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Abstract

We consider two fractional versions of a family of nonnegative integer-valued processes.
We prove that their probability mass functions solve fractional Kolmogorov forward
equations, and we show the overdispersion of these processes. As particular examples
in this family, we can define fractional versions of some processes in the literature
as the Pélya—Aeppli process, the Poisson inverse Gaussian process, and the negative
binomial process. We also define and study some more general fractional versions with
two fractional parameters.
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1. Introduction

In this paper we consider a large family of nonnegative integer-valued processes which we
denote by {M(¢): t > 0} and defined by
Ny.(1)

M) =Y X;. (1)
k=1

where {X,,: n > 1} is a sequence of independent and identically distributed (i.i.d.) positive and
integer-valued random variables, independent of a (nonfractional) Poisson process {N, (t): t >
0} with intensity A. Throughout this paper we also deal with a mixed Poisson representation
of the process in (1); more precisely, we mean {N(S(¢)): t > 0}, where {S(¢): t > 0} is a
subordinator, independent of a (nonfractional) Poisson process {N1(¢): ¢t > 0} with intensity
1, such that N1 (S(¢)) is distributed as M (¢) for each fixed ¢ > 0.

Our aim is to present and analyze two fractional versions of the process {M(t): t > 0}
(see (7) and (8) at the beginning of Section 3, below). This allows us to define fractional
generalizations of some processes in the literature, which include the Pélya—Aeppli process,
the Poisson inverse Gaussian process, and the negative binomial process. These processes are
commonly used when the empirical count data exhibit overdispersion, i.e. when the sample
variance is larger than the sample mean; moreover, it is known that mixed Poisson processes
provide simple counting models with overdispersion. We shall see that the fractional versions
have the same feature.
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20 L. BEGHIN AND C. MACCI

The two fractional versions are obtained by considering independent random time-changes
of {M(t): t > 0} in terms of a stable subordinator A% or its inverse L% (for a € (0, 1)). This
approach is inspired by the recent increasing interest on random time-changed and subordinated
processes; see, for example, [7], [16], [17], [20], and [30]. These processes are widely studied
and applied, mainly because their finite dimensional distributions display power law decay and
thus heavy tails, either in the case of renewals and birth processes (see [19] and [24]) or in
that of diffusions (see [1], [23], and [28]). We recall that fractional versions of the compound
Poisson process (as the ones in this paper) have been studied in [3] and [31], in the case of
continuous distributed summands.

In this paper we provide a natural fractional extension of some results in the literature.
In particular, Proposition 1, below, shows that the probability mass functions of the two
fractional versions of the process in (1) solve suitable Kolmogorov equations, where the classical
derivatives are replaced by the fractional derivative in the Caputo sense (for the first version),
and by the right-sided fractional Riemann—Liouville derivatives on R (for the second version).

We conclude this section with an outline of the paper. We start with some preliminaries in
Section 2. In Section 3 we illustrate some properties of the fractional versions of the process
in (1). Some examples are presented in Section 4. Finally, Section 5 is devoted to more general
fractional versions of some of the processes in Section 4 (the Polya—Aeppli process and the
Poisson inverse Gaussian process) with two fractional parameters.

2. Preliminaries

We start with some preliminaries on fractional calculus, i.e. we give the definitions of two
fractional derivatives for real functions defined on [0, 00).

Definition 1. If v € (0, 1), the Caputo derivative of order v (see e.g. [11, Equation (2.4.17)]
with a = 0) is defined by

1 ! _,d
cDoy  f() = F(l——v)/o (t —s) "af(s)ds forallt > 0.
(Note that, if we set v = 1, cDy, +,, coincides with the classical derivative d/dr; see e.g.
[11, Theorem 2.1(b)]).

Definition 2. If v € (1, 00), the right-sided fractional Riemann—Liouville derivative on R of
order v (see e.g. [11, Equation (2.2.4)]) is defined by

DY, f(1) ._; _i m/ooﬁds forallt >0
RLU_ 4 = Tom —v) dr L (s — vl -

where m := |v] + 1. (Note that, if we set v = 1, RLDK’, coincides with —d/d¢ (i.e. the
opposite of the classical derivative); see e.g. [11, Equation (2.2.5)]).

Hereafter, for simplicity, we write

d¢ dgp
Lp— v .
i c¢Dg,, forve(0,1), a

= RLDEJ for v € (1, 00).

