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We consider two questions on the geometry of Lipschitz-free p-spaces F,, where

0 < p < 1, over subsets of finite-dimensional vector spaces. We solve an open
problem and show that if (M, p) is an infinite doubling metric space (e.g. an infinite
subset of an Euclidean space), then Fp (M, p®) =~ £, for every o € (0, 1) and

0 < p < 1. An upper bound on the Banach-Mazur distance between the spaces
Fp([0,1]%, |- |*) and £, is given. Moreover, we tackle a question due to Albiac et al.
[4] and expound the role of p, d for the Lipschitz constant of a canonical, locally
coordinatewise affine retraction from (K, |-|1), where K = Uger@ is a union of a
collection ) # R C {Rw + R[0, 1]% : w € Z?%} of cubes in R¢ with side length R > 0,
into the Lipschitz-free p-space Fp(V,| - |1) over their vertices.
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1. Introduction

Given a pointed metric space M, there exists a Banach space F(M), called the
Lipschitz-free space over M, such that M embeds isometrically into F(M) via
a map §: M — F(M), and for every Banach space Y and a Lipschitz map f :
M — Y which vanishes at the origin, f extends uniquely to a linear operator 77 :
F(M) — Y such that Lip f = || Ty|.

Lipschitz-free spaces are distinguished by their ability to relate the classical linear
theory to the non-linear geometry of Banach spaces. This line of research can be
traced back to the seminal paper by Godefroy and Kalton [8], where Lipschitz-free
spaces were identified as a natural class of objects for studying the deep classical
problem of whether two Lipschitz isomorphic Banach spaces are linearly isomorphic.

To give an application of the theory, we note the authors were able to establish
that whenever X is a separable Banach space and X embeds into a Banach space Y
isometrically, then there exists a linear isometric embedding of X into Y. Similarly,
they used the universal extension property of Lipschitz-free spaces to show that a
bounded approzximation property of a Banach space is preserved merely by Lipschitz
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isomorphisms. Let us remark that the study of approximation properties and the
non-linear geometry of Banach spaces is an ongoing topic (see [4, 7,9, 10, 13, 16]).

In the context of the Lipschitz isomorphism problem, Albiac and Kalton [1] later
came with an example of two separable p-Banach spaces, for each 0 < p < 1, which
are Lipschitz isomorphic but fail to be linearly isomorphic. As it turns out, the
counterexample to the generalized variant of the Lipschitz isomorphism problem
could be developed in the setting of generalized Lipschitz-free spaces, coined the
Lipschitz-free p-spaces.

For each 0 < p <1, the Lipschitz-free p-space F,(M) over a metric space M
is a p-Banach space into which M isometrically embeds, and such that for every
p-Banach space Y and a Lipschitz map f : M — Y which vanishes at the origin, f
extends uniquely to a linear operator Ty : F,(M) — Y with Lip f = || Tr||. We note
that a thorough study of Lipschitz-free p-space was recently initiated in [2].

The locally non-convex geometry of Lipschitz-free p-spaces is rather challenging
to grasp. As evidence, we note that for any subspace A of a metric space M,
it is straightforward to show that F;(N') embeds isometrically into F; (M) via a
canonical linearization of the inclusion map i : NV — M. However, this is not the
case for p < 1, and it remains an open question whether the inclusion in general is
an isomorphic embedding, see [2, Theorem 6.1 and Question 6.2], respectively.

A distinctive feature of the p < 1 theory is that a duality argument is no longer at
our disposal, and we instead have to proceed by a direct geometrical construction
in the Lipschitz-free p-space itself. Moreover, strict concavity of a p-norm for p < 1
typically introduces a dimensionality factor into the proof work; typically, this would
render many of the techniques developed within the vast literature dedicated to
approximation properties of Lipschitz-free spaces hardly adaptable.

Here we consider two open questions on the structure of Lipschitz-free p-spaces
over subsets of finite-dimensional normed spaces. In particular, we expound the
extent to which selected results from the classical p =1 theory generalize to the
0 < p <1 scale.

THEOREM 1 cf. Theorem 4.9. Let (M, p) be an infinite doubling metric space (e.g.
an infinite subset of an Euclidean space) and 0 < o < 1,0 < p < 1. Then Fp(M, p®)
is isomorphic to the space {),.

A classical result in the theory of Lipschitz-free spaces states that if | - | is a norm
on R? and M is an infinite bounded subset of R? endowed with the snowflake
metric | - |, where 0 < a < 1, then Fy (M, |- |*) ~ {1.

The standard approach (consider e.g. [18]) is to identify an isometric predual of
Fi(M,]-|*) as the subspace lip,(M, |- |*) consisting of little Lipschitz functions
in the Lipschitz dual Lipy(M, |- |*) =~ FF(M,|-|*). The proof then proceeds by
constructing an isomorphism between lip,(M,|-|%) and the space co; this is an
earlier result which traces back to, e.g. [6].

More recently, the result was generalized in [3] to infinite subsets of R%. In par-
ticular, an observation was made showing that for any 0 < p < 1, if 7, ([0, 1]¢,] - |*)
is isomorphic to the space £, then F,(M,|-|¥) ~ ¢, for any infinite subset M of
R? (and, by the Assouad embedding theorem, to snowflake distortions of infinite
doubling metric spaces). The authors claimed that the ideas from the standard
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p = 1 argument adapt to yield the isomorphism F,([0, 1]¢,|-|%) ~ ¢, for d = 1 and
0 < p < 1. However, for d > 2 the available techniques turned insufficient and the
problem remained open, see [3, Question 6.8].

Here we tackle the multidimensional structure of 7, ([0, 1]¢,| - |*), and unlike the
standard proof for p = 1, we set up an explicit linear bijection between p-norming
sets in the respective spaces. As it turns out, the basis shares the form with the
Schauder basis of F,([0, 1]9), see [4, Theorem 3.8].

It is also interesting to note that our approach gives an estimate on the
Banach-Mazur distance between F,([0, 1],|-|%) and ¢, whenever |- | is identi-
fied as the ¢1-norm, which is a new detail even for the case p = 1. An interested
reader may want to compare the upper bound of (4d*~%c(a))? with a lower bound
of ¢(a)d*=)(log(2n))~*/2 whenever a € [1/2,1) and c(a)d*/?(log(2n))~*/?
otherwise, where p=1 and c¢(a), (o) are universal constants, see [12,
Proposition 8.6].

As an introduction to the proof of theorem 1, it will be instructive to better inves-
tigate a canonical, locally coordinatewise affine retraction from (K, |-|;), where
K = Uger@ is a union of a collection () # R C {Rw + R[0, 1]¢ : w € Z?} of cubes
in R? with side length R > 0, into the Lipschitz-free p-space F,(V, |- |1) over their
vertices.

From [14] we know that for p = 1, the retraction is Lipschitz continuous with the
Lipschitz constant equal to one. More recently, it was established in [4, Theorem
5.1] that the retraction is Lipschitz continuous for any 0 < p < 1. However, the roles
of p and d in the estimate of the Lipschitz constant were unclear, and the method
led to a suboptimal estimate even for the classical p =1 case.

Here we present an alternative approach which generically refines the estimate
from [4], and we apply a double counting argument to derive a lower bound on the
Lipschitz constant of the retraction. That is, we obtain the following result, which
answers [4, Question 4.6] in the negative.

THEOREM 2 cf. Theorem 3.2. There is a unique map ri,v : (K, |- 1) — Fp(V,] - 1)
such that i v (v) = 0y (v), where v € V, and ri v is coordinatewise affine on each
of the cubes in R. If we denote C(p,n) = n'/P=", where n € N, then

C(p,277") < Liprr,y < C(p,27")C(p,d)C(p,3).

The article is organized as follows. In § 2, we recall the notion of a p-Banach
space and include several foundational properties of Lipschitz-free p-spaces. We also
introduce the canonical, locally coordinatewise affine retraction in a cube. Section 3
is devoted to the proof of theorem 2. In § 4, we develop a series of results leading up
to the proof of theorem 1 for the particular case M = [0, 1], and then we deduce
the general conclusion for snowflakes of infinite doubling metric spaces.

2. Preliminaries

2.1. p-normed spaces

DEFINITION 2.1. Let X be a vector space. We say that a map ||| : X — [0,00) is
a quasi-norm on X if there exists k > 1 such that
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(i) llzll > 0 for any x # 0,
(ii) ||azx| = |||z for any scalar o and z € X,
(i) o+ gl < w(ll2] + ) for any z, y € X.

We then call (X, ||]]) @ quasi-normed space.
Replacing (4ii) with the assumption that for some 0 < p < 1,

(i) [z +yll? < llz[|” + lyll? for any z, y € X,

we obtain the notion of a p-norm and a p-normed space. Moreover, if X is com-
plete with respect to the metric d(x, y) = |lx —y||P (x,y € X), we say (X, |-||) is a
p-Banach space.

DEFINITION 2.2. For 0 < p <1, we say that a subset Z of a vector space X is
absolutely p-convex if for any x,y € Z and scalars a, 3, where |a|P + |B]P < 1, we
have ax + By € Z.

