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GENERALIZED MELLIN CONVOLUTIONS
AND THEIR ASYMPTOTIC EXPANSIONS

R. WONG AND J. P. McCLURE

1. Introduction. A large number of important integral transforms, such
as Laplace, Fourier sine and cosine, Hankel, Stieltjes, and Riemann-
Liouville fractional integral transforms, can be put in the form

(L) I(x) = fo f(t)h(xt)dt,

where f(¢) and the kernel, A(¢), are locally integrable functions on (0, co),
and x is a positive parameter. Recently, two important techniques have
been developed to give asymptotic expansions of I(x) as x — +oo or x —
0. One method relies heavily on the theory of Mellin transforms [8] and
the other is based on the use of distributions [24]. Here, of course, the
integral /(x) is assumed to exist in some ordinary sense.

If the above integral does not exist in any ordinary sense, then it may be
regarded as an integral transform of a distribution (generalized function).
There are mainly two approaches to extend the classical integral
transforms to distributions. In one approach, the kernel of a transform is
embedded in a test function space, and a generalized integral transform is
defined by the action on the kernel of an element of the dual space. A
typical example of this approach is provided by the generalized Laplace
transform; see [28, Section 6] or [21, p. 217]. In the other approach, one
first finds a test function space ®, which is mapped continuously into
another test function space ¥ by the integral transform in question, and
then uses the adjoint mapping to define the generalized integral transform
for the elements of the dual of ¥. This is the approach commonly used for
the Fourier transform of tempered distributions; see [20]. For a parallel
study of these two approaches for the Stieltjes transform of generalized
functions, we refer to [3].

Although there is a vast amount of literature on the subject of
generalized integral transforms, only a few papers are devoted to
discussions of the behavior of these transforms in the two limits x — + oo
and x — 07 In [10], Jones has given a detailed study of the case in which
the kernel is an oscillatory function such as ¢’ or the Bessel function J,,(¢).
Jones was concerned only with the limit x — +oo, and obtained infinite
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asymptotic expansions for this class of generalized transforms. In [15, 16],
Lavoine and Misra have discussed the asymptotic behavior of the
distributional Stieltjes transform, i.e., when A(¢) = 1/(1 + ¢). They have
treated both limits x = +oo and x — 07, but obtain only the leading
terms in the asymptotic expansions. The above two studies are comple-
mentary to each other, but neither one can be extended to include the
other. In this connection, we also mention a recent paper of Zayed [27],
who establishes a general procedure to extend certain integral transforms
to distributions, and then applies a technique of one of us ([25]) to derive
asymptotic expansions (as x — +oo) for some of these integral
transforms. Zayed’s procedure is essentially a unification of those given by
Zemanian [29] and belongs to the first approach mentioned above. It
should be noted, however, that the asymptotic expansions given in [27]
are only for the conventional and not for the generalized integral
transforms.

The integral in (1.1) is one of the two convolutions encountered in the
theory of Mellin transforms, and is easily seen to be equivalent to the
other more symmetric convolution defined by

1D (Froe = [, e

This suggests that one may extend the integral transforms to distributions
in a third way, in addition to the two previously mentioned, that is to
define first a distributional Mellin convolution and then to view the
various generalized integral transforms as special cases.

In this paper, we introduce a class #of locally integrable functions in (0,
oo), characterized by their asymptotic behavior at 0 and co, on which we
can define the Mellin convolution * as a distribution in (0, co). This class
includes functions such as e “and 1/(1 + t), but (unfortunately) excludes
oscillatory functions such as e and J,,(¢). Also, we find infinite asymptotic
expansions, as x — 0" and as x — +oo, of the convolution of two
functions in % In particular, we give asymptotic expansions of the
generalized Laplace, Stieltjes, and fractional integral transforms. We
expect that our results can be extended to a class ¢ D %, which includes
oscillatory functions such as e and J,(r), and that the asymptotic
expansions of the generalized Fourier and Hankel transforms can be
deduced, as special cases, from our general results on Mellin convolutions.
This possibility is presently under investigation.

The present paper is arranged as follows. In Section 2 we introduce the
family % and recall the regularization method developed in the theory of
distributions. This method is then used to define infinite integrals
involving functions in # and, in particular, the Mellin transforms of these
functions. Our family #is similar to a class of distributions introduced by
Jeanquartier [9] in a study on Mellin transforms of distributions. However,
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the aims of the two studies and the methods used differ completely. In
Section 3 the generalized Mellin convolution is defined, and some specific
convolutions, including *(log )" * tﬁ(log t)™, are calculated. Here a and
are any complex numbers, and m and n are non-negative integers. It
should be emphasized that these are Mellin convolutions, and not the
convolutions associated with the Laplace transform as given in [6, p. 116]
or those recently studied by Jones in connection with the Fourier
transform [11, 12]. The main results of this paper are given in Section 4,
where asymptotic expansions are derived for the generalized Mellin
convolution as the parameter tends to zero or infinity. Finally, in Section 5
various generalized integral transforms are defined as (generalized) Mellin
convolutions, and the results in Section 4 are then used to give asymptotic
expansions of these transforms.

2. Regularization of infinite integrals. Let # be the family of locally
integrable functions f(z) on (0, co), which have asymptotic expansions of

the form
oo N(s)
Q2. f@) ~ > 2 a,t(log 1y ast— 07"
s=0 r=0
and
00 Q(s)
22y f@t) ~ > E ¢t "(log t) ast— +oo,
s=0 r=0

where {Re «;} and {Re »;} are strictly increasing sequences with limit
+co, and N(s) and Q(s) are finite for each s; for definition of such
asymptotic expansions, see [26]. The following facts about % are easily
verified and will be used later: (i) #is a vector space; (ii) if / and g be-
long to .# then fg belongs to #; and (iii) if / belongs to % then so does /.
wheref(t) = f(1/1).

Without restrictions on the exponents « and »; in (2.1) and (2.2), the
integral

(2.3) 0 f()dt

will normally diverge. In this section we shall summarize some of the
important concepts in the regularization method [6] which will allow us to
give a meaningful definition to the infinite integral (2.3).

Let U be an open interval in R = (—o00, c0). As usual, we shall denote
by 2(U) the space of all C*°-functions with compact support in U, and by
Z'(U) the space of distributions in U. The action of a distribution f on a
test function n will be denoted by (f, 7).

Let f(¢) be a locally integrable function in R — {7}, but not integrable
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in any interval containing #,. The integral

/ SO,

where n(¢) belongs to Z(R), will in general diverge. However, it will
converge if 1(t) vanishes in a neighborhood of #,.

Definition 1 ([6, p. 10]). A regularization of the function f(1) is any
distribution f € 2'(R) satisfying

(o)
(fony = f S on(de
for all » € Z(R) whose support does not contain #,.

It can be shown that every almost everywhere locally integrable
function f(¢) with at most a finite number of algebraic singularities can be
regularized, and that the regularization is determined only up to an
additive functional concentrated on the singularities of f(r); see [6,
Section 1.7].

For our purpose we shall restrict our attention to those locally
integrable functions f(z) which vanish in (—oco, 0) but may have
singularities only at 0 and co. Thus we need consider only integrals of the
form

o Sm@)dt,

where the test function n(z) is, however, still assumed to be only in Z(R)
and not necessarily in Z(R"), R" being the open half-line (0, co).
For Re A > —1, the integral

h
_/0 Mtydt, 0 < b < oo,

converges and is a holomorphic function of A. Furthermore, it can be
analytically continued to the entire A-plane via

O R
o Im@ydt = | % () — m(0) — 7'(0)

B [n—l
S () ——]dt

- !
(2.4) At A+2 (n )
- + -
10357 T O3
( b b)\+n
.+ "0 ,
O T
the right-hand side of which makes sense for all A with Re A > —n — 1
except for A = —1, —2,..., —n. We shall use (2.4) to define a

distribution which regularizes the function
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A
N ffor0<r=<b
(2.5)  th<i=p = {O for all other ¢,

and we shall denote this distribution also by t3<,5,,. Linearity of this
distribution is obvious, and continuity follows from the Lebesgue
dominated convergence theorem. Thus we define

b
A
(26) <IO<ISI)7 T’> = /O t}\n(f)df,

where the integral is understood in the sense of (2.4). Note that if 5(¢)
vanishes in a neighborhood of + = 0, then this integral exists in the
ordinary sense and (2.4) holds trivially.

