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TOEPLITZ ALGEBRAS ON STRONGLY

PSEUDOCONVEX DOMAINS

GUANGFU CAO

Abstract. In the present paper, it is proved that the K0-group of a Toeplitz

algebra on any strongly pseudoconvex domain is always isomorphic to the K0-

group of the relative continuous function algebra, and is thus isomorphic to the

topological K
0-group of the boundary of the relative domain. Further there

exists a ring isomorphism between the K0-groups of Toeplitz algebras and the

Chern classes of the relative boundaries of strongly pseudoconvex domains.

As applications of our main result, K-groups of Toeplitz algebras on some

special strongly pseudoconvex domains are computed. Our results show that

the Toeplitz algebras on strongly pseudoconvex domains have rich structures,

which deeply depend on the topological structures of relative domains. In

addition, the first cohomology groups of Toeplitz algebras are also computed.

§1. Introduction

Toeplitz operators Tϕ on the Hardy space H2(T) over the unit circle T

are classically defined as follows;

Tϕf = P (ϕf), ∀f ∈ H2(T),

where ϕ is a function in L∞(T), P is the orthogonal projection from L2(T)

to H2(T) (cf. R. G. Douglas [1]). This definition can be generalized to any

bounded domain. The study of the algebra generated by these operators

is an important part of the theory of operator algebras. In particular, the

extension theory of C∗-algebras has deep relations with the Toeplitz C ∗-

algebras.

The K-theory of the Toeplitz algebra plays an important role in the

K-theory of operator algebras, beside the fact that it supplies important

examples for general K-theory. However, the simplicity of the unit circle
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obscures the deeper relation between the analytical character of the Toeplitz

algebra and the topological character of the underlying domain.

In this paper, we show how the K0 of the domain and the boundary

relate to each other. In fact, we obtain an isomorphism between the K0-

group of the Toeplitz algebra and the topological K0-group of ∂Ω for any

strongly pseudoconvex domain Ω. That is

Theorem 1. Suppose Ω is a strongly pseudoconvex domain, then

K0(J∂Ω) ∼= K0(C(∂Ω)) ∼= K0(∂Ω),

where K0(∂Ω) denotes the topological K0-group of ∂Ω.

This shows that K0(J∂Ω) depends only on the topology of ∂Ω. Using

this result, we give some explicit computation of the K-groups of some

Toeplitz algebras. Let us note that explicit computations have been known

only for the case of the unit ball. Curto matrices are our main technical

tool for the computation of K-theory. Via Chern characters, we see how

the K-groups of Toeplitz algebras of a domain relate to the topology of the

boundary. In order to see this, we first note that

ch : K0(X) −→ Hev(X; Q),

is a ring homomorphism from theK-theory ofX into the even cohomology of

X with rational coefficients, and induces a ring isomorphism K0(X)⊗Q→
Hev(X; Q) for any compact Hausdorff space X. Then we obtain a ring

isomorphism between K0(J∂Ω) ⊗ Q and Hev(∂Ω; Q) by Theorem 1 (see

[19]).

Let us put our results in historical context. Since the 1970’s, a list of

specialists are interested in the Toeplitz operators and algebras on general

domains in the complex plane and domains in the n-dimensional complex

space Cn. S. Axler, J. B. Conway and G. McDonald [2] studied the Toeplitz

algebras on connected domains in the complex plane.

In [3] and [4], we studied the K0-groups of Toeplitz algebras on con-

nected domains. L. A. Coburn [5] studied Toeplitz operators on the unit

ball in Cn and obtained the so-called Coburn exact sequence

Except for the unit disk in C and the unit ball in Cn, a class of more gen-

eral important domains are strongly pseudoconvex domains in Cn. U. Venu-

gopalkrishna [6] studied the Fredholm Toeplitz operators on these domains.
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In fact, there are a series of papers on Toeplitz operators on strongly pseudo-

convex domains. For example, one may consult H. Upmeier [7], N. Salinas,

A. Sheu, and H. Upmeier [8], N. P. Jewell and S. G. Krantz [9], I. Rae-

burn [10], N. P. Jewell [11], J. Janas [12], H. Sato and K. Yabuta [13] and

K. Yabuta [14] etc. L. Boutet de Monvel and Guillemin [15], Guillemin

[16] and L. Boutet de Monvel [17] studied Toeplitz operators on strongly

pseudoconvex domains contained in a complex analytic manifold. But the

definition of Toeplitz operators depends on the notion of pseudodifferential

operators.

