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Abstract

The Dunkl transform # is a generalisation of the usual Fourier transform to an integral transform
invariant under a finite reflection group. The goal of this paper is to prove a strong uncertainty principle
for orthonormal bases in the Dunkl setting which states that the product of generalised dispersions cannot
be bounded for an orthonormal basis. Moreover, we obtain a quantitative version of Shapiro’s uncertainty
principle on the time—frequency concentration of orthonormal sequences and show, in particular, that if
the elements of an orthonormal sequence and their Dunkl transforms have uniformly bounded dispersions
then the sequence is finite.
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1. Introduction

In an unpublished manuscript [20], Shapiro proved a number of uncertainty
inequalities for orthonormal sequences that are stronger than the corresponding
inequalities for a single function. In particular, he proved that for any orthonormal
sequence {p,}* | in L*(R),

S‘ip(”x‘t""“iZ(R) + IEF (@72 ) = 005

where ¥ is the Fourier transform defined for f € L'(R?) N L>(RY) by
F(F)E) = 2m) ™" fR fe™ 9 dx

and extended from L'(R%) N L2(RY) to L*(RY) in the usual way.

A quantitative version of Shapiro’s result has been proved by Jaming and Powell
[12]: if {¢,};7, is an orthonormal sequence in L*(R) then forall N > 1,

N
2 2 2
D Ul + IEF (@) = N2, (1.1)
n=1
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The latter inequality is sharp. The equality cases have been entirely described (see
[12]) and are given by the sequence of Hermite functions. The higher-dimensional
version of (1.1) involving generalised dispersions was obtained by Malinnikova [14].
That is, for s > 0 and {¢,};" | an orthonormal sequence in L*(RY),

N
D U@l gy + I F (@)l ) = C N (1.2)
n=1

We refer the reader to [1, 2, 8, 11, 16] for numerous results and discussions on time—
frequency localisation of orthonormal sequences and bases.

The goal of this paper is to provide an analogue of inequality (1.2) for the Dunkl
transform, which is a generalisation of the usual Fourier transform to an integral
transform invariant under a finite reflection group. We show also that the product
of generalised dispersions cannot be bounded for an orthonormal basis.

In order to describe our results, we first need to introduce some notation (further
details can be found in Section 2.2). In this paper we consider the Dunkl operators
(see [S]) Tj, j=1,...,d, associated to an arbitrary finite reflection group G and
a nonnegative multiplicity function k. These are differential-difference operators,
generalising the usual partial derivatives, and they play a useful role in the algebraic
description of exactly solvable quantum many-body systems of Calogero—Moser—
Sutherland type. Among the extensive literature, we refer to [13, 15].

The Dunkl kernel % on R? x R? associated with G and k was introduced by Dunkl
in [5, 6]. It generalises the usual exponential function (to which it reduces in the
case k = 0) and can be characterised as the solution of a joint eigenvalue problem for
the associated Dunkl operators. This kernel is of special interest as it gives rise to a
corresponding integral transform on RY. The Dunkl transform % associated with G
and k involves a weight function wy and is defined for an integrable function f on R¥
with respect to the measure du(x) = wi(x) dx by

Fi(f)E) = cx jl;d Ki(—i&, ) f(0) dpr(x), € €RY,

and extended to L2(R?, 1) by a Parseval-type relation when cy is a suitable constant.
For p = 1 or 2, we will denote by LZ (RY) = LP(R?, 1) the spaces of complex-valued
measurable functions f on R¢ such that

1/p
11z = ([ 100 o) <0

Our first result will be the following strong uncertainty principle for orthonormal
bases of L} (RY).

THEOREM A. Let s > 0 and let {¢,}> . be an orthonormal basis of Lz(Rd). Then

n=1

sup(ll I ellz2 11 Fie(@n)ll2) = eo.
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This theorem shows that there does not exist an orthonormal basis {¢,}" | for L,% (RY)

such that the sequence {|| lesgo,,IILz I |§|Sﬂ(<pn)||Lz }>2, is bounded. It is not difficult
to construct an infinite orthonormal sequence in L]%(Rd) with bounded product of
dispersions (see Remark 3.9).