Throughout the paper we often use the notation Z(-) to mean a process {Z(¢): t > 0}.
In view of what follows we recall some preliminaries on the stable subordinator A% (-) of
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order ¢ € (0, 1), and its inverse L% (-). More precisely, let A% (-) be the Lévy process (starting
at the origin) such that, for each fixed t > 0, we have

E[efA“ (0] = {exp(—(—O)"‘t) if6 <0,

2
00 if 60 > 0; @

thus, by referring to [29], the random variable 4% (f) has a stable distribution of index « and
parameters © = 0,60 = 1, and o = (¢ cos(mx/Z))l/"‘. Furthermore, L% (-) is defined by
LE(t) :=inf{z: A%(2) > t};
then we have P(L%(f) < z) = P(A%(z) > t) forall z, ¢t > 0, and
Ele 0L 0] = Eo 1(—61%) foralld > 0. (3)

Now we recall the definition of the two following fractional Poisson processes (see e.g. [21]
for the case v € (0, 1) and [25] for the case v € (1, 00)). In both cases we consider a random
time-change of a nonfractional Poisson process N, (-).

1. Forv € (0, 1), Ny (-) := N, (L"(-)), where N, (-) and L (-) are independent.
2. Forv € (1,00), NY(-) := N3 (4!/V(-)), where N;(-) and A'/"(-) are independent.

We can give some further details and we need to introduce some notation. For all integers r > 0
and for all y € R, the rising factorial, also called the Pochhammer symbol, is defined by

()0 = [y F D= it =1
1 ifr =0,

the falling factorial is defined by
)y = yy—D---(y—(r—-1) ifr=1,
T h ifr =0,
and we also consider the notation

(7/) (V)r:V(V_l)"'(V_r+1)

ifr > 1,
= r! r!

r 1 ifr =0.

1. If v € (0, 1), it is known (see [21]) that N} (¢) is distributed as anl L+t 1 <t}
where {T},: n > 1} are i.i.d. random variables with Mittag—Leffler distribution, i.e. with
continuous density

F@) =1 By (=2") 10,00 (1)
see e.g. [4] and [18]), where E, g(x) := Zrzo(x’/f'(otr + B)) is the Mittag—Leffler
function (see e.g. [27, p. 17]). Then, if we consider the generalized Mittag—Leffler
function E, 4(x) := > 20X /rIT(ar + B)), we have (see [5, Equation (2.5)])

P(N} () = k) = (") ESTL L (=a”)  for all integers k > 0. (4)
2. If v € (1, 00), we have
R kX AWy
P(N;/(t) =k) = ) Z ( " (r for all integers k > 0. 5)
o= v/,
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We recall that this process was presented in [25] by referring to the fractional difference
operator (1 — B)*, for @ € (0, 1], and it is called a space-fractional Poisson process.
More precisely, the probability mass function in (5), with v = 1/«, satisfies the following

equations:
d_ . .
aIED(N;/‘)‘ (1) = k) = —=2%(1 — B)*P(N,’*(t) = k) for all integers k > 0, ©
PN/“0)=0)=1, PW,’0)=k =0 forallintegersk > 1,

where B is the so-called backward shift operator defined by Bf (k) = f(k — 1) and
Br—1 Bf (k) = f(k — r); thus, in particular, we have

(1= B f) =Y (~1) (‘;)f(k -
j=0

We remark that (5) here coincides with [25, Equation (1.2)], though it is written in a
slightly different way.

3. The fractional versions: compound and mixed representations

We start with the compound representation of the fractional versions of the process M (-) in
(1), and we refer to the processes defined in Section 2:

Ny (1)

MY(t) == M(L' (1)) = Y X; forv e (0,1), (7)
k=1
HO)

M (1) = M(A" (1) = > X forv e (1,00). (8)
k=1

In view of what follows, we consider the following notation for the probability mass function
and the probability generating function of the random variables {X,,: n > 1}:

o
qr :=P(X1 = k) forallintegers k > 1, gq(u) = Zuqu.
k=1

We also consider the notation
@ =PX 4+ Xy = k) ©)
therefore, we have g;"" = 0 for all integers k < n.
Now we introduce the two following probability mass functions.

1. Forv € (0, 1), we have

P(N} (1) = 0) ifk =0,

pr@) =P(M;(t) =k) = (10)

k
> G"P(NY () =n) ifk > 1.

n=1
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2. Forv € (1, 00), we have

P(N)(t) = 0) ifk =0,

AD o v _ _ k

pp(0) =BG (0) = k) = qunﬁb(ﬁ;(t):n) ifk>1. (an
n=1

The aim of this section is to prove that these probability mass functions satisfy suitable versions
of Kolmogorov equations with fractional derivatives.

Proposition 1. Ifv € (0, 1), the probability mass function (10) satisfies the equations

de 0 (1) = —Apg (1)

ey PON) = AP0,
qv k (12)
d—tcvp}; (1) = —App(t) + A Zqi pi_;(t) forall integers k > 1,

i=I
with the initial conditions py(0) = 1 and p;(0) = 0 for all integers k > 1.
Ifv € (1, 00), the probability mass function (11) satisfies the equations
v

dRL A A
v Po ) = 2po(0),

13)

. ) Lo ,
d];]‘: D) =App(t) — A Z qipy_;(t) forall integers k > 1,
i=1

with the initial conditions py(0) = 1 and p; (0) = 0 for all integers k > 1.