Thus, the distribution defined in (2.6) is indeed a regularization of the
function given in (2.5). If we take n*(r) to be a test function in Z(R) which

equals “1” on the interval [0, b], then we have from (2.6)
N A+1

2.7 t ,N*y = .

27 (to<i=p 1) N

Interpreting the integral fgt}‘dt as the result of applying the distribution

A . .
lo<;<p to the test function n*(z) gives

b b/\+ 1
(2.8) Ot)‘dt - T T
valid for all A # —1, —2, —3,...; see two related papers by Jones [11,
12]. Since the right hand side has only one singularity at A\ = — 1, equation

(2.8) will be considered to hold also at A = —2, —3,....
In view of the fact that

r

Y A = t)‘(log t)" fort >0,

we also obtain, by a similar argument, the formula

S (—Dfrt M

b
(2.9) fo Mlog tY'dt = P T 1)A,H(log by k.

The case A = —1 needs a separate treatment. The identity

b b
fo " (t)dt = n(b) log b — fo (1) log t dt,

valid for all test functions n whose supports do not contain 0, suggests that
we may define the distribution t5_—,<;, by

B b
(2.10) (tg2,=p 1) = n(b) log b — f . 1(0) log 1 dr,
that is,
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Q2.11) 1522, = (log b)3(t — b) + (log 1 * x>

where x(o 4) 1s the characteristic function which is equal to 1 on [0, b], and
where the derivative on the right-hand side is taken in the distribution
sense. With n*(¢) again being a test function in Z(R) which equals “1” on
[0, b], we have from (2.10):

(2.12) {1921z 1*) = log b.

We shall regard the integral f{; 1~ dt as the action of the distribution
t(;<l,£,, on n*. Thus (2.12) gives

b
(2.13) /0 1~ 'dt = log b.

A similar argument yields

[2)
214 |, 1 (log tydt =

r+1
r+ 1(log b)

for any non-negative integer r.

Having given a meaning to the integral fgt}‘dt, we now wish to do the
same for the integral [ 2’\dr. Unfortunately there is no test function in
Z(R) which is equal to “1” on the infinite interval [b, co). Thus we must
proceed in a slightly different manner. Let Z(b, o) denote the space of all
C°-functions ¢(z) on [b, co) such that for 0 < ¢ < 1/b, we have

¢(1/t) = n(t) for somen € Z(R).

The linear functional IZ‘SKOO is then defined by

A 1/7b -
(2.15) (th<i<oor $) = _/0 T n(r)dr
—A=2
= <T<)<TSl/b’ T'>’

where n(7) = ¢(1/7). We shall interpret the integral f,?o A dr as the result
of the action of ¢y, ., on a function ¢* € Z(b, o) such that

o*(1/t) = n*(t) =1 for0 <t < 1/b.
Thus

(o)
(2.16) fb Mt = —

for all A # —1. The argument for (2.9) then leads to

b)\+l
A+

o (—Dfrt P!

(ee)
A [ PR r—k
(2.17) fb Mlog t)dt = EO e 1)H,(log by k.
The case A = —1 can be treated similarly, and the corresponding formula
is
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(log b) 1.

«© —1 r .
(2.18) fb ¢ Mog 'dr = — s

Formulas (2.9), (2.14), (2.17) and (2.18) together suggest that we give the
meaning

(2.19) /ZO MNlog 1)dt = (fz + f:o)t}‘(log 0 dt =0

for all complex A and all non-negative integers r.
For A # —1 there is an easier way to motivate the result (2.19). For
simplicity, let us consider only the case when r = 0. Clearly we have

h A+ 1
220y | Pdr = T forReA> -1
and

00 A+1
(2.21) /b M = — - for ReA < —1.

The right-hand sides of these two equations are analytic functions of A for
all A except for A = —1, and are hence meromorphic continuations of the
integrals on the left-hand sides. If we use the integrals on the left-hand
sides to denote not only the functions which they represent when they
converge but also their meromorphic continuations, then it follows at once
from (2.20) and (2.21) that for A # —1

0 b 0
(2.22) /o A = fo A + //) ANt = 0.

For another different approach to this problem, we refer to two recent
articles by Jones [11, 12].

The above concept of regularization will now be used to give a
meaningful definition to the infinite integral in (2.3). Suggested by (2.19),
we split the interval of integration at ¢+ = b and consider first the integral
fgf(t)dt. Now choose n such that Re a,, > —1 and write (2.1) as

n—1 N(s)
(2.23) f(1) = 20 20 at® (10g 1)+ fo(t)
s=0 r=
with
Jou(t) = O (log YNy ast — 07,
We define

5 n—1 N(s) b b
(2.24) f Jdt = 2 X a, f , ((log tydr + / o Joul0)dt,

s=0 r=0
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where the integrals in the double sum are understood in the sense of either
(2.9) or (2.14), depending upon whether «; is not or is equal to —1, and
where the last integral on the right exists and is hence taken in the
ordinary sense.

Similarly, we choose ¢ such that Re », > 1 and write (2.2) in the

form
g—1 Q(s)

(2.25) f(1) = 2 2 et Blog 1) + foo (1)
s=0 r=0

with

Joog (1) = O(t "u(log 1)29) as 1 — oo.
The integral [, f(¢)ds is then defined by

q—1 06) )
IS _/ " "(log 1)'dr
s=0 r=0 b

Ii

(2.26) f:of(t)dt

N

where the integrals in the double sum are understood in the sense of either
(2.17) or (2.18), depending upon whether »; is not or is equal to 1, and
where the last integral on the right-hand side exists and is taken in the
ordinary sense.

Definition 2. If fis in # then the infinite integral fﬁof(t)dt is given the
meaning

O b (e'e]
@2 |/, f(Hdt = /Of(z)dt + fb f(0)dt,

where the two integrals on the right are defined by the formulas (2.24) and
(2.26). The value of the right-hand side is called the regularization of the
(formal) integral on the left.

We shall also call the right-hand sides of equations (2.9), (2.14), (2.17),
(2.18) and (2.19), respectively, the regularizations of the integrals on the
left-hand sides of these equations.

A few points are now in order. Firstly, it is easily shown that the
definitions of fgf(t)dt and [,f(t)dt given in (2.24) and (2.26) are in-
dependent of the choices of n and ¢ as long as Re a,, > —1 and Re v, > 1.
Secondly, it can also be shown that the definition of fgof(t)dt given in
(2.27) is independent of the choice of b. Thirdly, the new definition
of f o f(t)dt agrees with the usual one when the latter makes sense.
Finally, for the functions in % we have the linearity property

@) [ tano + apou o [ o+ o [ nod.
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where all three integrals are understood in the sense of Definition 2.

Example 1. Let m be a non-negative integer, and consider the formal

integral
[o’e) t—m
— dt.
fo r+ x

Since this integral may be viewed as the Stieltjes transform of the
distribution 7", it is of interest to know what appropriate value should
be assigned to it; see Section 5. We first consider the case m = 0, and
write

1 1 X

t+x—t_t(t+x)'

Regarding the second term on the right as the remainder in the asymptotic
expansion (r + x)~ ' ~ ¢!, we have from (2.18) and the definition in
(2.26)

© ] o X
fh [+xdt= —log b — 5 __—t(t—kx)d['

The last integral exists as an ordinary integral and can be evaluated to be
log (b + x) — log b. Thus

=
= —log (b + x).
bt+xdt og ( X)

Since

b
- +x) —1
/0 e xdt log (b + x) —log x,

Definition 2 gives

]
(2.29) /0 — xdt = —log x.

