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1. Introduction

Any variety of groups is generated by its free group of countably infinite rank.
A problem that appears in various forms in Hanna Neumann's book [7] (see,
for intance, sections 2.4, 2.5, 3.5, 3.6) is that of determining if a given variety 8B
can be generated by F (), one of its free groups of finite rank; and if so, if
F,(B) is residually a k-generator group for all n = k. (Here, as in the sequel, all un-
explained notation follows [7].)

To any variety B generated by a finitely generated group one can associate
the number d(B), the least positive integer such that B is generated by its free
group of rank d(B). For example, for the variety O of all groups, d(D) = 2 (in fact
every free group is residually free of rank 2 [8]); for U, the variety of abelian
groups, d(2A) = 1 and d(A") = 2 (I = 2) ([7] 16.35 and 25.34); for N, the variety
of nilpotent groups of class at most ¢, d(M,) = c¢—1(c = 3)([6],[9]); and more
generally for B £ N_,d(B) < ¢ ([7] 35.12). Further examples may be found in
[7] where, in addition, for two varieties i and B, the dependence of d(UB) on
d(U) and d(B) is discussed. Also, Baumslag [2] has shown that for arbitrary 1,
the non-cyclic free groups of U are residually free of rank 2 so that, in particular,
dUA) = 2 (cf. [7] 25.33).

Corresponding results for [, B] are more isolated even for B = E, especially
since [U, €] is indecomposable for any U # O ([7] 24.32). In the present paper
we shall consider such problems for My, = [A?, €], the variety of centre-by-
metabelian groups; and more generally for M., defined inductively by M.,
= [M-1),E](c = 2). In addition, we obtain information regarding the ascend-
ing chains

(1) VarFZ(iIR(c)) = VarF3(<JJt(c)) = -
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(see [7] Section 1.6 for a general discussion of such chains).

Our results for ¢ = 1,2 rely heavily on a 3 x 3 matrix representation of
F,(My,) found by Gupta [4] and a corresponding 4 x 4 matrix representation
of F,(My) (Section 4). These representations are generalizations of the
well-known faithful 2 x 2 matrix representation of F(JR) found by Magnus (see
[7], 36.12), where M = AZ. In Section 2 we divert from our discussion to illustrate
how the Magnus representation can be used to give an alternate and rather elemen-
tary proof of the result that F,(YN) is residually F,(MN) for k = 2. On the whole,
Section 2 serves the purpose of introducing the terminology and the computational
techniques required in our discussion of ., and M,,,.

In Section 3 we show that d(I;)) = 4 (Theorem 3.7) and establish chat

The inequality in (2) is a result of Gupta [5] who shows that the laws of F3(I,))
are consequences of those of M ;, plus an additional law u with the property that
u’ is a law of M,,,. Further she shows that if U is the subgroup generated by the
values of u in F(Mq,), then F (M ,,)/U is isomorphic to the group M, of 3 x 3
matrices mentioned above. Thus it follows from (2) that d(Var (M3)) = 2.

In Section 4 we show that not only is d(IR;, = 4 (Theorem 4.6), but that

(3) Var Fz(gin(z)) = Var F3(§U2)(2) < Var F4(§IR(2)) = S]:R(z)

which is the chain (2) with I, ,, replaced by M,,,. Our investigations, in Section 5,
regarding M,,,(c = 3) are not so complete. However, while we have not de-
termined the precise chain (1) for these cases, we are able to verify that for
¢ = 3 Var F,_ (M) is properly contained in Var F (M) for k = 2,--,c ~ 1.
The proof uses methods similar to those in Levin [6].

Another problem for the varieties of the form [, €] is that of deciding when
the centre of F [[U(F), F] is precisely U(F) [ [U(F), F], where F is a free group
of finite or countably infinite rank. This, for instance, is the case if A = N (Witt,
cf.[7] 31.63) or U = M (follows from the fact that the centre of F(IN) is trivial [1]).
On the other hand, Cossey {3] has shown that this is not the case for U =
Var SL(2, 5). As a by-product of our results, we show in Section 6 that the centre
of F|[F",F,F] is precisely [F", F]/[F",F, F].

