 Xl
So we get

(3.10) Jo ((’Y*)*(80!<00+70))) = Jo&x = nx = (%)« (1007 (1 1 imy)) -

(3.8), (3.10), (3.10) together imply that the image ~.(H4) is a complex
submanifold w.r.t. both structures, Jy and (®.).J4 and in fact these two
complex structures coincide.

STEP 2.

To complete the proof of the theorem we need to show the existence
of the limit (®)..J4, when we restrict ourselves to the distribution H, the
complementary distribution to £ (see (1.3). Let € > 0 and p € TM be fixed,
Ilp|| = ¢, define v1 = p/e, r = log(c/e), ¢ = (r/c)p, A = (ge”)/r. Then &,
maps the hypersurface S, = {u = r} onto S, = {u = c}.

As before denote by Ny the diffeomorphism of T'M that is multiplica-
tion by A in the fibers. It is clear that

(3.11) ol = Nalg, -
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Choose eigenvectors va, ..., v, of R, such that together with v; they form
an orthonormal basis for 77,y M. Recall from (2.4)
(3.12) JAfzzjj = h(«/Ajr)ngj,

where h(xz) = z cothz. From (1.4) we know

(3.13) (NA):&G' =&, (Na)eng’ = (c/r)my’

From (3.11), (3.12) and (3.13) we get

(3.14) (Pe) * Ja&p' = (Pe)s (Ja((D):'6))
= (@:)4(Ja&’)
= (@), (h(v/Ayr)ni’)
(\/7"”) (c/r)my’.
Now r — 00 as & — 0. Hence h(y/Ajr)(c/r) = /A& coth (y/Ajr)e —

/Ajc. This together with (3.14) implies

(3.15) hm( )edaly = /Njeny’.

E—

On the other hand

Ryvj = (vj, p)p + Rp(v;)
= (vj, cvr)cvy + C2Rv11}j

— 2N .
= c"Ajv;.

This implies

(3.16) Jo& = /Ay’

Finally (3.15) and (3.16) together imply that indeed lim._,o(®P.)«J4 exists
and equals to Jy. The examples after (3.5) show that Jy in fact coincides
with the complex structure studied by Furutani-Tanaka-Ii. The normalized

geodesic flow was shown to be Jp-holomorphic in [Ii].
Let now 0 # 5,0 # p € T,,M and v € T,, M be arbitrary. Define w by

w = \/]Sbspv. From the definition of ﬁsp we get that

w = s\/ Rpv.
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This together with the action (1.4) of (V). and the definition (3.5) of Jy
yields:

Jolgp (Ns)«&p = Jolgp Ep = Ep = (Ns)«Jp&p,

i.e., Ny is indeed Jyp-holomorphic. 0
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