Note that for any m = 1

e (1 B 1 )
t+x  x \m e+ x))
From (2.22), it follows that

(e%e] t*m 1 oot*m+]
_/ dt = — — dt.
0 ¢t + x xJO0 4+ x

Equation (2.29) then gives
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o 41 |
0 ¢+ x X

By induction we have

0 ymm log x
2.30 / —dt = (— 1"t ==
( ) 0 ¢+ x ! ( ) xMm

Definition 3. If f € % then we define the (generalized) Mellin transform

of / by
(2.31) M[f: z] = fzo 2 (0,

where the integral on the right is understood in the sense of Definition
2.

Since 1! f(1) is in % whenever [ is in % and z is a complex number,
M(f; z]is a well-defined, complex-valued function of the complex variable
z, for each f'in % If the integral in (2.31) converges, then M| f; z] is simply
the conventional Mellin transform of f, evaluated at z, M[f; z] is analytic
near z and can be continued to a meromorphic function in the z-plane; see
[8]. The following lemma shows that the generalized Mellin transform of f
has similar properties, that is, it has a meromorphic extension with poles
at —a, and »;, where a;, and », are the exponents in the asymptotic
expansions of f, and moreover that the values M[f; — ;] and M| f; v,] are
closely related to that meromorphic function.

LEMMA 1. Let [ be in &, with asymptotic expansions (2.1) and (2.2).
(1) The Mellin transform M][f, z|, defined in Definition 3, is a

meromorphic function in the z-plane with poles at z = —ag,and z = vy, 5 =
0, 1, 2,.... The principal part of this function at —a; is
NG) (—1yn

2 a

S0 ey 2y
if —a; # v, for all s, while its principal part at v; is

Q(J) (_ l)rr!

Crj o T
r=0 ! (z — Vj)r

if v # —ay for all s. If —a; = v; for some i and j, then the principal part of
the meromorphic function at this point is

Ag) (_l)rr' o) (_l)rr'
ay ———=7 Cpj 77"
r=0 " (a; + z)r-H r=0 7 (z — Vj)r+l

(i) If —a; # v, for all s, then
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. “’é) (—1)r!
M(f; —a;] = :Efflal {ML[f; z] — - ariWT :

(i) If v; # —a for all s, then

o) RS
MLf. v) = hm (ML 2]+ D e — b

T
=0 (2 =)

(iv) If —a; = v; for some i and j, then

M[f, —a;] = M[f: v]

II

N(i) R Y4
lm (MUf 2]~ S gy —

I r=0 i (ai + Z)r+]
2’ (— b

= )I+|
Proof. (i) By Definitions 2 and 3,

1 00
(2.32) M[f: z] = fo TV (dr + f] 2V (t)dr.

For convenience, we have taken b = 1 in (2.27). From (2.9), (2.17), (2.24)
and (2.26), it follows that the first integral in (2.32) is given by

n—1 N(s) (—l)’r‘

1
D P fo " You(t)dr

s=0 r=0

and the second integral by

qg—1 Q(s) — 1A o)
S 0 Y [ o

rs
s=0 r—0 (2

Each of the two remainder integrals above converges, and defines an
analytic function of z, in the strip —Re «, < Re z < Re »,. The two
double sums give the principal parts as indicated. Since Re a,, — o as
n — oo and Re v, — 0o as ¢ — oo, part (i) follows.

(i1), (ii1), (1v). Proceed as in the proof of part (i), using (2.14) and (2.17)
where necessary.

Results similar to the above have been given by Handelsman and Lew
[8, Lemmas lc and 2¢] and Jeanquartier [9, Proposition 4.3].

We conclude this section with some notations which will be used later.
We have found it useful to think of the generalized Mellin transform of f
in % as the meromorphic function of Lemma 1 (i), together with certain
values assigned at the poles of that function, as in Lemma 1 (ii), (iii) and
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(iv). These values are obtained as the limits of the meromorphic function
minus its corresponding principal parts. With f as in Lemma 1, and A one
of the values —aj, »,, we write Pry[ f; z] for the principal part at A given in
Lemma 1 (i), and we write, for z # A,

(2.33) A)f: 2] = M[f: z] — Pry[f: z].
Then A,[ f; z] is a meromorphic function of z with a removable singularity
at A, and we have from Lemma 1 (ii), (iii), (iv), that

M[f: N] = A\ i A

Using this notation, we can easily state the following extended versions of
the results of Lemma 1; in each of these formulas, the derivatives on the
right are with respect to z, and the integrals on the left are in the sense of
Definition 2. With f as in Lemma 1, k a non-negative integer, and z
different from —a, and v, for all s,

(o)
(2.34) f , 7 og 0 (ndt = MO 2);
on the other hand, if A is one of the values —ay, »,, then
(2.35) fo A og OFf()dt = AL AL

3. Generalized Mellin convolution. In the remainder of the paper, we
shall work with distributions on (0, c0), and it will be convenient to define
the action of a locally integrable function f on a test function ¢ € Z(R™)
by

(o0}
(f. o) = /0 @) "dr.

Now let f(¢) and g(¢) be two locally integratle functions on (0, c0), and
recall the ordinary Mellin convolution defined by (1.2):

B (f*ox) = /0 fgxt™ e ar.

Assume that this integral is absolutely convergent. Then the distribution
on (0, co) defined by the (locally integrable) function f * g can be written
in the form

Srsdy = [0 oosnn

- /ZO {fzof(x)g(tx*‘)x‘ldx}¢(t)t*ldt
- fzof(x){fzo ¢(t)g(tx‘)t“dz}x"dx.

This naturally suggests that the convolution of fand g in #can be defined
by
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(32) (fxg ¢) = fo f(x)‘bg(x)x_'dx
for all ¢ € Z(R"), where

(33) P (x) = /0 o()gCx oy lde = | e(xtg (o),

provided that we can make sense out of the integral in (3.2).

Note that for f and g in % the integral in (3.1) may not exist without
further restrictions on the exponents in the asymptotic expansions of these
functions.

Let the asymptotic expansions of g be given by

oo M(s)
(34)  g(t) ~ X X bd(logty, asi—0",
s=0 r=0

and
oo P(s)

(3.35)  gt) ~ 2 X dt Plogty, ast— +oo,
s=0 r=0

where M(s) and P(s) are finite for each s, and the sequences {Re §,} and
{Re B} are strictly increasing to +oo.

For ¢ € 2(R"), we define ®,(x) as in (3.3). Clearly, ®,(x) is a
C-function on (0, o) and hence locally integrable there. The following
result shows that ®,(x) belongs to #

LEMMA 2. For any ¢ € D(R™"), there exist constants b}, and dff, such

that
co M(s)

(3.6)  D,(x) ~ 2 2 bEx %(log x)f as x — oo,
s=0 k=0

and

oo P(s)
(3.7 D, (x) ~ ;0 go df, xPlog x)¥ as x — 0.

Proof. Put
m—1 M(s)
(38) g = 20 20 by®(log 1) + gom(t).

From (3.4) it follows that
gom(t) = O(P(log M) as 1 — 0"

It is easy to show that
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[ee)
(3.9) /0 &()gom(x ')t ldr = O(x Pn(log x)M™) as x — oco.
Coupling (3.8) and (3.9) and using the binomial theorem gives

m—1 M(s)
(I)g(X) = 2 2 b;\ksxva‘(l()g x)k —+ O(x“(sm(log x)/\//(m))’
s=0 k=0

where

Mi(s)

3.10) (— Dby, = b 1 )M R g 8.
<)()kr§k,(k) [6: 8]

This proves the large-x expansion (3.6). A similar argument will lead to
the small-x expansion given in (3.7).