We are thankful to Dr. M. F. Newman for his comments on an earlier draft
of the paper.

2. The Variety I

Let ZG be the integral group ring of a free abzlian group G freely generated
by x,x,,-,and let T, = ZG[A,] be the ZG-algebra in the set A, = {A{};
k=1,2,---} of commuting indeterminates. Let M, be the multiplicative group of
2 x 2 matrices (over T,) generated by
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1 0 .
; [y o]
( R
for k = 1,2,---. Let F be the (absolutely) free group freely generated by x,, x,, -
and let ¢,: F — M, be the homomorphism of F onto M, defined by ¢,(x,)= X,
Define a mapping a,, : F — T, by a,,(w) = 21-entry of the matrix ¢,(w) for all
weF.

LemMma 2.1. (Magnus, ¢f. [7] 36.12). a,,(w) = 0 if and only if we F”. In par-
ticular F|F" is isomorphic to M, under the natural mapping x,F" — X?.

Since G = F/F’, we may identify G with F/F’ (and ZG with Z(F[F’) corres-
pondingly) by identifying x, with x,F’. Thus if w = w(xy, ---, x,) € F’, then we may
write
5) w= J] [x»x,]"(mod F”),

n2i>jz1
where ¢;; = ¢;;(X1, ", X,) € ZG.

For each ke {1,2, .-} and each te Z we define an endomorphism 6, of
F and an endomorphism 8,,,,, of ZG as follows:

(6) Ot (X)) = X, Op (%) = x; for i # I,
@ Opr(x)) = X0 Oy i(x) = x; for i # 1.

LEMMA 2.2. If weF’, then ay(w) = Zip,-/l(zi{, where each p; is a uniquely
determined element of ZG. Further if a,,(6,.,. (W)= X:q;A%), then for all i ¢ {1, k},
q; = 0,4.{p))- (Here 0, 8 are as defined in (6),(7)).

PROOF. It is clear that a,,(w) will be an expression of the form X;p,A%5) and
since A4) are linearly independent over ZG, p; are unique. Replacing x; by x} in w
has the :flect of changing the corresponding matrix expression ¢,(w) by replacing
X® by (X$). Thus if i ¢ {k, [}, the coefficient of AF] in 05,0}k, is precisely
B,.1.(P)-

For any pe ZG let ¢(p) denote the maximum of the absolute values of the
exponents of x, occurring in p. The following lemma will have repeated applica-
tions in the sequel.

LemMMA 2.3. Let pe ZG,p # 0. For any integers l,k, 0,,.,(p) # O whenever
|t = 2edp) + L.

PROOF. The lemma follows immediately from the observation that if |s,| < |s]
(s; #5s) and s, 2 2]s| + 1 then the equation is, + s; = js, + s has no integral
solution, from which it follows that if s, 2 2|s| + I, then xjx{' — x/x; will not
vanish for any replacement of x; by x;

We conclude this section by giving an alternate proof of the following result.
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THEOREM 2.4. (cf. [2]). For n = 2 F, (W) is residually F,(W).

ProoF. It is enough to show that for n = 3, F,(9) is residually F,_,(9N). Let
w = w(xy, -+, X,) be an element of F\F”, If w¢ F’ then 0, ,w) ¢ F’ for some
ie{l,---,n}. Thus we may assume that we F’\F”. By Lemmas 2.2 and 2.1, a,,(w)
= p AP+ - + pAY) # 0, and we may assume, without loss of generality,
that p, = p,(x,,*-,x,) # 0. Since n = 3, by Lemma 2.2 the coefficient of 4,, in
the expansion of «;;(0,,,-1,{w)) is precisely 8,,,_,.{p,) which by Lemma 2.3 is
non-zero for a large enough ¢. It follows by Lemma 2.1 that 0, ,_, (w)¢ F". This
completes the proof of the theorem.