The smallest absolutely p-convex set containing Z is denoted by aconv, Z.

We shall write Bx = {x € X : ||z|| < 1} for the unit ball of a quasi-normed space

(XD

DEFINITION 2.3. For 0 < p < 1, we say that a subset Z of a quasi-normed space X
is p-norming with constants «, 3 > 0 whenever

aaconv,Z C Bx C faconv,Z.
If a =3 =1, we say Z is isometrically p-norming.

If X; and X, are two quasi-normed spaces, we let B(X7, X5) denote the space
of bounded linear operators from X into Xs.

The following fact is an easy linear variant of an extension theorem for Lipschitz
continuous maps.

LEMMA 2.4. Let 0 < p < 1. Assume that Y1 and Y3 are p-norming in p-Banach
spaces X1 and Xo, respectively, and that aconvy,Y; and aconv, Yy contain neigh-
bourhoods of zero in span Y1 and spanYs, respectively. That is, we have aconv, Y; 2
¢;iBx, NspanY; for some ¢; > 0, for each i € {1,2}.

If T is a one-to-one linear map from spanYy into Xo such that T'(Y1) = Ya, then
T extends to an onto isomorphism T: X — Xo.

Quantitatively, if Y1, Yz are p-norming in X1, Xo with constants a, 8 and o/, (7,
respectively, then ||T|| < B/a’ and | T~ < B/«

We remark that [2, Lemma 2.6] states a stronger, alleged variant of the extension
result, leaving out the assumption that aconv, Y; contains a neighbourhood of zero
in spanY;, for each ¢ € {1, 2}. This claim, however, is not true. Nevertheless, it
turns out that the assumptions of lemma 2.4 are satisfied in the applications of [2,
Lemma 2.6] in [2]; hence, the derived results remain valid.

The following counterexample to [2, Lemma 2.6] was suggested by Ansorena.
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Counterexample 2.5. Let X be a p-Banach space, where 0 < p < 1, and let M be
a closed subspace of X. Let T : X — X/M be the quotient map.

Pick a dense subspace V of X such that V N M = {0}, and set K = Bx NV. It
is easy to see that K is absolutely p-convex as well as isometrically p-norming in X.
If Ux denotes the open unit neighbourhood of zero in X, we verify that

By = (11 (Ux) = [Y47(Bx) = (1¢7(K) € (VT (K) = T(K).

t>1 t>1 t>1 t>1

For instance, for any 0 < p <1 we may take X ={,, M =span{e;}, and V =
span{{e, :n =2} U{e1 + > 2,2 e, }}.

If we denote X1 = X, Xo = X/M and Y; = K, Y2 = T(K), then Y7 and Y5 are
absolutely p-norming in X; and Xs, respectively, and T is a linear bijection from
spanY; onto spanYs. However, T' does not extend to an isomorphism from X;
into Xs.

A particular class of coefficients We introduce a coefficient C(p,n) which has the
role of k in (iil) for sums of n elements, i.e. if (X, [|-||) is a quasi-normed space and
both 0 < p <1 and n € N are given, then ||> 1, z;|| < C(p,n) Y., ||lz;| for any
Tlyeeo Ty € X.

DEFINITION 2.6. For anyn € N and 0 < p < 1, let us denote

1/p n
C(p,n) = sup (Zw) :wi20f0ri€{1,...,n},Zwigl
i=1

Note that (37, |wi[P)/? < C(p,n)|w|y for any n€N, 0<p<1, and w=
An explicit formula for C(p,n) follows easily from Holder’s inequality.

FACT 2.7. Let n € N, 0 < p < 1. It holds that C(p,n) = n'/P~1.

2.2. Lipschitz-free p-spaces

If (M, p) is a pointed metric space with O as its base point, we consider ¢ :
M — Lipy(M)* that maps x € M to the canonical evaluation functional d(x) €
Lipg(M)*, i.e. (§(x), f) = f(x) for each f € Lipy(M).

We recall that the Lipschitz-free space F(M) over M can be identified as the
closed span of §(M) in Lip,(M)*,

F(M) =span{d(z) : z € M}.

Furthermore, F(M)* is linearly isometric to Lipy(M). In fact, if Mol(M) denotes
the set of elementary molecules in F (M),

d(x) — 6(y)
p(x,y)
it follows from the Hahn-Banach theorem that Bz = conv Mol(M).

MOI(M)Z{ :m,yEM,x#y}7
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Let 0 <p<1 and denote P(M) =span{d(x):x € M}. Drawing from the
outlined construction, we set for each m € P(M)

n 1/p
[[m|| = inf (Z Iai|p> :
i=1

the infimum being taken over all n € Ny and p; € Mol(M), a; € R, for each i €
{1,...,n}, such that m = >""" | a;p;.

It turns out that (P(M),]-||) is a p-normed space and 0 is an isometric
embedding. The completion yields the Lipschitz-free p-space F,(M).

THEOREM 2.8 cf. [2, Theorem 4.5]. Let (M, p) be a pointed metric space. Given 0 <
p < 1, there exists a p-Banach space (Fp(M),||-]]), called the Lipschitz-free p-space
over M, and a map 6 : M — F,(M) such that

(i) 6 is an isometric embedding with 6(0pm) = Ox, (M),
(i) (M) = spam{i(z) : & € M),

(iii) if (Y, |||ly) is a p-Banach space, then B(F,(M),Y) is linearly isometric to
Lipy(M,Y) via the map f* +— f*oé for each f* € B(Fp(M),Y).

Fact 2.9 cf. [2, Corollary 4.11]. Let (M, p) be a pointed metric space. For each
0 < p < 1, the set Mol(M) is isometrically p-norming in F,(M). That is, Bx, a1y =
aconv, Mol(M), and for each m € P(M) we have

n l/p
|W|m%2m@ |
i=1

the infimum being taken over all n € Ny and p; € Mol(M), a; € R, where i €
{1,...,n}, such that m = >"""_| a;p;.

We show that for any dense subset NV of M and any m € P(N), the above formula
is still valid if we consider decompositions of m merely into molecules over N .

LEMMA 2.10. Let N be a dense subset of a pointed metric space (M, p). Then
for each 0 <p <1 and m € P(N), we have ||m||fp(M) = inf(30, |ailP)Y/P, the
infimum being taken over alln € Ny and p; € Mol(N), a; € R, wherei € {1,...,n},
such that m =" | aifi;.

In particular, aconv, Mol(N) contains the open unit neighbourhood of zero in
P(N), with respect to the ambient space F,(M). That is, we have {m € P(N):
|l £, < 1} € aconvy, Mol(N).

Proof. Let m € P(N') and pick € > 0. It follows from fact 2.9 that there exist n €
Ny and p; € Mol(M), a; € R, where i € {1,...,n}, for which m = >""" | a;u;, and
o JaiP)MP < (1 + €)llmll £, (amy- We further consider u;, v; € M, u; # vj, such
that p; = 6(u;) — 6(v;)/|ug — vi|*, where i € {1,...,n}.
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Let us denote B = {u;i}icq1,...n} U{viticq1,...n}- By density of N in M, it is
easy to construct a mapping 7 : B +— A such that r(b) =0 for any b € N, and
|r(wi) — r(vi)|*/|u; —vi|® < 1+ € but r(u;) # r(v;), for any ¢ € {1, ..., n}.

We consider the unique linear mapping ' : P(B) — P(N) which satisfies that
r'(6(b)) = d(r(b)) for each b € B. It is easy to see that r'(m) = m, as r’ agrees with
the identity on P(N).

Let us rewrite m = r/(m) = Y ., a;r’(w;), where

) Fou _;W

—7(v)]|* 0(r(u;)) — d(r(vs))
= Z — | Ir(ui) = (vi)|*

For each i€ {1,...,n}, we denote p,=0(r(u;)) —o(r(v:))/|r(u;) — (v;)|* €
Mol(N) and set a) = al|r(ul) —r(v)|*/|u; —v;]® It follows from the con-
struction that m =" alu. and (31, |aiP)VP < (1+€) (X, |ai|P)V/P <
(14 €)2[lmll £, (r)- We take € — 0, and the first claim follows.

Note that, in particular, the already proven part shows that {m € P(N):
[m|l £,y < 1} € aconvy, Mol(N). This establishes the second claim. O

We note that any Lipschitz map between pointed metric spaces which vanishes
at the base point has an extension to a bounded operator between the respective
Lipschitz-free p-spaces, for every 0 < p < 1.

FacT 2.11 cf. [2, Lemma 4.8]. Let M, A be pointed metric spaces. For every
0 < p < 1, there is a linear isometry L : Lipy(M,N) — B(F,(M), F,(N)), called
the canonical linearization operator, such that dx o f = L(f) o dn, for every f €
Lipg (M, N).

2.3. A projective construction in [0, 1]¢

We overview a canonical, locally coordinatewise affine projective construction
n [0,1]%; hereby we set ground for basis expansions in F,([0, 1]%,]-|%) consid-
ered within § 4. Let us remark that this particular choice has appeared in various
contexts, e.g. [4, 14, 18]. We adopt the notation from [4, Section 3.

