ON THE COORDINATIZATION THEOREM OF
J. VON NEUMANN

K. D. FRYER AND ISRAEL HALPERIN

1. Introduction. A classical theorem of xn-dimensional projective geometry
asserts: if Desargues’ theorem holds (in particular, if # > 3) then the points
of the geometry can be assigned homogeneous coordinates (al,...,a"t")
with a® not all zero in a suitable division ring R (2, p. 104; 3, Theorems 10,
11, ex. 19, p. 204). A deep generalization by John von Neumann (5, Theorem
14.1, p. 141) proved such a theorem for every complemented modular lattice
possessing a homogeneous basis of # + 1 elements, # > 3. (The von Neumann
theorem provides coordinates for all the elements in the lattice, so that in the
special case of the projective geometry, coordinates are provided not merely
for points, but for all points, lines, planes, etc. In the general complemented
modular lattice there need not be ‘‘points”.) For the general complemented
modular lattice the ring 3% may be an arbitrary regular ring with unit.!

A precise statement of the von Neumann theorem is as follows:

Let L be a complemented modular lattice possessing a homogeneous basis?
@1y ooy Uy > 4, and let Lys be the set of all inverses of as with respect to a1 + a.
Then (i) addition and multiplication can be defined for the elements of L1y in
such a way that L1y becomes a regular ring N and the sub-lattice L(a1), consisting
of all x < ay, 1s 1somorphic to the lattice of all left principal ideals of R, and
(11) L 1s lattice-isomorphic to (coordinatized by) the lattice of all left principal
ideals of N,.

Here R, consists of all # X »# matrices with elements in 9N and, as shown by
von Neumann, is regular along with 9. It was shown by von Neumann that
(ii) above is equivalent to the more classical form of coordinatization, (ii)’ L
is lattice-isomorphic to the lattice of NR-left modules of finite span in the
space V of vectors v = (al, ..., a") with all &' in R.

The definitions of addition and multiplication as originally given by von

Received August 11, 1954.

Won Neumann (5, Chapter 2) calls a ring regular if for each x there is a y satisfying xyx = «.

2Lattice elements ay, . . . , @n are called independent if: (a1 + ... + ai-1)a;=0forz =2, ...,
m. A relative complement or inverse of x in z is any element [z — x] for whichx @ [z — x] = =
(@ is used to indicate that the addends are independent). Lattice elements x and y are called
perspective, written x~ y, if there exists any g, called an axis of perspectivity, such that

x @z =y @z Independent elements ay,...,a, with a; + ... + a,=1 are said to form
a basis for L; if also a;~ a; for each 4, j, the basis is called homogeneous; a homogeneous basis
ay, ..., a, together with axes of perspectivity ¢;; with the properties:

cii @ ai = cij @ ;5 6 = ¢ji; cis = 05 (cij + ¢in) (@i + ar) = cixs
is called a normalized frame for L. The collection of all inverses of a; in a; + a; will be denoted
by Lij. (1, Sections 2.3, 2.4, 2.5, 4.1; 4, Chapter 2; 5, Definitions 3.1, 3.3, 5.2.)
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Neumann for (i) above, were motivated in part by the classical constructions
in projective geometry, but the verification that &% becomes a regular ring was
based on a rather involved analysis. A simplified discussion of this part of von
Neumann’s theorem was given in (1).

Von Neumann proved (ii) by showing that for any m = 1,...,z—1, a
given isomorphism between the lattice spanned by ay, . .., a, and the lattice
of left principal ideals of R, can be extended from m to m -+ 1, with a special
discussion for the extension from m = n—1 to m = n.

The object of this paper is to give a direct proof of (ii)’ (equivalent, as
pointed out above, to (ii)) which does not use matrix rings or extension
theorems.