3. The variety M,, ( = [M, €]

As in Section 2 let Ay = {A%) :i =2,3;k=1,2,--}and let T; = ZG[As].
Let M, be the group of 3 x 3 matrices (over T) generated by

1 o0  o0-
@® B x 0

0 M1

3
=X,

for k = 1,2,--- and let ¢ be the homomorphism of F onto M; defined by ¢(x,)
=X for k = 1,2, ---. Further let a;; (3 2 i > j = 1) be the mapping of F into
T, defined by a;i(w) = ij-entry of the matrix ¢;(w) for all we F.

LemMA 3.1. (Gupta [4]). Let we F". Then a3,(w) = O if and only if w = w,w,,
where w, is a product of values of the word
® Ug34(x) = [xl_l,xz";xs,x4][xl'l,x;‘;x4, xz][xl_l,x;';xz,xﬂ
[x; 1, x4_1 ;xb xz][x: 1’ xz— ! ’ xl: x3][x2— 1’ xs_ 1’ xla x4],
and w,e[F", F].
LemMMA 3.2. (Gupta [4]). F3(DR,,)) is isomorphic to the subgroup of My gen-
erated by X{¥, X3, xP.

LemMA 3.3. (Gupta [5]). uy,34(x) ¢ [F",F] but ul,s(x)e[F",F], where
Uy234(x) is defined by (9). Further if w = w(xy,-+,x,) (n Z 4) is an n-variable
word in F" such that a3 (w) = 0, then

(10) W= I1  ufd) (mod [F",F]),

18i<j<k<Izn

where u;,(x) is defined as in (9) and &(ijkl) e {0,1}.
The next lemma is analogous to Lemma 2.2 and the proof is essentially the
same.

LeMMA 3.4. Ifwe F”, then a3, (w)= X, ;p,A$3AY}, where each p;; is a uniquely
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determined element of ZG. Further if a3,(0).,.{w)) = Z;,;4:;A5325), then for all
i,j ¢ {I,k},q;; = O4.(p;), where 0,8 are def.ned in (6), (7).

LEMMA 3.5. Let w = w(xy,--,X,) (n = 2)e F” be an n-variable word such
that o3,(w) # 0. Then there is an automorphism & of F such that for some
ie{l,---,n} the coefficient of 2§45} in the expansion of ay,(&(w)) is non-zero.

PROOF. Let a3 ; (W)= X, ;. ANAY). If for some i, p; # O then we take & to be
the identity automorphism of F. Otherwise, we may assume that for some i,
je{l,--,n}(i # j),ps = 0 = p;; and one of p;;, p;; is non-zero. Let &; be the
automorphism of F which maps x; to x,x; and x; to x, for k s j, and &, be the
corresponding automorphism mapping x; to x;x; and xk to x, for k # j. Let
t31(E; (W) = Xy g A9AY) and o3,(E,(W) = Xy, ry 25945, One verifies that

4 = by +x;p;and ry = x;p;; + pj,
where p is obtained from p on replacing x; by x;x;. If both g;; and r;; are zero then
both p;; and j;; must be zero and equivalently both p;; and p; must be zero, con-
trary to the assumption.
We can now prove,

THEOREM 3.6. Let & = Var(M,). Then for all n 2 2, F(®) is residually
Fy(®). In particular F3(M,,)) is residually F,(MN,)).

ProOF. Let w = w(x,,--,x,) (n = 3) be an n-variable word in F such that
w ¢ G(F) < F". If w¢ F” then, by Theorem 2.4, 0,,,.(w) ¢ F" for some I/, ke {1, ---,n}
(I # k) and some te€ Z. Thus we may assume that we F”. Using an automorphism
¢ of F, if necessary, we may, by Lemma 3.5, assume that the coefficient p, of
A§325) in the expansion of as,(w) is non-zero for some i€ {1,-..,n}. It follows, by
Lemma 2.3, that 0,,, (p;) # 0 for i ¢ {l,k} (I k). Thus by Lemma 3.4, 6,,,,
(w) ¢ B(F). The second part of the theorem uses Lemma 3.2.

We conclude this section by proving the following result.
THEOREM 3.7. For n = 4,F,(IN,)) is residually F,(IN,,)).