Our next result will be the following quantitative dispersion inequality.

Tueorem B. Let s > 0 and let {¢,}) | be an orthonormal sequence in Li(Rd). Then for
all N > 1,

N
2N gl + IHEFFrlnliz) = ek, HN' /G, (1.3)
n=1

This theorem implies in particular that, if the elements of an orthonormal sequence
and their Dunkl transforms have uniformly bounded dispersions, then the sequence is
finite. Moreover, it implies that

sup(ll1xI*gall7, + Il EF Filen)ll7,) = oo,
! ,

When the multiplicity function k is identically O (therefore y = 0), the Dunkl transform
coincides with the usual Fourier transform #, and then inequality (1.3) coincides with
the inequality (1.2).

The remainder of the paper is organised as follows. The next section is devoted to
some preliminaries on the Dunkl transform. In Section 3 we prove Theorems A and B.

2. Preliminaries

2.1. Notation. Throughout this paper, we denote by |x| and {x,y) the usual norm
and scalar product on R?. The unit sphere of R? is denoted by S~ and we endow
it with the (nonnormalised) Lebesgue measure do-, that is, ¥~ dr do({) is the polar
decomposition of the Lebesgue measure.

If A is a subset of RY, then we denote by A° = RY\A the complement of A in R¢,
and by y, the characteristic function of A. Given a multi-index n € N?, we write
[n| =n, +---+ng and, for r > 0, B0, r) = {x € R? : |x| < r} is the closed ball in R?
centred at 0 and of radius 7.

2.2. The Dunkl transform. Let us fix some notation and present some necessary
material on the Dunkl transform. Let G be a finite reflection group on R associated
with a root system R, and R, the positive subsystem of R (see [4, 6, 19]). We denote
by k a nonnegative multiplicity function defined on R with the property that k is G-
invariant. We associate with & the index

Y=yl = ) k&) =0
£eR,
and the weight function wy defined by

we(x) = | | K& 0P

&eR,
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Further, we introduce the Mehta-type constant ¢ given by

) -1
Ckz(f o121 d,uk(x)) ,
R4

where du(x) = wi(x) dx. Moreover,
-1
Ck

fsdl W) o) = g v ay

By using the homogeneity of wy, it is shown in [19] that for a radial function
f € L,(R?) the function f, defined on [0, o) by f(x) = f(|x|) for x € RY, is integrable
with respect to the measure r27*¢~! dr. More precisely,

Flawix) dx = f ( f wk(ryma(y))ﬂr)rd-ldr
R4 0 gd-1

=dkf FHr2rat gy,
0

As introduced by Dunkl in [5], the Dunkl operators 7';, 1 < j < d, on R? associated
with the reflection group G and the multiplicity function k are the first-order
differential-difference operators given by

J(x) = floe(x)

of d
Tif(x)= 2=+ ) k&), , Xx€RY,
T o ;R: TTED
where f is an infinitely differentiable function on RY, & i =4(& e)), (eq,...,eq) being
the canonical basis of R?, and o¢ denotes the reflection with respect to the hyperplane

orthogonal to £.
The Dunkl kernel K on R? x R? was introduced by Dunkl in [6]. For & € R? the
function x — K(x, €) can be viewed as the solution on R of the initial value problem

Tiu(x,&) =&u(x, &), 1<j<d; u,8€)=1.

This kernel has a unique holomorphic extension to C? x C? and for all 1 € C, (z,7') €
C*, (x,6) € R¥ (see [17]),

Ki(z,2) = K2, 2), Ki(Az,7) = Ki(z, AZ),  Ki(=ié, x) = K (i€, x),
[Ki(—ié, x)| < 1.