§2. K-groups of Toepliz algebras

Let ρ : Cn → R be a C2 function. It is said to be the defining function

of the bounded domain Ω defined as follows:

Ω = {z ∈ Cn | ρ(z) < 0}

if the gradient dρ(z) 6= 0 at each boundary point. Recall that the domain is

said to be strongly pseudoconvex if for all vectors (ξ1, . . . , ξn) in the complex

tangent space of ∂Ω the Levi form is positive definite. To wit if

∑

j

∂ρ

∂zj
ξj = 0,

then we have
∑

i,j

∂2ρ

∂z̄i∂zj
ξ̄iξj > 0.

Strongly pseudoconvex domains form an important class of domains of

holomorphy which have rich geometric structure. The basic example is the

unit ball Bn. Another instance is the “solid torus” Ω1 in C2 (see Krantz

[18, p. 110]), where

Ω1 = {z = (z1, z2) ∈ C2 : ρ1(z1, z2) < 0},
ρ1(z1, z2) = |z1|2 + |z2|2 + 1− 2|z1| − r2 (0 < r < 1).

Lemma 1. Let Ω be a strongly pseudoconvex domain in Cn. Let ϕ =

(ϕ1, . . . , ϕm) be an m-tuple in L∞(Ω) and let ϕ∧ be the Curto matrix of ϕ

(consult R. Curto [19]). Then

(i) det(ϕ∧) =
(
∑m

i=1
|ϕi|2

)2m−2

,
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(ii) ϕ∧∗

ϕ∧ = ϕ∧ϕ∧∗

= diag
(
∑m

i=1
|ϕi|2

)

.

Proof. Follows directly from the definition.

Without loss of generality, we may assume that 0 /∈ ∂Ω. Then we have

Lemma 2. ([6], [7], [19], [20]) Let Ω be as in Lemma 1, and 0 /∈ ∂Ω,

then

IndTz∧ = IndTz = −1,

where Tz = (Tz1
, . . . , Tzn) is the multiplication tuple on H2(∂Ω).

Lemma 3. ([6]) Let Ω be a strongly pseudoconvex domain, and let J∂Ω

denote the C∗-algebra

J∂Ω = C∗(Tϕ : ϕ ∈ C(∂Ω))

generated by all Toeplitz operators Tϕ with continuous symbol function ϕ ∈
C(∂Ω). Then J∂Ω contains the ideal K of all compact operators on H 2(∂Ω)

as its commutator ideal, and there is an exact sequence

0 −→ K −→ J∂Ω
σ−→ C(∂Ω) −→ 0

of C∗-algebras, where ∂Ω is the topological boundary of Ω, and σ is the

“symbol homomorphism”, uniquely determined by the condition σ(Tϕ) = ϕ

for all ϕ ∈ C(∂Ω).

Theorem 1. Suppose Ω is a strongly pseudoconvex domain, then

K0(J∂Ω) ∼= K0(C(∂Ω)) ∼= K0(∂Ω),

where K0(∂Ω) denotes the topological K0-group of ∂Ω.

Proof. First, we prove that the index map

δ1 : K1(C(∂Ω)) −→ K0(K)

is a surjection. Without loss of generality, assume 0 /∈ ∂Ω and m ∈ K0(K).

Set

ϕ∧ =
z∧

(det z∧)
1

2n−1

,
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then

ϕ∧∗

ϕ∧ =
1

(det z∧)
1

2n−2









∑n
i=1
|zi|2 0 · · · 0

0
∑n

i=1
|zi|2 · · · 0

· · · · · · · · · · · ·
0 0 · · ·

∑n
i=1
|zi|2









=
1

∑n
i=1
|zi|2









∑n
i=1
|zi|2 0 · · · 0

0
∑n

i=1
|zi|2 · · · 0

· · · · · · · · · · · ·
0 0 · · · ∑n

i=1
|zi|2









= I.