PROOF. Let w = w(xy, ---,x,) (n = 5) be an n-variable word in F\[F",F]. As
in Theorem 3.6 we may assume that we F"\[F”, F]. Further, if a3,(w) # O then,
as in Theorem 3.6, 0, (&(w)) ¢ [F”, F]. Thus we may assume that a;,(w) = 0 so
that, by Lemma 3.3,

w= I]  ulf® (mod [F",F])

15i<)<k<iZn

and for some i < j < k < I, &(ijkl) # 0. Since n = 5, we can choose r ¢ {i, ], k, I}.
By Lemma 3.3, 6,,,.o(w) ¢ [F", F]. This completes the proof of the theorem.
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4. The Val'iety ‘IR(Z) (= [SD?, G’ E])

In this section we first of all show that d(I%,,)) > 3. We do this by exhibiting
a 4-variable word which is not a law in F,(I,)) but is a law in F3(9M,, ).

THEOREM 4.1. Let w = [u;,34(x),x4], where u,,34(x) is defined by (10).
Thenw isa law in F3(I ;) but not a law in F (M ;). In particular Var F3(M2)
< Var F,(M,,))-

PROOF. Since t,,34(x) is a law in F3(IN;,) (Gupta [4]), it follows that w is a
law in F3(,)). To complete the proof it suffices to show that w is not a law in
F4(:Ut(2) A m7)-

Expanding w modulo yg(F)[F", F, F] shows that
w= [xl,xz;xl,xz,xs,x4;x4][x,,x;;xl,x3, X2 X43 Xa [ X1, X4 Xy, Xq, X2, X33 X,]

[x2, X35 %2, X35 X1, X4 XaJ[X25 X435 X25 X4s X1, X33 X4 ][ X3, X4 X35 X45 X1,X25X,]

(cf. [5]). Since the frequency of generators is difierent in each factor, as words in
7,(F) the factors of w are independent of each other modulo yg(F). However, it is
readily verified that modulo yg(F),[F”", F, F] is generated by all commutators of
the form [x;y,X;2; X3, Xias Xi55 Xi6] Plus those of the forms [x;y, X33 Xi3, Xia3 X;5;
i3 Xi7)s [Xi1s X253 Xi3s X145 Xi50 Xig 5 Xez )y [Xuns Xi2s X133 Xias X35 Xi63 %;7] and [xi0s Xia3
X3, X145 X;55 Xig» X7] Where il,i2,--+,i7€{1,2,--}. In particular if w = 1 (modulo
vs(F) [F", F, F]) then it is not difficult to verify that in fact we [y;3(F), y,(F), F, F]
yg(F). Since the generators of weight 7 cannot alter the frequency pattern of any
factor of w, it follows that if w lies in yo(F) [F”, F, F] then each factor of w lies in
7s(F) [F", F,F), and in particular, [x,, x2; Xy, X3, Xy, X35 X,] € 75 (F) [F",F,F]. In
what follows we shall show that [x;,x,;x,,%x,,X;,X,;x,] is in fact non-trivial
modulo yg(F)[F", F, F].

Let H be the free group of class 7 freely generated by a,b and let N, be the
normal subgroup of H generated by all basic commutators ([7], 31.51) of weight
7 other than the following three commutators:

¢, = [b,a,a,b,b;b,a], ¢, =[b,a,a,b;b,a,b] and c; = [b,a,b,b;b,a,d].
Let N, be the normal subgroup of H generated by N, ¢?, c2, 3, c,c3t. Then

d = [b,a,a,b;b,a;b] = [b,a,a,b,b;b,a][b,a,a,b;b,a,b] by the Witt
identity ([7], 33.34)
= €€y ¢N2.
We next observe that modulo N,,
[b,a,b;b,a;b;a] = [b,a,b;b,a;a;b] = [b,a,b,a;b,a;b][b,a,b;b,a,a;b]

= dese; ' = ¢yc565¢3" = ¢y¢3 = 1, and [b,a,a;b,a;b;b]