The Dunkl transform % of a function f € L}(R?) N L¥(R?), introduced by Dunkl (see
[4]), is given by

FE) = e fR K, O ) ), £ € R

and extends uniquely to an isometric isomorphism on L,%(Rd ) with

FOE) = Tl f)(=¢), EeRY,
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and

1P (Pl = A1z 2.1
Finally, according to [4, 19], we have, for all f L}((Rd ),

1Fe(Dlleo < cill A1l

where || - || is the usual essential supremum norm.

3. Time—-frequency concentration of orthonormal sequences in Li(IRid )

3.1. Heisenberg-type uncertainty inequality for the Dunkl transform. The
Heisenberg—Pauli—-Weyl inequality leads to the following classical formulation of the
uncertainty principle in the form of a lower bound for the product of the dispersions of
a function in L*(R?) and its Fourier transform:

d
Il ez HETF (Pllz2eey 2 5 [VAl. (3.1

with equality if and only if f is a multiple of a Gaussian. Heisenberg’s inequality (3.1)
may also be written in the form

A1 gy + T Mgy 2 A1 - (32)

In this section we will give a slightly simpler proof of the sharp Heisenberg uncertainty
inequality for the Dunkl transform which was first proved by Rosler [17] and then by
Shimeno [21]. Rosler in [17] used expansions in terms of Dunkl Hermite polynomials
and the recurrence relations among them as given in [18]. This generalises a well-
known method for the (one-dimensional) classical situation (see, for example, [3]).
Shimeno in [21] used expansions in terms of the basis given by Dunkl in [7] and
recurrence relations for the classical Laguerre polynomial. Our proof is quite similar
to that of Rosler but without using any recurrence relations.

The Dunkl Hermite functions {hﬁ}neNd associated with G and k, introduced by Rosler
in [18], are defined by

K x) = (@2 e 2 H N x),  xeRY,

where H* represents the Dunkl Hermite polynomials of degree [n|, with real
coefficients.

It is well known (see [18]) that the sequence {h’,‘,}neNd is an orthonormal basis for
Li(Rd) and 4 is an eigenfunction for the Dunkl transform associated to the eigenvalue
(—1)‘"', that is,

Fr(hhy = (=1)"HE,  neN?

Now if we denote by Ay = —Z;;Tf the Dunkl Laplacian, then the #¥ form the

family of eigenfunctions of the Dunkl Hermite operator (or Dunkl harmonic oscillator)
L = A + |x]? with corresponding eigenvalues 2|n| + 2y + d, that is,

Lihk = @2lnl + 2y + dht, neN

https://doi.org/10.1017/5S000497271500026X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271500026X

[6] Shapiro’s uncertainty principle in the Dunkl setting 103

Moreover, for sufficiently regular functions f,

Fr(Mf)E) = EPFR(N)E),  E€RY,

so that we can define the nonnegative self-adjoint extension of Ay (still denoted by the
same symbol) defined by

Af = FEPF(PL f € Dom(Ay), (3.3)

where Dom(Ap) = {f € L2RY) : [€PF(f) € LX(RY).

The Dunkl Hermite operator £; is symmetric and positive in L?(R?) and it has a
natural self-adjoint extension on Li(Rd), still denoted by the same symbol £, whose
spectral decomposition is discrete and is given by

(o8]

Lif = ) @il + 2y + d)f A = Y @+ 2y + dYPh f (3:4)

neNd m=0

on the domain Dom/; consisting of all functions f € Li(Rd) for which the defining
series converges in L]%(Rd). Here P*, are the spectral projections

PLL = D F I,
|n|=m

and (., ) is the usual inner product in the Hilbert space Li(Rd).
From this it immediately follows that, for each f in the domain of £,

(Lif, D= ). @l + 2y + DK P

neNd

TueoreM 3.1. For every f € Li(Rd),
A + IHEFDIE; = @y + DI,
with equality if and only if f(x) = ce W2 for some c € C.