Thus

T ∗
ϕ∧Tϕ∧ − I = T ∗

ϕ∧Tϕ∧ − Tϕ∧∗
ϕ∧ ∈ K.

Further, note that:

T ∗
ϕ∧Tϕ∧ = I +K, K ∈ K.

Note ϕ∧ ∼h z
∧, in fact,

ψt =
z∧

t(det z∧)
1

2n−1 + (1− t)

is a homotopy between ϕ∧ and z∧. Since IndTz∧ = IndTz = −1, we

see that IndTϕ∧ = −1. Let ϕm = ϕ∧∗m, then ϕm ∈ U2n−1(C(∂Ω)), and

IndTϕm = m. Let Tϕm = Um|Tϕm | be the polar decomposition of Tϕm .

Then since σ is a homomorphism, T ∗
ϕm
Tϕm − T|ϕm|2 ∈ M2n−1(K). Taking

into account the fact that |ϕm| = I, we see that

|Tϕm |2 = T ∗
ϕm
Tϕm = I +K ∈M2n−1(J∂Ω),

where K ∈M2n−1(K). Since I +K ≥ 0, we see that
√
I +K + I ≥ I. Thus√

I +K + I is invertible, further

√
I +K − I = K(

√
I +K + I)−1 ∈M2n−1(K).

This implies that

|Tϕm | =
√
I +K = I + (

√
I +K − I) ∈M2n−1(J∂Ω).

Note

Tϕm = Um|Tϕm | = Um + Um(
√
I +K − I)
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and Um(
√
I +K − I) ∈M2n−1(K), we have

Um = Tϕm − Um(
√
I +K − I) ∈Mm(J∂Ω).

Thus [Um] = [Tϕm ] in M2n−1(J∂Ω/K). It is clear that IndUm = m. Since

Um is a partial isometry, we see that both U ∗
mUm = p and UmU

∗
m = q are

orthogonal projections such that

Ker p = KerUm = KerTϕm = Rang(I − p),

and

Ker q = KerU ∗
m = [RangUm]⊥ = [Rang Tϕm ]⊥ = Rang(I − q).

This shows that I − p, I − q ∈M2n−1(F) ⊂M2n−1(K), where F is the set of

finite rank operators. Hence

δ1([ϕn]1) = [I − p]0 − [I − q]0 = m

by the definition of the index map.

By Lemma 3, we obtain the six-term exact sequence

Z −−−−→ K0(J∂Ω) −−−−→ K0(C(∂Ω))
x




δ1





y

K1(C(∂Ω)) ←−−−− K1(J∂Ω) ←−−−− K1(K(∂Ω))

,

Clearly, i∗ : Z→ K0(J∂Ω) is a zero map since δ1 is surjective. Consequently,

we obtain an exact sequence

0 −→ K0(J∂Ω)
ρ∗−→ K0(C(∂Ω)) −→ 0.

Hence

K0(J∂Ω) ∼= K0(C(∂Ω)).

SinceK0(C(X)) ∼= K0(X) as Abelian groups for any compact Hausdorff

space X (consult [22]), the proof of our theorem is thus complete.

Theorem 2. Suppose Ω is a strongly pseudoconvex domain, then

K1(C(∂Ω)) ∼= K1(J∂Ω)⊕ Z.
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Proof. Since K0(K(∂Ω)) ∼= Z, K1(K(∂Ω)) = 0, by the six-term exact

sequence

K0(K(∂Ω)) −−−−→ K0(J∂Ω) −−−−→ K0(C(∂Ω))
x




δ1





y

K1(C(∂Ω)) ←−−−− K1(J∂Ω) ←−−−− K1(K(∂Ω))

,

and the proof of Theorem 1, we obtain the following short exact sequence

0 −→ K1(J∂Ω) −→ K1(C(∂Ω))
δ1−→ Z −→ 0.