Remarks. For v = 1, both (12) and (13) reduce to the well-known Kolmogorov forward
equations (for instance, we can specialize [10, Chapter 14, Equation (2.3)]). For k = 0, (12)
and (13) coincide with the well-known fractional relaxation equations (see, for example, [2]).
For k > 0, they can be seen as a discrete version of the fractional master equation (see [21,
Equation (5.14)] for the case where the common distribution of the jumps have continuous
density; see also [8]).

Proof of Proposition 1. In both cases (v € (0,1) and v € (1, 00)), the initial conditions

trivially hold.
Case v € (0, 1). We have to check that (12) holds. It is known (see e.g. [5, Theorem 2.1])
that
dE v v
FP(N* (1) =0) = =AP(Ny (1) = 0),
2 _ (14)
@P(N)‘f(t) =k) = —AP(N;(t) = k) + A\P(N;(t) =k — 1) for all integers k > 1,

with the initial conditions
P(Ny(0)=0) =1, P(N;(0) =k) =0 for all integers k > 1.

The initial conditions for (P(N, (0) = k))x>0 meet the ones for (py (¢))x>0 in the statement of
the proposition. Fork = O wehave (df./ dt”) pg (1) = —Apy (t) because pj (1) = P(N) () = 0).
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For k > 1, we have several steps. Firstly, since

h
pr(t) = Zq,’:"IP’(N;(t) =n) forall integers h > k,

n=1

by (14) we get

v k
o PO =D g =PV (@) = m) + APV (D) = n — D]

n=1

_AZQ:HP(NA 0 =n HZ(Z il ”q,>P<N;a> =n—1)

= —hpi (1) + qu, Zq*(" DBy () =n — 1.

Moreover, since ¢;° = 1,0} and g3 = 15—}, we get

Zq Zq*(” PPNy =n—1)

i=1 n=1

k
= qu Zq*(” PPV =n—D+aq Y " VPN () =n — 1)

n=1

= qu Zq*(” VBN (1) = n — 1) + (N} (1) = 0)
i=1 n=2
k=1 k=1
=Y "a > g PN () = )+ qeph (1)
i=1 j=I
k—1
=Y aipi_i () +aqpy )
i=1

k
=Y aipi_(®);
i=1

this completes the proof, for the first case.

Case v € (1, 0c0). We have to check that (13) holds, and we follow the same structure as in
the previous case. The main difference concerns only the initial step, i.e. the analogue of (14)
presented above. Thus, we only give some details on how to prove that we have the following
equations:

dRL RLP(NY (1) = 0) = AP(N} () = 0),

dl]iL TV _ _ TV _ _ TV 7 _ .
RPN (1) = k) = AP(NY (1) = k) — APV} (1) = k— 1) for all integers & > 1,
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with the initial conditions
]P’(IQ;(O) =0) =1, ]P(]\A//{’(O) =k) =0 forall integers k > 1.
Thus, since I\AJ;(~) = N;.(AV (")), we have

O‘x)k —Ax
k!

P(N} (1) = k) = / fo(x,1)dx for all integers k > 0,
0

where f, (x, 1) := f41/v(;(x) is the density of the random variable AYV(1). Then we get

v k
dRL RLP(NY (1) = k) = /O O‘:,) — fv(x 1) dx
(kx)k i X=00
= |:_k! e fv(x,t)i|x:0

o0
—/ (=AP(Ny(x) = k) + AP(Ny.(x) =k — 1)) fu(x, ) dx
0
= AP(N} (1) = k) — AP(N} (1) = k — 1),
(the firstequality holds by [3, Equations (5.17)=(5.18)] with y = 1/v); and the proofis complete
by taking into account P(N;'(t) = —1) = 0 for the case k = 0.

Remark. If v € (1, 00), we can also obtain the alternative equation

k 00
d (1 N
P = -y (—1)1( /”> > g "PWY (6 = 1) forall integers k > 1,
J

j=0 1=0

by taking the classical derivative with respect to ¢ in ﬁ,‘; (t) = Z 1qk ]P’(N Y(t) = n), and
by (6). It is easy to check that, for v = 1, we meet the classical Kolmogorov equation.

Now, let N1 (-) be a nonfractional Poisson process with intensity 1, independent of L£" (-) (for
v € (0, 1)) and of A/ V(+) (for v € (1, 00)). Moreover, let S(-) be a subordinator, independent
of all the other processes such that the following conditions hold.