Definition 4. For f and g € % we define the generalized Mellin
convolution f * g by (3.2):

GA) (Frge) = [, fono,ox las

for all ¢ € 2(R™"), where the integral on the right is understood in the
sense of Definition 2.

Since ®, € Fby Lemma 2, /&, € F by an earlier remark. Thus the
integral in (3.11) is indeed meaningful. Furthermore, it is clear that this
definition of convolution satisfies the linearity condition

(3.12) (f*g arp) + arpny = ([ * g ¢1) + ax(f * g ),

where «; and a5 are any two constants and ¢ and ¢, are any two functions
in 2(R"). To show that this linear functional is also continuous, we let
{$,} be a sequence of functions in 2(R™) such that all these functions
vanish outside a fixed compact set € R" and converge uniformly to zero
together with their derivatives of any order, and let {®,,(x) } denote the
corresponding sequence of integrals defined by (3.3). It can easily be
shown that the coefficients in both the large-x and the small-x expansions
of @, ,(x) tend to zero as v — oo, and moreover that the remainders in
these expansions also tend to zero as » — oo; see equation (3.10) and the
expression for the remainder given in (3.9). The same is of course true for
the product f (x)®g ,(x). Therefore we have

fo F)@g,(x)x ldx — 0 as» — oo,

where the integrals are all taken in the sense of Definition 2, thus
establishing that / * g is indeed a distribution on 2(R™).

It should be noted that although the ordinary convolution * in (3.1) is
commutative, this is no longer true for its generalization given in (3.11).
We shall come across some specific examples of non-commutativity later
in our discussion.
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Let us now calculate convolutions of the form 1% = r*. Throughout the
remaining sections, we shall use x(#) to denote the characteristic function
Xj0.1)(t), which is 1 on [0, 1] and O elsewhere. Similarly we write x.o(7) for
the characteristic function Xy oo)(?).

For any a and B with a # B, it is easy to see that %y, * tﬁx() and
Xoo * IBXOO exist in the ordinary sense of (3.1) and are given by

X — xP
(3.13) 1 * IBXO = = —— X0
a—f
X — xP

(3.14) %o * Pxes = ——Xcor
a— B

However, the convolutions 1“xy * Pxe and “xs * Pxy may not exist in
this sense. Nevertheless, if we replace f and g by "y, and Pxoor
respectively, in the integral (3.1), and apply the results in (2.8) and (2.16),
we obtain formally

, x* xP

(.15) 1% * Fxee = xo +
a— B a —
x“ xP

3.16) © Pxo = — — .
(3.16)  t"Xoo * 1"Xo e \CC A

These indeed hold, and are proved in the following lemma.

LEMMA. 3. For all ¢ € Z(R") and a # B, we have

1
(3.17) (%o * Pxeo, ) = (X0 &) + B<xﬁxoo, )

1
a— B o —
1

1
- B@‘“Xoo, ¢) — P B(xﬁx(), é).

(3.18) (%o * Px0. ¢)

Proof. By definition,

1 (o]
(3.19) ("o * PXco, ) = fo PO /X uP " o(u)dudx

with the definite integral on the right being understood in the sense of
Section 2. The integrand in (3.19) is clearly equal to

(3.20) Mo, Blx« P71 — xe=B~1 fo uP~ o(u)du,

and the last term is actually zero for small values of x. Thus we may regard
(3.20) as an asymptotic expansion of the integrand in (3.19). By (2.24), we
have

1

a— B

(321) ("o * Pxeo, ) = M([o; B
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1 X
_ a—B—1 BL—1
fo X ./0 u " o(u)dudx.

The last integral is absolutely convergent and, upon reversing the order of
integration, 1s equal to

I 1 j‘l
B—1 o a—1
a3 Jo uP ™ 'o(u)du pp: 5 Jo u® " o(u)du.

Therefore

1

1 / -
a B _ a—1
(%0 * 1'Xo0r &) = «_pJot d(u)du

oo

+ " /1 uB'ld)(u)du,
which is of course equivalent to (3.17).
A similar argument applies to (3.18).

LEMMA 4. For any complex number a, the following identities hold as
Sfunctionals:

(3.22) 1% * %o = —x*(log x)xo.
(3.23) ™Koo * "Xoo = X*(10g X)Xoo»
(3.24) %0 * "Xoo = x*(l0g X)X0,
(3.25) oo * t“x0 = —x%(log x)Xoo-

Proof. The first two convolutions exist as ordinary integrals, and hence
(3.22) and (3.23) can be proved in a straightforward manner.
Now consider the identity in (3.24). By definition

I (o]
(3.26)  (1"Xo * 1"Xoor ) = fo {x“ f r““qsmdt}dx,

where the definite integral on the right hand side is understood in the
sense of Definition 2. The function inside the bracket can be written as

Mlp; o] x ' — x7! f; 1 o(1)dr.

As in (3.20), the second term here is zero for small values of x. Applying
the definition (2.24) to the integral in (3.26), we have

1 X
(X0 * "Xoor ) = —fo {x“ fo t"‘%(z)dz}dx.
ote that, . s X x = 0. eversing the order of integration
Note that, by (2.13), [¢ x ' dx = 0.) Reversing the order of i i
gives

1
(%0 * 1"Xoor $) = f o 14 (log N)e(1)d,
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which is exactly the statement in (3.24). A similar reasoning applies to
(3.25).

Note that coupling equations (3.24) and (3.25), we have an explicit
example showing the non-commutativity of the convolution * defined in
(3.11).

The results in Lemmas 3 and 4 can all be extended to allow logarithmic
terms of the form (log ¢)", n being a positive integer. Since these formulas
are rather complicated to state and their proofs are essentially the same as
those previously given, we mention only the following two identities. For
any a # f3, we have

*(log 1)"'xo * P(log 1)"Xeo

. —1)(m + I)!
g = 3 (1) CLO D g xy i
[=0

(a o IB)m-H-H X

1\ < m (n + k)' B m—k,, .
+(=1) /Eo (k) (@ — B),,+k+] x"(log x) Xoos

and for all a, we have
(328) la(log t)nXO * ta(lOg t)mXoo = ,,,,,x"(log X)’thhL lX()s

where

< (-t
3.29) Cpm = (’") _—
( ) ¢ k§0 k n+ k+1

These identities of course hold only in the sense of functionals.

Equation (3.27) can be formally obtained from (3.15) by differentiating
both sides with respect to @ and B. A rigorous proof can be based on the
fact that from (3.21), we have

(1*(log 1)"xo * 1P(10g 1)"Xoor $) = DaDE (X0 * PXoor 0,

where D, and Dy denote the partial derivatives with respect to a and f,
respectively. Equation (3.27) then follows at once from (3.17). Formula
(3.28) can be derived directly from the definition of generalized
convolutions. In a similar manner, one can state and prove the
corresponding results for 1%(log 1)'xeo * P(log t)"xo and 1%(l0g )Xo
* 1%(log 1)"xo.

It is important to observe that the generalized convolution satisfies the
distributive laws, that is, for any constants ¢, ¢, d| and d,, and any f}, f5,
/. g1, g2 and g in % we have

(330) (afi taf)xg=cafi*gtafh*g
(331) [fx(dig + dhgy) = dif g + dof * g
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Thus, by writing 1* = ®xy + “eo and t# = Pxy + Px.., we immediately
obtain

(332) xf =0

for all a and B. The following generalization is proved in the same
manner.

LEMMA 5. For any complex numbers a and B, and for any non-negative
integers n and m, we have

(3.33)  “(log t)" * tPlog 1) = 0.