Note Z is a free group with single generator, we see that

K1(C(∂Ω)) ∼= K1(J∂Ω)⊕ Z.

Remark . Theorem 1 shows that the K0-theory of a Toeplitz algebra

depends on the topological properties of the boundary of the underlying

domain. Topological K-theory is related to the cohomology groups of the

space in question via the Chern character, that is

Proposition 1. Suppose X is a compact Hausdorff space, then the

Chern character

ch : K0(X) −→ Hev(X; Q),

is a ring homomorphism from the K-theory of X into the even cohomology of

X with rational coefficients, and induces a ring isomorphism K0(X)⊗Q→
Hev(X; Q).

Thus we obtain a ring isomorphism between K0(J∂Ω)⊗Q and Hev(∂Ω; Q)

by Theorem 1 and by using the Chern character (see [22]).

Proposition 2. If Ω = Bn, the unit ball in Cn, then the index map is

an isomorphism.

Proof. In fact, if δ1([ϕ]1) = 0, without loss of generality, assume ϕ ∈
UN (C(∂Ω)), then by the proof of the main theorem, we have IndexTϕ = 0,

thus degreeϕ = 0. By Hopf theorem (cf. J. Dugundji [21]), we know that

ϕ ∼h IN , where IN is the unit in UN (C(∂Ω)). Thus [ϕ]1 = 0. This shows

that δ1 is an injective. Hence δ1 is indeed an isomorphism.
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Since the following sequence

0 −→ K1(J∂Bn
) −→ K1(C(∂Bn))

δ1−→ Z −→ 0

is exact, we see thatK1(J∂Bn
) = 0. On the other hand, sinceK1(C(∂Bn)) =

Z, we have

Proposition 3. K0(J∂Bn
) ∼= K0(C(∂Bn)) ∼= Z.

If ∂Ω is homotopically equivalent to ∂Bn, then the following statements

still hold

(1) δ1 is an isomorphism,

(2) K0(J∂Ω) = Z,

(3) K1(J∂Ω) = 0.

However, for a general domain Ω, two elements in U∞(C(∂Ω)) which

have the same topological index may not be homotopic, hence δ1 may not

be injective. Furthermore, by the exact sequence

0 −→ K1(J∂Ω) −→ K1(C(∂Ω))
δ1−→ Z −→ 0,

we know that K1(J∂Ω) can not be zero. For example, in [2], [3], we have

proven that if Ω is a finite connected domain in the complex plane, then

K1(C(∂Ω)) ∼= Zk, where k is the number of holes in Ω. Thus it is easy to

see that K1(J (Ω)) does not equal {0} when k > 1. In the following propo-

sitions, we will also see that for general strongly pseudoconvex domains, the

K-groups of Toeplitz algebras depend on the domains.

Proposition 4. Suppose Ω ⊂ C2 is the “solid torus” which is defined

by defining function

ρ(z1, z2) = (|z1| − 1)2 + |z2|2 − r2 (0 < r < 1),

then

K0(J∂Ω) ∼= K0(C(∂Ω)) ∼= Z⊕ Z,

and

K1(J∂Ω) 6= 0.
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Proof. Write

G =
{( z1
|z1|

, |z1|, z2
) ∣

∣

∣
(z1, z2) ∈ ∂Ω

}

,

then G is homeomorphic to ∂Ω. It is obvious that

G
homeo∼= T× S2

r ,

where S2
r is the sphere with radius r and center (1, 0, 0) in R3. Thus

C(∂Ω) ∼= C(T× S2
r ) ∼= C(T, C(S2

r )) = T(C(S2
r )).

Since the sequence

0 −→ SC(S2
r ) −→ T(C(S2

r )) −→ C(S2
r ) −→ 0

is split exact, where SC(S2
r ) is the suspension of C(S2

r ) (see [22]), we see

that

Ki(C(∂Ω)) ∼= Ki(T(C(S2
r ))) ∼= Ki(C(S2

r ))⊕Ki+1(C(S2
r )), (i = 1, 2).