Asin (5, p. 32 and p. 64; 1, §84.1 and 4.3) we shall assume a fixed normalized
frame for L(n > 4) and R will consist of all L-numbers a« = {(a;;;%,j = 1,..., n,
1 # j) for which each a;; is in the corresponding L,; and the identities hold:
(ai; + cp) (@ 4+ ar) = ay and (ai; + cu) (@5 + ax) = ax;. V will denote the
set of all vectors of length # with coordinates in R; a subscript ! will denote
either left ideal in & or R-left module in V.

We shall give a rule which assigns to each element x in L a family of left
modules in V. Then we shall show that all left modules assigned by this
rule to x actually coincide and we shall verify that the rule sets up a (1, 1)
order preserving correspondence (i.e., a lattice isomorphism) between L and
the set of all left modules of finite span. This will establish the von Neumann
coordinatization theorem.

2. Notation. We shall adopt the notation:

"=0;4'=a1+ ...+ ay 1=1,...,n;
Ay =a1+ ...+ a0+ a1+ ...+ ay 0<j<i<m

A system of lattice elements {(b) = {(b;;4,7 =1,...,n,1 5 j), satisfying

biy<a;+ a;, wil be called a fraternal system if the identities hold:

(bis+ cp)(@i + ax) = bu; (bi; + cu) (ax + a;) = byy; if any, and hence each,

of the b,; is in the corresponding L, the fraternal system coincides with an L-

number. Von Neumann’s work shows that for each x < @; + @, there is one

and only one fraternal system (b) with b;; = x (5, Lemma 6.1; 1, §4.3).
For future reference we list the following formulae:

(2.1) (@ + B)iy = law; + (Bis + ax) (ca + a))](as + ay),
(2.2) (@4 B)i; = [(aun + a;) By + ar) + culla: + ay),
(2.3) (& = Brs = lag; + (ar + Biy) (a; + ca)](ar + ay),
(2.4) (eB) iy = (oq + Bis) (a: + a;).

The formulae (2.1), (2.2), (2.3), and (2.4) may be obtained from (3, Chap. 7);
they are given explicitly in (1), numbered as (4.9.1), (4.9.2), (4.9.3), and
(4.10.1) respectively.
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3. Reach and nullity. We associate with each « in R a fraternal system
which we shall call the nullity of «, defined as

(b) with b;; = a;; a, for all 7, j.

It follows from the fraternal character of the «;; that the a;; a¢; do form a
fraternal system; moreover b;; < a; for all 7, j, and hence is independent of
j. We shall write a°; for this b,;.

For each a in R, the reach of a is defined as in (1, §4.13) to be the fraternal
system {b) with b;; = (a;; + a;)a,, written as ", identical with the («); of
von Neumann (5, Definition 9.1). We shall use the following:

(8.1) Forevery b < a;and d = [a; — b] there is an idempotent ¢ in R with
e';=band? (1 —e)"; = d.
(3.2) For a, B in N there is a v satisfying ya = B if and only if a’; > B7;.

For proofs of (3.1) and (3.2) see (5, Theorem 9.3, Lemma 9.1; 1, §4.13).
We shall now prove the following relations:

(3.3) oB = 01 and only if a”; < B%;
(8.4) €% = (1 — e); for every idempotent e;
(B8.5) € @ (1 —e); =e @ e"; = a, for every idempotent e;
(3.6) (a—pB)= (awﬂw + aj)%?
B.7) < (@— B+ B
Proof of (3.3). a8 = 0 means

a; = (atj + ﬁjlc) (at + ak)-

Because of the indivisibility of inverses?, this is equivalent to each of

a; < (aij + Bx) (@: + ax),

aij + ﬁjk,
(3.8) a; + ay; < gy + B
(3.9) (@i + aiy)(@; + ar) < (@i + Bx)(a; + a).
(Add «;; to both sides of (3.9) to derive (3.8).) Thus a8 = 0 is equivalent to

each of:

(a: + au)aj B+ azj(aj + ap), a’; < < By oy < @B = B

Proof of (3.4). That (1 — ¢)"; < ¢° follows from (3.3). Let « be an L-
number with a”; = [¢%; — (1 — ¢)7;]. Then a”; < €%; by (3.3) this implies
ae = 0, hence a(1 — ¢) = @, hence, by (3.2),a”; < (1 — ¢)7;. Since a”;,(1—e)7;
= 0 (from the definition of «) this implies «”; = 0 and hence ¢°; = (1 — ¢)7;.