Letd € N, R > 0.If w = (w;), € Z%, weset VI , = Rw+ R{0,1} and define a
cube Q% _r as the convex hull of the set vd R L€ Qw r = Rw + R[0,1]¢. We denote

{Q RIWE Zd} and Vd = { wR:WE Zd} Let us further introduce a map
V : Q% — Vi by V(Q4 ») = Vu‘iR, where w € Z.

We define projective coefficients from R? to the vertex set Vj‘,%. For any z € [0, 1]

and w € 7Z, we first put

T ifw=1,
z@=%1-z if w=0,
0 if w ¢ {0,1},
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and write, whenever x = (z;)¢_, € [0,1]? and w = (w;){_, € Z4,

z(®) = H :cgwi).

We find that this construction admits a lift to R? in .
LEMMA 2.12 cf. [4, Lemma 3.1]. Let d € N, R > 0. There exists a map
A% led% x R? — [0,1]
such that A%(Ru, Rw + Rx) = 2= for every x € [0,1]? and u, w € Z°.
Moreover, we list properties of A% which we shall refer to in the sequel.

LEMMA 2.13 cf. [4, Lemma 3.4]. Let d € N, R > 0. It holds that
(i) A%(v,x) =0 whenever x € Q € Q% and v & V(Q),
(ii) A4(v,u) = 8,4 for any u, v € VE,

(iii) Zvev;’é AL (v,x) =1 for any x € R,
(iv) A%(U,.’L’) = H?Zl A}%(’Ui,l‘i) for any x = (:vi)‘ijzl eR? p= (vi)glzl € V]%‘

3. A retraction in F,([0,1]4,]-|1)

Drawing from the projective construction introduced in § 2.3, we consider a retrac-
tion from (K, |-|1), where K = Uger@ is a union of a collection R of regularly
spaced cubes in R? with equal side length, into the Lipschitz-free p-space F,(V,| - |1)
over their vertices. We provide bounds on the Lipschitz constant thereof and analyse
locally coordinatewise affine extensions of Lipschitz maps from a vertex set ranging
into p-Banach spaces.

We pick d € N and endow R with the ¢;-norm hereinafter.

Adopting the notation of § 2.3, let R C Q%, K = Uger@, V = UgeaV(Q),
and fix a point of V as the base point of both K, V. As a consequence of
lemma 2.13 (i), for any o € K the coefficients A%(-,z) are finitely supported, and
hence we are justified to introduce r = rg v : K — Fp(V) as

r(r) = Z AL (v, z)oy(v), z€K. (3.1)

We can easily see that rxy = dy on V. Moreover, in [4, Theorem 3.5], it was
established that the map rx v is Lipschitz with an upper bound depending on both
p and d, under the assumption of the /o,-norm on R?. Applying their method to the
p =1 and ¢;-norm case, the obtained estimate still retained a term depending on
d, thus contrasting a positive result due to [14] which shows the Lipschitz constant
to equal 1.
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QUESTION 3.1 [4, Question 4.6]. Is there a constant C' depending on p but not on d,
K orV, such that Lip(rx v) < C?

We refine the estimate of [4, Theorem 3.5] but answer the above question in
negative.

THEOREM 3.2. Let d€N, R>0, R C Q%, where R#0, K =UgerQ, V =
UgerV(Q), and consider V as a pointed metric space with the subspace €1 metric.
Welet 0 <p<landr=rgy: K — F,(V) be as above.
For any x,y € K we have
[r(z) = r(), < Cp, 27" 1)C(p,d)C(p,3)|x — yli.

Conversely, there exist z,y € K such that
Cp.2* Mz —yh < r(@) —r®)ll, -

We develop a series of preliminary results which outline properties of the present
construction under dilation and translation.

LEMMA 3.3. Let V C Z%, 0y € V, R > 0 and x € Z. Denote V' = RV + Rz, Oy =
ROy + Rz, and consider Oy, Oy as the base points of V, V', respectively.

For any 0 <p <1, the map 7" : 6y (V) C Fp (V) — Fp(V'), dy(v) — v (Rv +
Rzx), where v € V, extends to an isomorphism T of F,(V) and F,(V'), such that
||7'(x)||]_-p(v,) =R ||x||]-‘p(v) for any x € F,(V).

Proof. We note the map o : V — V’, v +— Rv + Rz, where v € V| is a bi-Lipschitz
bijection of V', V', such that |o(v) — o(u)|; = R|v — u|y, where v, u € V.

By fact 2.11, there exists an isomorphism 7 of spaces F, (V') and F, (V") satisfying
Tody =6y oo and [|7(2)| £, vy = R 2| £, (1), Where x € F,(V). Since 7[5, (v)=
7/ by the construction, the conclusion follows. O

LEMMA 3.4. Letd € N, R >0, R C Q%, K = Uger@ and V = UgerV(Q). When-
ever z,y € K satisfy the condition y — x € RZ?, we have that

(i) Ab(v,z) =A% (v + (y — 2),y), where v € RZY,
(i) v+ (y—x) €V for anyv € V, Ah(v,2) # 0,
(111) T(y) = ZUEV, A%(v,aj);&[) A?%(’U? J:)5V(U + (y - x))

Proof. Pick w, u € Z% such that x € Qﬁ),R €Randy € QiR eR.
Appealing to the definition of A%, we establish for any v € RZ4
Ah(v, ) = A4 (v, Rw + (x — Rw))

_ (E - w) (v/R—w)
R

= AR(v+ (y —2), (Rw + (y — x)) + (¢ — Rw))
= A%(U + (y - x)vy)a
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where v + (y — z) € RZ? by the assumption. This verifies the first claim.

As A% (v,y) = 0 whenever v € Vi and v ¢ V(Q? ) €V, we deduce {v + (y — z) :
ve VAL (v,x) #0} C{v:v eV, Ak(v,y) # 0}. This proves the second claim.

In fact, since the inclusion similarly holds for the role of x, y interchanged, we
conclude

{v+(y—a):veVAR(v,2) #0} = {vive V. Aj(v,y) #0}.  (3.3)
We assert that

ry) = Y Ah(v,y)dv(v)
veV
A% (v,y)#£0

= > AR+ -2),m)dv+(y—2)
veV
AdR(v,w)yéO

= E A% (v, 2)dy (v + (y — x)).
veV
AdR(v,x)#O

Indeed, the first equality follows from the definition of 7. The second and
third equalities rely on equations (3.3) and (3.2), respectively. The proof is now
complete. 0

We proceed to the proof of the main result. To that end, let us first introduce
the following notation.

NOTATION 3.5. For any j € {1,...,d}, we define m; : R — R4 (2;)8 ;) —
(x1,...,&j—1,Zj41...,2q), where (wi)le € R?,

Given v = (v;)%=} € {0,1}%1, we shall write v° = (1)L, and v* = (v})L, for
the elements of {0,1}% satisfying v? = v} = v;, wherei € {1,...,d — 1}, and v = 0,
vy =1, respectively.

Proof of theorem 3.2. We claim that up to a dilation and a translation, it suf-
fices to consider the case R =1 and Qo1 € R. Indeed, if R’ C Q%, K' = Uger'Q,
V' = Uger'V(Q) and Oy is the base point of V', we may find R C ¢, Qo1 € R,
K =Uger@, V =UgerV(Q), Oy €V and w € Z4, such that K’ = RK + Ruw,
V' = RV + Rw and Oy, = ROy + Rw. We define 0 : K — K’ by y — Ry + Rw for
y € K, and consider Oy as the base point of V.

We let 7: Fp(V) — Fp(V’) denote the isomorphism from lemma 3.3. Pick y €
K. For any v € Z¢, we note that A%(Rv + Rw, Ry + Rw) = A{(v + w,y + w) and
Ad(v +w,y +w) = Ad(v,y) by the defining property of A% and lemma 3.4 (i),
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respectively. We may thus write

ri v (o(y) = Ah(v,o(y)dv (v)
veV’
= Z A% (Rv 4+ Rw, Ry + Rw)dy+ (Rv + Rw)
veV

=Y Af(v,9)év/(Rv + Rw)
veV

=7(rgv(y))-

Since y € K was arbitrary, and using the fact that |[7(2)[| ) = Rzl £ v,
where z € F,(V), we deduce for any y, z € K

i (0®)) =T (0Dl s, vy = Rllrkew @) = riev 2l s, -

Similarly, we note that |o(y) —o(z)|1 = Rly — 2|1 for any y, z€ K. As o is a
bijection of K and K’, the claim follows.