Thus

K0(C(∂Ω)) ∼= K0(C(S2
r ))⊕K1(C(S2

r )) ∼= Z⊕ Z,

K1(C(∂Ω)) ∼= K0(C(S2
r ))⊕K2(C(S2

r )) ∼= Z⊕ Z.

Hence

K0(J∂Ω) = Z⊕ Z.

By Theorem 2, we see that K1(J∂Ω) 6= 0.

Remark . We know that for 0 < r < 1/2, the function

ρ(z1, z2) = |z1|2 + |z2|2 + 1− 2
√

x2
1 + x2

2 − r2

defines a strongly pseudoconvex domain

Ω = {(z1, z2) | ρ(z1, z2) < 0},

where z1 = x1 + iy1, z2 = x2 + iy2. Set

ϕ(z1, z2) =
(z1 + z̄1

2
+ i

z2 + z̄2
2

,
z1 − z̄1

2i
+ i

z2 − z̄2
2i

)

,
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then ϕ is a homeomorphism from ∂Ω onto

G = {(w1, w2) | (|w1| − 1)2 + |w2|2 = r2},

where (w1, w2) = ϕ(z1, z2) for arbitrary (z1, z2) ∈ ∂Ω. Thus, we have

K0(J∂Ω) ∼= K0(C(∂Ω)) ∼= K0(C(G)) ∼= Z⊕ Z.

Now let us consider another strongly pseudoconvex domain. Write

Ω = {(z1, z2) | (|z1| − 1)2 + (|z2| − 1)2 < r2} (0 < r < 1/2),

then Ω is a strongly pseudoconvex domain, and

∂Ω = {(z1, z2) | (|z1| − 1)2 + (|z2| − 1)2 = r2}.

We have the following

Proposition 5. Suppose Ω ⊂ C2 is the strongly pseudoconvex domain

which is defined by defining function

ρ(z1, z2) = (|z1| − 1)2 + (|z2| − 1)2 − r2 (0 < r < 1/2),

then

K0(J∂Ω) ∼= K0(C(∂Ω)) ∼= Z4,

and

K1(J∂Ω) 6= 0.

Proof. Write

G =
{( z1
|z1|

,
z2
|z2|

, |z1|, |z2|
) ∣

∣

∣
(z1, z2) ∈ ∂Ω

}

,

then G is homeomorphic to ∂Ω, thus

C(∂Ω) ∼= C(G).

It is obvious to see that

G
homeo∼= T× T× Tr,

where Tr is the circle with radius r and center (1, 1). Hence

C(G) ∼= C(T× T× Tr) ∼= C(T3).
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Further,

Ki(C(G)) ∼= Z4, (i = 1, 2).

This follows that

K0(J∂Ω) ∼= K0(C(∂Ω)) ∼= K0(C(G)) ∼= Z4.

Further K1(J∂Ω) 6= 0 by Theorem 2.

In general, we may define function ρ in Cn as

ρ(z1, . . . , zn) =

n
∑

i=1

(|zi| − 1)2 − r2, (0 < r < 1/2).

Then

Ω = {(z1, . . . , zn) | ρ(z1, . . . , zn) < 0}
is a strongly pseudoconvex domain in Cn. Similar to Proposition 5, we have

the following

Proposition 6. Suppose Ω ⊂ Cn is the strongly pseudoconvex domain

which is defined by defining function

ρ(z1, . . . , zn) =
n

∑

i=1

(|zi| − 1)2 − r2, (0 < r < 1/2)

then

K0(J∂Ω) ∼= K0(C(∂Ω)) ∼= Z2n

,

and

K1(J∂Ω) 6= 0.

Proof. Write

G =
{( z1
|z1|

, . . . ,
zn
|z2|

, |z1|, . . . , |zn|
) ∣

∣

∣ (z1, . . . , zn) ∈ ∂Ω
}

,

then

∂Ω
homeo∼= G

homeo∼= Tn × Sn−1
r ,

where Sn−1
r is the sphere with radius r and center (1, . . . , 1) in Rn. Similar

to the proof of Proposition 1, we can easily prove that

Ki(C(∂Ω)) ∼= [Ki(C(Sn−1
r ))]2

n−1 ⊕ [Ki+1(C(Sn−1
r ))]2

n−1 ∼= Z2n

(i = 1, 2)
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by induction. Hence

K0(J∂Ω) ∼= Z2n

,

and

K1(J∂Ω) 6= 0.