3The indivisibility of inverses, which follows from the modular law, states: if y; and y.
are both inverses of a in b and y; < ¥z, then y1 = y.. Because of this, “points” as used in
certain constructions in the classical theory of projective geometry may be replaced by
“inverses”, (1, Section 2.4; 5, Lemma 3.3, p. 32).
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Proof of (3.5). Because of (3.1) and (3.2), the correspondence (a); <> o,
is a (1, 1) order preserving correspondence between the left principal ideals of
R and the x < L(a;,); it follows that e’; @ (1 — ¢)"; = a,;. Now (3.5) follows
from (3.4).

Proof of (3.6). Using (1.3),

(@ = B)% = lay + (& + Biy) (@; + cu)lar
= [ai;(ar + Bip) + (ax + Biy) (@; + cu)]ax
leesj8:5 + (@; + cu) (ar + B1j)]ax
(@;8:5 + a5 + cu) (@x + Bij)ax
(aijﬁu + a; + cu)as.

Hence

[(e = B)% + cuxla:
= (auﬁu +a; + Cir) (ak + cw)a;
= (@84 + aja;.

Proof of (3.7). Using (1.3),

(@ = B)rs+ B7; = [ay + (ax + B:)) (a; + ca)](ax + ay) + (Bi; + aday
[y + B+ ada; + (ax + Bi)) (@; + cu) (@ + ay)
[esj+ (Bijtaitar)a; + (ar+B84) (a;4cu)](atay)

= [agy;+ By + ai+ a)(a; 4+ ar + Biy) (a;4-cu)1(artay)
> (ay + ca)(ar + ajy) = oy

4. The i-elementsin L. We shall call x an i-element if x < A*tand x4+ = 0.
We shall prove that for arbitrary L-numbers 8/(j=1,....72— 1) and
arbitrary idempotent e, the formula:

(e —B)%

i—1
4.1) x= (e, + A4 g B+ 47

defines an z-element, (in particular, if e = 1, e"; + A*! = a, + A*'and may
be omitted). For clearly x;< A% and

i—1
XA = AiﬁlI_Il B+ 47
3=
i—1
= Ai_lI-Il (Bija; + 47
=
i—1
=J]4"" =0
j=1
For each 7-element x we define:

(4.2) w = (x + A7) (a: + ay), j=1,...,i—1.

For each choice of idempotent e = e(x) with e"; = (x + A*Ya; (such an e
exists by (3.1)), we define:

(4.3) B=Bkx) =x+e B = (B4 A7)(a;:+ a)y).
(B may not be uniquely determined by x.) The following relations hold:
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(44) e+ AT =x+ A" it a;=afa, 0 + AT =0+ A,
(4.5) BA™' =[x 4+ e%(x + ATN)]A"! = (x + %" )A"1 = 0, by (3.5),
B4+ Arl=x+4+ A1 4 =x+ A"+ e, + €%
=x+ A" 4 a; = A"
(4.6) Bla;= (B+ A7 ')a; = (BA=' 4+ A1 )a; = A% 1, = 0,
B'+a;= B+ A7+ a)(@i+ay) = B+ 47 (a:+ a)y)
= A'(a; + aj) =a;+ ay;
4.7 B(e"s+ A7) = B(x + A*") = x + BA*! = x,
Bl +a) = (B+ A1) +a)) = ' + (B + A1 )a, = o'
(4.8) Bla;= (x+ e+ A7 )a; = % + (x + A7 1)a,
=e% 4+ (& + A71))a,

Thus B/ isin L;; for eachj = 1,...,7 — 1. Let o/ be the L-number with
‘l/ = B] Then
(4.9) aly; > xf, el = of = B!

for every L-number 8/ with 57;; > x7. To verify (4.9): from (4.7), &’;; = Bi>x7;
from (4.8), (@)%, = Bla; > € = (1 — ¢)";and (3.3) then implies (1 —e)a’=0,
i.e.,ea’ = of;finally, from (3.6),

(@ = 8)° = (BB +apa: > (Bx’ + aja; = (¢"s+ aya; = ¢’y
and by (3.3), e(a? — 87) = 0, that is, ea = o’ = ef’.