To establish an upper bound on the Lipschitz constant of r, we begin with the
case when z,y € @ for some @ € R. To that end, let us first note that for x =
(z:)i; € Q% ) € R, where w = (w;){_, € Z%, it holds by lemma 2.13(i) and (iv)

r@ =Y Af(v,)dv(v)

veEV(QY

w,1

= > AT Mma(w) +u, ma(@) AL (wa, 7a)y (w + )
ue{0,1}d-1

> AT (maw) + s ma@) A (wa + Laady (wut) (g
ue{0,1}4-1

= > AT (ma(w) +um(2) (1= (24 — wa))dv (w + uP)
ue{0,1}d—1

+ Y AT (ma(w) + u () (2 — wa)dy (w + ).
ue{0,1}d-1

Pick 2 = (z;)! 1,y = (y:)i_, € Q% | € R, where w = (w;){_, € Z%. We shall fur-
ther assume that x, y differ in at most one coordinate; without loss of generality,

let x; =y; for any i € {1,...,d — 1}. It follows from (3.4) that
r(x) —r(y) = (Ta = ya)-
Z A (ma(w) 4 w, ma(2)) 0y (w 4 ut) — 6y (w + u)). (3.5)
ue{0,1}4-1

We have 3, cya—1(r, (o ))Af_l(u, mq(z)) =1 by lemma 2.13 (iii). Since also

w,1

[|6v (w + ul) — 6y (w + u°)

|p =1 for any u € {0, 13971, we deduce the inequality

Ir(z) = r()ll, < C0, 277 ")|wa - yal- (3.6)
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For any o= (z;)0_,,y = (y); € QL € R we may now take a sequence
(2 = ((zh)91)ig € (Qd )4t such that for any i€{0,....d} and je€
{1,...,d}, it holds that 2} = z; if and only if i >j and 2} =y, 0therw1se Any
two consecutive elements of the sequence (z%)%_, differ in at most one coordinate,
and using the inequality (3.6) we establish

d—1
I () <D e =&
=0

<C7(p,2'77) Z s — yilP,
i=1
hence ||r(z) —r(y)ll, < C(p,29"")C(p,d)|x — yl1.

As for the general case, we consider = = (z;){_; € Q% | € R and y = (y;), €

¢, €R, where w,u € Z%. Let us denote I = {i € {1,...,d} : w; # w;}.

Given i € I, we may find n;, m; € Z such that n; € {w;,w; + 1}, m; € {u;,u; + 1}
and |z; — ;| = |v; — ng| + |n; — mi| + |m; — yil|. Let us also pick 2’ = (z})%_, € Rd,
Y = (yz)z . € R4 such that 2! = y/ = =, if and only if i € {1,...,d} \ I and z!
ng, Yy, = m; otherwise, respectlvely It follows after short thought that 2/ € Q¢
v Qi and [z —yh =z —2li + 2" — 'l + Iy —yh

We note that 3/ — 2/ € Z¢; hence lemma 3.4 applies and

r(y') = Z A (v, 2oy (v + (v —2)),

veV
Al (v,2")#£0

r@@)—r@y) =Y Alw,a)0Ov(v) = dv(v+ (Y — ).
A‘f(fr"/)#o

w,1r

If I was empty, then necessarily r(z’) = r(y’). Otherwise at least one coordi-
nate of #/ assumes value in Z; we claim |{v € V(Q): Af(v,2') # 0} < 297! in
this case. To that end, let 2, € Z for some j € {1,...,d}, and define w} = w; + 1
if and only if 2} =w; + 1 and w} =w; — 1 otherwise. If we now denote w' =
(Wi, ..o wj—1, Wi wit, ..., wq) € Z%, it follows that w # w’ and 2" € Qu1 N Quy 1.
We have that Af(v,2’) =0 whenever v & V(Qu,1) N V(Qu 1) by lemma 2.13 (i).
Since [V(Quw.1) N V(Qur 1) < 2971, the claim follows.

As ||y (v) = dv (v + (¥ — "), = 2" — ¢ for any v € V(Q), Ad(v,2") # 0 and
ey Af(v,2’) =1 by lemma 2.13 (iii), in either case we are thus justified to
establish the inequality

Ir(z") = r("), < Clp, 2" Y|z’ = /|1

Using the already proven parts and the fact that z, 2’ € Qw LUy e Qu 1
deduce

Ir(@) = r@)l; < lIr@@) = r@)ll; + Ir@) = @), + Ir@) = r@)l;
< CP(p, 2 NP (pd) (o — ' [F + [ = o/ 17 + 1y — ylY),
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and altogether we obtain |r(z) —r(y)[|, < C(p, 24=1C(p, d)C(p, 3) |z — yl1-

Regarding the converse part, we let R C Q‘Ii%, where R # 0, K = Uger@, V =
Uger V(Q), and consider Oy as the base point of V. By the initial remark, it suffices
to consider the case R =1 and Qo1 € R.

We let 2= ()%, y=(y:)%, be such that z; =y; =1/2, for each ic
{1,...,d =1}, and 24 = 0, yg = 1. Recall that using (3.5), we have r(y) — r(z) =
Dueqoayi-1 27 Oy (u') = oy (u0)).

Denote M = {d(z) — 6(2")/|z — 2|1 : 2, 2/ € V,z # 2'}; by fact 2.9, we have

n 1/p
Ir(y) — r(z)[, = inf (Z Iai|p> ;

the infimum being taken over all n € Ny and p; € M, a; € R, where i € {1,...,n},
such that 7(y) — r(z) = Y1 aip.

We shall see that [r(z) —r(y)[, = C(p, 24=1) |z — y|; = C(p,2971). To that end,
pick n € Ny and a; € R, pu; € M, where i € {1,...,n}, as above.

We introduce N : V(Qo.1) — P({1,...,n}) as

vw{ie{l,...,n}:uie{ia(z)_d(v):meV,z;év}}.

|z — v
It follows that for any i€ {1,...,n}, there exist at most two distinct ele-
ments u,v € V(Qo,1) such that i€ N(u) NN (v); consequently, > I, |a;[P >
1/2 EuEV(Q0,1) EléN(u) ‘ai|p'

We claim that 3=, v, lai| > 274+ for any u € V(Qo1).

To that end, we pick u € V(Qo1) and construct ¢ : V — R as follows: If x4
denotes the indicator function of a set A C V, we define ¢ = xy,) if v # Oy and
© = Xv\{u} otherwise. We note that ¢ € Lipy(V'), Lipp <1, as p(0y) =0 and
lo(z) —p(2)] <1, |z — 2|1 > 1 for any two z,2' € V, z # 2/. By (iii) of F,(V), we
let p* € F,(V)* be such that ¢ = ¢* 0§y on the set V.

We observe that |(¢*, u;)| <1 for any i € {1,...,n}, where (p*, ;) = 0 for each
i€{l,...,n} \ N(u). Hence, we may write

(", r(y) — r(@)] = ‘<¢Zu>‘
< 3 il < Y Jail,

PN (u) €N (u)

and

(@™ r(y) —r(x))| = <<p*, > 2‘d+1(6v(v1)—5v(v°))>
ve{0,1}4-1

_ o9—d+1
=2 ,

and the intermediate claim is established.
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We note that x — z? is subadditive on [0, 00), and thus 3, ¢y, [ai|? > op(—d+1)
for any u € V(Qo,1). Altogether, we are justified to establish

n
dolalPzs > D al
i=1

UEV(QUJ) 16N(u)
> 9d—1op(—d+1)

NN

= CP(p,2°71),
which concludes the proof. O

Let us recall a closely related result which shows that F,([0,1]¢) has a Schauder
basis, consider [4, Theorem 3.8]. In fact, the associated canonical projections are
the retractions r; hence, theorem 3.2 gives a refined estimate on the basis constant.

4. On the geometry of F,(M, p*), where (M, p) is infinite doubling

We recall that a metric space (M, p) is doubling if there exists Ay € N, called
the doubling constant, such that any closed ball in M of radius 2r > 0 can be
covered by Aa-many closed balls of radius r. As an example, any subspace of a
finite-dimensional Banach space is doubling.

A classical result due to Assouad [5] implies that for any «a € (0,1), the metric
snowflake (M, p®) is bi-Lipschitz equivalent to (M’, | - |#) for some M’ C R?, where
d €N and € (0, 1). As a consequence, it follows that F,(M, p®) =~ F,(M’,] - |?)
for any 0 < p < 1, see fact 2.11.

Moreover, it was observed in [3] that, for infinite subsets M of R, the isomor-
phism theorem reduces to the case where M = [0, 1]¢. Hence, the central topic of
this section is to fill in the missing part and establish that F,([0, 1]¢, | - |*) ~ £, for
any0<a<land 0<p<1.

4.1. The isomorphism F,([0,1]%,| - |*) ~ £,

It is easy to see that for any fixed 0 < o < 1, the associated snowflake distortion

of any two norms | - |, | - |« on R? are Lipschitz equivalent; thus, F,([0,1]%, |- |*) ~
Fp([0,1]4,] - |2) for any 0 < p <1, again by fact 2.11. It will be convenient to
identify | - | as the ¢;-norm in the sequel.

THEOREM 4.1. Let d€N and 0 <a <1, 0<p<1. Then F,([0,1]% | |%) is
isomorphic to the space {,.

Quantitatively, if we consider the Banach—-Mazur distance (see, e.g. [11, p. 277])
of F5([0, 1)%, |- [*) and £,(V') defined by d(F([0, 1%, | - |}, 6,(V)) = inf [ 7| 7~],
where T ranges over onto isomorphisms 7" : F,([0, 1]¢, | - |*) — £,(V'), we show that
d(F,([0,1]4,] - %), £,(V)) < C(p, 24)p?74, where p and T are as in lemmas 4.8 and
4.4, respectively.

