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Abstract

We extend the concept of V-pseudo-invexity and V -quasi-invexity of multi-objective pro-
gramming to the case of nonsmooth multi-objective programming problems. The general-
ised subgradient Kuhn-Tucker conditions are shown to be sufficient for a weak minimum
of a multi-objective programming problem under certain assumptions. Duality results are
also obtained.

1. Introduction

In the differentiable case, Jeyakumar and Mond [3] defined a vector invexity that
avoids the major difficulty of verifying that the inequality holds for the same function
n(-, -) for invex functions. Jeyakumar and Mond [3] established sufficient optimality
criteria under V -pseudo-invexity and V-quasi-invexity and obtained duality results
under these assumptions. This relaxation allows us to treat nonlinear fractional
programming problems also. Egudo and Hanson [2] used the concept of Zhao [4] to
generalise the concept of V-invexity of Jeyakumar and Mond [3] to the nonsmooth
case by replacing the gradients with the gradients of Clarke [1].

In this paper we extend the concept of V-pseudo-invexity and V-quasi-invexity
of Jeyakumar and Mond [3] to the nonsmooth case. Further sufficient optimality
conditions and duality results have been derived for such nonsmooth multi-objective
programming.
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2. Preliminaries

Egudo and Hanson [2] considered the nonlinear muiti-objective programming prob-
lem:
Minimise (f;(x);i=1,2,...,p) P)
subjectto g;(x) <0,j=1,2,...,m
where f; : R* - R, i =1,2,...,pandg; : R" - R, j =1,2,... ,m are
locally Lipschitz functions.

The generalised directional derivative of a Lipschitz function f at x in the direction
d denoted by f°(x; d) (see, for example, Clarke [1]) is :

ol d) = lim supt™ (f(y +1d) — F(3)).
ti0

The Clarke generalised subgradient of f at x is denoted by
f ) ={&: f'x;d) = §"d,Vd e R"}.

Egudo and Hanson [2] defined invexity for locally Lipschitz functions as follows. A

locally Lipschitz function f(x) is invex on X, C R" if for x, u € X, there exists a

function n(x, u) : Xo X Xo — R suchthat f(x) — f(u) > €T n(x, u), V&€ € 3f (u).
The following example is from [2].

20—-x if x<-15
5—-2x if —-15<x=<0
542x if 0<x<15
204+ x if x=>15.

The function f(x) is regular in the sense of Clarke [1] in that f°(x;d) = f'(x;d),
where f’(x; d) is the directional derivative

[ d)= 1113)”"1 (fx+1td) — f(x)).

It was shown in [2] that f(x) is invex.

A locally Lipschitz f(x) is pseudo-invex on Xy C R" if for x, u € X, there exists
a function n(x,u) : Xo x Xo — R such that E"p(x,u) > 0 = f(x) > f),
V& € of (u).

A locally Lipschitz f(x) is quasi-invex on Xo C R" if for x, u € X, there exists
a function n(x,u) : Xo x Xo = R such that f(x) < f(u) = &n(x,u) <0,
VYE € Af (u).

It is clear from the definitions that every locally Lipschitz invex function is locally
Lipschitz pseudo-invex and locally Lipschitz quasi-invex. Examples can be construc-
ted easily.
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3. Generalised invex vector functions

In the differentiable case Jeyakumar and Mond [3] defined vector invexity thus: (P)
is said to be V-invex if there exist n : Xo x Xg = R"and a;, B; : Xo X Xog = R*\{0}
such that

fitx) = fi(w) —ai(x, W)V f;()n(x, u) >0,
8i(x) — gi(u) — Bij(x, u)Vg;(u)n(x, u) > 0.

Jeyakumar and Mond [3] further extended V-invexity to V-pseudo-invexity and V-
quasi-invexity.

Using the results of Zhao [4], Egudo and Hanson [2] generalised the V-invexity
concept of Jeyakumar and Mond [3] to the nonsmooth case by replacing the gradients
Vf; and Vg; with the generalised gradients of Clarke [1]. Hence (P) is said to be
V-invex if there exist n : Xo x Xy — R" and @;, B; : Xo x Xo — R*\{0} such that

fix) = fitw) —a;(x, w)éin(x, u) >0, V& € 3f;(u),
gi(x) — giu) — Bi(x, u)gin(x,u) >0, Vg € og;(u).