Proor. Let f € LZ(R?) be a nonzero function such that
I £l HAFR(Ol; < oo,
Then from (3.3) and Parseval’s equality for the Dunkl transform,
[ Iflﬁ(f)llii = (EPFR() Fa( i = FDif), Fa(F i = (A i

Thus
A + TG = A f. e+ AL, i = (Laf. e

It follows by (3.4) that the self-adjoint operator £ has only discrete spectra, of which
the minimum is (2y + d). Therefore

A + HEFRI: = @y + DI,

Further, the equality holds if and only if f is an eigenfunction of £} corresponding
to the minimum eigenvalue (2y + d), namely f is a scalar multiple of /X, which is a

constant multiple of e W2, O
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A simple well-known dilation argument allows us to obtain the following corollary
(see [17, Proof of Theorem 1.1]).

CoROLLARY 3.2. Forevery f € L,%(Rd),
ANl 2 HEF RPN = (v + d/2)I|f||i§,

with equality if and only if f(x) = ceHt'/2 for some c € C and > 0.

If the multiplicity function k is identically 0, then the above inequality coincides
with the Heisenberg inequality (3.1).

3.2. Strong uncertainty principle for orthonormal bases. In this section we will
prove a strong uncertainty principle for orthonormal bases for Li(Rd) which shows
that the Heisenberg inequality (3.2) for the Dunkl transform can be refined for an
orthonormal basis. Our proof is inspired by Malinnikova [14] who proved a similar
result in the classical setting. In order to do this, we will need to introduce the time-
limiting and the frequency-limiting operators on L{(R¢) defined by

Esf=xsf Fsf=F"xsF(H)],

where S and ¥ are measurable subsets of R¢ of finite measure, 0 < 1(S), ux(X) < co.
A straightforward computation shows that Es Fy is an integral operator with kernel

N(x,8) = coxs (OFkQrsKilix, ))(E).
Thus Eg F'y is a Hilbert—Schmidt operator with (see, for example, [9, Lemma 3.2]),
IEs Fxllizs < ¢ (S (). (3.5)
The phase space restriction operator is defined by
Lss = (EsFx) EsFs = FxEsFyx,

where (ES FE)* = FEES.
An elementary calculation of the trace of the self-adjoint operator Ls 5 allows as to
obtain the following localisation inequality.

Tueorem 3.3. Let {@,}_| be an orthonormal system in L;(R?). If
||ESr‘pn”ii < Clﬁ and HFZ”’O””?,,% < bi,

then

(1= 3= 30n) < sy,
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Proor. We will apply a standard estimate of the trace (see, for example, [10,
Theorem 5.6, page 63]) of the time—frequency restriction operator Lgs to conclude
that

tr(Lsx) = ||Es Fsll3s -

Then by means of relation (3.5),

N
Z (Ls s¢n pn); < tr (Lsx) < ¢ (S (D).
n=1

On the other hand, as the identity operator [ = Eg + Egc = Fy + Fxc, S0
(Ls s0n, @n)y, = (Es Fs@u, Fs@n)y
= <90n’ §0n>k - <F2090n’ 9011>k - <F290na ESf‘pn>k - (ES FZQOns FZC‘pn>k-

Therefore, (Ls s¢n, ¢n);, = 1 —a, — 2b, and

N
D - a, = 2b,) < (S ). (3.6)

n=1

If we consider the operator I:S,z = (FsEs) ' FyEs = EgFyEg, we similarly obtain

N
D=2, = by) < G (S (). (3.7)

n=1

Combining (3.6) and (3.7), we deduce the desired result. O

DeriniTioN 3.4, Let0<e< 1 and f € L]%(Rd). Then:

(1) fis &-concentrated on § if ||E5ff||L§ < 8||f||L§,
(2) fis &-bandlimited on X if ||szf||Li < 8||f||Lg.

It is clear that if f is e-bandlimited on X then, by the Plancherel theorem (2.1),
Fi(f) is e-concentrated on Z.
From Theorem 3.3, we can immediately obtain the following corollary.