Pick 0 <a <1 and 0 <p < 1. Whenever d € N is fixed and known from the
context, we shall denote V_; = {0}, V4 = [0,1]9 N 27%Z? where k € Ny, and V =
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Ukeno Vi \ Vie—1. We take 0 as the base point of [0, 1]¢ and write 6 :[0,1]% —
Fp([0,1]4,] - |*) for the canonical isometric embedding.

The proof proceeds by considering the map ¢:{e,:veV} C (V) —
Fp((0,2]%] 1),

o> 28 [ 5(w) = > A (uv)d(u) |, vE Vi \ Vi1, k€N

ueVi_1

A brief consideration shows that {e, : v € V'} is p-norming (see definition 2.3) in
£,(V') and that ¢ extends to a one-to-one linear map from span{e, : v € V'} into
Fp([0,1]4,] - |*). Hence, by lemma 2.4, ¢ shall provide us with an onto isomor-
phism 7 : £,(V) — F,([0,1]¢,] - |*) once we show that ¢({e, : v € V'}) is p-norming
in fp([()? 1]d7 ‘ ’ |a)

Let us note this particular choice of ¢(e,), where v € V| is frequent in the theory
of Lipschitz-free spaces over an FEuclidean space. Indeed, a dual variant thereof is
used in the standard proof of the p =1 case (see, e.g. [18, Theorem 8.44]), and it
is known that ¢(e,), where v € V, forms a Schauder basis of F,([0,1]%, | - |), see [4,
Theorem 3.8].

NOTATION 4.2. If d € N is fized, v = (z;)%, € R, j € {1,...,d}, and e € R, let
us set xl = (z1,...,2j +¢€,...,2q4) € RL Ifz € [0,1], x € 27"Z \ 27" F1Z, for some

n € N, we will write ¥ =2 +2™", 27 =2 — 27"
For deN, je€ {1,...,d}, and (xi);iz_ll € [0,1]47L, we furthermore adopt the
notation ¢’ () =6(x1,...,¢j_1,2,2j,...,Tq-1).

d—1
(wi); =,

4.1.1. One linearization result We expand the element §(v), where v € V, in a
way that partially recovers the candidate basis geometry. This will have a great
importance for the construction considered in lemma 4.4.

LEMMA 4.3. Let uy,us € [0,1]N27"Z for some n € Ny, uy < uz and |ug — ug| =
27", Let v € [uy, ug] satisfy v € 277, where k €N, k > n.

There exist py1,p2 =0, uy +puzs =1, 1 €Ny, v, >0, n; €N, n; >n, and v; €
277N\ 277, where i € {1,...,1}, such that

2m63 (V) = 12" (ug) + 22" 67 (uz)
!
# 3w (#o) = 0107 + 8107
foranydeN, je{l,...,d}, and x = (xj);-l;ll €[0,1]4-1L.
Moreover, we have (Zi:l v [P)V/P < 279(1/1 — 27Pe) /P,

Proof. We shall establish that for any k¥ € N, k> n and v € [uy,us] N 27*Z, we
can choose the coefficients pf, py > 0, 1¥ € No, v} € [0,1], v} € [u1,us2] and n} € N,

K2

where i € {1,...,1"}, so that for any v € [u1,us] N 27*Z, it holds

(1) py, s >0, py +ps =1and k =nY >n for every i € {1,...,1"},
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(ii) if o' € [u1,u2) N 27*Z, there exists at most one index i € {1,...,1"} such that
v =,
(iil) v¥ € [u1,ua] V27 Z\ 27 T1Z for every i € {1,...,1"},
(iv) for any j € {1,...,d} and = = (xj);-l;ll € 0,197, we have

2075 () = 42784 ) + 527 1)
l
# 3t ()~ JUEH) +EED")

(v) 0 < vy <207 for every i € {1,...,1"},

(vi) if v €[u1,upg]N27%7Z is such that |v—o'|=2"% then {vV :ie
{1, 0"} C{orrie {1,...,1}},
(vii) {w? i€ {1,...,0°}}n27mZz\ 2717} < 1 for any m € N, m > n.

We proceed by induction on k. To that end, note that for £k = n, we may take
[Y = 0. We also set either ui =1, u§ =0 or pj =0, p§ = 1 when v equals u; or ug,
respectively.

Let k € N, k > n, be such that the claim holds for £ — 1.

For any v € [uy,us] N 27*Z, we define the coefficients u¥, u3 € R, I¥ € Ny, v¥ €
0,1, n? €N, k=n? >n, i € {1,...,1"}, as follows. If v € 27F*+17Z we take the
coefficients from the induction hypothesis. Otherwise v € 27*Z\ 27**1Z  and
hence, both v~ and v* belong to [u;,us] N27*+1Z. For any d € N, j € {1,...,d},
and x = (xj)?;% € [0,1]971, we may write

O S COR TS R t)
2 (4.1)
a5 (p) 4 201 57 (o).
Let now p?", u§+, v, V}’+, nf, vi”+, ic {1,...,l”+}, and p8 pl 10, vY
ny vf, i€ {l,...,1" }, be the coefficients corresponding to v and v~ respec-
tively. We denote V = {v?" :ie{1,...,0" }}U{v? :ie{l,...,I° }}. Finally,

set IV = [V] + 1.

Let v?, i € {1,...,1” — 1}, be such that {v? :i € {1,...,I¥ = 1}} =V; such an
arrangement of the finite set V necessarily exists. By the choice of V and the
induction hypothesis, for any i € {1,...,l" —1} we may further find n? € N,
k—1>n? > n, such that vy € 277\ 27 T1Z.

Given i€ {l,...,lI" =1}, let us denote vy =1/2 Zje{l,...7l”+},v']‘.’+:vf V}’+ +

1/2 Zje{17.._,lv7},v;,— v? . It follows from the induction hypothesis that there

:Uf 7
is at most one index j € {1,...,1°" } such that U}’Jr = v} (similarly for v~). Hence,
we obtain 0 < v} < ga(n—nj)
We set nfo =k, oh=v, o =209 and =120 ), =
1/2(ps + pb ). Let us remark that pf,ud >0 and pl + pd =1/2(py + 4y )+
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1/2(uy" +py ) =1 since pd" +py = p? +py =1, by the induction hypothe-
sis.
Continuing (4.1), let us rewrite the above coefficients

. . 1 . .
2g)(0) =200 (8(0) = 5607) +0)))
+2no¢715%(,07) 4 2na715i(v+)
= 276 (ur) + p52" 67 (us)

-1

3wt (sle) - S6UED ) + 8
i=1

49(n—k)agka (5%@) _ %(5%(1;*) + 5g(v+))>

= ui 2" 6 (ur) + p52" 6% (uz)
"

+ Y vt () - FEN ) + 8D )
i=1

v v

We note that for any v € [uy,us] N 27%7Z and for the elements wys ps, 17, ng, v

and v¥, where i € {1,...,1°}, the (i) to (vi) now follow at once if v € 27%+17Z by
the induction hypothesis and were otherwise established during the construction
whenever v € 277\ 27k+17,

To establish (vii), we first remark the conclusion is satisfied for any v € 27k+17
by the construction and the induction hypothesis. Let us pick v € [uy, us] N27FZ\
2-k+17Z,

Since we have v=, vt € 27kF1Z |vt — v~ | = 27F*+L it follows that {v=, vt} N
275427 £ (). Hence, there exist u, v’ such that u € {v=, v} N27FH17Z\ 27F+27,
u' € {v=,vt} N 27 2Z. By the induction hypothesis and (vi) for u and u’, we get
that {o* :ie{l,...,*}} C{v*:ie{l,...,1“}}. Since {vV:ie{l,...,I"}}N
2ktlz — (" sie{1,..., 1" Yy u{e? :ie{l,...,1" }} by the construction,
we deduce that

{o? cie{l,..., 1"}y n27 "1z = {ot ri e {1,...,1"}}.

7

The conclusion of (vii) now follows from the induction hypothesis for « whenever
m €N, k—1>m >n. Additionally, since {v?:i € {1,...,I"}} \ 27*HZ = {v},
(vii) is satisfied. The proof of the induction step is now complete.

Pick k€N, k>n and v € [ug,uz] N27¥Z. We note that n? > n, where i €
{1,...,0"}, by (i), and [{i € {1,..., 1"} :n¥ = j}| <1, where j € N, j > n, by (ii),
(iii) and (vii). Likewise, (v) shows that 0 < v < 2"~ for every i € {1,...,1"}.

https://doi.org/10.1017/prm.2023.109 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.109

674 J. Bima

Hence,
v 1/p v 1/p
<Z |,/ivp> < <Z 2p(nnl’)a>
i=1 i=1
o0 1/17 1 1/p
2P =27 ——— ] .
The claim is established. |

LEMMA 4.4. Letd € N and M C F,([0,1]%,| - |*) be such that for any v € Vj,, where
k € No, we have 28*(6(v) = 3 ey AGiir (u,0)0(u)) € M.

There exists a constant p’ >0 for which the following holds true. Consider
v= (), €V and i€ {1,...,d}. If v; € 27"Z\ 27 "1Z for some n €N, then
2" (5(v) — 1/2(86(vi_.) + 6(v* ,_..))) € p’ aconv, M. Quantitatively, if we set p =
(CP(p,2) + (1 +217P)27P(1/1 — 27PN VP then p' = p.