1. If v € (0, 1), MV (¢) is distributed as N1 (S(LY(?))); in what follows we set S¥(-) :=
S(LY(+)), and we have

v k v k
pr(t) = E[%es"“)} - E[Wf}swm)} a15)
for all integers k > 0.

2. Ifv e (1, 00), M (¢) is distributed as N (S(+4!/7(¢))); in what follows we set 8¥(-) :=
S(AV()), and we have

Qv k.
oS0 0]

_ E[—(S(Alli—r(t)))ke_s("“’l/um)] (16)

for all integers k > 0.
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In such a case we talk about mixed representation of the fractional versions of the process
M (-) in (1). Furthermore, in view of what follows, it is useful to introduce the function kg
defined by «5(6) := logE[e?$(D] for all # € R (note that «5(-) is a nondecreasing function
and k5(0) = 0). This function has a strict relationship with the probability generating function
g4 presented above; actually, by considering standard computations on independent random
time-changes for Lévy processes (see e.g. [6]) we can easily check that

E[ef5(1)] = e (gg(1+0)=1)

for all 6 such that 1 + 6 belongs to the domain of convergence of g,.
We conclude with the following further formulae. If v € (0, 1), by (3) we have

Ele 5" O] = E, 1 (ks(—6)1") if 6 > 0. 17)
Ifv € (1, 00), by (2) we have

Qv —(— /v i
E[ef$" 0] = exp(—(—«s(0))/"1) %f9 <0, (18)
o0 if 6 > 0.

3.1. On the concept of overdispersion

It is well known that a real-valued random variable Y is said to be overdispersed if var[Y] —
E[Y] > 0; similarly, for a process Y (-), we have overdispersion if all the random variables
{Y(t): t > 0} are overdispersed. Typically, the compound Poisson process M (-) in (1) exhibits
overdispersion when we exclude the trivial case where the random jumps {X;,: n > 1} are all
equal to 1; actually, in such a case, we have M () = N, (-), i.e. M (-) is a nonfractional Poisson
process, and we have var[M ()] — E[M (t)] = 0, for all ¢ > O.

Here we want to study the same feature for the process MV (-) in (7); we do not deal with
M Y(-) in (8) because each random variable M V(t) has infinite mean (actually, the moment
generating function of AVV(1) is not finite in a neighborhood of the origin; see (2)). It is
known (see e.g. [4, Equations (2.7) and (2.8)]) that

v
Tw+1)

ar[N, (1)] —MV + (A2 Z(v) here Z(v) ] —1 —]
\% = V), W V) 1= — — .
A Fv+1) v\TQv) w2
Thus, since we have Z(v) > O forall v € (0, 1) and Z(1) = O (see Figure 1), the fractional
Poisson process N, (-) (for v € (0, 1)) exhibits overdispersion.
Furthermore, it is known (see e.g. [12, Appendix B.4]) that

E[N; (D] =

E[M"(t)] = E[N, ()]E[X1],
var[M"(t)] = E[N; (t)] var[X ] + var[N; (OTE?[X1];

then, with some computations, we get

var[M" ()] — E[M"(1)] = E[N, (t)](var[X1] — E[X1]) + var[Nf(l)]Ez[Xl]
“To+1D

and ]E[X%] — E[X] > Obecause P(X; > 1) = 1. In conclusion, the compound process M"(-)
in (7) exhibits overdispersion.

(E[X?] — E[X,]) + ((")2Z()E2[X],
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Z(v)

FiGURE 1: Plotof Z(v) := (1/v)(1/T'(2v) — l/vrz(v)) Versus .

4. Examples for the process M (-)

In this section we present some examples for the process M (-) in (1) which allow us to
define the corresponding fractional versions MV () in (7) and M V(-) in (8). More precisely,
we consider suitable choices of (gx)x>1 and A; moreover, in all cases, the probability mass
function (gx)k>1 s a zero truncated negative binomial distribution as in [12, Example B.3.1.5],
where 8 in that reference stands for (1 — «)/«, for some o € (0, 1), and r > —1; see Table 1
(where |u| < 1/(1 — «) for the probability generating functions). In our examples we have
r = 1 (geometric distribution) for the Pélya—Aeppli process, r = —% (extended truncated
negative binomial distribution) for the Poisson inverse Gaussian process, and r = 0 (logarithmic
distribution) for the negative binomial process.

Example 1. (Polya—Aeppli process.) We have
a=1—p and r=1 forsome pe(0,1) and A > 0.

The probability mass functions for the two fractional P6lya—Aeppli processes can be obtained
from (4), (5), (10), and (11), with ¢;"" = (ﬁ:%)(l — p)'pk (see e.g. [12, Example 3.19],
where B in that reference stands for p/(1 — p); another interesting reference on this process is
[22]).