Suppose € is also a possible choice of e(x) and let @(j =1,...,7 — 1)
denote the corresponding L-numbers. The definition of e(x) shows that
¢" = ¢" and then (3.2) implies é¢ = ¢, ¢ = e. Now (4.9) implies
(4.9) ol = &, 1<j<i

The following relations follow easily from (4.3) and (4.7):

i—1

(4.10) B =] (y+47");
j=1
i—1
(4.11) x=(;+ 4" H (i + A7)
We shall prove that for arbitrary g7 with g7;; > x'forj=1,...,7 — 1,

the 7-element:

i—1
(4.12) (i +47h H1 By +A471)

i

is identical with x. To prove this let (4.12) be denoted by y. Then
(€ i+ ANy +A47) =4+ B+ 4" )i+ a))
=A™+ Bl +a) =4+«
<47+ B8y

foreachj =1,...,7 — 1, and hence
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i-1
x= (i +4" g_ll (@' +471)

i—1
< (6r¢ + Ai—l) 131 (5jij + Ai_l/) =

that is, x < y. But since x and y are both {-elements, it follows from the
indivisibility of inverses that x = y. (For y + 4*! = x + A*!, and hence
y =9+ A" =x 4+ y4"1 = x.)

Conversely, for arbitrary idempotent e and arbitrary L-numbers g7, the
formula (4.12) defines an element x in L with the properties: x is an ¢-element,
x L By for j=1,...,72— 1, and e is a possible choice for e(x). For,
(x 4+ A Ya, = e"; and

x = (x4 Ai_lf) (@i + ay)
i—1
— [(eri-l_Ai_l)LIl (,Bkik—l—Ai—lk) +Ai_1j](ai+aj)

=(+ANBy+ A7) @i+ ay)
=[(e"i +a)Bly+ A7 N+ a) = (" +a)Byy
< B

as stated. Moreover, (4.9) shows thate/(x) = e8’.

5. An important identity. Suppose that 1 <j<#n, ¢ =741, and let
™ and 6™, m = 1,...,7j, and @ be arbitrary elements in . Then the following
identity holds:*

j—1

(6.1)  JT16™+ 80 im + A7)

m=1
J—~1 -1
= [(B,; + 47 I_Il ("m + A%) + I_Il (6" m + A7 D1AT + a)).

To prove this identity we shall first establish that for arbitrary indices 7,
7, m all different, and arbitrary 8, 8, 6 in R,

(52) (5 + Bo) im = [ojm + (Bim + a'j) (61’] + am)](ai + am)'

Indeed the addition formula (2.1) shows that if % is different from 1, j, m,
(and there is such a % since we assume # > 4),

4This identity makes possible a simple proof that the module which we shall assign to an x
in L (see section 6), is uniquely determined by x (Theorem 6.5). This is a critical step in the
proof of the coordinatization theorem as given in the present paper. It will be noted that the
proof of this identity uses the same technique that was used by one of us in 1937 to obtain a
direct proof of the associativity and distributivity laws in 3 (1, §§ 4.11, 4.12).
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left side of (5.2) = (80 + 8) in
= [(B0)im + Bin + @) (ca + an)](a: + an)
[(ﬁkj + ejm) (ak + an + ai) + (5im + alc> (Cik + am)](ai + am) (ST)5

= [Brs + Oim + (Bim + ar) (cor + an)](ar + an + @) (@: + an) (ML)
= [Om + Bis + Bim + ar + a))(ca + an)l(a: + an) (ST)
= [0jm + (Bin + ax + ;) (Be; + cx + an)](@: + am) (AL)
= [ojm + (61m "I_ a‘]) (ﬂkj + Cig + am)](a’i + am) (CI)

= [0;m + (0im + aj){(ﬁkj + cir) (@ + as + a;) + an}l(a: + an) (CI)
= [0;m + Gin + a){Brs+ cur) (@i + a;) + an}l(a: + an)
= (right side of (5.2)).