The following identities are also worth noting. For all « # B and all
non-negative integers m and n, we have

(3.34)  1*(log t)'xo * Plog 1) = Plog 1) * 1*(log 1)'x
and
(3.35)  1%(log 1)'xeo * tP(log 1) = P(log 1) * 1*(log 1)"Xeo.

That is, if « # B then “powers commute with truncated powers”.
However, these are not true in the case when a = B; for instance, it is
easily shown that

(3.36) t“(log 1)"xo * t*(log t)" = 0,
whereas
(3.37)  1*(log )" * t*(log 1)"xo = — Cyyx*(log x)" ",

C,,, being the constant given in (3.29).
The following results are needed in the next section.

LEMMA 6. Let f € % and let its asymptotic expansions be as given in
2.1)-(2.2). If X\ # ayand X # —v, for all s = 0, 1, 2, ..., then for any
non-negative integer k, we have

Mlog t)< « f = [+ MNlog 1)

k
(3.38) > (k)(—l)fM‘f’[ﬁ —AxMlog x)*
j=0 M/

() s -ney,

Proof. We write f = fxo + fxco- From (2.23) it follows that

n—1 N(s)
(339) fxo = 2 2 at™(log 1Yxo + fouXo-

s=0 r=0
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If n is sufficiently large so that Re «,, > Re A, then it is easy to see that the
convolution t)‘(log e * fo..Xo exists as an ordinary integral and hence that
the two factors commute. This, together with (3.34) and (3.39),
immediately gives

(3.40)  Nlog 1) * fxo = fxo * Plog ).

A similar argument leads to

(3.41)  Alog 0} * fxeo = fxeo * log 1)
The first equality in (3.38) now follows from (3.40) and (3.41).

To prove the second equality in (3.38), we note that with g(r) =
t)‘(log 1)¥ and ¢ a test function on (0, co),

k

k o B .
D, (x) = ‘,§0 (j)M”‘ De; A]x A(—log x)/.
In view of (2.34), we also have by Definition 4
k
(342) (fxMognf. ¢) = X (j‘ )(— D/ME D gy NMULS =],
j=0

The right side of (3.42) can clearly be written as
k

3 (K)e- 1w et os <. ).

Jj=0

Thus, as functionals,
k

[ Mlog ) = 2 (f )<—1>fo>[/‘; —AxMlog x)F .

J=0
This completes the proof.

The corresponding result when A is one of the values a,, —v,, is as
follows; see the end of Section 2 for the definition of A).

LEMMA 7. If A = q; for some i and A + —v, for all s then
k

(343) [xlog ) = 2 (§)<—1>JA(1&[f; ~Alog x)* /.
j=0
and
N@)
(344) Plog 1)« [ = [+ Mlog 1) — 2 4, Cpxlog x)t T,
r=0

where Cy, is the constant given in (3.29).
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LEMMA 8. If A = —v, for some i and N # a for all s then
k
(3.45) fxMog )t = 2 (f )(— D/AYNf; —NWlog ),
j=0
and
Q)

(3.46) Alog 1) = f = [+ Mlog ) + X ¢,,Crx™log x)M T
r=0

The proofs of (3.43) and (3.45) are similar to the last part of the proof of
Lemma 6, using (2.35) in place of (2.34). Equations (3.44) and (3.46)
follow from (3.43) and (3.45), respectively, using (3.36) and (3.37) or the
corresponding results for convolutions of *(log 7)" and r*(log 7)"xeo. For
instance, to obtain (3.44) from (3.43), we put

N(i)
fi) = f(0) = 2 au(log 1Y xol0),
r=0
note that with A = a;, Lemma 6 applies to f|, and use (3.36) and (3.37).
There is, of course, a similar result for cases where a; = —v; for some /
and j.
Example 2. As a simple illustration, let us calculate the convolutions
e "+ 1" and e ' * {"(log t) for any non-negative integer n. With f = ¢’
and a,, = n, the function 4 _,[f; z] in (2.33) becomes
(=" 1

A_le " 2] = I'(z) — .
e s z] () nl z+n

The result [4, Section 1.17]

—1y 1
(3.47) T(z) = ¢ n') {Z — o+ D)+

%(z n n)[%_ L + 1) — Y+ 1)] +O((z + n)z)}

then gives
A et —n = S0+ )
n!
and
1\ 2
AL e —n] = =D [W_ YD) = Yo 1)]’
2-n! L3

where ¢ is the logarithmic derivative of the I'-function. From (3.43), it
follows that
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(‘ )”

e_[ * [N —

Y(n + 1x"

and

_1)?1
2-n!

[—"‘IIJ(H‘FI)*IP(}’I"'I)]

e 'x("logt = —

(“ )”

Yn + 1x" log x.

From (3.44), we also have

= —(4 " wtn + 1) — log xJ"

t”*e

and

—1)" 1
t"logt*e*’:( ') {Elog2x+¢(n+l)logx
n.

1 772 2 ’ n
vi[?+¢(n+1)~¢(n+ 1)]}x

Example 3. A slightly more complicated example is provided by K * £,
where s is any non-negative integer and K is the modified Bessel function
given by

*1 1 (1/2)**1
(348) K1) =< + 3 Azom

t
X [2log§ — Yk + 1) — Yk + 2)].
It is well known [22, p. 202] that

1/2
(3.49) K1) ~ (21[) e ! [1 + % 4 ]

as t — +oo, and [22, p. 388] that

1 z 1
Mk =) - 22 - De(Z 4 1),
[Ky; z] =2 5 > T 3 5

Thus, from (3.38), we have

Ky " = 2'2"v21‘(—n - %)F(—n + %)xz"

For the odd exponents, we use (3.43). With A = 2»n + 1, we obtain
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Kl % t2n+l _ A42n—] [Kl; —n — 1]x2n+l’

where the constant can be calculated as follows. In view of (3.48), we have

from (2.33)
A K = M[K;; + 1 :
—211*1[ 1s Z] = [ 1> “] 22n+ln!(n + l)y (Z + 2n + 1)2
[2log2 + Y(n + 1) + Yn + 2)] 1
+ T2 :
27" nl(n + 1)) (z+2n+1

The Laurent expansion (3.47) then leads to

A_2p—[Ky; —2n — 1]
2—211—2

T {1og22 +log 2 [Y(n + 1) + Y(n + 2)]

+ % [zxp(n + Din + 2) + (%2 AU R A ”)
+ (%2 +n +2) — Y@ + 2))]}'

4. Asymptotic expansions of convolutions. Let /and g be members of #
We shall now study the behavior of (f * g)(x) for both small and large
values of x. In particular, we shall show that f * g has asymptotic
expansions similar to those of f and g.

THEOREM 1. Let f and g belong to %, and let their asymptotic expansions
be given by (2.1) - (2.2) and (3.4) - (3.5). If for some m and n the exponents in
these expansions satisfy the relations

(4.1) Red,, > Rea,—; > —Rey
and

(42) Rea,>Red,, | > —RepB

then
n—1 N(s)
f* g = 2 2 arstay(log t)r * 8
(4 3) s=0 r=0

m—1 M(s)
+ 2 2 brsf* ts’s(IOg t)r + ﬁ),n * 80,m»

s=0 r=0
where the convolution [y, * gy, exists in the ordinary sense, and, with
Pmn = min {Re ay, Re ‘Sm},

satisfies
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. K.
(j().n * g(),m)(x) = O(Xp""’(log x )t l)
as x — 0+, for some non-negative integer K,,,,.

Note that Lemmas 6 through 8 imply that each of the terms under the
double sums in (4.3) is a regular distribution. Thus, Theorem 1 shows that
for f and g in % such that (4.1) and (4.2) holds for some m and n, the
convolution f = g is a regular distribution.