Alternative formulae for the mixed representation can be obtained from (15) and (16) by
considering S(-) as a compound Poisson process with exponentially distril?vuted summands;
more precisely, for w = A/p and 8 = (1 — p)/p, we mean S(-) = kﬁf) Yk(ﬁ), where
{Yk(ﬁ): n > 1} arei.i.d. random variables with density f(x) = ,Be_ﬂxl(o,oo) (x), independent of

TABLE 1.

Probability mass function  Probability generating function

_ (THo—wt

o 1-(—u(l-)"
r#0 qk ﬁ 8q(u) = lgar A—a(=a)"
_ _ (- _ log(l—u(l-a))
9k = ~ Tloga 8q) = = ga

r = 0 (the limit as r — 0)
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the (nonfractional) Poisson process N, (-) with intensity u (see e.g. [9, Section 11.1.2], which
concerns a slightly more general situation with the generalized P6lya—Aeppli distribution and
the Tweedie distribution; in particular, we recover our case with the Tweedie distribution with

parameters (—1, A(1 — p)/p2, 1 —=p)/p).

Now we can state and prove the following result for Example 1 as a consequence of
Proposition 1.

Proposition 2. Let us consider the probability mass functions (10) and (11), where M (-) is as
in Example 1. If v € (0, 1), we have

1,P()(l‘) = _)\P()(t)
. ,u (19)

d¢
dt"pk T — (1 — (x)—pk (&) = —App(t) + Ap;_,(t) forall integers k > 1,

with the initial conditions py(0) = 1 and p;(0) = O for all integers k > 1.

Ifv € (1, 00), we have
ds, .
dRﬁ Po) = App(),
(20)

dy dy
RL Ak @ —a- Ol) RL — Apy_1(t) forallintegersk > 1,

with the initial conditions py(0) = 1 and p; (0) = 0 for all integers k > 1.

Remark. The equations (19) and (20) coincide for v = 1. They are equations for the probability
mass functions of the nonfractional Pélya—Aeppli process, and we do not know any references
where they appear.

Proof of Proposition 2. Firstly, for k = 0, we have the same equations as in Proposition 1;
thus, we restrict our attention on the case k > 1. If v € (0, 1), by (12) and by taking into
account that g, = (1 — a)h’la (for all integers & > 1), we have

V dU k .
PO = (I =0=Spl () = =Api () +3. ) (1 =) apy_;(1)
i=1
k—1 ‘
—(1- a)(—xp,:_lm +ay (- a)"lapz_l_,-(r))
i=1
k .
—ApR() 4+ dapy_ () + 1Y (1 =) apy_;(0)
i=2
k—1 _
+Ad —e)pp (1) =AY (A —a)apy (0
i=1
= —App(t) + Api_; (©).

If v € (1, 00), the proof follows the same lines; we have to consider (13) instead of (12), and
there are suitable changes of signs.
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Example 2. (Poisson inverse Gaussian process.) We have

w=1--2_ ,__1 =g = (1 +28)"2 —1) for some B, i > 0.
1+28 2 ' B
We are not aware of any reference with a formula for the convolution densities ¢;" as in (9).
So (10) and (11) do not give completely explicit formulas for the probability mass functions of
the two fractional Poisson inverse Gaussian processes.

Equations (15) and (16) for the mixed representation can be obtained by considering S(-) as

an inverse Gaussian process; more precisely, S(t) = Y, g(¢) should have density
put (x — un)?
fx) p <— Y

= WCX ZIBX )1(0’00)()(')

Moreover (see e.g. [12, Equation (3.39)]), we have

1

exp(—ﬁt((l —280)1/2 1)) ifo < —,

E[e?Yn 0] = B 28 @1
00 ifo > —.
2p

We remark that the processes S (+) (if v € (0, 1)) and SV (+) (ifv € (1, 00)) for Example 2 can
be seen as fractional inverse Gaussian processes. A different fractional version of this process
was defined in [15] by subordinating a fractional Brownian motion to an inverse Gaussian
process (in analogy with the so-called fractional Laplace motion; see [13]). Some properties
of the process defined in [15] are illustrated in [14].

Example 3. (Negative binomial process.) We have
o =p, r=0, A= —logp, forsome p € (0,1).

The probability mass functions for the two fractional negative binomial processes can be
obtained from (4), (5), (10), and (11), with

o= (1 = p)¥|s(k, n)|
7 (—logp) k! ’

where {|s(k,n)|: k € {0, 1, ..., n}} are the unsigned Stirling numbers of the first kind (see e.g.
[26, Theorem 6]).

Alternative formulae for the mixed representation can be obtained from (15) and (16) by
considering S(-) as a Gamma process; more precisely, S(¢) should have density

_ @A =P i —pa-pix

J(x) O

L(0,00) (X).