CoROLLARY 3.5. Leta,b > 0and 0 < g1,& < 1 such that g1 + &, < % Let {<p,l}nN:1 be an
orthonormal system in L,%(Rd). If ¢, is 1-concentrated on B(0, a) and &,-bandlimited
on B(0, b), then

2 2y+d
NS( crdy ) (ab) .
2y+d/) 1-3(e1 + &)

Therefore if the generalised dispersions of the elements of an orthonormal sequence
are uniformly bounded then this sequence is finite and we can give a bound on the
number of elements in that sequence. More precisely, we have the following result.
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CoROLLARY 3.6. Fix A,B> 0. Let s > 0 and let {t,Dn}N be an orthonormal sequence
in LZ(Rd) that satisfies || |x|* gonlll/s < A and || |€)* ﬂ(gpn)lll/s < B. Then the sequence is

finite, that is,

2((27+d)/s)+1 2
N = () @B
Y

Proor. Since, for any r > 0,

IEs0neenllzz < Il X" @z,
it follows that

1
< =
Stz < 7.

IEg©411:4)@nllr2 < a4

In the same way we get
l|EB(0,4'/SB)"?~/<(‘P11)||L% < i

Thus ¢, is ;-concentrated on $B(0,4'*A) and }-bandlimited on B(0,4'*B). The
desired result follows from Corollary 3.5. O

Lemmva 3.7. Let S and ¥ be measurable subsets of finite measure (S ), ux(X) < oo.
Then there exists a nonzero function f € L,%(Rd) such that supp f Cc S¢ and
supp Fi(f) € Z°.

Proor. Let PW(Z) be the space of functions f € LY (RY) such that F;(f) is supported
on X°. Then from [9, Theorem 4.4(2)], there exists a positive constant Ci(S, X) such
that for all functions f € PW(X),

A1z < Cul(S, DSl s -

Therefore the trace space A = {f|sc : f € PW(X)} forms a closed subspace in L,%(S 9
which is obviously not the whole space. Let g be a nonzero function in A€ = L,%(S NA.
Since g = Fxg + Fyg, we have that f = Fxcg is a nonzero function in L?(R?) such that
f is supported on S © and 7 (f) is supported on Z¢. We extend f by zero on S in order
to get the required function. O

Tueorem 3.8. Let s > 0 and let {p,}, | be an orthonormal basis for Lz(Rd) Then
sup(ll I eallz2 I1E1° Frlen)llz2) = oo

Proor. Assume that there exists an orthonormal basis {¢,}>> | such that

It @alls” IHEFFronlls" < C2.

Let j € Z and let ' '
Ac = {on - 111x] wnu”‘ e@27c, 27y

Clearly, {¢,}", = U;A), and for ¢, € A;, we have
I |x|s<p,,||1gf <27IC and €T, < C2.
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By Corollary 3.6, A; is finite and, if N; is the number of elements in A;, then N; is
bounded by a constant ¢ ; that does not depend on ;.

Let r > 0. By Lemma 3.7, there is a nonzero function f € Li(Rd) with ||f||L£ =1,
that vanishes on B(0, r) with its Dunkl transform. Then, for j > 0 and ¢, € A;, the
Cauchy-Schwartz inequality gives

Kol < AN g, < @CrH247, (3.8)
Similarly, for j < 0 and ¢, € A;, Parseval’s theorem for the Dunkl transform gives

(Fpail® = KFLD. Faleil < r 2 IAIENFl@nlly < (Cr )49 (3.9)

Since {p,}* | is a basis for LZ(R?),
— AR — 2
L=1A1G = ) D kel
j ‘anAj
and, by combining inequalities (3.8) and (3.9), we obtain
1< @CrH2 Y 4N+ (Cr ) ) 47N
=0 =1