Proof. In view of (3.33), it follows immediately from (2.23) and (3.8)
that

n—1 N(s)
f * g = 2 2 a,.xt“»\(log t)r * 80.m
s=0 r=0

m—1

M(s)
+ 2) 2) br.\'ﬁ),n * 18"(10g I)r + ﬁ),n * 80.m-
s=0 r=(

A further application of (3.33) simplifies (4.4) to

n—1 N(s)

frg=2 X aulogt) *g
s=0 r=0
m—1 M(s)

+ 2 2 brxf* ta"k(lOg [)r + ﬁ),n * 80.m-

s=0 r=0

4.5)

All the convolutions under the double sums have been calculated in
Lemmas 6-8, and it remains only to consider the remainder f;, * g.,,. We
first note that under the conditions (4.1) and (4.2), fu,, * g, actually
exists as an ordinary integral. Next we write

Jon = Jomxo *+ JomXeo
and
gom = 8omX0 1 80.mXoo-
For x < 1, it is clear that
(4.6)  fouXeo * 8omXoo = 0.
Now recall from (2.23) that
Jon(t) = O@*(log ™M) ast— 07,
and that

Jon(t) = 0@~ og )"V as 1 — +oo,
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if Re @, > —Re »;. Similarly,
gom(t) = O(P(log MM as1— 07,
and
gom(t) = O(Pn=1(log HMm D) a5 1 — +oo,
if Re §,,, > —Re B. Simple estimates then show that as x —= 0",
(A7) fouXoo * BomXo = O(x*(log x)M™)
(4.8)  fo.uX0 * GomXoo = O(x*(log x)Mm)
and
(4.9)  fouXo * omXo = O(x"(log x)Nm),

where M,,, = M(m — 1) + N(n)and N,,, = M(m) + N(n)or M(m) +
N(n) + 1 depending upon whether «,, is not or is equal to §,,. Adding up
the results in (4.6) - (4.9) gives

(4.10)  fon * 8om = O(xPr(log x)*m)

with K, = max {M,,,, N,,}. The final expansion (4.3) now follows from
(4.5) and (4.10).

Note that under the conditions of (4.1) and (4.2), p,,,,, tends to infinity as
n, m — co. Furthermore, {p,,} is a strictly increasing sequence. The next
result is proved in exactly the same manner, or can be deduced from
Theorem 1 by using f(1/¢) and g(1/1).

THEOREM 2. Let f and g be given as in Theorem 1. If for some m and n the
exponents in the expansions of [ and g satisfy the relations

(4]1) RCBm>RC V,—1 > _RC(XQ
and
(4.12) Rew, > Re B,,—-1 > —Re §,

then

—1 Q(s)
frg= 2 2 ot "(log 1) * g

,'Eu
“c:

(4.13)
rsf* tiﬁt(log t)r + ,/.OO,I’I * gOO,"Z

>

uM

where foo, * 8oom €Xists in the ordinary sense, and, with
Amn = min {Re »,, Re B8,,},

satisfies
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=\ L nn
(foo,n * 8oom )(X) = O(X mn(log X)) as x —> 09,
for some non-negative integer L,,,,.

If welet P, = P(m — 1) + Q(n)and Q,,, = P(m) + Q(n) or P(m)
+ Q(n) + 1 depending upon whether v, is not or is equal to f8,,, then L,,,
in (4.13) is explicitly given by

Lmn = max {Pmm an}‘

As with Theorem 1, Theorem 2 shows that for certain pairs f, g in %, the
convolution f * g is a regular distribution. Actually, combining Theorems
1 and 2 with an elementary fact about sequences gives the following
result.

THEOREM 3. If f and g belong to 7, then so does [ * g.

Proof. Because of Theorems 1 and 2, it is enough to prove the following
fact: if {e;} and {§;} are real sequences, both strictly increasing to
infinity, and if » and B are real numbers, then there are integers n and m
such that §,, > a, | > v and @, > §,,_| > B. This implies that integers n,
m satisfying the hypotheses of either Theorem 1 or Theorem 2 can be
chosen arbitrarily large, so that f * g is regular and has the required
asymptotic expansions; see the remark following the proof of Theorem
l.

To prove the fact mentioned in the last paragraph, we proceed as
follows. For each i > 0, let j = j(i) be the least integer such that §;_; =
a;—1; note that j(i) is well-defined, since {§;} 1 co. Since both sequences
increase to infinity, we can ensure both ¢, > » and §;; -1 > B by
taking i sufficiently large. Since {«;} 1 oo, there is a least integer k = 0
such that e; 14 > §;;)~1. We claim that n = i + k and m = j(i) satisfy all
requirements. For, by choice of £, i, and J(l) we have

v < [ = Q4 fo—1 < 6(, —1 < 8(1), and

B <81 < @t
This completes the proof of the theorem.

The results in Theorems 1 and 2 can be considerably simplified, if the
logarithmic terms in the asymptotic expansions of f and g are all absent
and, furthermore, if the exponents in these expansions are of a particular
form. To be more specific, we assume that the asymptotic expansions of f
are given by

oo

(4.14) f(t) ~ X ar'te ast— 0",

s=0
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[ee)

(4.15) f(1) ~ X g *7%, ast— +oo,
s=0

and the corresponding expansion of g by

oo
(4.16) g(t) ~ X b’ ast— 0",
s=0

oo
(4.17) g(t) ~ X di P, ast— +oo,

s=0
where the exponents «, B, » and § are arbitrary complex numbers.

THEOREM 4. Let f and g be given as in (4.14) - (4.17), and suppose for all
non-negative integers r and s,

418) a+s#8+ra+s# —B—r and
6§ +s# —v—r
Then for sufficiently large n and m satisfying
419) m+Re(@—a)— 1l <n<m+Re(d— a + 1,
we have
n—1

frg= 20 aM(g; —a — s]x* @
=

m—1

+ 2 bMIf =8 — s+ O(xPm)
s=0

(4.20)

as x — 0", where p,,, = min {n + Re a, m + Re 6}.

Proof. Choose n > 1 — Re (@« + v) and m > 1 — Re (B + 8). The
inequalities in (4.19) then guarantee that conditions (4.1) and (4.2) are
met. Since the logarithmic terms in the asymptotic expansions are all
absent, and sincea + s — 8 — rand a« + s + B + r are never zero, the
non-negative integer K, is actually zero. Thus by Theorem 1

n—1 m—1
f*g= 20 a* T g + ZO bf * 510 + O(xPm),
§= s=

as x — 0. The desired result now follows from Lemma 6.

Note that the last two conditions in (4.18) are automatically satisfied, if
Re (a + B) > 0 and Re (6 + ») > 0, in which case the convolution f * g
actually exists as an ordinary integral.

https://doi.org/10.4153/CJM-1984-053-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1984-053-x

950 R. WONG AND J. P. McCLURE

THEOREM 5. Let f and g be given as in Theorem 4. If a + i = 8 + j for
someiandj, andif @« +s # —B —rand§ + s # —v — rforall s and r,
then for sufficiently large n and m satisfying (4.19) we have

frg= 2 aMg —s — alx

0<s<é—a

st+a

n—1
+ 2 as[bs* - ba‘8+s lOg x]x¥+a

s=8—-a

+ X bM[f —s — ST

0<s<a—3é

4.21)

m—1

+ 2 arhx Y+ 0(xP log x),

s=a—38

as x = 0", where p,,, = min {n + Re a, m + Re 8},
. as—a+s

422 = 1 {M ; — _—_}

( ) 4 ;_Lnslﬁa Lf: 2] z+ s+ 8

and
(4.23) b*= lim {M[ -z]——bi'—‘”—‘}
’ ’ Io—s—a & z+ s+ « ’

The coefficients a, and b, with negative subscripts are understood to be
zero.

Proof. The proof proceeds exactly the same as in Theorem 4, except that
here one uses both Lemmas 6 and 7. Since n + a« = m + 6, the
non-negative integer K,,,, in (4.10) is equal to 1.