5. Processes with two fractional parameters

In this section we generalize the fractional versions of the processes in Examples 1 and 2
by considering a further fractional parameter n € (0, 1). Throughout this section we use the
notation N 1(’7) (+) for the process N 11 /n (+) in (5); then, for each example, we cqnsider independent
random time-changes of Nl('7 (+) in terms of the processes SV (-) in (15) and S"(-) in (16), i.e. the
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fractional versions of the subordinator S(-) which appears in the mixed representation of M"(-)
presented in Section 3. Thus, we have

Pl @) ;= P(M" (1) = k), where M"() = N{"($"() if v € (0, 1), (22)
PUU@) =M (1) = k),  where M"V() = N (8 () ifv € (1,00).  (23)

We remark that we recover the cases presented above by setting n = 1. We shall see that
the governing equations for these probability mass functions have not only a fractional time
derivative but also the fractional difference operator (1 — B)" as in (6).

5.1. Generalized fractional Polya-Aeppli process

We start with the following result.

N()

Proposition 3. Ler S(-) = Y(’3 ) be as in Example 1. If v € (0, 1), the probability mass

function (22) satisfies

Y

d 1 dg
o ””(t)———<u+d ) Py (©,

drv B v
ac oo : Ac ) (i _ gy i k>1 9
—pl't)=—~= —= )1 - t t > 1,
dthk ®) ,3< +d”>( )p "(t) for all integers k >
with the initial conditions pg’U(O) = 1and pZ’v(O) = 0 for all integers k > 1.
Ifv € (1, 00), the probability mass function (23) satisfies
dpr . der \ .
o0 = E( d‘j&)pz}*”(n
(25)

dy 1 dg
dl:]‘: prlm = E(M - dl:];>(l BY'pl"(t) for all integers k > 1,

with the initial conditions p Y0y =1 and p p V(O) = 0 for all integers k > 1.
Remark. The equations (24) and (25) coincide for v = 1.

Proof of Proposition 3. In both cases (v € (0, 1) and v € (1, 00)), the initial conditions
trivially hold.

Case v € (0, 1). We have

P(8"(1) € G) =P(Nu(L"(1)) = 0)15(0) +/ Solx, 1) dx
G

(for all Borel subsets G of [0, 00)), where f), is the density of the absolutely continuous part
of the random variable S”(¢); thus, since P(N, (£L"(¢)) = 0) = E, 1(—ut"), we obtain

Pl () = Ey i (—ut”) Lp—oy + /0 PN (£°(2)) = k) fu (2, 1) dz.

Thus, we get

\)

t E ¥ ! dc 0,01
dt” GRS (—M v1(—p )+E<M+d7>f”( ; )) {k=0}

LY / T LW £ @) = 01 e d2
B drv dz ! T
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by [11, Equation (2 4.58)], [3, Equation (2.5)], and an integration by parts (where we take into
account that P(Nln (L"(0)) = k) = 1x=0). The last equation reduces to

v, 1 du\ [~ d )
0= E(wd—ﬁ) /0 &{P(Nf'”(oc () = )} fo(z, 1) dz,
because
. de
—Ey 1 (—ut”) + E(u + @)fv(o, 1 =0. (26)

We remark that (26) can be checked by inspection after noting that

G+ D(=p”y —ﬂZ J(=pt¥)!

_ V2 —ytV) — v
£20,1) = upt"E2,  (—put”) = upt ; “T(j 1 1)

< T(j+v+1) o
(by [3, Equation (2.4)] and some computations) and

+1 ]d drV vj+v +1 J
’BZ(] ) (=)’ (de/de*)t ﬁz(] )(=pt")

C
ap MO0 = Fwj+v+1) Cj+1)

drVv

(by taking into account that we have (dg /At = (T(vj + v+ 1)/T(vj + D))t by
[11, Equation (2.1.17)]).

Finally, we can conclude the proof of this case by using (6) with A = 1, and with some
computations (where we distinguish the cases k = 0 and k > 1).

Case v € (1, 00). We have
P(8"(t) € G) = P(N, (A" (1)) = 0)16(0) + f folx, )dx
G

(for all Borel subsets G of [0, 00)), where fu is the density of the absolutely continuous part
of the random variable SV (1); thus, since ]P’(NM(,AI/” () =0)=eH Ve , we obtain

AV = e H M 1y, +/0 PN AV (@) = b fo(z. 1) dz.