< QO Y 4 g (e Y 4T
Jj=0 J=1

2s
< 4ey s(2C) '
3r2s

Choosing r large enough, we get a contradiction. The theorem is proved. O

Remark 3.9. There is an infinite orthonormal sequence {¢,}” | in L,%(Rd) with bounded

product of dispersions. Indeed, fix ¢ : R? — R a radial, real-valued Schwartz function
supported in B(0,2)\B(0, 1) with [|g]|,> = 1. Consider g, (x) = 27r+d/2) (2" x). Then

lallzz = Igllz2,  supp @, € B(0,27"*NB(0,27")  and
Filp)@) = 27" PIFUB)27"E),

Therefore, {¢,},7, is an orthonormal sequence in Li(Rd) and, for every s > 0,

Il @allz = 271l @llz, NP Frlenllz = 27 1HEP Fildll 2

Hence, for all n,

Il @all 2 1T Frlemllz = I Bll2 1 EP Fa(ll 2 < oo
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3.3. Quantitative dispersion inequality for orthonormal sequences. In this
section we will prove Theorem B. To do so let us recall the general form of the
Heisenberg-type uncertainty inequality for the Dunkl transform (see [9, Theorem 4.4,

(3)] or [22]).
THeoREM 3.10. Let s > 0. Then there exists a constant Csy. such that for all f € L,%(Rd),
I Al PNz = Corll - (3.10)
Inequality (3.10) is equivalent to
Il A1, + I FRCOI > 2Cilf 1l
Consequently, we immediately obtain the following result.

Cororrary 3.11. Let s > 0 and let {¢,}, | be an orthonormal sequence in L,%(Rd). Then
there exists jo € Z such that,

Vaz 1, max(llIxeall iz, HEFFrlenll2) = 220070, (3.11)

Tueorem 3.12. Let s > 0 and let {,}; | be an orthonormal sequence in L]%(Rd). Then
forevery N > 1,

s (2’y+d)2(427+d _ 1) s/2y+d) L+s/2 d)
Z(nm eullyz + 1EPFrlenll72) _( 2T 2 ) NIy

Proor. For each j € Z, we define

Pj = {n: max(l L @ull,s"s IEFFalen)l ') € (277, 2)).

First, by inequality (3.11), we see that P; is empty for all j < j,. Moreover, since for
eachn € PJ (] 2 j0)7
Il <2/ and P Fapnl,) <2,

P; is finite for all j > jo, by Corollary 3.6. If we denote by N, the number of elements
in P; then
2(27+d)/s+l 2 (Qytd)
N; <|————cd ) 47D,
J ( 2y +d Ck Gk

Therefore, for every m > jy, the number of elements in |J
Crs 427+ \where

o P; is less than

2(27+d)(l+1/s)+1 2
Chys = ( Ck dk)
2y + d) V42r+d — 1

is a constant that does not depend on m.
Now if N > 2¢; (4/®¥*d then we can choose an integer m > jj such that

2Ck s4(m—1)(2y+d) <N< 2Ck ; 4m(2’y+d)'
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Therefore, at least half of 1,..., N do not belong to U;” ]}) P; and we obtain

N N
D U ealy; + P Fatenliz) 2 Y- max(ll e eall}y. 6T Fatenl)
n=1 n=1

> g4s(m—l)
-2
IN ( N
Z —_
24s
12y + d)X(42r+d — 1)\3/@r+d) NHI@rd)
T 2\ o @yrd)@i2/s)+3 2d2

)s/(2y+d>

ZCk s

Finally, if N < 2¢; (47?"*®_ then from Corollary 3.11,

Z(n '@l + 11 i) = Z max(l a2 11 Faenl)

n=1
> N4S(]0—1)
N/ N s/2y+d)
> 5a)
45\ 2¢
(27’ +d)H(43rrd — 1)\ @r+d) NI/
2(2y+d)(4+2/3)+3 2d2

This completes the proof. O

The last dispersion inequality implies in particular that there does not exist an
infinite sequence {¢,}°, in L7(R?) such that the two sequences {|| [x|*p,|l ), and
{IHEP Fr(ell I }>, are bounded. More precisely, we have the following corollary

CororLary 3.13. Let s > 0 and let {¢,}," | be an orthonormal sequence in Lz(Rd) Then
forevery N > 1,

; 5 (2,)/ + d)2(42y+d _ 1))s/(2y+d) s/ Qy+d)
sup (b enl, 1P TrnE) > ( g N¥Cr+D,
In particular,

sup(l[1xi'g.l; + 11 FiConll}) = o0
n
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