Proof. We prove that for any [ € {0,...,d — 1}, the following claim is true. Let v =
(v;)i, € V. If i € {1,...,d} is such that v; € 27"Z\ 27" +17Z for some n € N and
if {je{l,....d}:v; € 27"Z}| <1, then 2"*(0(v) — 1/2(0(vh_) +(v" 5_.))) €
pitt aconv, M. We proceed by induction on .

Let [ = 0. We pick v = (v;)L, € V,n € Nandi € {1,...,d} as above. Recall that
for any u = (u;)?_; € Vi,—1, it follows from lemma 2.13 (iv) that AS ., (u,v) =
AL (ma(u (V)AL (us,v;). Hence, AL, (u,v) =0 whenever u; v; &

2—n+ 2 2
27"}, and now

Z Ag,nﬂ (u,v)d(u)

uEVy, -1

= Z Agr7:zl+1 (ﬂ-i(u)a 7Ti(v))A%*"+1 (ui’vi)é(u)
u=(u;) EVno1
uiG{'ui:I:Q_"}

1 —
=5 Z Ag_,}ﬂ(ﬂi(u),ﬂi(v))é(u).
u=(ui){_ 1 €Va1

uie{vij:2_"}

Repeating the same argument, we verify

S A=Y AEL (), m(0)(w),

UEVn 1 u:(“i)?:levn—l
w;=v;+27"
> AL (v, )6(u) = > AL (i (u), i (v))6 (u).
UEVy 1 u=(u;) €V

u;=v;—2""
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Altogether, we have

=2"* | d(v) — Z A (u, )6 ()

UEV, 1

=2" 7 | 8 (v-0) Z AG— e (u, vy )8(w)

u€EVn_1

—2mem (vt Lo-n) Z Az nr (1,0 Lo-n)d(u)

ueEV, —

Note that by the assumption, 2"*(6(v') = >, oy A4_..i (u,v')d(u)) for each
v € {v, vftQ_n} C V,,. The intermediate claim now follows as

one (5@) — %(5(1);;”) - 5(vi_2n))> € (1+ 21—P)1/” aconv, M

C paconv, M.

Letl € {1,...,d — 1} be such that the claim holds for | — 1. Pick v = (v;)L, € V,
n €N, and i € {1,...,d} such that v; € 27"Z\27"MZ. If {j € {1,...,d}:v; ¢
27"Z} is empty, the conclusion follows from the induction hypothesis. We may
thus further assume there is some j € {1,...,d} for which v; ¢ 27"Z.

We consider ui,us € [0,1] N27"Z such that u; < v; < ug and |u; — ug| =27".
Let us further denote v' = (vi,...,vj_1,u1,Vj41,...,04), V' = (v1,...,0j_1,us,
Vj41,...,0q). Observe that i, n and v’, v € V, respectively, satisfy the induction
hypothesis for [ — 1. Hence,

1 . .
{2 (00 - G000 o) ) swre 0
C paconv, M. (4.2)
If 7>4, we set m =1 Otherwise, we set m=1i—1. We define =z =
(V1,5 V21, Vj415 .-+, 0q) and @y = 2, xo = 2™, _,,. Let also 1, 2 € R, 1 € Ny,

vr €R, n. €N, n. >n, and w, € 27™Z\ 27" 17 where r € {1,...,1}, be the
coefficients from lemma 4.3 associated with ui, us and vj.
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It follows that

287 (v5) = p12"6% (u1) + p22"* 67 (uz)

l
#32m (hw) — geder) + i)

r=1
2007100 (vg) = 28 (un) + pa2" 18] (us)

l
. 1 . .
gan,—1 J Y E Y/ - J +
+;Vr (5901 (wT) 2(5$1 (wr ) + 6561 (wT >)) ’
and
2" 18], (1) = 2" 6L, (i) + 122" 16, ()

1
#3251, = 361,007 + 3,005 )
r=1

Pick 7€ {1,...,1} and recall that w, €2 ™Z\2"Z If y=(y)} €

{z, 21,22}, we set v = (Y)1 = (Y1, s Yj—1,Wr,Yj11,---,Ya); it follows that
Hke{1,...,d}:y; ¢ 27" Z}| <1 — 1. By the induction hypothesis,

an,. ; 1, . .
2 ((%(wr) — 5(5§(wr )+ 5§(wj))> € p'aconv, M.

Using the estimate from lemma 4.3, we obtain for any y € {x, z1, 22}

l
an, (5 L ositw) + 57
S (Sjtn) = 56 00) + 850w))

r=1

1 1/p
€27 <1_2pa) p' aconv,, M. (4.3)

We note that 67 (v;) = 6(v). Similarly,

6h(u1) =6(v")  Ol(u2) = 6(v")

0(vy-n) = 67, (v;) 5(1)52— ) =02, (v))

05, (u1) = 0((v)3-n) 07, (u2) = 6((v")3-0)
83, (u1) = 0((V)gmn) 01, (u2) = 6((v")g-n).
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We may now rewrite

= p12"63 (ur) + p22" 67 (uz)
1
+ Tzz:l v, 20mr (cﬁ(wr) - %(ﬂ(wr_) + 55;(“’?)))
—pa 2" 167 (ur) + pa2™ 6L (u)
! ) 1, . i
=S (2, ) = 02, (o) + 8, 0
r=1
—a2" 7Y (u) 4 22716 (uz)

l
=St (o) - 0 )+ 8, ().
r=1
and

2 () = (6%, () + 8L, (1))
=2 (30 = §6() + 30 5.
a2 (uz) = (6%, () + 81, () )

= 2 (306 = 5O 0) + 3" )

Substituting the last two terms, let us rewrite

ne (5@) - %(5@;_”) + 5(#’_2_")))
/ 1 A AY
= 2 (306 = GO + 30 5

a2 (3(07) = GO0 500) + () ) )
l

# 3 n (s0n) - 3610y + 810w ))

r=1
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1 s Lo i ()
1S v (6 ) — (6L, (w7) 4, ()
r=1
1 : an j Lo - j +
_5 Z Vr2 " 6%2 (wT) - 5(6%2 (wr ) + 65:1 (wr )) °
r=1
Appealing to (4.2) and (4.3), we conclude

_ _ 1 1/p .
€ <,u’f + b+ (14 217P)2 pa1_2_pa) p' aconv, M
C le aconv, M.
This verifies the induction step, and thus completes the proof. (|

4.1.2. One geometrical consideration We develop a result for the specific case of

d = 1. This result implies the existence p € R such that for any u, v € [0,1]N27"Z

with n € Ny, the relation 6(u) — 0(v)/|u — v|* € paconv, t({e; : * € V}) holds.
First, we establish the conclusion under the assumption that |u — v| = 27",

LEMMA 45. Let d€N, ie{l,....d}, == (z;)i—{ €[0,1]"" and MCF,
([0,1]4,] - |). Assume that §:(0),5%(1) € M and for anyy € 27FZ\ 27k Z, where
k € N, it holds that 2°% (8% (y) — 1/2(6%(y~) + 0L (y1))) € M.

Whenever w, v € [0,1]N27"Z and |u—v|=2"" for some n € Ny, we have
82 (u) — 0L (v)/Ju — v|® € 2Y/P(1/1 — 2P(@=D) /P aconv, M.

Proof. Given n € Ny, let us denote

M, = {M cu, v €[0,1]N27"Z, Ju —v| :2_"}.

lu—wl*

We claim that for any y € M,,, where n € Ny, there exist coefficients u]y- e {-1,1},
where j € {0,...,n}, and elements y? € 277Z\ 277 Z, where j € {1,...,n}, such
that

y= i) — 5(0))
n ) ) . . . 4.4
# 3o (s - e @ ).

Jj=1

We proceed by induction on n. To that end, we note the conclusion is trivial in
the case n = 0.

Let ne€N be such that the claim holds for n—1, and pick y=
8t (u) — 6L (v)/|lu —v|* € M,, for some wu,v€[0,1]N27"Z, |u—v|=2"". As
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{u,v} N27"Z\ 27" F1Z #£ 0, there exists w € 27"Z \ 27" Z for which
ye{ 6 (w) — & (w) iaz;(w)—é;(ww}

:I:‘L
jw—wtle T jw —w |

Similarly, there exist vy, vo € {—1, 1} such that

5<|z>_5|<> = 02" (5;<w> - §<5z<w+> + 6i<w>>>
O (4.5)
12071 (W' — 05 (w™)

wt—w=|*

Denote z = &, (wT) — 04 (w™)/|wt —w™|* € M,y and let p7 € {~1,1}, where
j€{0,...,n =1}, and yi € 277Z\ 2797 Z, where j € {1,...,n — 1}, be the coef-
ficients from the inductive hypothesis. We may now define ujy- = vop}, where
j€{0,...,n—1}, and y! = yi, where j € {1,...,n — 1}. Similarly, let u} =11,
Yh = w.