This proves (5.2). It follows that

j—1

(left side of (5.1)) = I;Il[{()"‘jm 4+ " im + a;)Bis+ an)} @i + an) + A7)
= (@A A" ) [T 10" mt+ A7)+ 0 imtA%) (By+47)]
> (right side of (5.1)).

But both the left side and the right side of (5.1) are inverses of A" 'ina; + A1
for the left side of (5.1) is a j-element and hence:

A1 (right side of (5.1)) < 477! (left side of (5.1)) = 0, and
ai+ A7 > (left side of (5.1)) + 471
> (right side of (5.1)) 4+ 4%

=1 .
= (a;+ 4" ,,LI (6" + A7)

+ (8, + Af‘l)m]H: 0" mtA%) + 4771
= (e + AT " + 475 + By + A7 H]] " mt4a)]
=@ +A™I] " m+4"") + B +4]] (@i + 4]
= (a: + Aj_l)[H 0" m + Aj_lm) + B+ Aj_l]
= @+ AT @+ 470 +an)+ B4l
= (a:+ A" @A) + 84
= (a: + Aj_l) (a: + A7)
= (a,+ A47).
Now the indivisibility of inverses shows that equality holds in (5.1).
" %(ST) will indicate application of the superfluous term identity: ab = a(b + ) = abe for all
a, b, ¢, d with c(a + b) = 0 and b < d; similarly, for application of the modular law we use

(ML); for the absorption law: ab + ¢ = a(b + ¢) for all a, b, ¢ with ¢ < a we use (AL); and
for the clipping identity a(b + ¢) = a[b(a + ¢) + ¢] for all a, b, ¢ we use (CI) (1, Section 2.2).
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As a corollary to (5.1) we shall derive the following identity which holds
for arbitrary g™ and 6™, m = 1,...,4,4 = j + 1, and arbitrary v:

j—1 i—1
(5.3) [(B —7)s+ AH],,E [B" + 0" im + A%,] + Hl (6" + A7)

j—1 j—1
= (B + 4" g (B i + A%n) + I:Il 6" m + A7),

The right side of (5.3) is precisely the left side of (5.3) with a particular
value for v, v = 0. Thus we need only show that for any v the left side of
(5.3) has the same value, equal to its value when v = (7, say. For this purpose
it is sufficient to establish the identity:

(5.4) (leftsideof (5.3)) = [] (8" + B™)im + A7 0] + 1 (0™ + 4770).

Now (5.4) can be obtained by substituting in (5.1): 8/ — v for 8 and
g™ + v6™ for 6™, m = 1,...,j — 1 and adding the term II(6";, + A*~1,) to
both sides.

6. The rule for assigning left modules to elements of L. For each x in L

call x4, ..., x, a base-decomposition of x if each x; is an inverse:
x; = [xA? — x4*1], 1=1,...,n.
Clearly each x; is an 7-element and x = x; @ ... @ x,. For each base-decom-

position of ¥ and for any idempotent ef satisfying:
()i = (xi+ A" Na; = (x4* + A7 Na,

let B(x;), B(x;), a¥ = o’(x;) be determined as in §4, and define the vector

u(x) = (=a’, ..., —a""L¢,0,...,0).
Now, for each such u(x,), 7 = ¢, ..., n, assign to x the left module
M(x, ... %) = (uxy), ..., u(x)):

We note that: (i) the x; may not be uniquely determined by x and for each
x; the idempotent ¢! may not be uniquely determined by x;, however it follows
from (4.9)" that (u(x));is uniquely determined by x; so that M (x4, ..., x,) is
uniquely determined by xi, ..., x,; (ii) if x is a j-element then the x; are
uniquely determined with x; = x for< = jand x; = 0 for 7 # j; (iii) if x; is an
arbitrary i-element for each ¢ =1,...,#, and x =x;+ ...+ x, then
%1, - . . , X, is a base-decomposition for x.
We shall prove below the following statements (6.1)—(6.7).