= [b,a,a,b;b,a;b] [b,a,a;b,a,b;b] = dc,c3' = cic,0505" = cye5! = 1.
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Thus H/N, is a centre-by-centre-by-metabelian group of class 7 in which
d = [b,a,a,b;b,a;b] is non-trivial. This completes the proof of the theorem.
We now construct an Jit,,-group which will be useful in the sequel.
As in Sections 2 and 3 let A, = {A*)_ ;i =2,3,4;k =1,2,- -} and T,
= ZG[A,]. Let M, be the group of 4 x 4 matrices (over T,) generated by

m 1 0 0 0
(k)
231 Xy 0 _x®

0 AR 1 0

0 0 A1

for k = 1,2,---. Let ¢, be the homomorphism of F onto M, defined by ¢,(x,)
= X®for k=1,2,---and let o;; (4 2 i > j = 1) be the mapping of F into T,
defined by a;(w) = ij-entry of the matrix ¢,(w) for all we F. Using matrix mul-
tiplication the following lemma is routinely verified.

LemMma 4.2. (i) If we[F",F,F], then we kernel of ¢,;

(i) [uy234(x), xs]1 € kernel of @,;

(i) If we F”, then og[w, %] = — A%&%;, (w).

We now establish the following useful analogue of Lemma 3.5.

LemmA 4.3. Let w = w(xy, -+, x,)(n 2 2) be an n-variable word in [F", F]
such that oy, (w) # 0. Then there is an automorphism & of F such that for some
ie{l,--,n}, the coefficient of 2325115} is non-zero in the expansion of ay,E(w)).

ProoF. By Lemmas 4.2 and 3.4 we write
11 a4y (W) = Z P dDAGAG,

where p;; are uniquely determined elements of ZG and for some i,j,ke{1,---,n},
P # 0. Let i,je{l,--,n} (i # j) be fixed and let £, &,, &5 be automorphisms of
F defined as follows: &i(x;) = xixj, &1(x) = x; for k # j; $x(x)) = x;x;, &x(x0)
= x, for k # j; &3(x) = x; &%) = x, for k # i. Let

12) aq1(E1(W) = 2z quk}'(l) A9 9‘1)’ “41(52(“’»— z rukl(‘) A2 gkl); and

i j.k

() = T sk P

For pe ZG, let p* be the element of ZG obtained from p on replacing x; by x;*
and p be the element of ZG obtained from p on replacing x; by x;x;. If p;;; = p;;;
= 0, then using matrix multiplication the following can be verified:

(13) Qi = Puij + X;Piji + Py +X; D551 + Py + XPijis
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(14 Fig = X;Py; + Pigi + Pis + Pjji + X;D55; + X;Di555

(15) Siij = xi—lp:';j, Siji = xi-lp?ji’ Sjji = —X; lp;‘ji and s;;; = —xi—lpfij;
(16) diji = Pjjir9jij = XiPjij and g5 = Py + P+ Pijis

an Qiit = Piaj + X;Puji + P + X;Pij;5 and

(18) Teig = X;Pyiy + Puji + Prig + XD

To complete the proof of the lemma, let us assume that,
(19) Piii = Pjji = Qi = 4jjj = Tiw = Tjj; = Sux = Sjj; = 0.
Then from (13) and (14) we conclude that
(20) piij - piji = p.”l hand pﬁj’ and hence alSO Silj - siji = Sjji - sjij‘
Using (15), this last equation yields

Piij — Piji = — Pjji T Pjip

which together with the first equation in (20) gives
(21) DPiij = DPiji and Pjji = Djij» and hence also Qiij = 4iji and qjji = 4jije
Using (16) the last equation in (21) together with the second equation in (21) gives
Pji = 0 = pj;;; by symmetry,
(22) pu; = Piji = Pj = pj; = 0, and similarly g;;; = ¢ = q;; = 4;;; = 0.
Using (22) in the last equation in (16) yields
(23) pi;; = 0 and (by symmetry) p;; = 0.
Thus we have shown that if (19) holds for any i,je {1, ---, n}, then
(24) Piij = Piji = Pjis = Pjjis = Pjij = Pij; = 0,
and the same for the corresponding g, r,s terms. Assuming (19) for every pair
i,je{l,,n}(i # j),if k ¢{i,j}, then q; = ry; = Py = prj; = 0,50 that from
(17) and (18) we get as in the proof of Lemma 3.5, p;; = 0, which implies by
(11) that a,,(w) = 0, contrary to the hypothesis. This completes the proof of the

lemma.
As an immediate consequence of Lemma 4.3, we prove the following.