The following example is a V -invex nonsmooth multi-objective programming prob-
lem. Consider the multi-objective problem

... (ZXI—XZ X]+2X2)
V -minimise ,
X+ x2 X1+ X2
subjectto x; —x, < 0,1 —x; <0, 1 —x, <0, a;(x,u) = 1fori = 1,2,

Bi(x, u) = (x; + x2)/3 for j = 1,2 and

T
36— 1) 2(x,—2)
ni(x,u) = , )
X1+ X X1+ X2
As we can see the generalised directional derivative of fi(x) = _1_17;"1 el BT
2 td) — 2y, —
f°x; d) = limsup:™! ” O t+td) — ) \ Y1 — X2 ]
e n+td+x; y+x2
td 2%y —
=1imsupt"[ 3tdx ] (if x| — X3 20)
YI’TOXI ()’1 + Xa + td)()’1 —+ XZ) X1 + X3
_ 3dX2
B (xl + X2)2 )
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If we take x; = 1 and x, = 2 (that is, for an efficient solution (1, 2)) then
fO(x; d) = 2d/3.

If y, — x,, then fO(x; d) = —d/3. Thus (2d/3, —d/3) € 3f,(u). It is easy to see
that (—2/9, 1/9) € df,(u). At these particular points we can easily see that the above
program is V-invex for the nonsmooth case.

We now extend V -invexity as in Egudo and Hanson {2] to V -pseudo-invexity and
V -quasi-invexity.

A vector function f : X, — RP?is said to be V -pseudo-invex if there exist functions
n:Xox Xog— RPanda; : Xp X X9 — R, \{0} such that for each x, u € Xy,

P 4 P
Y oEnG,uw) 20 ol filx) 2 Y ailx,u)fu), V& € fi(u).
i=1 i=1 i=1

The vector function f is said to be V-quasi-invex if there exist functions n :
Xo X X9 — RP and B; : Xo x X9 = R,\{0} such that for each x, u € Xy,

p P
Y B w) fi(x) <D Bix, u) fi(w)
i=1 i=1

P
=Y &n(x,u) <0, V& € dfi(w).
i=1

It is apparent from the definitions that every V -invex function of Egudo and Hanson
[2] is V-pseudo-invex and V -quasi-invex as defined above.

Recall from Jeyakumar and Mond {3] that ¥ € X, is said to be a (global) weak
minimum of a vector function f : X, — R? if there exists no x € X° for which

fix) < fiw),i=1,...,p.
4. Sufficiency and duality

In this section we show that the subgradient Kuhn-Tucker conditions are sufficient
for a weak minimum in (P) when generalised V -invexity is present.

THEOREM 4.1. Let (u, 7, A) satisfy the Kuhn-Tucker conditions that
4 m
0€) wdfiw) + D Adgiw), Xgiw) =0, j=12,...,m,
i=1 j=1

1,20, tle>0, y; = 0.

If (ifi,... .t fp) is V-pseudo-invex and (A8, ..., An8n) is V-quasi-invex in
nonsmooth sense, and u is feasible in (P), then u is a global weak minimum of
(P).
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PROOE. Since 0 € Y F_ 7,8f;(u) + Z}":l A;3g;(u), there exist § € 3f;(u) and §; €
dg;(u) such that

14 m

Z né + Z)»jzfj =0.
. —

i=1 j=
Suppose that u is not a global weak minimum point. Then, following the lines of
proof of Theorem 3.1 of Jeyakumar and Mond [3], the V -pseudo-invexity conditions
yield 37| t:&n(xo, u) < 0. Thus, we have 3", A;¢;n(xo, u) > 0. Then, V-quasi-
invexity yields Z;":l B (xo, u)A;g; (x0) > Z;"=1 Bi(x0, u)Xx;g;(u). Since x, is feasible
for (P), that is, A;g;(xo) < 0,and A;g;(w) =0, j =1,2,...,4; >0, 8; > 0. This
contradicts the previous inequality.

For the problem (P), consider a corresponding Mond-Weir dual problem.
Maximise (fi(w):i=1,2,...,p) (D)

p m
subjectto  0€ » wdfiu)+ Y _A;dgiw), Aigiw) =0, j=1,....m.
i=1 j=t
P
‘E,-EO, ZT,':]., AIZO
i=l

THEOREM 4.2 (Weak Duality). Let X be feasible in (P) and let (u, T, 1) be feasible in
D). If (11 fi, ..., 1, 1) is V-pseudo-invex and (M8, . . . , An8m) is V-quasi-invex as

in Theorem 4.1, then (f1(x), ..., f,,(x))T - (fiw),..., fp(u))T ¢ —int RY.

PROOF. From the feasibility conditions, and B, (x, u) > 0, we have

D B whigix) < Y Bilx, w)h;g;(u).
Jj=1 j=1

m

Then, by V-quasi-invexity, we have Zgn(x, n) <0, Vg € dg;(u). Since

j=1

p m
0€ ) wdfiw) + ) Adgw),
: -

i=l j

p
there exist §; € df;(u) and §; € 9g;(u) such that Zr,—& + ijgj(u) = 0. This

m
i=1 j=1

implies that

P m
Y nEnG,n) + Y Agnx,u) =0,
i=1 j=1
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Thus,

P

Y nEn(x,u) >0, VE €dfiw).

i=l
The conclusion now follows from the V -pseudo-invexity condition since Te = 1 and
alx,u) > 0.