(6.1) Every left module M of finite span is identical with M(xy, ..., x,)
for some base-decomposition xy, . . . , ¥, of some x in L.
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(6.2) Suppose xi,...,%, and Zi,..., T, are base-decompositions for the
same x. If
() = (—a™, ..., —a™™1 ¢ 0,...,0)
and
u(&p) = (—a™t, ..., —a»" e 0,...,0)

and the o™* and the @™* both form canonical matrices® with é™ = ¢™, then
Mxy, ... %2) = M(Zy, ..., T).

(6.3). Suppose y is an i-element and z is a j-element with 1 < j <17 < =.
If for some v in R there is a relation u(x) = u(y) 4+ yu(z) for some 7-element x,
then ¥ < y + z; on the other hand if e is the 7th coordinate of #(y) and ¥
satisfies ey = v then the vector #(y) 4+ yu(2) has ith coordinate = ¢ and
coincides with #(x) for some i-element x with z + x = z 4 y.

(6.4). For each base-decomposition xy, . . . , %, of x and choice of the u(x,)

there exists a base-decomposition &y, . . . , &, of x and choices of u(Z,):
u(Ty) = (—a™., ..., —a~™ e, 0,...,0)

such that
(6.4) M(Z1y ..., %) = M(x1,...,%),
(6.4)"" amtet =0 foralle >m >k > 1,
implying that the @™* form a canonical matrix.
(6.5) Foreachxin L, all M(xy, ..., x,) assigned to x coincide, so that we may
write M (x) for M (x1, . . ., %n).

(6.6) x < y implies that M (x) < M(y).
<

(6.7) M(x) < M(y) implies x < ¥.

The coordinatization theorem follows easily from (6.1), (6.5), (6.6) and
(6.7).

7. Proof of (6.1). M is spanned by some canonical basis u* = (a%, ..., a™),
i=1,...,n (1, §3.4). Choose ¢, x(¢) as follows:
e‘l — aii’

i—1

[(e)s + 4] H1 [(—a™)y+ A7)

x (i)

6]t has been shown (5, Theorem 2.12 and Lemma 2.11; 1, Section 3.4) that a left module of
finite span is always spanned by % vectors (&%, ..., "), j = 1,...,n, with the properties:
for each j, ai? is idempotent, =ei, say; for all 2 > j, «?® = 0; for all 2 < j, €/ a/* = 7% and
aitet = 0. Such a set of 7 vectors is called a canonical basis for the left module. A matrix whose
rows form such a canonical basis is called a canonical matrix.
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Then § 4 shows that each x(7) is an -element and that e? is a possible choice
for e(x(7)); with this choice of e(x(z)) it follows from the last paragraph of
§4 that a/(x(2)) = — a¥, (for a canonical basis e’ o™ = %), that «? isa possible
choice for #(x(¢)) and hence M coincides with M (xy, . . ., %,).

8. Proof of (6.2). We shall show that %, = x, for all m so that the o™
are uniquely determined by x and the ¢™ (if the o™* are to form a canonical
matrix).