Note that if « = § then (4.21) simplifies to

(424) frg~ 2 e — 2 abx’ T (log x),
s=0 s=0

as x = 01, where ¢} = a,bf + a’b,; the meaning of (4.24) being that
whenever we terminate the two series, say after N terms in the first and M
terms in the second, the error committed is of the order O(xV 1) plus
O(xM*%(log x)). The condition that m and n in (4.21) had to be
sufficiently large can be dropped by a standard argument in asymptotics;
see [22, pp. 197-198].

Theorems 4 and 5 are extensions of Theorems 1 and 2 given in [23] for
the ordinary Mellin convolutions. Results similar to these theorems can of
course be also obtained in the cases when a« + i = —f8 — jord + i
= —vp — j for some i and j. We shall, however, omit the details; see
Example 4 in Section 5.

https://doi.org/10.4153/CJM-1984-053-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1984-053-x

GENERALIZED MELLIN CONVOLUTIONS 951

To conclude this section, we include the following analogues for the
large-x behavior. These results are deducible from Theorems 4 and 5, and
will be used in later examples.

THEOREM 6. Let [ and g be given as in Theorem 4, and suppose that for all
non-negative integers r and s,

@425 v+s#B+rv+s#*—86—r, andB + s # —a — 1.
Then for sufficiently large n and m satisfying

(426) m+ Re(B—v) —1l<n<m+Re(B—») + 1,

we have

n—1

f*g= > Mg, s + vjx 7

§=

m—1

S M B+ o

§=
as x — +oo, where A, = min {n + Rer, m + Re B}.

THEOREM 7. Let f and g be given as in Theorem 4. If v + i = B + j for
someiandj, andif v+ s+ —8 —randB + s ¥ —a — rforall s andr,
then for sufficiently large m and n satisfying (4.26) we have

frg= > cM[g; s + v]x *77

0s<B—v»
n—1

+ 2 qldr + dype log x]x T
s=B—v

+ X dM[fis+ Bx P
0<s<v—p
m—1

+ X2 cdx T TF + o(x Mlog x),

s=v—p

(4.28)

where A, = min {n + Re», m + Re S},

(429) c¢f= lim {M[f; z] + M}
z—=>B+s z — B - s

(4.30) d*= lim {M[g; z]+—dlﬂ—},

z—p+s z —v—yS

and the coefficients ¢; and d; with negative subscripts are understood to be
zero.
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As before, we note that if Re (v + §) > 0 and Re (8 + «) > 0 then
v+s# —8 —rand B + s # —a — rfor any pair (s, r), in which case we
have [ * g existing as an ordinary convergent integral. Also note that if 8
= v then (4.28) reduces to

o o
@31) feg~ 2 cdx " Vlogx + X (edr + x0T
s=0 s=0

as x — +oo; see the remark following (4.24).

5. Generalized integral transforms. As remarked in the introduction, a
large number of classical integral transforms can be put in the form of an
ordinary Mellin convolution. This suggests that extensions of these
transforms to domains larger than their classical ones can be obtained by
using the generalized Mellin convolution. Thus, for fand 4 in % we shall
define the distribution Hyin R" by

(5.1)  (Hp¢) = (fi xh ¢y forallp € ZR"),
where f)(r) = t~'f(t7"), and denote it by

(52) Hpx) = /0 Sf(OHh(xt)dr,

the integral being used purely in a formal sense. If the integral in (5.2)
turns out to be absolutely convergent, then it is easily shown that the
function defined by the integral indeed generates the distribution H(x)
defined by (5.1). We shall therefore call Hy(x) the generalized integral
transform of f with kernel h. Asymptotic behaviors of some of these
generalized integral transforms will now be considered.

Generalized Laplace transform. This is the transform whose kernel is the
exponential function, i.e., h(z) = e ’. In view of its Maclaurin series and
its behavior at infinity, it is clear that this function belongs to # Indeed,
we have

<
e~ ' ), ast—0",
s=0 -

and
(0]

(5.3) e '~ > dst_Bf, as t — oo,
s=0

where the coefficients d, are all zero and the exponents 8, can be chosen as
desired. Now let f be a member of # and let Ly(x) denote its generalized
Laplace transform. By (5.1), Ly(x) is defined by
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(54) Li(x)=fi*xe "

Here, as before, fi(r) = ¢~ '/(+ ') and the convolution is understood in the
generalized sense.

Let the asymptotic expansions of f be again given by (2.1) and (2.2), and
choose the B,’s in (5.3) such that 8; # «, + 1 for all r and s, and (4.11) and
(4.12) hold. If none of the exponents ay in (2.1) is a negative integer then,
in view of (5.4), we have by Theorem 2 and Lemma 6

oo N(s)
(55 Li(x) ~ 2 2 a,Dl(a + Hx™7]

s=0 r=0
as x — +oo, where D; = d/da,. If some of the exponents «, are negative
integers then, since Re a; — +oo, there are at most a finite number of

them, say ay , ..., a,. On account of Lemma 7, we obtain
oo N(s)
Lix)~ 2 2 (—1Ya, 2 () —6=1 (Jog x)
s=0 r=0
L Gt D I +,]
5.6 — (! 4
(5-6) P (et Uegx)
o N(s)
2 2 a Dl + D)

as x — +oo, where
67 A = (=1All e o + 1]

In (5.6), 2 sums over only those s for which a; is a negative integer and is
hence finite, whereas E excludes exactly these s. The values of A(/)
(5.6) can be obtained as in Example 2. In particular,

o (—H »7! B
As - (_as _ 1),‘“ C(_\,)
and
1 (—1 —a;— | 2
40 = 5 ((*a)—‘l)! [% + $(—ay) — 4"(_%)]-

The results in (5.5) and (5.6) are extensions of Watson’s lemma [26,
Theorem 4.1] to generalized Laplace transforms. The leading terms in
these expansions, as expected, agree with the Abelian theorems given
earlier by Lavoine [14, Theorem 1], but our results could give much more
detailed information when required.

To obtain the small-x behavior, let us suppose for simplicity that the
asymptotic expansions of f are given by (4.14) and (4.15). If a is not a
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negative integer and » is not an integer, then applying Theorem 4 to (5.4)

gives
(5.8)  Lr(x) ~ > (1 —p — s)x* !
s=0

+ > (_I)SM[f; 1+ s]x,

s=0 5!
as x — 0. Here we have used the fact that
M{fi; =s] = M[f: 1 + s].
If » is a non-positive integer, say » = —n, but « is not a negative integer,

we have from Theorem 5

n
Ly(x) ~ > e+ 1 — s 7!
s=0

[ee]

—1 s—n—1| o
(5.9) + > (_)—_cs[tp(s —n) — log x]x* "}
s=n+1 (s n l)!
O 1S
+ 3 El e
s=0 S

as x — 07, where ¢ is, as before, the logarithmic derivative of the
I'-function and

(5.10) ¢*= lim {M[f; 1 —z] — C—*—*—‘}

z—>—s z+ s
A corresponding result follows if » is a positive integer. In this case, the
result coincides with the one given in [18, Theorem 4]. A similar expansion
can also be derived when « is a negative integer; see Example 4.

All these results are distributional extensions of those given in [7] for the
conventional Laplace transforms. The possibility of such an extension was
also suggested in that paper, but no details were given; see [7, p. 129]. We
also note that the Abelian theorem (for small x) given in [14, Theorem 2]
seems to be incorrect. This fact can be verified, even in the case of
ordinary Laplace transforms, by comparing it with Theorem 1 in [1] or
Theorem 4 in [18].

Example 4. Consider the generalized Laplace transform of K;(¢), where
K (2) is the modified Bessel function given in (3.48). As suggested by (5.2),
we may denote this transform by the formal integral

(5.11) I(x) = fzo Ki(t)e .