THEOREM 4.3 (Strong Duality). Let x° be a weak minimum of (P) at which a constraint
qualification is satisfied. Then there exist T° € R?, \° € R™ such that (x°, 7% %) is
feasible in (D). If weak duality holds between (P) and (D), then (x°, t°, 1) is a weak
minimum of (D).

PROOF. From Kuhn-Tucker necessary conditions (see, for example, Theorem 6.1.3 of
Clarke [1]), there exist T € R?, A € R™ such that

p m
O¢ Zl 7af: (x°) + Z;A,ng(xo),
= j=

5, >0,1#0,4 >0,4g(x*=0,j=1,2,...,m. Nowsince 7; > 0, 7 # 0 we

can scale the 7;’s and A;’s as

=1/ (zp: ri) and A}j = A;/ (2”: Ti) .
i=1 i=1

Now we have (x?, 0, A%) that is feasible in (D).
If (x°, 7% 1%) is not a weak maximum of (D), then there exists a feasible (u, 7, 1)
for (D) such that

T T
(A@),.... L) —(AE",..., f,(x)) €intRZ.

Since x? is feasible in (P), this contradicts weak duality (Theorem 4.2).

5. Nonsmooth multi-objective fractional programming

In this section we apply the results of the previous section to study nonsmooth
fractional multi-objective problems.

In the differentiable case, Jeyakumar and Mond [3] considered the fractional pro-
gramming problem,

V-minimize (

p1(x) Dr (x))

ey FI
a® 7 g &
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subjectto x € Xy, g(x) <0,where p; : Xo > R,q; : Xo—> Rand g : Xg - R™. It
is assumed that p;(x) > 0, for each x on the feasible set A = {x € X, : g(x) < 0},
gi(x) > 0, for each x € A. The problem (FI) is said to be a V-invex fractional
problem if the functions p, ¢ and g satisfy

pi(x) — pi(w) = yi(x, w)pIn(x, u)
X, u€A=1q:i(x) —q) = y(x,u)gwn(x,u)
8i(x) —gw) = Bi(x,u)g;(wn(x, u)

with n : Xo x Xo = R", ¥, B; : Xo x X9 = R\{0}.

Following Egudo and Hanson [2] we can generalise (FI) to the nonsmooth case
by replacing p;, ¢; and g; with the generalised gradients of Clarke. Hence (FI) is
said to be V-invex nonsmooth fractional if there exists n : Xy x Xo — R" and
Vi, Bj : Xo X Xg — R, \{0} suchthatforallx,u € A

pi(x) — pi(u) = yi(x, w)éin(x, u), V& € dp;(u),
qi(x) — q;(u) < yi(x, u)gin(x, u), V¢ € g;(u), (FIy
gi(x) —gi(w) = B;(x,wujn(x,u), Vu; € dg;(u).

We need the following proposition from Clarke [1] in order to prove the main Theorem
of this section.

PROPOSITION 5.1. (Clarke [1]). Let fi, f, be Lipschitz near x, and suppose f>(x) # 0.
Then f,/f, is Lipschitz near x, and

3 (f1> ) C fr(x)3fi(x) — fnz(x)afz(x).
f: (f2(x))

If in addition f,(x) > 0, f,(x) > 0 and if f, and — f, are regular at x, then equality
holds and f\/f, is regular at x.

2

In the next theorem, we assume that p, and p, are regular.

THEOREM 5.1. Consider the problem (FI). Let u € A. Assume that there exist (T, A)
suchthatt >0, 7T #0,A >0,

0e) 7d (:L) () + ) Xidg;(w)
i=1 i j=1

and A;jg;(u) =0, j =1,2,...,m. Then u is a global weak minimum for (FI).
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PROOF. The proof follows the lines of the proof of Theorem 4.1 of Jeyakumar and
Mond [3] with appropriate changes in (p;/g;)’. Proposition 5.1 plays a crucial role in
this proof.

For a V-invex nonsmooth multi-objective fractional programming problem (FI)',
the weak and strong duality properties hold with the following dual problem:

V -maximise (

pi(w) pr(u))
q@)’ g

subjectto O € Z 7;0 (%) () + ijagj (u)
i=1 g j=1

A,gjzo, 1,2,...,m

A;>20, >0, te=1

6. Conclusion

The Kuhn-Tucker subgradient conditions are shown to be sufficient for a weak
minimum of a multi-objective programming problem when generalised invexity (V-
pseudo-invexity/V -quasi-invexity) is present. Weak and strong duality theorems have
been established. We use the results of Section 4 to extend Egudo and Hanson [2]
to the fractional case in Section 5. If p = 1, then our result extends the results on
invexity used in Zhao [4] for the case of nonsmooth programming to pseudo-invexity
and quasi-invexity.
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