Set U* = (€)% < ay for each £ < m. Since (3.5) shows that (¢¥)% ()", = 0,
it follows that

8.1) Ur(xr + A*1) = 0.
We shall show that
m—1
(8.2) wm =[] (U* 4+ A™);
k=1

this will establish the uniqueness of x,, since the U* are uniquely determined
by the e*.
From §4 there is a B(x,) > %, for which
o™, = (—B (xm) + A™ L) (am + aw);

now (3.3) implies that (™) < (€5)%; i.e., (B(xn) + A™)a;, < U Heﬁce
Ut + A™, > B(xn) > %n for each k and so (right side of (8.2)) > x,. Now
m~—1 m—1
(right side of (8.2)) = xA™[] (U*+A™) = 1+ ...+ x,) [ (UF+A4™)
k=1 k=1
m—1
(8.3) =%+ @1+ Xp) kr_Il (U* 4 4™).
But

m—1 m—1
(84) (x14 ...+ Xn) g (UF+A4A™) = (k1 4+ ... + %p1) g (U 4™

m—2
= @i+ F %) U™ HA™D) kI_Il T*+ 4™
m—2

=@ +...+ xm_2)kl_11 (UF+ 4™

since (8.1) and (CI) show that x, (U™ ! 4+ A™?) = 0. Repetition of the
reduction in (8.4) shows that the second addend of (8.3) is zero and establishes
(8.2).

9. Proof of (6.3). If eis the 7th coordinate of u(y) with ¥ an 7-element and
z a j-element, 1 < j <7 < 7, and v is an element of N with ey = v, then
u(y) + yu(z) is a vector of the form:

(_eﬁlr —eﬁ2’ e sy —eﬁi—ls €, Oy ooy 0):

and hence coincides with #(x) for some i-element x, by the last paragraph of
§4. This proves the second part of (6.3) except for the relationz + x = 2 + ¥.
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However this relation follows easily from the first part of (6.3), which we now

prove.
Because of §4 the first part of (6.3) is equivalent to the statement:

i—1
9.1) @+ 47 Ul (@"m + A7)
. izl . : =1 :
<@+ 47 I_Il (B m + A7) + (7, + 47 I]l 0" A7)

for arbitrary idempotents € and e¢ in R provided that éa™ = o™ for m < 1,
ep™ = ™ for m < 1, ef™ = 6™ for m < j and

a™ = g" forj <m <1,
9.1) ol =B — ye for some v,
a™ = 8" + g™ for 1 <m <j.

Now (9.1) can be deduced from the (apparently) simpler statement:
i—1

i—1 ) ) j—1 )
©2) IT @ w+d70) < T1 (6" mtd T+ H ] @ mtAa"0)

for arbitrary idempotent e and arbitrary 6™ satisfying ef™ = ™ for m < j
and arbitrary o™, ™ satisfying (9.1)’ for some v. Indeed, clipping (9.2) by
e, + A7 yields (9.1) as required.

Ifj<<— 1thena™ = g™forj+ 1 < m < 7 — 1and (9.2) can be deduced
from:

J . J X j—1 .
(93) I—Il (amim_I_A 1.lm) < I:Il (Bm'lm_l"A 1_1m)+(31j+Aj_l)I:II (omjm_*_A]—lm);
for clipping (9.3) by

i—1
H (amim + Ai’lm)

m=j+1
gives (9.2).
Since ay, ..., a; are independent, we may write (9.3) (use (1, §2.3)) as:
j .
(9.4) (@p1+...+a1) + I_I1 (o™i + A7)

J . . j_l
< (a4 ... +a)+ I_Il (B"im + A%) + (€7, + 47 Ijl 0" m + A7)

and this would clearly be a consequence of

J i . 1
(9.5) I:Il (@"m + A%) < 131 B"m + A'm) + (€75 + 477 I—I (omjm‘I‘Aj—lm),

But (9.5) can be derived from

: El -1
(96) 1:11 (amim + AIM) < Ijl (Bmim + Ajm) + 1:11 (Om]m + Ai—lm)

https://doi.org/10.4153/CJM-1955-047-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1955-047-4

THE COORDINATIZATION THEOREM 443

by clipping both sides of (9.6) by 87;; + ¢"; + 47~': indeed, this clipping does
not change the left side of (9.6) since one of its factors is

oy + A = (8 — ve)y + 47
< B+ (—ve)'; + A1 using (3.7)
< Byte; 447 using (3.2);

on the other hand this clipping changes the right side of (9.6) to
g (8" + A%n) + (874 &'+ 477 Ul @ m +A4770) (ML)
j ) -l _
= IT 8"+ 4%) + (5 + 47D T @ + 4770)

since the modular law implies (87;; + e, + A4 = 7, + AL
But since o™ = ™ + 6™ for m < j and of = 8/ — v, the desired (9.6)
follows immediately from (5.3) proved above.