We follow the same structure as for the proof of the previous case and we give only some details.
Firstly, we get

dy ) o, 1 dpy
P ()—(Me e E(“ dtv)mo r)) (k=0)

1 d\) o0 ~
—E<u— dfg) [0 a{P’(Nl(")(AI/”(Z))=k)}fu(z, 1 dz,

by [11, Equation (2 2.15)], [3, Equation (5.8)], and an integration by parts (where we take into
account that ]P’(Nln (A (0) =k) = 1{4—0}). The last equation reduces to

dRL nv _ l _dﬁL ooi M 41/v _ F
a P (1) = ,3(“ dt“)/o dZ{P(Nl (A (2) =} fu(z, 1) dz,
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because

—ulvr %(M _ %)fu((), 1) = 0. 27

‘We remark that (27) can be checked by inspection after noting that f,, (0, t) = (8 Ml/ Vt/v)e™H /
(by [3, Equation (5.7)]),

dre Bu'l dre ulv
0,t) = —— te !
0.0 = SR e

_ Bullv dpp B d "
v drv U dul/v)

/3/1“ d dRL eful/”t
v d(ul/v) dr

_ﬂ/l“ d 1/v\v  —ul/Vt
S g e

1/v 1/v 1/v
_ _ﬁﬂ (V’u“—l/ve—u e tpe / )
Y

(by [11, Equation (2.2.15)] (for the equality (dg; / dt“)e’“l/v’ = (Ml/”)”e’l‘l/”), and some
computations.)

Finally, we conclude by using (6) with A = 1 and with some computations (where we
distinguish the cases k = 0 and k > 1).

We already know that, for n = 1, MV (-) and MY (+) coincide with the fractional versions
(7) and (8) when we deal with the Pélya—Aeppli process M (-) as in Example 1. Then we can
check that the results in Proposmon 2 can be recovered by considering Proposition 3 withn = 1.
Actually, (1 — B) p,i V(1) = pk V(1) — pk 1(t) and, if we rearrange the terms in a suitable way,
(24) and (25) with n = 1 meet (19) and (20), respectively, by setting © = A/p = 1/(1l — «)
and 8 = (1 — p)/p = a/(1 — a) as in Example 1.

5.2. Generalized fractional Poisson inverse Gaussian process

From now on we consider the usual symbol §(x) for the Dirac delta. Furthermore, we
consider the process S(-) = Y, g(-) as in Example 2, and we introduce the following notation:

fox,t) = fsv(x) is the density of the random variable S”(¢) for v € (0, 1), (28)
ﬁ, (x,1) = fgv(,) (x) is the density of the random variable SV (t) forv € (1, 00). 29)
The main result in this subsection is Proposition 5 below which provides governing equations
for the probability mass functions ( pk (t))k>0 and (p p (l‘))k>o when S(-) is as in Example 2.
In its proof we refer to Proposition 4, i.e. a preliminary result for f,, and fu, thus, in some

sense, Proposition 4 concerns the fractional versions of the Poisson inverse Gaussian process
in Example 2, and not its generalized version considered here.

Proposition 4. Let f,, and fu be the functions in (28) and (29), respectively. If v € (0, 1), we

have 2
d¢ ¢ L r A _ 9
Y 8t”fv X, 1) 2,38 va 1) = 2/3 ax fv(x 1), (30)

with the initial conditions f,(x,0) = §(x) and f,(0,¢) = 0.
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Ifv € (1, 00), we have

2

Ire 9RL 2 I ORL n- a4
,t 2— ) =2—— 1), 31
Pyieee ) + ﬁav ) =2 g hn 31

with the initial conditions fv (x,0) =8(x) and fv 0,1 =0.

Remark. The equations (30) and (31) coincide for v = 1, and coincide with the equation in
[15, Theorem 3.1] (with the same initial conditions).

Proof of Proposition 4. We introduce the following notation: g(6), for6 > 0, is the Laplace
transform of g(x) and g*(o), for o > 0, is the Laplace transform of g(¢) (we need the second
one only for v € (0, 1)). Furthermore, we recall that, by (21), we have

ks(—0) = logE[e ™51 = —%((1 +2p0)1/2 — 1),

Case v € (0, 1). We have £,(0, 1) = Ey.1 (ks(—0)t"), by (17), and

0 ~ ~
o (@0 1) = ks(=0) 10, 1), (32)
by [11, Equation (2.4.58)]. Moreover, we have
v *
(8—fvg) (0) =0"g* (o) — 0" 'g(0), (33)

by [11, Equation (2.4.63)]. We take the Laplace transforms with respect to ¢ in (32) and, by
taking into account (33) with g(-) = f, (9, -) for the left-hand side, we get

0" 1 0,0) =" £,(0,0) =ks(=0)f)6,0);
N e’
=E,1(0)=1
then we have

0= (0" —ks(=0) fB,0)—0"" = (a - % + %(1 + 2ﬂ9)‘/2>f:<9, o) —o¥!