It follows from the construction that {u%:j € {0,...,n}} C {~1,1} and y} €
2797\ 2797 for any j € {1,...,n}. By (4.5) we easily verify

y = g2V (55(1) - 5,(0))

+ ey (5;@;’) @) + 6;«%9)—))) .

Jj=1

As y € M,, was arbitrary, this concludes the induction step.

Let y € M,,, where n € Ng. We pick puf € {~1,1}, where j € {0,...,n}, and
yi € 2797\ 27917, where j € {1,...,n}, as found in the previous part. Recall
that by the assumption, 2”(5;@?) —1/2(0%((y) ") +02((y§)7))) € M for any
jeA{l,...,n} and ¢2(0),0.(1) € M. Combining this with (4.4), we deduce y €
(2-2e(a=n L 570 | 2p(=D)@=D)/P aconv, M. Hence,

n ) 1/p 1 1/p
y S (2 22;01(04—1)> aCOanM g 21/P <1_27M_1)) aconvy, M
i=0
The claim follows. O

We decompose a general element 6(u) — 0(v)/|u — v|®, where u, v € [0,1] N 27"Z
for some n € Ny, into a combination of elements which we considered above.
The following technical result is a refinement of [18, Lemma 8.40].

LEMMA 4.6. Let u, v € [0,1] N 27"Z for some n € Ny, u # v. There existl € N and
a; € [u,v] N 27"Z, where i € {1,...,1l}, such that

(i) a1 =u, aj = v,

(i) ai,aiy1 € 2777 and |a; — a;11| = 27 for some k € {0,...,n}, for any i €
{1,...,1—-1},
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(i) (2 faie — aifP)1/7 < 21/2(1/1 = 2700) rju — oo,

Proof. Without loss of generality, let u < v.

We choose the smallest ng € NoU{—1} such that [u,v]N27™Z # (0. Sub-
sequently, we define the sets V; (where i€ {ng,...,n}) to be sub-
sets of 27Z as follows. Set V,, =2"ZN[u,v]. If i€{ng+1,...,n}
and V; was defined for all j € {ng,...,i—1}, we take V; = [u,v]N27Z\
[minUjen,,....i—1} V> Max Uje fng.....i—1} Vil 4

We remark that |V,,| =1 by the choice of ng and, moreover, [u,v] N27'Z C
[MinUjen,,....i3 Vi, Max Uje n,,....i1 Vi), where i € {ng,...,n}, by the construction.

Pick i € {ng + 1,...,n}. It follows from the above remark that V; N 2717 = (.
Since Uje(n,,....i—1}V; C 27"T1Z, this establishes the inclusion

V; C {mmU

Denote V = Ujen,,....n} Vi- It follows that V' is finite and {u,v} C V since {u, v} C
27"7Z. Hence, we may define [ = V| and find a strictly monotone arrangement a;,
where i € {1,...,1}, of the set V such that a; = u, a; = v. It remains to show that
I and a;, where 7 € {1,...,1}, satisfy (ii) and (iii).

To show (ii), pick i€ {1,...,l—1}. By (4.6), there is k€ {no+1,...,n}
for which a; = minUjcipn,,.. x-1}Vj — 2% @;1 1 = min Ujeing,...k—1}Vj or a; =

j€{no,...,i—1} Vi—2 ’maXUje{no,...,i—l} Vi+27 (4.6)

max Uje{n(]’.._,k_l}vj', Q;+1 = Mmin Uje{n(]’.._,k_l}vj' + 27 It follows that i, Qip1 €
2-*7 and |ai — ai+1| =27k,

The above argument also shows that the set {¢ € {1,...,1—1}: |a; — ajy1| =
27F1 is empty for any k € Z such that k < ng or n < k and it has at most two
elements if ng < k <n. We consider the least kg € Z for which there exists i €
{1,...,1 =1} with |a; — a;11] = 270, Since |u — v| > 27%, we have

| o | v
a7,+1 — Qy a"LJrl - az
T
n 1/17
< <2 Z 2p(i+ko)a>

i=ko

1
P —— "
1—2-pa ’

which verifies (iii). The proof is now complete. |

LEMMA 4.7. Letd €N, i € {1,...,d}, x = (2;)9Z] € [0,1]*~" and M C F,([0,1]¢,
|- |*) be such that the conclusion of lemma 4.5 holds true, i.e. whenever u, v €
[0,1]N27"Z and |u—v|=2"" for some n € Ng, then &' (u) — 6. (v)/|u —v|* €
21/P(1/1 — 2v(@=1)1/P aconv, M.

Whenever u, v € [0,1] N 27"Z for some n € No, where u # v, then & (u) — 6% (v)/
lu —v|* € 22/P(1/1 — 2p(a=1)1/P(1 /1 — 27P)1/P aconv, M.
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Proof. Given u, v € [0,1]N27"Z, where n € N, u # v, we pick the coefficients [
and a;, where j € {1, ...,1}, from lemma 4.6 associated with v, u and n.
By (i) and (iii) of lemma 4.6, respectively, we have

6L (u) — 6% (v Z |aj 1 — a|* 6% (a;41) — 0% (ay)
|U—U|a lu — v|* laji1 —aj|*
1/p
1
Z =) g (LY
|u — v|pe 1—2-pe

By the assumption on M and (ii), we obtain

5 (a 5t 1 Y )

(|a]:_11)_ - |( i) col/p (IQI'M) aconvy, M, je{l,...,l—1}
j j

Hence, we get 6&.(u) —6L(v)/|u—v|* € 22/P(1/1 — 2pla=1)1/P(1/1 — 2-P)l/p

aconv, M. The proof is complete. O

Drawing on the conclusion of lemma 4.4, we generalize the previous result by
induction on the dimension of boundary cubes.

LEMMA 4.8. Letd € N and M C F,([0,1]%, | - |*) be such that {§(u) : u € {0,1}4} C
M and the conclusion of lemma 4.4 holds true, i.c. there exists p' > 0 such that
for anyv = (v;)%, €V andi € {1,...,d}, if v; € 27"Z\ 27" Z for some n € N,
then 2"*(8(v) — 1/2(6(vi-,.) + 6(v' ,-,.))) € p' aconv, M.

There exists 7' >0 such that for any u,v e VU{0}, u#v, we have
§(u) — 6(v)/|u —v|* € 7" aconv, M. Quantitatively, if we denote T = C*(par, d)22/P -
(1/1 — 2P(e=NV/P(1/1 — 27P)V/P . (1 4 (d — 1)P)V/P, then 7/ = 7%p/.

Proof. We show inductively that for any [ € {1,...,d}, the following claim
holds true. Let u = (u;)L,, v = (v;)&, €[0,1]2N27"Z% where n € Ny, u#v
and Z C {1,...,d}, |Z| =d —1, be such that u; = v; € {0,1} for any ¢ € Z. Then
S(u) — 6(v)/|u —v|® € T'p aconv, M.

Let us note that by assuming u; = v; € {0,1} for any ¢ € Z with |Z| =d — [, we
can iteratively develop the result over the [-faces of [0, 1]%.

Let [ =1 and pick u= (u;)’,,v=(v;)%, €[0,1]9N27"Z% where n € N,
u# v, and i € {1,...,d}, such that u; =v; € {0,1} for any j € {1,...,d}\ {i}.
We may find z € {0,1}%! and «/, v €[0,1]N27"Z such that &(u) = §%(v),
5(v) = 8 (v).

Note that by the assumption, &% (0), 5% (1) € M, and whenever g € 27*Z \ 27k+17
for some k € N, we have 2°% (8% (q) — 1/2(0%(¢7) + 62(¢"))) € p' aconv, M. Tt fol-
lows that d, i, x and p’ aconv, M satisfy the assumption of lemma 4.5.

Consequently, by lemma 4.7 for v/,v" € [0,1] N 27"Z, u # v, we obtain

O(u) —d(v) _ g (u) — 65(v")

=l = e

€ 7p’ aconv, M,

which establishes the first step.
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Let I € {2,...,d} be such that the claim holds for I — 1. We pick u = (u;)%_,,v =
()L, €10,119N27"Z4 where n € Ny, u # v,and Z C {1,...,d}, |Z| = d — [, such
that u; = v; € {0,1} for any i € Z. Assume first there exists i € {1,...,d} \ Z such
that u; = v; for any j € {1,...,d} \ {i}. We shall prove that §(u) — é(v)/|u — v|* €
22/P(1/1 — 2rla=I1/p(1/1 — 27P)L/P(1 4 (d — 1)P*)/Pri=1 o aconv, M.

Let y = (yj)?:l, z= (zj)‘j:l €[0,1]9N27"Z% be such that y; =0, z; =1 and
yj =z =u; for any je{l,...,d}\{i}. We further pick 3" = (y})I_,, 2’ =
(2)9-; € {0,1}% satisfying v} = y; and 2} = z; for any j € T U {i}.