With ap = —1 and a;, = 25 — 1 for s = 1, we have from (5.6)
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I(x) ~ —y — log x

[ee)

F2k +2) k2
+ 2 —Y(2k + 2) — 1 2x) ©
2 T vk ) logxj20)
(5.12) -
Ik +2)
,EO Kk T 2l 2

+ Yk + 1) + YWk + 2))2x) * 2

as x — +oo. Note that Y(1) = —v.
For the small-x behavior, we note that neither (5.8) nor (5.9) holds,

since here we have &« = —1. Nevertheless, we may appeal directly to

Theorem 1. Recall that /(x) is defined by (5.4) to be
I(x) =t 'Kjt Yy =e "

Since
1 7 \/2 ] +
KT ~ %) ¢ T oast— 07,

the first sum in (4.3) is absent. Furthermore, we have
KT+ =log2 — v
by Lemma 8 and

K Y = 25*'r(-;-)r(1 - %)x s=1,2,...,

by Lemma 6; cf. Example 3. Therefore, from (4.3), it follows that

(5.13) I(x) ~ (log 2 — v) + § (;llszf‘r(%)r(l + f)xﬁ

s=1 S! 2

as x — 07,
To see that the above results are indeed what one would expect to have,
let us rederive them in an alternative manner. Put

(5.14) A1) = Ky(t) — ¢ L.

In view of (3.48) and (3.49), the Laplace transform of J(¢) exists as an

ordinary integral. Hence, by Watson’s lemma [26],
< T2k +2)
2 Skl
EO kK'(k + 1)
(5.15) B § 'k + 2)
i—o k'(k + 1)!
+ k2 Jx) H 2,

Ly(x) ~ W2k + 2) — log x](2x) 372

[log 4 + Yk + 1)
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as x — +oo. Furthermore, it follows from [1, Theorem 1; 18, Theorem 4]
that

(5.16) Ly(x) ~ (log x + log2) + 2 - )2f1r(2)r(1 + %)x

s=1

asx —> 07", W? now recall the formula for the Laplace transform of the
distribution ¢, as given in the earlier theory on this subject:

G617 Li~-i(x) = —y — log x;

see [13, p. 533; 18, Eq. (5.5)]. Since this integral transform should be
linear, the transform of K| must be the sum of the transforms of #and ¢~ l.
By adding (5.17) to (5.15) and (5.16), we again obtain the expansions in
(5.12) and (5.13).

It should be also noted that since K (1) = — K{j(¢), it is tempting to
define the Laplace transform of K, as

Li,(x) = (Kj, e7*) = —(Kp, e ™)

o0
= —x(Kp, e ¥y = —x .[0 Ko(t)e ™ dt.

Here Ky(¢) is the modified Bessel function of order zero. This definition,
however, will lead to asymptotic expansions which differ from (5.12) and
(5.13) by the constant log 2 — y. An explanation of this discrepancy is
that — Ky(z) is not the only antiderivative of K,(¢).

Generalized Stielijes transform. The conventional Stieltjes transform of a

locally integrable function f(¢) on (0, co) is defined by
[0

5.18 = e
G18) S0 = [,
where p is a fixed real number, provided that the integral exists. Here we
shall again assume that f belongs to the family #

If the above mtegral does not exist, then we shall view Sy(x) as the
convolution of ' 7Pf(¢) and (1 + ¢)~*°. That is, for ¢ € ZR"), we
define

(5-19) (Spé) = (fo* (1 +0)7F 9),

where f,(1) = ¢! 7Pf(¢) and the right hand side is understood in the sense
of Definition 4.

To obtain the behavior of Sy(x), we assume that f has the asymptotic
expansions (4.14) and (4.15), and note that

(1 + 1) °~ 5, ast— 07,

SEGRILO!
g() s!
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S e,

(14 1)~
s—o !

ast — +oo,
and

M+ 1) P z] = T(2)(p — z) / I(p),
where (p), = I'(p + 5) / T(p).

If @ — pisnotaninteger,andif » + p — 1 and a@ + 1 are not negative
integers or zero, then Theorem 4 gives

[ee)

2 as[‘(p a— 1= +a+1) Sratiop
5=0 I'(p)

+ 2 (_15):(p)3M[f, 1 — p — S]Xs,

s=0

Sp(x) ~
(5.20)

as x = 0%, If « — p is an integer, and if » + p — 1 and a@ + 1 are not
negative integers or zero, then by Theorem 5 we have

”’é’z T —a— 1= 906 +a+1) oy
s=0 “ F(p)

o [ (—1ytati=p

Sr(x) ~

521) — X

s=p—a—1

as G+ a+1-— p)'{p)a+l+*s*p Ing - b:k]

X xs‘+a+lfp

TP NS
+ 2( 1)(p)3M[fl p—S]xS

s=0
o)
_.IS }
LS CDO
s=a+1—p s!

as x — 07, where
: As—a—1+
“f:ZETS{M[f;Z‘P* ”‘Z“Tz”}
and
(—1fetl=r T+ a+ 1)

b =
oGt a+1—p) T'(p)

[Ws + a—p+ 2)
—Ys +a+ 1]

In (5.21), the coefficients a, and (p); are taken to be zero when the
subscripts s are negative.

Similarly, if » — 1 is not an integer, and if » + p — 1 and « + 1 are not
negative integers or zero, then Theorem 6 gives
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[e'e]

N I's +» +p~1)F(1—s—v),,
S :_‘ l—s—v—0p
/)~ oas I(p)
(5.22)
+ ‘-J ( 1) (p)AM[f + ng*p
s=0 5!

as x —> +oo. If » — | is an integer, but » + p — 1 and « + 1 are not
negative integers or zero, then we have from Theorem 7

<« I+ +p—1)r(1—s—y)],,
Sp(x) ~ 2 ¢ e
/ 3‘0 F(p)

+ § ¢ _(-_1)_3:@) vy log x + d%]xl—S*V*P
e 5
(5.23)

‘& (1)
+ 2 (OMIfis 1
-0 S

+ X ¢ (_ )(p)s L

s=v—1

as x — +oco where
= lim {M[],z+ 1 — p] +—C’V—+’}
z=5+p zZ=—p S
and

. (=1 " Ts+v+p—1

Yo =1+ s)! T'(p)
XY +s)—yYs+v+p— 1}

the coefficients ¢, and (p), in (5.23) again being taken to be zero when s is a
negative integer.

The above results should be compared with some of those in [15, 16],
where only the leading terms in the expansions (5.20) - (5.23) are given;
see also Example 1 above. For asymptotic expansions of the ordinary
Stieltjes transform, we refer to [8], [18] and [23].

Example 5. Consider the formal integral
©0 |1 _ t|3/2
H(X) = ./() m-dl,
which is used only symbolically to represent the Stieltjes transform of

[1 — 71*'? defined by (5.19) with p = 2. The first three terms in ascending
powers of x in (5.21) give
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PSRN SR Y E) B,
X ; 2ng 21[/2 T v,

as x — 0. Similarly, from (5.22) we have

3 3 3 _
H(x) —_ — E 7Tx]/2 _ Z X 1/2 + R Tx 3/2
as x — +oco. The behavior of a similar but conventional integral has been

obtained by Handelsman and Lew [8, p. 430].
Generalized fractional integral transform. The above technique can of
course be repeated for the generalized fractional integral transform

(5.24) I'g(x) = f; (x — O lg(tydr, g € F

1
[(w)
with the right-hand side being understood in the sense of the generalized
Mellin convolution

xH*

(5.25) T

(f * &),

where

(260 /@ _{?‘(1 P

Fractional integrals of generalized functions have been studied via a
different approach by Erdélyi-McBride [S5] and Erdélyi [2]. Their results
have been further extended in [17]. For the asymptotic expansions of the
conventional fractional integrals, see [19] and [23]. The results in Section 4
will enable us to write down the asymptotic expansions of the generalized
fractional integrals at once.
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