We are done.

We know that for any compact Hausdorff space X, K1(C(X)) is related

to the cohomotopy group π1(X) of X. Recall that

π1(X) = {[f ] | f ∈ C(X,T)},

where [f ] denotes the homotopy equivalence class of f .

In fact, there is a homomorphism ∆ from K1(C(X)) to π1(X) such that

the following sequence

0 −→ Ker∆ −→ K1(C(X)) −→ π1(X) −→ 0

is split exact. In general, Ker∆ may be nontrivial, for example, if k > 1,

then π1(Sk) = 0, however, K1(C(Sk)) ∼= Z for any odd number k > 1.

We state the following problem for future reference.

Problem. For which compact Hausdorff space X, we have

K1(C(X)) ∼= π1(X)?

If X ⊂ C, it is well-known that K1(X) = H1(X,Z) = π1(X), where

K1(X) is the topological K1-group of X, and H1(X,Z) is the first Cech

cohomological group of X (consult R. G. Douglas [23]). In [3], we proved

that if X is a finitely connected domain in C, then K1(C(∂X)) = π1(∂X).

In [4], we obtained an analogue of the result for some special infinitely

connected domains. It seems that the above problem has an affirmative

answer for the boundaries of connected domains in the complex plane.

§3. Cohomology groups of Toeplitz algebras

The cohomology group of an operator algebra is an important concept,

where the first cohomology group H1 is deeply relative to the derivation.

Recall a linear derivation on an algebra B is a linear map δ from B into

B which satisfies that δ(fg) = δ(f)g + fδ(g). Sakai’s theorem says that

each linear derivation on C∗-algebra is continuous (see [24]). If there is a
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f ∈ B such that δ(g) = fg− gf for any g ∈ B, then δ is said to be an inner

derivation on B, otherwise, δ is called an outer derivation. Ringrose’s deep

result indicates that there are only inner derivations on any Von-Neumann

algebras. In the case of C∗-algebras, there may be many outer derivations,

for instance, each bounded linear operator (on a Hilbert space H) induced a

derivation on the compact operator ideal, hence the first cohomology group

of K is L(H)/K. In this section, we will compute the first cohomology group

of J∂Ω.

Proposition 7. Suppose Ω is a strongly pseudoconvex domain in Cn,

and δ is a linear derivation on J∂Ω, then the range of δ is contained in K.

Proof. Since the convex combination of unitary elements in J∂Ω is

dense in the unit ball of J∂Ω (see [25]), we need only to prove that δ(U) ∈ K
for any unitary operator U in J∂Ω. Assume U ∈ J∂Ω is a unitary operator,

then there is a ϕU ∈ C(∂Ω) such that ξ([U ]) = ϕU . By U∗U = I, we

have |ϕU |2 = ϕ̄UϕU = ξ([U∗])ξ([U ]) = ξ([I]) = 1, this shows that ϕU is

a unimodular function. Write δ(U) = TU , then there is a ϕTU
∈ C(∂Ω)

such that ξ([TU ]) = ϕTU
. Note that all elements in J∂Ω are essentially

commutative, we see that [δ(Um)] = m[Um−1δ(U)], hence ξ([δ(Um)]) =

mξ([Um−1])ξ([δ(U)]) = mϕm−1
U ϕTU

, further ‖ξ([δ(Um)])‖∞ = m‖ϕTU
‖∞

since |ϕU | = 1. By ‖Um‖ = 1, we have ‖ξ([δ(Um)])‖ = ‖[δ(Um)]‖ ≤
‖δ(Um)‖ ≤ ‖δ‖‖Um‖ = ‖δ‖ <∞ for any m ∈ N, this follows that ϕTU

= 0,

so that δ(U) = TU ∈ K (since ξ is an isometrical isomorphism from J∂Ω/K
onto C(∂Ω)). We are done.