10. Proof of (6.4). By (6.3) there exist &s, . .., &, with x1 + T, = %1 + %n
for all m (so that x;, %o, . . ., &, is again a base-decomposition of x) and with
U(Tp) = u(xy) + ™! u(x,) so that @™ ! = 0 for m > 1. Similarly &, ..., &,
can be replaced so that the new & satisfy alsoa™2e? = 0 form > 2. Successive
repetition of this procedure establishes (6.4).

11. Proof of (6.5). If M = M(xy,...,%,) = (u(x1), ..., u(x,)); we may,
without changing M, replace u(x,) by ™ u(x,) where ¢™ is any idempotent
satisfying (™", = (xA™ 4+ A™1)a,,. The statement (6.5) now follows from
(6.4) and (6.2).

12. Proof of (6.6). If x < y then we may choose the x;, y;so that x; < v,
(for example, choosey; = x; + [yA* — (yA* 1+ x,)]. Then (e(x,))": < (e(¥4))"4
which implies e(x;) e(y;) = e(x;); we may choose $7(x;) to coincide with
B8 (y4) since

By > (i + A7) (a: + ay)
which implies 87:;(y:) > (v: + A1) (as + a,). Now e(x)u(y,) = u(x,) for
each 2=1,...,n and hence M(x1,...,%,) < M(y1,...,¥,). Because of
(6.5) it follows that M (x) < M(y).

13. Proof of (6.7). Since x is a union of i-elements, 7 = 1,...,n, it is
sufficient to prove (6.7) with the restriction that x is an s-element. Then if
Y1, ...y Y. is a base-decomposition of y, #(x) will have a representation

u(x) = y1u(y) + ...+ 12 u(¥a).

Let e(x) be the ith coordinate of #(x) and e(y,) the mth coordinate of #(y,,).
Then e(x) u(x) = u(x) and replacing v,, by ¢(x)v., we may suppose e(x)Yn = Ym
for all m.
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Now if x is an i-element (7 fixed) and 7 < % then the nth coordinates of
u(x) and of vy, #(v,), for m < n, are all 0 and hence the nth coordinate
¥n €(¥,) = 0. This implies v, #(y,) is the zero vector. Successive applications
of this argument show that v,, #(v,,) = Oforallm > 7and thate(x) = v;e(y;).

The last paragraph of §4 shows that v; #(v;) = u(§,) for some i-element ;.
Then (4.12) shows that §; < v; since (e(v:))": > (v: e(y))":. Hence we need
only prove (6.7) with v, replaced by §;; thus we may suppose that §; = ¥,
that is, we may suppose that v; = 1, and e(y;) = e(x) = e (say) and ey, = Yn
for all m < 1. Now (6.3) shows that #(y;) + vi1 #(y:_1) = #(3) for some
j-element z with z < 9y, + y,_1. Similarly %(3) + vi_2 #(y:2) = u(?) for
some i-element Z with 2 <z + v;_2 < ¥ +¥:-1 + ¥ 2 Repetition of this
argument finally yields x < y; + 9.1 + ... 4+ 1 < ¥ as required.

This completes the proof of all statements (6.1) to (6.7) and establishes the
coordinatization theorem.

Added in proof. A book, in Japanese, by F. Maeda, entitled Continuous
Geometry (Tokyo, 1952), is reported to contain a simplification of von
Neumann’s coordinatization theorem, based on methods of K. Kodaira and
S. Huruya (see Mathematical Reviews, 15 (1954), p. 540). We regret that we
have not been able to see any further details of this work.
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