Ify #y', we rewrite d(y) = |y —y'[*6(y) — 6(y')/ly — ¥'|* + 6(y'), where, in par-
ticular, 6(y) — 6(y') /|y — v'|* € 711 p/ aconv, M by the induction hypothesis. Since
0(y) =0(y') in the remaining case and d(y’) € M by the assumption on M,
we deduce that §(y) € (1+ (d —1)P*)Y/Pri=1p  aconv, M. Repeating the same
argument for z, we conclude §(y), 6(2) € (14 (d — 1)P*)V/prl=1y acoanM

Let next x € [0, 1]971N27"Z4"1 and «/, v’ €[0,1]N27"Z, v’ # v/, be such
that d&(u) = % (u'), §(v) =0d%(v'). We observe that d&(y) = 5;(0) and 5(z) =
57(1) hold. By the preceding paragraph, we have §%(0),0%(1) € (1+ (d—
DP/Pri=1 ) aconv, M, and if q€27FZ\27**1Z for some k€N, then
20k (81 (q) —1/2(8%(¢7) + 0i(qh))) € p' aconv, M by the assumption on M. By
lemmas 4.5 and 4.7, we conclude

o(u) = d(v) _ d(u) — 65(v")

el T =

1 1/p 1 1/p
c 22/p - - R
1 — 2r(a=1) 1—2"po

(1 + (d — 1)P*) P~y aconv, M.

To establish the general case, we pick u = (u;);, v= (v;)¢, € [0,1]*N27"Z4,
where n € No, u # v, and Z C {1,...,d}, |Z| = d — [, are such that u; = v; € {0,1}
for any i € Z. If u, v differ at exactly k coordinates, k > 1, we set u! = v, uF*1 = u
and find ', where i € {2,...,k}, such that u!, v'*! differ at one coordinate for
any i € {1,...,k}. Let us remark that all u’, where i € {1,...,k + 1}, mutually
coincide at any coordinate from the set Z.

It follows that Ele |uttt — vt = |u — v| and

5 Z ‘uﬁ_l i|a 5(ui+1) _ (5(ui)

u—v|‘JZ lu — v [uitl — i |

k . . 1/17
|u7,+1 _ uz‘pa
< |u — v|Pe < C%(pa, d),
i=1

where, by the already proven that, we have for any ¢ € {1,...,k},

5(ui+1) . 5(uz‘) ey 1 1/p 1 1/p
[uitl — il 1 — op(a—1) 1 — 9-ra

(14 (d — 1)P) VP Y acony, M.

)
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Therefore, we may write

S(u) —8(v) . o 1 L/p 1 1/p
lu —v|® € C%(po,d)2 1 — 2p(a=1) 1—2-pa

(14 (d — 1)P) VP11 acony, M
= 7'p  aconv, M.
This concludes the claim. O

By now we have collected all the necessary results to establish the isomorphism
theorem.

Proof of theorem 4.1. Let ¢ : {ey}tvey C £p(V) — Fp([0,1]%, |- |*) be defined as
ey > 2k (5(v) — D uevi Ayt (u,v)8(w)) for v € Vi \ Vi—1, where k € No.

It follows easily that {e, : v € V'} is isometrically p-norming in ¢,(V) and that
aconvy{e, : v € V} contains a neighbourhood of zero in span{e, : v € V'}. More-
over, we claim that ¢ extends to a one-to-one linear map from span{e, : v € V} into
Fp([0,1]4,] - |*). Indeed, an easy direct argument is possible or it suffices to note
that 62 (j0,1)4,-]) (Z) = O£, (j0,1]4)(2), Wwhere z € [0, 1]¢, induces an onto linear bijec-
tion # : span{dz ((o,1]4,.]o) () : = € [0,1]7} — span{dz (.1ja)(z) : z € [0,1]?} and
k(t(ey)), where v € V, form a Schauder basis in 7, ([0, 1]%), see [4, Theorem 3.8].

Once we show that (({e, : v € V}) is p-norming in F,([0,1]%,|-|*) and that
aconvy t({e, : v € V'}) contains a neighbourhood of zero in span:({e, : v € V}),
it will follow from lemma 2.4 that ¢ extends to an onto isomorphism 7 : £,(V) —
Fp([0,1]4,] - |*). To that end, let us first establish the inclusion Bi({e, : v € V}) C
Bg, for some 3 > 0.

For any v € V5 \ V_1, we deduce

0(v)

o]

l[e(ea)ll, = o), = [0

g da,

p

where [|6(v)/[v]¥][, =1 as § is an isometry.
Let v = (v;)%, € Vi \ Vk_1, where k € N. We first note that

p
lee) = || D 25 ks (u,0)(8(v) — 6(u))
ueVi_1
p
. P
< Z 2ka‘,u o u|aAg,k.+1 (’LL, 'U) 5(”) 6(“) (47)
u€EVi_1 |U B U,‘a P
= 3 @ -l A (),
u€EVy_1

where the third equality follows as [|6(v) — d(u)/|v — u|*[|, = 1 for any u € Vj_1, by
isometry of . We further remark that for any u = (u;)%_; € Vi—1, AS_,,, (u,v) #0,
it follows from lemma 2.13 (iv) that |v; — u;| € {0,27%}, where i € {1,. .., d}; hence,
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2k |y — u|* < d*. Similarly, we recall that D v A4 ., (u,v) =1bylemma 2.13
(iii) and AY_,,,(-,v) > 0 by definition. Continuing (4.7), we obtain

1/p

le(eo)ll, < | > (2% —ul*Ad-ii (u,0))

ueVy_1

<d*C(p,27).

It follows that t({e, : v € V}) C d*C(p,2%)Bz,.

We verify that Mol(V U {0}) C aaconv, t({e, : v € V'}) for some a > 0.

To that end, let v € Vi, where k € Ng. Whenever v € Vi, \ Vi_1, we have that
2k (§(v) — D eV s A (u,v)0(u)) € L({ew s v € VY). If v e Vi, we recall
that A ., (u,v) = 8y, for any u € Vj_; by lemma 2.13 (ii); hence, 2**(§(v) —
D wevi A i (u,v)0(u)) = 0. We deduce that

b | S(0) = D A (u,0)d(u) | €0, 1(en)}

ueVi_1

C aconv, t({ey : v € V}).

Since now aconvy,t({e, : v € V'}) satisfies the assumption of lemma 4.4 and,
in particular, we have that {§(u):u € {0,1}¢} = {i(e,) v € Vo \V_1} U{0} C
aconvy t({e, : v € V}), by lemma 4.8 there exists o > 0 such that

Mol(V U {0}) C avaconv, t({e, : v € V'}). (4.8)

Quantitatively, if p and 7 are as in lemmas 4.4 and 4.8, respectively, we may set
a = pird,

Note that Mol(V U {0}) is a dense subset of Mol([0, 1]¢), which is isometrically p-
norming by fact 2.9. Hence, we get from (4.8) that Br, C aaconvyt({e, : v € V'}).
Since also ¢({e, : v € V}) € d*C(p,2%) Bz, by the already proven part, we conclude
that «({e, : v € V}) is p-norming in F,([0,1]%, | - |%).

Moreover, lemma 2.10 in conjunction with (4.8) shows that aconv, ¢({e, :
veV}) D1/a-Mol(V U{0}) contains a neighbourhood of zero in span¢({e, : v €
V}) =PV U{0}).

Altogether, we have verified that the assumptions of lemma 2.4 are satisfied;
hence, ¢ extends to an onto isomorphism .

Quantitatively, we have shown that

1
T8 T ({ev v € V) C By, C plrtacon, u(fes - v € V),

and thus the Banach-Mazur distance of F,([0,1]%,|-|%) and £,(V) may be
I

estimated as d(F,([0, 1], |- |%), €,(V)) < ||Z|[[lT7 Y]] < C(p, 2%)pdre.
The proof is complete. O
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4.2. The isomorphism F,(M, p®), where (M, p) is infinite doubling

We generalize the isomorphism theorem to snowflakes of infinite doubling metric
spaces. The following argument was suggested in [3].

THEOREM 4.9. Let (M, p) be an infinite doubling metric space and 0 < o <1, 0 <
p < 1. Then Fp(M, p®) is isomorphic to the space £y,.

Proof. Let § € (a, 1). By the Assouad embedding theorem, see [5, Proposition 2.6],
it follows that (M, p®/?) is bi-Lipschitz equivalent to (M, ] - |) for some M’ C R,
where d € N. As a consequence, (M, p®) is bi-Lipschitz equivalent to (M’, |- |?).
Hence, for the rest of the proof we may assume that M is an infinite subset of R¢.

We note that F,(R?, |- |%) contains a complemented subspace isomorphic to
Fp(M,]-1%), which is infinite-dimensional since M is infinite. In fact, it is true
that for any M C N C R?, there exists a bounded operator 1" : F,,(N') — F,(M)
satisfying T'o L; = Idx, (), where L; is the canonical linearization of the inclusion
map i : M — N, i.e. M is complementably p-amenable in N, see [3, Theorem 5.1].

Moreover, it is known that F,(R%, | - |*) ~ F,([0,1]¢,] - |*), see [3, Theorem 4.15].
In light of Theorem 4.1, it follows that F,(R%, | - |*) ~ £,,.

We deduce that F,(M,]|-|*) is isomorphic to a complemented infinite-
dimensional subspace of ¢,. Hence, it is isomorphic to £, see [15, Theorem 1]
and [17, Theorem 2], and this finishes the proof. O
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