Let B(J∂Ω,J∂Ω) be the set of all derivations from J∂Ω into itself, and

Z(J∂Ω,J∂Ω) be the set of all inner derivations on J∂Ω. H1(J∂Ω,J∂Ω) =

B(J∂Ω,J∂Ω)/Z(J∂Ω,J∂Ω) is said to be the first cohomology group of J∂Ω

(The definition on higher order cohomology groups of Banach algebras can

be find in [26]).

Theorem 3. For any strongly pseudoconvex domain Ω in Cn, we have

H1(J∂Ω,J∂Ω) ∼= {Tz1
, . . . , Tzn}′e/J∂Ω.

Proof. For any f, g ∈ J∂Ω, if δf = δg, then for every h ∈ J∂Ω, we have

δf (h) = δg(h), thus (g − f)h = h(g − f), this shows that g − f ∈ {J∂Ω}′,
the commutant of J∂Ω. However, it is not difficult to see that {J∂Ω}′ = CI.
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Hence g − f = λI for some λ ∈ C, further Z(J∂Ω,J∂Ω) ∼= J∂Ω/CI. By

Proposition 3, if δ ∈ B(J∂Ω,J∂Ω), then δ maps J∂Ω into K. Note δ is

induced by a bounded operator T on H2(∂Ω) (see [27]), that is δ(f) =

fT − Tf for any f ∈ J∂Ω, so T ∈ {J∂Ω}′e, the essential commutant of J∂Ω.

We may shows that {J∂Ω}′e = {Tz1
, . . . , Tzn}′e. In fact, it is obvious that

{J∂Ω}′e ⊂ {Tz1
, . . . , Tzn}′e. For each T ∈ {Tz1

, . . . , Tzn}′e, if we prove that T

commutes essentially with Tz̄j
, (j = 1, . . . , n), then T commutes essentially

with each element in J∂Ω by Stone-Weierstrass theorem. Write [T ] as the

coset of T in Calkin algebra L(H2)/K(H2), then [Tzj
] is a normal element in

C∗-algebra L(H2)/K(H2), and [T ][Tzj
] = [Tzj

][T ], further [T ][T k
zj

] = [T k
zj

][T ]

for each k ≥ 0, it follows that exp(iλ̄[Tzj
])[T ] = [T ] exp(iλ̄[Tzj

]) for each

λ ∈ C. Thus we have

[T ] = exp(iλ̄[Tzj
])[T ] exp(−iλ̄[Tzj

]).

Similar to the proof of Fuglede theorem (see Theorem 4.76 in [1]), for each

j (1 ≤ j ≤ n), we may set

Fj(λ) = exp(iλ[Tzj
]∗)[T ] exp(−iλ[Tzj

]∗)

= exp(i(λ̄[Tzj
] + λ[Tzj

]∗))[T ] exp(−i(λ̄[Tzj
] + λ[Tzj

]∗)).

Since λ̄[Tzj
]+λ[Tzj

]∗ is self-adjoint, it shows that exp(i(λ̄[Tzj
]+λ[Tzj

]∗)) and

exp(−i(λ̄[Tzj
] + λ[Tzj

]∗)) are unitary elements for λ ∈ C. Hence Fj(λ) is a

bounded analytic map from C into L(H2)/K(H2). By Liouville’s theorem,

we know that Fj(λ) must be constant. Differentiating with respect to λ

for Fj(λ) and setting λ = 0 yields [Tzj
]∗[T ] = [T ][Tzj

]∗ (j = 1, . . . , n).

Since [Tzj
]∗ = [Tz̄j

], we see that T ∈ {J∂Ω}′e. It follows that {J∂Ω}′e =

{Tz1
, . . . , Tzn}′e. Consequently, B(J∂Ω,J∂Ω) ∼= {Tz1

, . . . , Tzn}′e/CI, hence

H1(J∂Ω,J∂Ω) ∼= {Tz1
, . . . , Tzn}′e/J∂Ω. The theorem is thus complete.
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