and, after some computations, we obtain

2
(0”(0” - 2%) - z%e)f:(e, o) — av_l<o” - 2% ~|—Ks(—9)> =0. (34

We complete the proof for the case v € (0, 1) by checking that (30) yields (34). This will be
done in what follows. We take the Laplace transforms with respect to x in (30) and, after an
integration by parts where we take into account that f, (0, t) = 0, we have

v 2

M C Mmoo .
b 9 791 2 g0 100 =220 £,(6. 1
then we take the Laplace transforms with respect to ¢ and, by taking into account (33) with
g(-) = (8¢/0t") f,(0, -) and with g(-) = f,,(0, -) together with some computations, we get

2

(o” - 2ﬁ)<a"f:<9, o) =0 @, 0) — 0" fo | =2 0770, 0.
,8 b\/—’ atY =0 ,8

Flnally, we meet (34) because we have (8C/8t")fv @, D))i=0 = ks(—0) (by (32) with t = 0)
and f,,(@ 0)=1.
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Case v € (1, 00). We have fv(e, 1) = exp(—(—ks(—0))/Vt) by (18), and

Oy = ;
%fu(& 1) = —ks(—=0) fu(0,1),

ORLIRL 7 9 1) = (es(—6)2 0, 1)

atv orv
by [11, Equation (2.2.15)]. Then, with some computations we can obtain the equality
e R 7 M (R 7 Wz
0,t) +2— 0,t) =2—01f,(0,1). 35
(atvatvfu 0.0+ 25 (G5 fr) 0.0 =270 £,0.1) (35)

We complete the proof by showing that (31) yields (35). We take the Laplace transforms with
respect to x in (31), and we have

e R (R 7 ® _ox M0 2
—_ == 0,1t 2—| == 0,1) = ) ,1)dx;
<atv L )en+2b (g )e.n fo el funax

then we meet (35) by considering an integration by parts for the right-hand side, where we take
into account the equality £, (0, ) = 0.

Now we are ready to state and prove Proposition 5.

Proposition 5. Let (pZ’v (t))k>0 and (ﬁZ’v (t))k>0 be the probability mass functions in (22) and
(23), respectively, with S(-) = Y, g() as in Example 2. If v € (0, 1), we have

dé d]é n,v M dé n,v _ /‘LZ n 1NV N
@@pk () — 2E@pk 1) = 2F(1 = B)'py (t) forallintegers k > 0, (36)

n,v

with the initial conditions py’~ (0) = 1 and pZ’v(O) = 0 for all integers k > 1.
Ifv € (1, 00), we have

v

dre dRL Anw P dRp anv _ pu* n AN .
3v v Py () + 2; P Py (1) = ZF(I = B)'p, (t) forallintegersk >0, (37)

with the initial conditions ﬁg’U(O) =1and ﬁZ’V(O) = 0 for all integers k > 1.

Remark. The equations (36) and (37) coincide for v = 1.
Proof of Proposition 5. In both cases (v € (0, 1) and v € (1, 00)), the initial conditions

trivially hold.
We start with the case v € (0, 1) and we consider the function f, in (28). Firstly we have

o0
) = / PN (z) = k) f,(z, 1) dz  for all integers k > 0.
0

Then we get
v dy w d
a0 gk O
o0 81) al) 81)
() c °c K ¢
= P(N =k)| —— J1) —2—— ,1) ) d
/0 (N;7(@) )<3t”8t"fv(z ) ,Bat”fV(Z )) 4

[ee) 2
_ M\ _ a0
—/0 P(N,"(2) _k)z_ﬁ _aZfU(Z,l)dZ
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(by (30)); then
dv. dv w dv ,LL2 © 4
amant O 2O =2 | G EMT© =PI 0

2 00
=25 By | rer@ =g
0

=p{"®

(by an integration by parts and by taking into account f,,(0, ) = O (for the first equality) and
by (6) with A = 1 (for the second equality)). Thus, (36) holds and this completes the proof for
the case v € (0, 1).

The proof for the case v € (1, oo) follows the same structure as for the first case; we get
(37) by considering a suitable change of sign and, in particular, (31) instead of (30).

We already know that, for n = 1, MV (-) and MY (+) coincide with the fractional versions,
(7) and (8), when we deal with the Poisson inverse Gaussian process M (-) as in Example 2.
Then we can check that, for k = 0, the equations in Proposition 5 can be obtained from the
equations in Proposition 1 adapted to this process. Actually, for v € (0, 1), we have

v

d
3P0 (0= —hpupy” () = —%((1 +28)'2 = pira)

(by (12)); then we obtain
de de
drv drY

n i

K _, -
B drY

B

with some computations, and this meets (36) in Proposition 5 because (1 — B)! p,l’”(t) =
p,i’”(t) - p,if] (¢) and pl_’f(t) = Oforallt > 0. For v € (1, 0o) we have similar computations
with suitable changes of signs (we have (13) and (37) in place of (12) and (36), respectively).

py (1) =25 =S po (1) Py (),
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