THEOREM 4.4. F3(M ;) is residually F,(M,)).

PROOF. Let w = w(x,, X, x3) € F\[F", F, F]. By Theorem 3.6, we may assume
that we [F", F]\[F",F,F]. If a4,(w) # O then, as in the proof of Theorem 3.6,
using Lemma 4.3 we can map w to a 2-variable word which does not belong
to [F",F,F]. If a,(w) =0, then we may write w = [vy,x,] [v;, %2] [03, %3]
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mod [F”, F, F]), where vy,v,,v;€ F”and a3,(v;) = Ofori = 1,2,3 (by Lemma 4.2
(iii)). By Lemma 3.2, each v;e [F", F] and hence we[F”,F,F], contrary to the
assumption.

For the proof of our final result in this section, we need the following lemma.
LEMMA 4.5. Let w = [U3345(x), x,][41345(x), x2]

(12450, x3][u1235(x), X4][#1234(x), X5],

where u;;(x) is defined by (9). Then we [F",F,F].

PROOF. If v = [x7 ", x5 %5 X3, X4, x5 J[X1 1, X3 1 3 X4y X2, X5 J[X1 ", X3 1 5 X2, X3, X5]

[x:;l,x;l ;xl,xz,xs][x‘:l,xz_l;xl,x3,x5][x;1,x3_1;x1,x4,x5]

then working modulo [F”, F], it can be verified directly that
(25) v=1.
Further, using the Witt identity
[a,b,c][c,a,b][b,c,a"] =1 with a = [x7',x3'], b = [x3,%4], ¢ = x5 and
working modulo [F”, F,F] gives [x7',x3%; %3, %45 %s][xs, [x7 % x5 ', D35 X4 ]™"]
[%3, %4 x5, [x7 %, x5 ']] = 1 and hence
(26) [xl—l’xz_l;xaax‘ths][xl_la xz_l,x.;l;xs,x‘t]x.[xl_l, X3 '3 X3, X4 xs]_l =L

To complete the proof of the lemma, we first expand w applying (26) to each fac-
tor. Next we note, using (25), that the 6-weight contributions of each [u;;,(x), x]
lie in [F",F,F]. Finally, the remaining 5-weight commutators in w can be re-
arranged to form a product of elements of the form

[[xi_l’x;l]’ [xk’ Xis xm][xl’ Xms xk][xm’ Xks X,]] and
IETE TR | E TR e | A ey N EFE |

which belong to [F”, F, F].
We are now in a position to prove the following theorem.

THEOREM 4.6. For each n = 4,F,(MR,,)) is residually F,(I,)).

ProoOF. Let w=w(x,,--+, x,) (n = 5) be an n-variable word in F\[F", F, F]. Then
as in Theorem 3.6, we may assume that we[F”,F], so that w = IIj_,[v;, x;]
(mod [F",F,F]), where v,e F”. By Lemma 4.2 (iii), ay;(w) = Z%=; — 18303, (v).
There are two cases to be considered.

CasE L. (aq,(w) # 0). In this case, as in the proof of Theorem 4.4, we can
use Lemma 4.3 to map w to an (n — 1)-variable non-trivial word (mod [F”", F, F]).
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CasE II. (otq;(w) = 0). In this case a3,(v;) = O for each i = 1,.--,n. Thus by
Lemma 3.3 each v; is of the form (10). If n > 5 then 8,,,,o(w) ¢ [F”, F, F] for some
k (by Theorem 4.1, [1,,34(x), xs] ¢ [F", F,F]). If n = 5, then w = [u,345(x), x,**
e [U1234(x), x51% (mod [F",F,F]), where B,,---,Bs€{0,1}, by Lemma 3.3.
Since w ¢ [F",F,F], by Lemma 4.5 ; = 0 and f; = 1 for some i,j, and we may
assume, without loss of generality, that §; =0 and B, = 1. Then 6,,,(w)
= [u3345(x), x,] ¢ [F", F, F]. This completes the proof of the theorem.

5. The variety M., (c = 3)

While we are unable to determine the precise chain (1) for ¢ = 3, our main
result in this section goes some way towards the solution of this problem. Our
method is similar to the one used in Levin [6].

Let Z[y,,++, ¥m] (m = 3) be the free associative Z-algebra in non-commuting
indeterminates y,, -+, y,, and let I, , s be the ideal generated by all monomials of
length m + 5. Put R = Z[yq,+, Y]/ Im+5s- We first prove the following lemma.

LEMMA 5.1. Let Pm = Za |U| <y’ Ve ymo'>’ where y = <<y1’ y2>, <y3a y4>>
and o runs through all permutation of {1,2, ---, m} with ]al = 1or —1 according

as o is even or odd. Then p,,¢1,.,s. (Here {ry,r,) denotes the Lie commutator
riry —ryry)
Proor. Caske 1. (m odd).

If p,, = 0 (mod I,,, 5), then the sum of the terms with left factor y? in the ex-
pansion of p,,isin I, 5. However, these occur precisely in the terms with left factor
y1y and a straight-forward computation shows that thissumis — y, yZ,IIJ'[ Vagr

-+ Yme (since m is odd), where ¢’ runs through all permutations of {2,---,m}, and
this is clearly non-zero modulo 7, s.

Case II. (m even).

In this case we proceed as in Case I, but this time we consider terms with left
factors {y;, ¥,>y and show that this sum is not in I,,, 5. The computation in this
case is simplified by making use of the identity

<y""’yi’yj9"'> - <y"°"yjsyia > = <y,"'a<yiayj>a "'>

to rewrite p,, as
Pm = Eu <y9 <y1,.a y2..>a °tts <y(m—1),,,ym..>>’

where p runs through all even permutations of {1, ---, m} satisfying (2i — Du < 2)u
fori = 1,---,m/2. We omit the rest of the details.

THEOREM 5.2. Var F,(MM,)) < --- < Var F,_,(M) (c = 4).

PrOOF. To show that Var F,_,(I,.)) < Var F._;(M,), we consider the word
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—_ lo
Weor = Ho [x9x1'n'"’x(c—l)a'] I

where x = [x,,X,;X,x3] and ¢ runs through all permutations of {1,---,¢ — 1}.
It is immediate that w,_, is a law in F,_,(IM,)). With m = ¢ — 1, the group A(R)
of units of R belongs to Var F,_,(M,.)). Thus to see that w._, is not a law in
F._ (M), we note by Lemma 5.1 that p._, ¢ I, ,. Finally to see that Var F,_,
(M) < VarF_ (M) (4 = k = ¢), observe by Lemma 5.1 again that

Weeth=1 = [Wi-15Xp 7 xc—l]

is not a law in F,_,(M,,)) but is clearly a law in F,_,(M,.,). This completes the
proof of the theorem.

6. Concluding remarks

Let F be a free group of finite or countably infinite rank and let W be a fully
invariant subgroup of F. In general the centre of F/[W, F] is not W/[W, F] (see
Cossey [3] for an example). If W = F”, then using Lemma 2.1, it is not difficult to
see that the centre of F/[F”, F] is precisely F"/[F", F]. Here we are able to prove the
corresponding result for W = [F”, F].

THEOREM 6.1. The centre of F|[F",F,F] is precisely [F",F}/[F",F,F].

PROOF. Since F"/[F”, F] is the centre of F/[F”, F], it follows that the centre of
F|[F",F,F] is contained in F"/[F",F,F]. Let we F"\[F",F] such that [w,x,]€
[F",F,F]forall k = 1,2,-.-.By Lemma 4.2 (jii), 0 = og;[w, x,] = — A%;003,(w).
Thus a3,(w) = 0 and by Lemma 3.3, w is a product of the form (10). Since [w, x,]
is a law in F/[F”",F, F], it follows by (proof of) Theorem 4.6 that [1,,34(x), x,] is
a law in F/[F",F, F], contrary to Theorem 4.1. Thus we F”\[F”, F] implies that
[w,x,] ¢ [F",F,F], and hence the centre of F/[F",F,F] is precisely [F",F]/
[F",F,F].
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